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Abstract

Electroweak, QCD, and QED radiative corrections to the nucleon low-energy coupling constants gy
and g4 are enhanced by large perturbative logarithms between the electroweak and hadronic scale,
as well as between the hadronic scale and the low-energy MeV scale. Additionally, higher-order
pion-mass splitting corrections to the nucleon axial-vector charge might be large. By consistently
incorporating these effects, we provide an updated relation between the lattice-QCD and physical g 4,
finding a total radiative correction of 3.5(2.1)% (5.6(7)%). This leads to an expected lattice-QCD result
of g%CD = 1.265(26) (g%CD = 1.240(9)) when based on a combination of lattice-QCD and data-driven
(or only data-driven) inputs, respectively. Future phenomenological, chiral perturbation theory, and
lattice-QCD studies can improve both the central value and the uncertainty of this estimate.

Keywords: nucleon structure; axial-vector coupling constant; neutron decay; QED; QCD; lattice QCD;
electroweak radiative corrections

1. Introduction

Low-energy charged-current electroweak processes involving nucleons, such as neutron beta
decay and inverse beta decay (antineutrino-proton scattering), are characterized by the Fermi coupling
constant, the Cabibbo-Kobayashi-Maskawa matrix element V,,;, and the nucleon isovector vector
gv and axial-vector g4 coupling constants. These processes are now measured with extraordinary
precision, with state-of-the-art results provided by the UCNT [1], PERKEO-III [2,3], and JUNO [4-7]
collaborations. For example, the neutron lifetime is known at the 2 x 10~* level [1], and reactor
antineutrino experiments such as JUNO are providing increasingly precise data [4,7].

At this level of experimental accuracy, electroweak, quantum chromodynamics (QCD), and
quantum electrodynamics (QED) radiative corrections become essential for extracting fundamental
parameters from data [8-11]. The dominant theoretical uncertainty in these corrections originates
from hadronic contributions, whose precise determination remains a central challenge in modern
electroweak and hadronic physics [8,12-22]. Remarkably, first-principles lattice-QCD simulations are
being used now to compute these hadronic effects [18,19], enabling, for instance, a determination of
gy using only Standard Model inputs [8].

The next major milestone is the first-principles determination of g4 within the Standard Model.
Achieving this goal requires precise relations that connect lattice-QCD quantities to their experimentally
measured counterparts, a topic of active research [8,9,23,24]. A proposed relation based on the
heavy-baryon chiral perturbation theory (HBChPT) [23] suggested that radiative corrections are
dominated by leading order (LO) and next-to-leading order (NLO) HBChPT contributions. Subsequent
analysis [9] expressed all LO and NLO HBChPT contributions in terms of matrix elements of quark
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currents, presented contributions from scales above the energy of hadronic physics, and discussed
renormalization group evolution between the scale of hadronic physics and MeV energy.

In this short note, we numerically analyze large logarithms and hadronic contributions in radiative
corrections to g4. We show that the dominant electroweak, QCD, and QED corrections to both gy
and g4 are governed by large perturbative logarithms as well as leading and next-to-leading-order
HBChPT contributions from Ref. [23]. To guide future Standard Model determinations of g4, we
present an updated numerical evaluation of radiative corrections.

2. Materials and Methods

We begin our analysis of radiative corrections to gy and g4 by identifying the leading contri-
butions enhanced by large logarithms. The dominant part of these corrections arises from universal
logarithms between the electroweak scale and hadronic scale, as well as between the hadronic scale
and the characteristic MeV scale of experiment. In the leading-logarithm (LL) approximation, the
corrections at the electron mass scale y,, = 1, are [8,9,12]

6gil(py=me)  a(, My ag, My 3
SgEL 11y = me) = gAZ‘O)e -2 <1nyoZ - ﬁln#—g\/ +2In Z‘Z) ~236(2)%, (1)
A

with the electromagnetic coupling constant « and the strong coupling constant 5. My and My
denote the electroweak-scale masses of the W and Z bosons, respectively, the hadronic scale is taken as
Mo ~ my, with the nucleon mass my;, and gg)) ~ 1.27 [23] denotes the axial-vector charge in the chiral
limit without radiative corrections. To estimate the associated uncertainty, we vary y( within the range

{m—\/%, V2m N} and show the dependence of these LL results on the hadronic scale y¢ in Figure 1.
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Figure 1. Perturbatively improved relative radiative correction to the nucleon low-energy coupling constants
Sg4- (1y=me)
(0)
8A

) gbL( iy = me) and is shown as a function of the hadronic scale p.

The full one-loop result for the radiative correction becomes independent of the scale iy once the
relevant hadronic contributions are taken into account. In the following, we illustrate this explicitly for
the vector coupling constant. The one-loop result including the leading QCD logarithm § g%;lOOPJrLL is
obtained by accounting for the constant term and hadronic corrections in Eq. (1) as

LloopLly oy & (1 Mz xs ) Mw 3 o) Sa
ogy (py = m,) = - (In w " in In o t2 In e e
_ ez/ id*g v+ Q> T3(v, Q%) 2
@r)* Q*  2myv
where we take the strong coupling constant as at the electroweak matching scale. Here, Q> = —g?

denotes the virtuality, and v = v-q = ¢ is the energy transfer in the nucleon rest frame, with
v = (1,0,0,0). The nucleon spin-independent forward Compton scattering invariant amplitude in the
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isoscalar channel Tj is subtracted at large Q? using a yo-dependent operator product expansion (OPE)
term [8]:
= 4 mynv «
2y _ 2y _ = TN _ s
T5(v, Q%) = T(v, Q%) 3Q2+#%(1 =). ®)
The constant term —1%—"‘71 yields —0.073%, while the hadronic contribution for g = my is evaluated as
0.156(12)% [8,12-17,20]. The resulting correction to the vector coupling constant is

Sgb P (1 = ) = 2.444(12)%, (4)
which is independent of the hadronic scale jo. The resummation of leading logarithms and inclusion
of next-to-leading logarithmic corrections increases the radiative correction to the vector coupling
constant by 0.055%. Adding also the uncertainty estimate by varying the matching scales and the
hadronic scale 1o, we obtain

ogv (uy = m,) = 2.499(13)%. (5)
In complete analogy with Eq. (2), the one-loop radiative correction to the axial-vector coupling

constant, including the leading QCD logarithm, § g}q_IOOP L can be written as [9]

5g}4—1oop+LL(‘uX _ me) o (mA/IZ - ‘ﬁlnm N 31n1‘0) B 570‘ 58%tra
gﬂ?) s wo Am opg 4 me 167 gg))

22 / id‘g <v2 ~20°5,(1,Q%) 2 Si(v, Qz)>’ ©

O e\ T @ @ mw
Y SR T ) Lo / id% 2mtyp(q,v) — tva(q,0) 7)

(0) (0) (2m)4 7> — A2

8a 8A

The OPE-subtracted nucleon spin-dependent forward Compton scattering invariant amplitudes in the
isovector channel S; and S, yield a correction of 0.169(6)% [25] for g = my. The term & gi’(tra, often
omitted in precise evaluations [25], must be included for a complete result. Here, Ag%CDJrQED()W, Ho)
is the OPE-subtracted QED radiative correction to the nucleon matrix element of the axial-vector quark
current, evaluated in the Feynman gauge, ¢ = 1,' with infrared regularization by the photon mass A,.
The integral of the second term in §g5™ involves OPE-subtracted two-current correlation functions:
vector-pseudoscalar typ, with the isospin-averaged quark mass 7, and vector-axial-vector ty,, that
cancel both the infrared divergence and residual j1o dependence from Ag%CD+QED(/\7, 1o). The explicit
definitions for hadronic objects typ and fy4 are presented in Ref. [9].

The term 6g5" can be evaluated solely in lattice QCD. However, it is instructive to discuss domi-
nant contributions to this object. First, the leading contributions in g% from one-pion intermediate
states together with a corresponding dependence on the nucleon isovector magnetic moment, cancel

exactly between two terms in 6 [9]. Two-pion intermediate states generate a large logarithm as

1 An extra term has to be added to relate A§%CD+QED (A4, Ho) to the OPE-subtracted QED radiative correction in an arbitrary
Rz gauge AZ3 (G, Ay, o),
ATV (o) _ BZFTIRE Ay o) 1-C [ A aEingad)
© = © T M2 T e | ®
8a 8a o

with the arbitrary parameter 4 that enters the gauge-dependent piece of the photon propagator as 1/ (qz - aCA%) .
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well as the next-to-leading order contribution, expressed in terms of the NLO HBChPT low-energy
coupling constants (LECs) c3 and ¢y, as

0 2
Jgextra Zn {14_3(‘?5‘1)) ] x . my 3 (354))
‘(40) ~~ > —In— +2aZ my|cqy —c3+ B + R
o 7T Mg mN mN
3
(3) 21 LO _ 3N LO
5 g;xtra,N (2) /0’ CEILO . CI;ILO 5 gi(tra,N
+ (0) T A (1) Born cBorn + (0) T (9)
8A o ! 8a
0.7(2.1)%, (ZC4 Y cfstO

where we have chosen the nucleon mass as the ultraviolet cutoff in the logarithmic term, and m,
denotes the pion mass. The uncertainty is estimated by adding, in quadrature, the power-counting
uncertainty of the NLO contribution to the uncertainty on the coupling constant c4 — c3. The parameter
7 ~ 0.81 is the QED isospin-breaking LEC responsible for the electromagnetic pion-mass splitting.
The NLO HBChPT LECs c3 and ¢4 enter the second term. Phenomenological determinations from
7tN scattering data [26,27] provide the following values (errors added in quadrature):

NEO = —361(5) GeV !, O =217(3) GeV !, 1O — N0 =578(6) GevV™!,  (10)
NLO = _561(6) GeV L, cN'IO = 4.26(4) GeV L, VIO — (N°LO — 987(7) GevL.  (11)

The fit results change significantly going from NLO to N2LO but stabilize at N>LO [26,27]. Since
our calculation is performed at NLO in HBChPT, we estimate the systematic uncertainty from the
difference between the NLO and the more complete N>LO values (rather than using NLO). The
combination 2¢O — (1O = 7.95(8) GeV ! (204N3LO g\TSLO 14.13(10) GeV ') can also be extracted
from the m3 dependence of the nucleon axial-vector charge g4. However, a recent lattice-QCD
calculation [28] gives a value an order of magnitude smaller (2c4 — C3)LQCD = 0.85(25) GeV~!. Using
this lattice-QCD result together with the phenomenological extraction of c3 or ¢4 as an input, we
obtain the relevant combination of LECs ¢4 — c3 = (2c4 — c3)"2P — VO = —1.32(25) GeV ! and
cqg—c3 = (204 — 63)LQCD — c4N3LO = —3.41(25) GeV~!. For the central value of the QED correction
with lattice-QCD input (2c4 — C3)LQCD, we adopt the LEC c4N3LO: cg—c3 = (2c4 — C3)LQCD - c4N3LO =
—3.4(13.3) GeV ™!, and assign a systematic uncertainty by taking the difference with the value obtained
from the largest alternative combination. Within the Born approximation of the nucleon intermediate
state only for expressions in Appendix D of Ref. [9], we evaluate the LECs of interest as’

(0\?

(Bom _ (i;g _ B+ (g(AO))z] (g(AO)>2<477rTr[f::)2 = —1.2(4) GeV~}, (12)
(s 21 on7_mm

gorn _ Ly {1 4 (ggn) } (ggn) m =09(2) GeV™}, (13)

with the pion decay constant F; ~ 92.4 MeV, and estimate the error as the nucleon state contribution
to these LECs. The Born result for 2¢5om — cBom = 3,0(8) GeV ! is also in tension both with lattice
QCD [28] and fits to the experimental data [26,27]. Thus, it is worthwhile to explore whether additional
combinations of c3 and ¢4 can be constrained using the light-quark mass dependence of isoscalar
nucleon charges, such as isoscalar scalar charge, as well as to determine c3 and ¢4 directly from
nucleon matrix elements as described in Appendix D of Ref. [9]. Isovector charges have been precisely

02
(g/\ ) 4o_mm 3( )and KBom _ myg MmN ,19(3)

2 The other NLO HBChPT LECs are C2B°m = —% o by = TN
s s T
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determined from lattice QCD in Ref. [29]. Moreover, a lattice-QCD determination of ¢ g‘;"tra would
directly constrain the low-energy coupling constant ¢4 — c3 and clarify the HBChPT convergence
pattern.

For estimating the size of hadronic corrections, we separate the Born contribution from nucleon

extra,N

states, 6g ,in Eq. (9), and indicate inelastic contributions as .... According to evaluations of typical
hadronic objects in Refs. [8,30-33], the nucleon intermediate state contribution is either dominant or
has a comparable size to inelastic excitations. We get —0.0127(2)% and 0.222(3)% for the nucleon-state
contribution to two terms in 65" of Eq. (7), respectively. We describe the details of this calculation in
Appendix A and investigate Ward identities for the nucleon state by evaluating hadronic objects from
an alternative decomposition of radiative corrections in Appendix B.

Accounting for the constant term and the hadronic contribution from the second line of Eq. (6),

we obtain the one-loop radiative correction, including the leading QCD logarithm, to the axial-vector

coupling constant § gl loop+LL.
o 3 3
5.5(7)%, c'tO — L0
1—loop+LL °
%84 " (i =) gy o O8AT ) A% 1O =10 (14)
20 Q0 ) 43y, com _ om

3.4(2.1)%, (24 — ¢3)" P — NLO

For the uncertainty estimate in the first two lines (the third line), we add 0.2% uncertainty from the
variation of the hadronic scale under the logarithm in Eq. (9) to 0.7% difference between the results
with NLO and N3LO couplings (0.1% from the nucleon state contribution in ¢5°™ — ¢£°™) and to
0.3% difference in the evaluation of the nucleon intermediate state contribution between Appendix A
and Appendix B in quadrature, respectively. Compared to previous estimates [25], this analysis
consistently incorporates the large logarithmic enhancements at the one-loop level, explicitly accounts
for contributions from all two- and three-current correlation functions, and includes the associated
uncertainty.

As in the case of the vector coupling constant, we further include the next-to-leading logarithmic
corrections and resummation, and obtain®

o 3
(7) %, 4N LO _ 3N LO
— extra o7 NLO _ ~NLO
—‘5gA(”>EO) me) _ 5 513(8)% + g?o) _ ] 50 )0 - Cgom (16)
gh gn 44(4)%, c°™—cg
3.5(2.1)%, (24 — c3)"¥P — ALO

3. Results and Discussion

It is instructive to separate the contributions from the uncertain c4 — c3, the remaining uncertain
hadronic corrections, and the precisely calculable perturbative contribution. The resulting radiative
correction can be decomposed into three terms:

8A sghad
—oep— — 1= —0033(15)% + 2aZxmz(cs —c3) + —aem— 17)
84 8v 84 8v
3 For reference, we also present the correction dg4 at the chiral scale of the nucleon mass
42(7)%, C}l\I3Lo _ 613\I3Lo
0ga(py = my) 3.6(7)%, CEILO — c3NLO
(0) = (4)0/ cBorn _ ,Born (15)
8a N 4 3 LQCD 3
2.1(2.1)%, (2c4 —c3) — Lo
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where g%CD denotes the axial-vector charge in the isospin limit. The first term contains the difference
of YW box contributions to g4 and gy, as well as higher-order remnants.* The second term depends
on the combination ¢4 — c3 of the NLO HBChPT LECs c3 and ¢4. This term has a sizable uncertainty
as discussed in the previous section, with the coefficient 2aZ;m, = 0.16(2) GeV and an uncertainty
estimate from the HBChPT power counting. The third term represents the hadronic contributions
5g5"@ but explicitly removes the dependence on ¢4 — ¢3,

(5g}}1ad §gi‘xtra
CD ___ ~ _QCD
s¥Psv g3 sy

—20Z my(cs —c3) = 1.5(4)%. (18)

The corresponding uncertainty is given by 0.3% difference in the evaluation of the nucleon intermediate
state contribution between Appendix A and Appendix B and 0.2% uncertainty from the variation of
the hadronic scale under the logarithm in Eq. (9) added in quadrature. The correction in Eq. (17) does
not depend on the scale and is free from large logarithms of Eq. (1).

For various ¢4 — c3 inputs considered above, we obtain

o N3LO _ N3LO
3.0(7)%, ¢4 *° —c3
NLO NLO
84 4 _ 23(7)%, ¢ —c3 . (19)
QCD 1 8( 4)0/0, Cgom _ Cgorn
0.8(

8a 8&v
2.1)%, (2c4 —c3)" 2P — c4NsLO

As our final result for relating lattice-QCD determinations to experimental measurements, we quote
Eq. (19). Based on the current experimental value of the axial-vector to vector coupling constant ratio
% = 1.2753(13) [36] and N3LO LECs [26,27], we expect the lattice-QCD result for the axial-vector

charge g%CD = 1.240(9). Exploiting the strong lattice-QCD constraint on NLO HBChPT LECs and
estimating the systematic uncertainty by taking the largest difference between alternative inputs, we
get 3P = 1.265(26).

We present our results for the nucleon axial-vector charge in Figure 2 and compare them to the
Flavour Lattice Averaging Group (FLAG) average of lattice-QCD calculations [37-51], which itself
comprises data from both 2+1+1 and 2+1 flavour simulations distinguishing between calculations
with and without a dynamical charm quark in the sea. We find a tension between our result based on
N3LO fits for the coupling constants c3 and ¢4 and modern lattice-QCD determinations. Including the
lattice-QCD constraint on 2c4 — c3 [28] and inflating the error bars or estimating the LECs c3 and ¢4
within the Born approximation removes the tension. This situation underscores the need for a direct
lattice-QCD determination of the hadronic QED corrections to g4 and/or for improved lattice-QCD
constraints on the next-to-leading-order HBChPT low-energy coupling constants c3 and cy4, as well as
for improvements in phenomenological and ChPT analyses.

_ joextra <D>
4 Explicitly, these remnants are % <% - l> = —0.110%, where we take the HBChPT input from Refs. [34,35],
84 8V 8A
_ soextra_ _ Ch—1 [/ Ch—1-4
w (L - 1) ‘ < 0.0004%, and ——£— ( B QCDgA - 1) = (0.058 — 0.075)% for a range of values 65 in
S 8v 8v Eoy

this work. Cj; = 14 O(«) is the semileptonic Wilson coefficient in the low-energy effective field theory of quarks and leptons,

evaluated at the GeV renormalization scale.
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3 3
— cN'LO_ (N'LO

° . LQCD _ .N3LO|
1(2¢4 - C3) QCD Cy

—e—i C4Born ~ Clj%orn
—e— FLAG2024 2+1+1
o i FLAG2024 2+1

122 124 126 128 130 132 134

g
Figure 2. The expected lattice-QCD result for the nucleon axial-vector charge, based on the experimental
measurements of g4 [36] and up-to-date radiative corrections evaluated in this work, is compared to the Flavour
Lattice Averaging Group (FLAG) average of lattice-QCD calculations [37-51]. The results of this work are
presented for three cases: using NLO HBChPT coupling constants in radiative corrections from N3LO fits to 77N
scattering data; incorporating the available lattice-QCD constraint from Ref. [28]; and using estimates from the
Born approximation.

Author Contributions: All authors have read and agreed to the published version of the manuscript.

Funding: This research was funded by the National Science Foundation of China under Grants No. 12347105,
12525504, 12293060, 12293062, and 12447101.

Data Availability Statement: No new data were created.
Acknowledgments: Wolfram Mathematica [54] and DataGraph [55] were extremely useful in this work.

Conflicts of Interest: The authors declare no conflicts of interest.

Abbreviations

The following abbreviations are used in this manuscript:

FLAG Flavour Lattice Averaging Group
HBChPT Heavy Baryon Chiral Perturbation Theory

LEC Low-Energy Coupling constant

LL Leading Logarithm

LO Leading Order

LQCD Lattice Quantum ChromoDynamics
NLO Next-to-Leading Order

MeV MegaelectronVolt

OPE Operator Product Expansion

QCD Quantum ChromoDynamics

QED Quantum ElectroDynamics

Appendix A. Nucleon-State Contribution to 5g5

In this Appendix, we present the evaluation of the nucleon-state contribution §g5™N to 5g&

in Eq. (7):

ZHUAp FHVAP
Joextra 271b,b id4g & Py (qv)+1 (q,)
gt | Pmb,by / (zd q V”( AVV AVV.0 ) +2i76(0 - 1) AemmMmy

g\ gy /@t =N -
, [ id*q 2mtyp(q,v) —tya(q,v)
+e / o iyt , (A1)
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with the momentum insertion in the axial-vector current r,, an arbitrary vector b: 2=-1,b-v=0,
and the nucleon electromagnetic correction to the isospin-averaged nucleon mass,

Hv liad
e [ diq Ew (Tvv(‘% 0)+ Tyl U))
AemmN = . (AZ)

2 (n)t 72

The pure imaginary term 2i7wé(v - r)Aemmy cancels the nucleon pole singularity from t4yy. The
hadronic objects t 4y (Tyy) are defined in terms of the axial-vector quark bilinear and two vector
currents (two vector currents) in Ref. [9].

We describe the evaluation of Ag%CDJrQED in Appendix A.1, while the contribution from the
nucleon two-current correlation function 27ty p — ty, is presented in Appendix A.2.

Appendix A.1. Contribution from Three-Current Correlation Functions

The nucleon-state contribution from three-current correlation functions in Eq. (A1) can be ex-

pressed as
o [ dQ? 1—2ﬁ3+/34FpFn+1—/3(1+l3> [Fppn+Pan]+MpPpn
sw)opnd | 1p T aep\ T2 TR g
= —0.0127(2)%, (A3)

2
with the dimensionless parameter = 4 /1 + Zn—z’\’, exploiting the standard notations for nucleon form

factors and fits to the experimental data from Ref. [52].

Appendix A.2. Contribution from Two-Current Correlation Functions

We express the contribution from fy,4 in terms of the nucleon form factors as

id*q tya(q,v) a [dQ*1-B 1\ G/ F4 .
*62/ emt ¢ 12« / w3 1+ B (ﬁ + 2) ;{O) = 0.144(3)%, (Ad)
A

exploiting the nucleon axial-vector form factor from Ref. [53].
Corrections from the integral of typ beyond the leading pion-pole contribution 175, are chirally
suppressed [9], i.e.,

id4g 2mi(t ,0) — B (g, 0 2 2
ez/ 1 74 ( VP(q2 ) 2vp(q )) _ 50 mff, My . < 0.006%. (A5)
(27) 9> — A3 -\ m, (4nFy)
It is instructive to analyze also the expression in terms of the nucleon form factors for the nucleon-
state contribution from typ,

QZ
4 o 5 _ FA—iFP
32/<ldq 2imtyp(q,v) _}i/dQ (1 ﬁFV+ 5+4p FV) 2m3, _ (A6)

2m)t P2 - A2 4] Q@ \1+p" T 31+p)2 7 QY

The F, term yields 0.046%. The leading pion-pole contribution 15 is included as a part of the nucleon
form factors. Subtracting it from Eq. (A6), we obtain the finite nucleon-state contribution from typ:
0.078%.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202603.0931.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 12 March 2026 d0i:10.20944/preprints202603.0931.v1

9o0f 11

Appendix B. Alternative Decomposition and Ward Identities

In this Appendix, we present the evaluation of the nucleon-state contribution § g;xtra'N to 6gextra

expressed in terms of alternative hadronic objects as

085 _ / id*q 2typ(q,v) | AemMmn &
QT et R my 8

Pibyby o ( piaty sw (1 (ra0) + iy (r,a,0)
(0 o ey 7= A

+2i7t6(v - 1) AemMN , (A7)

r,\=0

with the momentum insertion in the pseudoscalar density . The hadronic objects tpyy are defined in
terms of the pseudoscalar quark bilinear and two vector currents in Ref. [9].

We describe the evaluation of the integral from the nucleon three-current correlation functions in
Appendix B.1, while the contribution from the nucleon two-current correlation functions is presented
in Appendix B.2. In Appendix B.3, we compare the results from Appendix A and Appendix B.

Appendix B.1. Contribution from Three-Current Correlation Functions

The nucleon-state contribution from three-current correlation functions in Eq. (A7) can be ex-
pressed as

dQ? 1 - 3 Y
e (g R+ (1-p- 38 )[R+ HE] - 29

= —0.1558(5)%. (A8)

Appendix B.2. Contribution from Two-Current Correlation Functions

Corrections from typ are described in Appendix A.2, while additional two-current corrections
correspond to the relative Born contribution to the isospin-averaged nucleon mass. We update the
value according to Ref. [33] 0.017(1)% with a new result 0.0166(2)%.

Appendix B.3. Discussion of Ward Identities

After adding the nucleon-state contribution of Eq. (A8) and the constant term in Eq. (A7) to the
nucleon-state terms in the isospin-averaged nucleon mass shift, the difference to Eq. (A1) is 0.30% that
is an expected order of magnitude for inelastic contributions. We exploit this number for uncertainty
estimates.
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