Pre prints.org

Article Not peer-reviewed version

Well-Posedness of the Fisher-KPP
Equation with Neumann, Dirichlet, and

Robin Boundary Conditions on the Real
Half Line

Chu Chu “ and Woldegebriel Assefa Woldegerima

Posted Date: 2 February 2026
doi: 10.20944/preprints202508.1756.v2

Keywords: the Fisher-KPP equations; well-posedness; boundary conditions

Preprints.org is a free multidisciplinary platform providing preprint service
that is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0
license, which permit the free download, distribution, and reuse, provided that the author
and preprint are cited in any reuse.



https://sciprofiles.com/profile/4693744
https://sciprofiles.com/profile/2721562
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 February 2026 d0i:10.20944/preprints202508.1756.v2

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article

Well-Posedness of the Fisher-KPP Equation with
Neumann, Dirichlet, and Robin Boundary Conditions
on the Real Half Line

Chu Chu * and Woldegebriel Assefa Woldegerima

DIMMS Lab, Department of Mathematics and Statistics, Faculty of Science, York University, Toronto, Canada
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Abstract

We consider the Fisher—-KPP equation with Neumann boundary conditions on the real half line. We
claim that the Fisher-KPP equation with Neumann boundary conditions is well-posed only for odd
positive stationary solutions. We begin by proving that the Fisher-KPP equation with a Dirichlet
boundary condition is stable, and with a Robin condition is stable only for odd positive stationary
solutions. Then we inferred and proved that the Fisher-KPP equation with Neumann boundary
conditions is stable only for odd positive stationary solutions. We solved the Fisher—-KPP equation
with Neumann boundary conditions to demonstrate the existence of the solution. In addition, we
proved the uniqueness of the solution. Moreover, we proved the the solution of Fisher-Kpp equation
with Dirichlet condition is stable. We also showed that the Fisher-KPP equation with Robin boundary
conditions is stable only for odd positive stationary solutions. The uniqueness and existence proof
of the Fisher-KPP equation with Robin condition are similar to the Neumann condition. Hence, we
conclude that the Fisher-KPP equation on the real line is well-posed for the Dirichlet condition, and
well-posed only for odd positive stationary solutions for both the Neumann condition and the Robin
condition.

Keywords: the Fisher-KPP equations; well-posedness; boundary conditions

1. Introduction

The Fisher-Kolmogorov—-Petrovsky-Piskunov (Fisher-KPP) equation is a one-dimensional semi-
linear reaction—diffusion equation, written as [1,2]:

up = Uxx + f(11). 1)

The Fisher-KPP equation was introduced by Fisher, Kolmogorov, Petrovsky, and Piskunov introduced
in 1937, [34].

Let u = u(t, x) be the population at time t and location x to generate the Fisher-KPP equation.
Then

up — txx = f(u)

models the population size, where f(u) is the diffusion function. Here, we consider the Fisher-KPP
equation to be defined on [0, 1]. Note that there is no difference if the Fisher-KPP equation is defined
arbitrarily [n,n + 1], where n is a positive integer. In addition, ;_[n,n + 1] = [0, 00) which is exactly
the real half line. Hence, the Fisher-KPP equation is defined on the real half-line.

Since the diffusion of the biological population is inhomogeneous, we need to determine the
inhomogeneous term in this diffusion equation to measure population diffusion. If f(0) = 0, the
population is extinct in this case, since there is no diffusion. If the population is at the maximal capacity,
there is also no diffusion. Hence, f(1) = 0. If 0 < u < 1, then there exists diffusion. During the
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extinction, the diffusion rate increased as the density increased, and the diffusion rate decreased during
the maximal capacity. We have f'(1) < 0 < f’(0). Consider the biological meaning of the diffusion
rate; we find that during the extinction is the upper bound of general f’(u). Then we generate the
inhomogeneous term f(u) have the following properties as desired [1,5]:

f(0) = f(1) =0,f/(1) <0< f(0), f'(u) < f(0), f(u) >0

foru € (0,1).

A nonnegative or positive domain is an example of a semi-infinite domain (objects that are infinite
or unbounded in some but not all possible ways [8]). Hence, the Fisher-KPP equation is defined in a
semi-infinite domain.

The solutions of the Fisher-KPP equation is on a semi-infinite domain and evolve from initial
conditions with compact support to a traveling wave with a minimum wave speed. Let A be the
population density. ¢, = 2v/DA with t — oo [8]. With D = 1 in this case, we get that ¢ = 2/A is
the minimum wave speed for traveling wave solutions of the Fisher-KPP equation, since the general
expression of the inhomogeneous term of the Fisher-KPP equation is [2,6]

flu) =ru(l—u), 2
where r is constant.
To generate this solution, by letting z = x — ct, we get uy = —c% and uy, = ‘;273‘. Thus, we have
d?u du
e P S
e Au(l—u),
which is equal to
du  du
@—FCE-FAM(‘I—M):O. (3)
The minimal wave speed happens only if # — 1, and since 1 — u is small enough so that we can ignore
it.
Using u = ¢! in (3), we get
P +rc+A=0. 4)
Then

—cEt+Vc2—4A
—

To have ¢ — 4\ > 0, then ¢,,;;, = 2V/A. For the case u — 0, it cannot describe the traveling wave
because it is a homogeneous diffusion equation. Then we can not get a solution of traveling waves
sincer?+rc=0,r=0o0rr = —c.

Since c is positive, r cannot be negative because the Fisher-KKP equation describes the diffusion
of population, so r = 0. There are no traveling waves. Although we care about the traveling wave with
minimum wave speed more, we can also find the solutions of traveling waves with speed greater than

Cmin-

Consider the entire solution(both solutions) of the Fisher-KPP equation defined in the real inter-
val [0,1], where f is continuously differentiable on [0,1] to make sure both f and f’ are well-defined
and satisfy the following conditions [1]:

£(0) = f(1) =0, /(1) <0< f(0), f'(u) < £(0), f(u) >0

foru € (0,1).
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In this paper, we consider the Fisher-Kpp equation with Neumann condition in addition to the
Dirichlet condition and Robin condition. The Fisher-Kpp equation with Neumann boundary conditions
is given as:

up =y + f(u), 0<x<1,t>0,
uy(0,t) =0 =uy(1,t), t>0.

Similarly, by taking the union, we get x € R™:

[n,n+1] = [0, 0).

=
[N @

2. Well-Posedness of the Fisher-KPP Equation

Definition 1 (Well-posedness [7] ).

Existence: There exists at least one solution u(x, t) satisfying all these conditions.
Uniqueness: There is at most one solution.

Stability: The unique solution u(x, t) depends in a stable manner on the data of the problem. This means that if
the data are changed a little, the corresponding solution changes only a little.

The Bouandray value problem for the Fisher-KPP equation is well-posed if it has a unique and stable
solution.

To show that the Fisher-KPP equation with Neumann boundary conditions is well-posed, we
first show stability.
We begin with the proof of stability of the solution.

2.1. Stability

Theorem 1 (Maximal principal for diffusion equation [8]). The maximal value is attained only on the
boundary and the initial of the region. i.e. Suppose we are given an open spatial domain ) and a time interval
I= (to, t f} , where (Y may be unbounded and t  may be infinite. We define a parabolic cylinder Q) x I (Cartesian
product: use to built space-time area. The diffusion equation defined in here is because diffusion is a process in
both space and time.) and a parabolic boundary

F=@x{t=t})U@QxT) = (@xD)\(QxI),

which includes the spatial boundary and initial time “boundary” (but not the final time “boundary”). If u
satisfies the diffusion equation aa—”t‘ —Au=0inQ x I, then

max _ u(x,t) = max u(x,t).
(x,t)eQxI (x,t)er

In words, the solution to the heat equation attains the maximum value somewhere on the parabolic boundary
I.

Theorem 2 (Stability from Theorem 5.8 in [8] and [7]). Let uq and uy be solutions to the initial boundary
value problems associated with two different sets of boundary and initial data (h1, 1) and (hy, §), respectively:
ou; .
a—tl—Aui:O inQxI,
u;=h; onmoQ xI,

uj=g;i onQx{t=0}.
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for i=1,2. (Y is an open spatial domain and I = (to, tf] is time interval. Q0 x I is parabolic cylinder. Then the
solution depends continuously on data in the sense that

max  |up(x,t) —up(x, t)] < max{ max _|hy(x,t) — hp(x, t)], max |gq(x) —gz(x)|}.
(x,t)eQxI (x,t)e0QaxI xeQ)

Proof: See Theorem 5.8 [8] and Maximum Principle Theorem in[7, Page-42].
Before, we state the stability of the Fisher-Kpp equation with Dirichlet condition, we write the
following definitions.

Theorem 3. The stability in our paper holds in L*.

Proof: By theorem 2.2,
We have initial data (1, g1) and (h2, §2). To show stability, let

(h1,81) = (12, 82)
ie. hy — hp and g3 — g2. We have

max |ujp(x,t) —us(x,t
(x,t)e()xl| 1( ) 2( )|

< hy(x,t) —ha(x,t)], —
<max{ | max I (x,6) ~ ol ), max lga (1) — 5203}

Taken the limit on both sides. We get:

lim max |uj(x,t) —usx(x,t)]

(x,)eQx]
< lim max{(x,tr)ré%xl_ [hr (x, ) = ha(x, 1), max[ga (x) — g2 (x) [}
Since
([l eo = sup |ul,
we have
lim, peaxrllun(x, 1) —uz(x,t)[|eo
< limmax{|[hy (x, t) — ha(x,1)]|eo, [|81(x) — g2(x)[leo }
Since
111 (x, ) — ha(x, 1) leo — O
and
181(x) — 82(x)le = 0
We have
limmax{[|h (x, £) = B2 (x, 1) loo, |81 (%) — 82(x) oo} — 0
Hence
lim(y peaxillu(x,t) —ua(x,t)][ = 0
Since
[[t4]|co = sup [ul,
we have

limsupecolur(x,t) —uz(x,t)| =0 <=
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https://doi.org/10.20944/preprints202508.1756.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 February 2026 d0i:10.20944/preprints202508.1756.v2

50f 16

Stable. B
Why do we need L*? Since the real half-line has infinite measure, our stability only can hold in L*®
and guarantee the accuracy of stability.

Definition 2 (periodic function). If R — R, Then f is periodic if and only if 3L € R\ {0} : Vx € R :
f(x) = f(x+ L). This result also hold for t.

Definition 3 (periodic solution ). A cycle, or periodic solution, is a solution of a differential equation that is a
periodic function.

Theorem 4. The Fisher-KPP equation with Dirichlet boundary conditions is stable.

Proof: Let u(t, x) be the entire solution and V (¢, x) be the unique positive periodic solution(a
solution both positive and periodic) of the Fisher-KPP equation with Dirichlet boundary conditions.
According to Cai et al. [9, Theorem 1.1],

limsups—oo|u(t,x) — V(t,x)| = 0.
Let uy(t, x), uz(t, x) be two distinct solution of this equation. We have
limsups—oo|t1(t, x) — V(t,x)| = 0.
and
limsupt—soolua(t,x) — V(t,x)| = 0.
By the triangle inequality,
limsups—oo (|11 (£, x) — up(t, x)|)
= limsupi—oo(|u1(t,x) — V(t,x) + V(t,x) — u(t, x)|)

< limsup—oo(|u1(t,x) — V(t,x)| + |ua(t,x) — V(t,x)|) = 0.
=0.

[ |
We only consider that t — co because, in our model, which is in the real world, time can not be negative.

Theorem 5. The Fisher-KPP equation with Robin boundary conditions is stable only for odd positive stationary
solutions.

Proof: According to the proof of Theorem 1.1 by Suo et al. [1], let u(x, ;¢4 (x)) be the solution of
the Fisher-KPP equation with Robin boundary conditions with initial condition ¢4 (x) and V;(x) be
positive stationary solutions. Similarly, let uq (x, £; ¢4 (x)), ua(x, t; ¢4 (x)) be distinct solutions of this
equation. For i is an odd integer, we have

limsupi—oo|tt(x,t;pa(x)) — Vi(x)| = 0.

We also have
limsupt—seo|tt1 (X, £ ¢a(x)) — Vi(x)| = 0.

and
limsupi—co|ua(x, t;pa(x)) — Vi(x)| = 0.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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By the triangle inequality, for an odd i integer, we have

limsupi—eo|tiy (x, £ ¢a(x)) — ua(x, t;pa(x))|

< limsupi—eo|ua(x, £ ¢a(x)) — Vi(x) + Vi(x) — ur(x, £ pa(x))|

= limsuptoo([ua(x, t;pa(x)) — Vi(x)| + |[Vi(x) —ua(x, t; pa(x))])
=0.

Hence by Theorem 2.1 above, the proof completes.ll

Definition 4 (stationary solution). u are an equilibrium point or a stationary point

o = )

if and only if f(u) = 0. in this case, it x(t) = u is called equlibrium solution or a stationary solution. Remark:
if u is an equilibrium solution, then it is a constant solution of % = f(x). i.e.% =0.

Theorem 6. The Fisher-KPP equation with Neumann boundary conditions is also stable only for odd positive
stationary solutions.

Proof: According to Suo et al. [1] and Cai et al. [9], the solution is stable if the Fisher-KPP
equation with Dirichlet conditions or the Fisher-KPP equation with Robin boundary conditions is
stable only for odd positive stationary solutions. Hence, a positive periodic solution is close to the odd
positive stationary solutions in our model, since any two solutions are arbitrarily close to each other.
By definition of stable, we have

limsupt—eo| V(t,x) — Vi(x)| = 0.
We also have
limSHPtﬁoo|u(t/ x) - V(t, x)‘ =0.

and
limsupt—soo|tt(x,t;¢a(x)) — Vi(x)| = 0.

for i is an odd integer. Then by triangle inequality, we have

limsups—oo|tu(t,x) —u(x, t;pa(x))]|

< limsupi—eo|V(t,x) — Vi(x) +u(t, x) — V(t,x) + Vi(x) — u(x, t;p4(x))]

< limsupi—eo|V (1, x) — Vi(x)| + limsups—eo|u(t, x) — V(t,x)| + limsupi—eo|ti(x, t; pa(x)) — Vi(x)]
=0.

Since
0 < limsup; eo|u(t,x) —u(x,t;pa(x))| <0,
limsup;—soo|tt(t, x) — u(x,t;pa(x))| =0

Since u(t, x) is the entire solution of the Fisher-KPP equation with the Dirichlet condition and
u(x,t;¢a(x)) is the solution of the Fisher-KPP equation with the Robin condition. The Dirichlet
boundary condition is [9]

u(t,0) =0

u(t,x) =0,

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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consider the steady-state solution (stationary solution) of the Fisher-KPP equation, # = 0 or u = 1. We
can consider this case because

2limsups—eo|u(t, x) — Vi(x)]

< limsupi—oo|Vi(x) = V(t,x) + V(t,x) —u(t, x) + Vi(x) —u(x,t;pa(x)) +u(x, t;pa(x)) —u(t, x)|
< limsupi—eo|V (£, x) — Vi(x)| 4+ limsup—oo|u(t, x)—

V(t,x)| + limsups—sco|u(x, t; pa(x)) — Vi(x)| + limsups—oo|u(t, x) — u(x,t; pa(x))]

=0.

Hence
limsupt—colu(t, x) — Vi(x)| = 0.

Similarly, Robin’s condition is uy(0,t) = g((#(0,t)) [7] where g(u) > 0 for u > 0 and g(0) = 0[1]. In
the latter case, we have (0, t) = 0 and are getting back to the Dirichlet condition. So we only consider
the case where u > 0. Hence u(x,t;¢4(x)) = 1. Since 0 to 1 is the greatest distance between two
solutions, and the distance between the Fisher-KPP equation with Robin condition and with Dirichlet
condition is arbitrarily small. Hence, the solution of the Fisher-KPP equation with the Neumann
condition is between them, hence close to them. Let U(t, x) be the solution of the Fisher-KPP equation
with the Neumann boundary conditions. We have,

limsup—oo|U(t, x) —u(x, t;¢a(x))| = 0.

By the triangle inequality, for i an odd integer,

limsupi—oo|U(t, x) — Vi(x)]

< limsupi—eo|U(t, x) —u(x,t;pa(x)) +u(x, t;pa(x)) — Vi(x)]

< Limsuptsoo U (8, x) = u(x, £; 9 (x))| + limsupi oo u(x, £; 94 (x)) = Vi(x)|
=0.

Hence
limsup;e0|U(t, x) — Vi(x)| = 0.

For the same reason as above, Theorem 2.5 is proved. B
Hence, we proved the stability of the Fisher-KPP equation with Neumann, Dirichlet, and Robin
conditions.

2.2. Existence

By section 2.1, we showed that we can only consider the steady state solution. Hence, for the
purpose of this study, the Fisher-Kpp equation becomes

Up = Uxx
with Neumann boundary condition
ux(0,1) = 0 = uy(1,1t)
We solve it by the separation of variables. Let u(x,t) = X(x)T(t) and take into the equation we get

X(x)T'(t) = X" (x)T(t)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Then

Then we have

and
X"(x) = —AX(x)
Then
X"(x) —|—/\X(x) =0
X(x) =
161+ cre ™2, r,12 ER, 1 £ 17,
c1e + cpxe’, rer

e**(cicosBx + cpsinPx), r1=wa+iB,ry =a —ip.

Let X(x) = ¢*. Then > + A = 0.
Case A > 0:7 = +ivA = a £ ip.
We have
X(x) = cicosV/Ax + cosiny/Ax

According to our boundary conditions, we have
0=u.(0,t) = X'(0)T(t) = X' (1)T(t) = ux(1,¢)
Hence
X'(0)=X'(1)=0

Since

X'(x) = —VAcsinV/Ax + cpVAcosVAx,

take 0 and 1 in it, we get
X'(0) =cVA =0

Hence ¢, = 0.

X'(1) = —VAcysinV/A = 0

The trivial solution is ¢c; = 0. We only consider the nontrivial solution

sinVA =0
. We have

VA =nn
hence

A = n?r?
Hence

X(x) = Xu(x) = cycosnmx

by taking, c; = 1 we get
X (x) = cicosnmx

Case 2:A = 0.Then
X(x) = c1e™ + cpxe’™

X'(x) = repe™ + repxe™ + cpe’™

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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X'(0)=rc1+c2=0

and
X'(1) = rere” +reze” + e =0

Then we have

r(c1+c) = —c2
and
rcp = —Co
We have
c1t+c=c —>c=0
Hence

cp=c=0,

no eigenfunctions.

Case 3:A < 0

X(x) = c1e*" + cpe™?

X'(x) = ryc1€™ + rycpe™

X'(0) =ric1 + 1202 =0

and
X' (1) = r1c1€" + 1rpc0e™ =0
r1€1 = —1202

hence

—rpc0e"t + 100" =0 = 1p0(e? — ") =0

Since e’2 — €' # 0,cp = 0. Hence ¢; = 0 No eigenfunctions.
We also have
T'(t) + AT(t) =0

Then .

T T

dt
Then 1

/,TdT: —//\dt—> InT = —At+cs
hence
T, (t) = cze M = e
Hence
up(x,t) = X, T, = cos(nnx)e_”zﬂzt
Hence -
u(x, t) =Y cos(nmx)e "
n=1

Since we are able to solve u(x, f), the solution exists. l

Similarly, by section 2.1, we proved that we can consider the steady state solution in our paper.
Hence, our equation becomes
Ut = Uxy

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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with Dirichlet boundary condition
u(0,t) =0=u(1,t)

We solve it by the separation of variables. Let u(x,t) = X(x)T(t) and take into the equation we get
X(x)T'(t) = X" (x)T(t)

Then

() _ X'(x)

0 - X -

Then we have
T'(t) = —AT(t)

and
X"(x) = —AX(x)
Then
X”(X) —|—/\X(X) =0
X(x) =
Clexi’l + Czeer, r, 12 S Rr n # r2,
cre’’ + coxe’, rek

e**(cicosPx + cpsinPx), r1 =a+iB,ry =a —ip.

Let X(x) = ¢*. Then 7> + A = 0.
Case A > 0:7 = +ivA = a+ip.
We have
X(x) = crcosVAx + cosiny/Ax

According to our boundary conditions, we have
0=u(0,t) = X(0)T(t) = X(1)T(t) = u(1,¢t)

Hence
X(0)=X(1)=0
X(0) = c1c0s0 =0

Hence c; = 0.
X(1) = cpsinv/A =0

The trivial solution is c; = 0. We only consider the nontrivial solution

sinv/A = 0.
We have
VA =nmn
hence
A = n??
Hence

X(x) = Xn(x) = cpsin(nmnx)

by taking, c; = 1 we get
Xy (x) = cosin(nmx)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Case 2:A = 0.Then
X(x) = c1e™ + cpxe™

X(O) =C =
and
X(1)=ce" =0
Hence
c1=0=0,

no eigenfunctions.

Case 3:A < 0
X(x) = 1" + cpe"?
X(0)=c1+c2=0
and
X(1) = c1e™ + cpe™?
Since

€1 = —C2,
ci(em —e?)=0

Since et — €2 # 0,c1 = 0. Hence ¢, = 0 No eigenfunctions.
We also have
T'(t) + AT(t) =0

Then T

AT

dt
Then 1

/,TdT: —/Adt—> InT = —At+ 03
hence
To(t) = cze ™M = 038_”2”2t
Hence
up(x,t) = Xy Ty = sin(nrcx)e_"znzt
Hence .
u(x, t) =Y sin(nmx)e "
n=1

Since we are able to solve u(x, f), the solution exists. l

Similarly, by section 2.1, we proved that we can consider the steady state solution in our paper.
Hence, our equation becomes
Ut = Uxx

with Robin boundary condition
u(0,t) =0 =u,(1,t)

and
uy(0,8) =0 =u(1,t)
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Now we only prove with the boundary condition
u(0,t) =0 =uy(1,t)

because the other one is similar. We solve it by the separation of variables. Let u(x,t) = X(x)T(t) and
take into the equation we get
X(x)T'(t) = X"(x)T(t)
Then
T'(t)  X"(x)

T - X(x) "

Then we have
T'(t) = —AT(t)

and
X"(x) = —AX(x)
Then
X”(X) —|—/\X(X) =0
X(x) =
Clexrl + Czeer’ r, 12 S Rr n # r2,
Clexr + szexrl relR

e**(cicosPx + cpsinPx), r1=a+iB,ry =a —ip.

Let X(x) = ¢*. Then 7> + A = 0.
Case :A > 0:7 = +ivA = a £ ip.
We have
X(x) = crcosVAx + cosiny/Ax

According to our boundary conditions, we have
0=u(0,t) = X(0)T(t) = X’(l)T(t) =u,(1,¢)

Hence
X0)=X'(1)=0
X(0) = c1c0s0 =0

Hence c; = 0. Since

X'(x) = —VAcsinV/Ax + caVAcosVAx,
X'(1) = c;V/AcosvVA = 0

The trivial solution is c; = 0. We only consider the nontrivial solution

cosVA =0
. We have 2 3
n—1)r
VA= 2
hence % 3
n—1)m
r= (Y
Hence
2n—1)m
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by taking, c; = 1 we get

Case 2:A = 0.Then
X(x) = 1™ + cpxe’™

X(O) =C1 = 0
and
X' (x) = repxe™ + cpe™
Then
X' (1) = rege” + cpe" = cp(re" +€") =0
Hence

cg=c2=0,

no eigenfunctions.

Case 3:A < 0
X(x) = 16" 4 cpe*"2
X0)=c1+c2=0
and
X'(x) = ric1€™ + rycpe™
Then
X'(1) = r1c1€’" + rpcpe™

Since

C1 = —C,
c1(re’t —rpe"?) =0

Since r1e’1 — rpe’2 # 0,c1 = 0. Hence c; = 0 No eigenfunctions.
We also have
T'(t) + AT(t) =0

Then T

- = T

dt A
Then 1

/TdT: —/Adt—>lnT: At
hence
Tu(t) = cze M = c;;e‘”zﬂzt
Hence 5 .
up(x,t) = Xy Ty = sin(wx)e_"znzt
Hence .
u(x, t) =Y sin(nmx)e
n=1

Since we are able to solve u(x, f), the solution exists. B
Hence, we proved the existence of solutions of the Fisher-KPP equation with Neumann, Dirichlet,
and Robin conditions.
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2.3. Unigqueness

Since we proved in section 2.1 that we can consider the steady state solution, our equation
becomes:
Ut = Uxy

with Neumann boundary condition
uy(0,1) = 0 = uy(1,t)

According to Strauss [7], assume there are 11, up that are two distinct solutions of the Fisher-KPP
equation with Neumann conditions. Let w = 17 — u.Then

Wi — Wy = (ug —u) — [(u1) — (42)]xx

= (u1)e — (u2)r — [(u1)xx — (U2)xx] = (u1)r — (U1)xx — [(U2)t — (42)xx] =0-0=0

and
wy(0,1) = (u1)x(0,£) — (u2)x(0,) =0—-0=0

wy(1,t) = (ul)x(lrt) —(u2)x(L,)=0-0=0

Hence w, = 0 on the boundary R = {(x,t)|x € [0,1],¢t > 0} Hence, w does not depend on x. Then
Wyy = (47 — tp)xx = 0. Then (u1)xx = (42)xx. Since there are no constant term in the Fisher-KPP
equation, we can integrate both side and get 11 = 15, which also contradicts our assumption. Hence
w = 0 on the boundary of R. By Theorem 2.1, w < 0 on the boundary R and by the minimal principal,
w > 0. on teh boundary R. Hence w = 0 on R. Then we get u; = uy, the uniqueness as desired. Bl

Since we proved in section 2.1 that we can consider the steady state solution, our equation becomes:
Ut = Uxy

with Dirichlet boundary condition
u(0,t) =0=u(1,t)

According to Strauss [7], assume there are 11, up that are two distinct solutions of the Fisher-KPP
equation with Neumann conditions. Let w = 17 — u.Then

Wi — Wy = (U —u)r — [(u1) — (42)]xx

= (u1)e — (u2)r — [(u1)xx — (U2)xx] = (u1)r — (U1)xx — [(u2)t — (U2)xx] =0-0=0

and
w(0,t) = uq(0,t) —up(0,t) =0—-0=0

w(l,t) =u1(1,t) —ux(1,t) =0—-0=0

Hence w = 0 on the boundary R = {(x, t)|x € [0,1],t > 0} By Theorem 2.1, w < 0 on the boundary R
and by the minimal principal, w > 0. on R. Hence w = 0 on R. Then we get u; = u5, the uniqueness
as desired. B

Since we proved in section 3.1 that we can consider the steady state solution, our equation becomes:

Ut = Uxx
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with Robin boundary condition
u(0,t) =0 =uy(1,t)

and
ux(0,t) =0=u(1,t)

According to Strauss [7], assume there are 11, 1y that are two distinct solutions of the Fisher-KPP
equation with Neumann conditions. Let w = 17 — uy.Then

Wi — Wy = (U —uz)r — [(u1) — (42)]xx

= (u1)r — (u2)r — [(u1)xx — (U2)xx] = (u1)r — (11)xx — [(U2)¢t — (U2)xx] =0—0=0

and
w(0,t) = uy(0,t) —up(0,£) =0—-0=0

wy(1,t) = (u1)x(1,t) — (u2)x(1,t) =0—-0=0

and
wy(0,1) = (u1)x(0,t) — (u2)x(0,) =0—-0=0

w(l,t) =uy(1,t) —ux(1,1) =0—-0=0

Hence w, = 0 and w = 0 on the boundary R = {(x,t)|x € [0,1],¢ > 0} By Theorem 2.1, w < 0 on the
boundary R and by the minimal principal, w > 0. on R. Hence w = 0 on R. Then we get u; = uy, the
uniqueness as desired. l

3. Conclusion

The main results hold for a general f(u) of the Fisher-KPP equation. The solution of the Fisher-
KPP equation with Neumann, Robin and Dirichelet conditions all can approximate to steady state
condition in our process. Because if u; = 0,

Uxx + f(u) =0.

then f(u) = 0. By properties of f(u), u = 0,1 since f(0) = f(1) = 0and f(u) > 0 foru € (0,1).
Then they would form the greatest distance to cover the solution of the Fisher-KPP equation with
the Neumann condition. Also, for the proof of existence and uniqueness, we can also consider a
steady state solution, then ignore the inhomogeneous term, and write a similar proof. Hence, this
paper proved the general case of the Fisher-KPP equation with the Neumann, Dirichlet, and Robin
conditions.
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