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Abstract

This review paper explores two primary methodologies for modeling flexible multi-body systems,
namely, the Assumed Mode Method and the Lumped Parameter Method. Flexible multi-body
systems models, which involve small elastic deformations, are critical for simulating and optimizing
the behavior of structures in various engineering applications, such as robotic arms, space structures,
and rotating machinery. The Assumed Mode Method decomposes a system’s motion into rigid-body
movements and elastic deformations using predefined mode shapes, providing an efficient
alternative to the Finite Element Method. The Lumped Parameter Method simplifies flexible systems
by modeling them as rigid segments connected by springs and dampers, which capture elasticity and
damping effects. This review focuses on the basic use, implementation of these two approaches.
Additionally, a carne with flexible pendulum load is modeled using both approaches to demonstrate
their effectiveness in capturing system dynamics.

Keywords: flexible multibody system; assumed mode method; lumped parameter method

1. Introduction

Multibody dynamics, with a history rooted in analytical and continuum mechanics, computer
science, and applied mathematics (Shabana, 1997; Rahnejat, 2000; Nobuyuki SHIMIZO, 2003;
Schiehlen, 2005; Jobs, 2016); serves as the cornerstone for analyzing and virtually prototyping
innovative applications across a wide range of modern engineering fields. Equations of motion are
typically derived using a combination of D’Alembert, Newton, Euler, Hamilton or Lagrange
principles. Researchers have long sought efficient automated procedures for obtaining and solving
these governing equations (Margolis and Karnopp, 1978; Kamman and Huston, 1984; Rosenthal and
Sherman, 1986; Jain, 1991; Yen, Masada and Chan, 1993; Karnopp, 1997; Lennartsson, 1999; Suleman,
2004; Behzadipour and Khajepour, 2006; Schiehlen, 2006; Miiller, 2018; Honein and O’Reilly, 2021;
Sarkar and Fitzgerald, 2021; Park, 2021; Yap et al., 2022).

The importance of multibody dynamics continues to grow as industries demand more accurate
models and simulations. Whether for mechanical or biomechanical systems, the analysis, design, and
control of interconnected bodies require advanced techniques to optimize performance. Despite the
advancements, it remains common to simplify simulations by assuming bodies are rigid, which
makes multibody analysis a quick and effective tool for testing and optimization. However, in many
real-world scenarios, deformations must be considered, particularly in systems involving compliant
materials or dynamic loads. In response, flexible multibody dynamics has been extensively studied,
with applications in lightweight robotic arms (Tokhi and Azad, 1996; Kim et al., 1996, Matsuno and
Kasai, 1998; Feliu, Feliu and Cerrada, 1999; Liu and Yuan, 2003; KIM and UCHIYAMA, 2003;
Dwivedy and Eberhard, 2006; Korayem, Nikoobin and Azimirad, 2009; Dupac and Noroozi, 2014;
Cambera and Feliu-Batlle, 2017; Giorgio and Del Vescovo, 2018a, 2019; Pucher, Gattringer and Miiller,
2019; Banerjee et al., 2021; Tang and Zhao, 2022; Yue et al., 2024), soft robotics(Novelia, 2018; Santina
and Rus, 2020; Schiller, Seibel and Schlattmann, 2020; Troise et al., 2021), rotating machinery
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(Bauchau, Bottasso and Nikishkov, 2001; Hu, Mourelatos and Vlahopoulos, 2003; Tadeo and Cavalca,
2003; Milind and Mitra, 2016; Pappalardo and Guida, 2018; Jie Wang, Zhigiang Huang, Tao Li, Gang
Li, 2024), helicopter rotor with flexible blades (Goulos, Pachidis and Pilidis, 2015; Ozturan, 2019),
large flexible space structures(Santiago, Lange and Jamshidi, 1985; Zhang et al., 2024).

Modeling flexible multibody systems is often achieved through discretized methods like finite
element methods (FEM), assumed mode methods (AMM), or lumped parameter models Sometimes
known as a finite segment approach . The model of the whole multibody system is then derived using
the Lagrange formalism or any other approach. This paper focuses on two approaches: the Lumped-
Parameter method and the Assumed Mode method. The Lumped-Parameter method, where a body
is divided into rigid segments connected by pseudo joints of springs and dampers, offers a balance
of simplicity, computational efficiency, and accuracy (J. D. Connelly, 1994; Ge, Lee and Zhu, 1997;
Seo et al., 2005; Sun et al., 2009; Miller et al., 2017; Giorgio and Del Vescovo, 2018b; Nchekwube, 2019;
Wanner and Sawodny, 2019; Subedi, Ilya Tyapin and Hovland, 2020; Yap et al., 2022); ). However,
determining appropriate spring and damper constants remains a challenge.

The Assumed Mode method (Green and Sasiadek, 2003; Pan and Liu, 2012; Sharifnia and
Akbarzadeh, 2017; Fan, Zhang and Shen, 2020; Subedi, Tyapin and Hovland, 2021; Mishra and Singh,
2022), is conceptually similar (AMM typically assumes a linear combination of pre-defined modes
and focuses on capturing small deformations. FFRF, on the other hand, explicitly separates large
rigid-body motion from small elastic deformation and handles the combination of both in a more
structured manner) to the Floating Frame of Reference formulation (Shabana and Schwertassek,
1998). Here, motion is decomposed into the nonlinear motion of a reference frame and linear elastic
deformation relative to that frame. Both approaches enable realistic simulations of deformations
without the computational burden of a full FEM analysis.

2. Assumed Mode Method

The Assumed Mode Method (AMM) is commonly used to model flexible bodies that undergo
large overall rigid-body motions while experiencing small elastic deformations. In this method, the
flexibility of the links is represented by a combination of spatial mode shapes and time-varying
generalized coordinates. Typically, the modal series is truncated to a finite number of modes, as the
first few low-frequency modes primarily influence the dynamics and overall motion of the links.
Choosing appropriate boundary conditions is crucial when applying the AMM to ensure accurate
modelling.

2.1. Modeling a Flexible Pendulum on a Cart Using Assumed Mode

Figure 1 shows a flexible pendulum on a cart. There are two coordinate frames, the global fixed
frame (Xo,Yo) and the local moving frame (X, y) attached to the pendulum. The x-axis of the moving
frame is aligned along the undeformed neutral axis of the pendulum. The lateral deflection of any
point P on the flexible pendulum as measured on the global frame is given by

> (x.+ xsin(0) + wcos(6)

P = et JED

—x cos(6) + wsin(6)
where, X is the projection of arc OP measured along the moving X-axis, w(x,t) = ¥ N;(x)qs;(t)
Niis the i"» mode shape and gs(t) is the time dependent coordinate associated with the i mode.
The velocity of the point P with respect to the global frame is
[-.; _ {xc + x60 cos(8) + w cos(8) — Wésin(e)} )
x 0sin(8) + w sin(8) + whcos(8)

The kinetic energy of the flexible pendulum on the crane is
1 > 02 1 L 20 2
K.E.= EMC||xC|| +5pA | PT.Pdx
0

where M. is the mass of the crane, p is the density of the pendulum, A is the cross-sectional area of
the pendulum and L is the length of the pendulum.
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e 2 . . . .
”P” = x2 + x20% + w? + w262 + 2x,xcos(0)0 + 2x,wcos(8) — 2x.wsin(6)6 +
2xwl (3)
The potential energy of the system is obtained by adding the gravitational potential energy to
the strain energy as follows

1 L (9?w)> L =
P.E.=3EI [ (55) dx+pA[/10 g].Pdx (4)

Figure 1. Modeling of pendulum on a cart using Assumed Mode Method.

In this case the Lagrangian is as follows
L =2Mcx” +2pA [[{i2 + x20% + W? + w262 + 2,xcos(0)6 + 2 wcos(0) —

2% . 2d1 LaZWZd AL —>d
xwsin(0)0 + 2xw} x-EEIfO (ﬁ) x—pA[[0 g].Pdx

(5)
L= %(MC + .[()Lmdf) J'CCZ
+ %Jo m{x?dx}6?
L

+30. | e

+ %92 Z fOL m{N(x)izdx}q,%i + fOL{mxdx}xCécos(Q)

+ {Z fLmN(x)ifIfidx} xc.c(0) — {Z fLmN(x)iqﬁdx} %.5(0)6

0 0

+ {Z fOLmXN(X)i"IfidX} 6 — %El fOL (%)2 dx

_ JOL {mg (—x cos(0) + Z N(x);qy; sin(e)} dx
(6)

In which m is the mass per unit length, and w(x, t) = Y N;(x)q;(t)as defined before.
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1 1.1 1, .
L= Uo)ic® +5 1,67 + Ez L + 567 Z I ¢ + +Lx Bcos(6)

+ Xccos(6) Z I3iqgi — {Z IBiqfi} xcsin(6)6 + 6 Z Isidpi =51
—I,gcos(0) + {Z I3l-qﬁ} sin(6)
(7)
where, now, Iy = M + fOL mdx, I; = fOL mxdx, I, = fOL mx2dx,

2
Iy = fOL mN (x)dx, I, = fOL mN(x)?dx, Is = foL mxN(x)dx, Is = EI foL (?;Tv:) dx

The mode shapes of a cantilever beam can be found in any standard vibration textbook and can
expressed as follows

N;(x) = L(cosh(4;x) — cos(1;x) — k;[sinh(1;x) — sin(4;x)])
(8)
cosh(A;L)+cos(A;L)

sinh(A;L)+sin(4;L)”
0, the mode shapes satisfy the following orthogonality conditions

Where, k; = and A; are the roots of the equation 1 + cosh(4;L) cos(4;L) =

L
f mN; (x). N;(x)dx = mL36;;
0
where 61] = OfOTi :,t]
L
f EIN/' (x).N/'(x)dx = mL3w}§;;
0

2mlL3
A

L
f mxN;(x)dx =
0
with frequencies w; related to A; theby w; = \/%/1%
Therefore,
L
Iy = M + [ mdx = M, + m,,, where m;, = mL

L

1 J-L ; X2 12
1= | mxdx=m—| =m—
. 2], "2

L x3F JE

I, =f mx?dx=m—| =m—
. 3], 3

I = OL mN (x)dx, can be computed numerically
L
I, = f mN (x). N (x)dx = mL36;;
0

Is={ OL mxN(x)dx , can be computed numerically

L 92w\’
Iy = EIfO (W) dx = mLPwié;
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We can apply the Lagrange equation to derive the equations of motion
d ( oL ) oL 0
dt aql aql -
(9)
The generalized coordinates are
q=10 drl

Where gr stands for the flexible coordinates
The equations of motion will be as follows

loX.— 0 {sin(B) I_3)q7 + sin(0) 1,0 + 6 cos(0) I_3)q_f’} + 0 {cos(Q) I, —sin(0) I_3)q_f’}
+ cos(8) 134, — 0sin(0) Isq =F

1% cos(8) + I1 gsin(6) +I5d; + 126 + O144; +cos(0)g Isq; —sin(0)xc Isq; +214 694,
=0

_1492qf1 + I4_df1 + 1519. + I6qf1 + 131 COS(H) 5éC + 131gSln(9) = 0
—I4ézqf2 + I4df2 + 1529 + I6qf2 + 132 COS(G) X'C + 132gSln(9) =0

—149.2q1€3 + I4qf3 + 1539. + I6qf3 + 133 COS(G) 56"(: + 133gSln(0) =0

(10)

3. Lumped Parameter Model

The lumped parameter or lumped segment approach is a simple approach for modeling the
behavior of flexible bodies. This technique simplifies the complex problem of flexibility by dividing
the body into discrete, rigid segments that are interconnected by joints. These joints are equipped
with springs and dampers, which allow for deformation by providing the necessary degrees of
freedom. The springs and dampers model the body’s elasticity and damping characteristics, while
the rigid segments simplify the calculation of inertial effects.

This approach is particularly advantageous in simulation environments that utilize multibody
dynamics, as each segment can be treated as an independent rigid body, making the method
straightforward to implement. However, this segmentation also increases the system’s degrees of
freedom. The stiffness and damping properties of the joints are derived from the physical properties
of the material, and these parameters are incorporated into the equations of motion to accurately
capture the flexible body’s dynamic behavior.

A beam of length L, mass M: and moment of inertia J: can be represented as a series of lumped
segments of mass M and moment of inertia J. The beam’s elasticity and internal friction are
represented by torsional/linear springs and dampers to approximate the beam’s bending/shear
deformation, respectively. For simplicity let us assume that we have a uniform beam of length L.
Figure 2 shows a flexible beam with its equivalent Lumped-Parameter model.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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AN

Figure 2. equivalent Lumped-Parameter model of a flexible beam.

The length of each segment is L = Lt/ ny Where L is the length of each segment assuming a
uniform beam that is divide into segments of equal lengths The approach can easily handle
nonuniform bodies with complex geometry and hence having segments with different parameters
(L, m, ],...) . The mass of each segment is m = Mt/ns, the moment of inertia /, can be computed
depending on the segment’s geometry. Considering E and I as Young’s modulus and second moment
of area of each segment the equivalent stiffness k of each segment can be computed as follows, k =
(04 %, where a can be computed using standard beam theory that relates the deflection to the assumed
loading such that deflection is stiffness times loading. The damping coefficient ¢ can be computed
experimentally by matching the simulation results with the experimental results of a given system.

In this paper we will assume that it is proportional to the stiffness and is related to the discretization
level of the flexible body i.e. ¢ = Bk (Miller et al., 2017).

3.1. Flexible Pendulum on Cart

Now consider the cart and flexible pendulum system shown in Figure 3. The flexible pendulum
of length L; and has a mass of M; is attached to a cart of mass M, that moves horizontally by
applying an external force to it. We will use the Lumped-Parameter method to derive the dynamics
of the system.

Yo

N

Figure 3. Modeling of cart and flexible pendulum system using Lumped-Parameter method.
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The aluminum pendulum can be thought as composed of three different connected rigid links
of equal lengths so each segment i will have a length of

L,
L=—
nS
with a unit mass of

M
m=—
nS
Then we calculate the moment of each segment of the pendulum as we did previously
j= mL?
12
For this example, we will derive the equations of motion using Langrage formulation. Assuming
that the origin of the system is at Py = (0,0), the position of center of mass of the cart can be

described by:
Pegre = Py + x.1
(11)
and the position of center of mass of first segment will be:
- - L . A A
Pg1 = Peare + E(Sm q1—cosq, )
(12)
then the position of center of mass of the remaining segments are (i = 2 ... Ng):
=g - L . A A
Pgi = Pi—y + 5 (sing; T — cos q; J)
(13)

Where,
P, =P;,_; + L(sing;T—cosq;))
Hence, the linear velocity of each link can be derived, and kinetic energy and potential energy
of the system can be expressed as follows:

1
KE = 2 Meqreié + Z]fh ZZm ”PGl”

(14)
n n 1
PE = ngpyi + Zik(qi —qi-1)°
i=1 i=2
(15)
The Lagrange equation will then be:
n n n n
1 2 1 , 1 2 2 1 )
L= EMcartxc +§Z]Qi + Ezm ||PGi|| - ngpyi - Zik(qi - Qi—l)
=1 i=1 =1 =2
(16)

The Rayleigh dissipation function for this system will be defined as follows and its derivative
with respect to angular velocity of each segment is included as external force acting the system:
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o1
RO = Y e(d:® = 41 ()
i=2
(17)

To obtain the equations of motion, we will use Lagrange equation and apply it in the following
formula:

doL 0L OR
=Yy —-—

(18)

Using the MATLAB code, as shown in the appendix, to perform the necessary calculations, the
equations of motion that represent the dynamics of the system can be expressed as the follows:

M(q)§+D(G.q) =1

(19)
Mass matrix M(q) is:
- M. +3m 5Lm cos(q,) 3Lmcos(qy) Lmcos(qsz) T
2 2 2
5Lm cos(q,) 9mlL? y 3L%mcos(q; — q3) L*mcos(q; — q3)
wa=|, 2 : ; :
3Lmcos(q;) 3L*mcos(q; — q3) 5mlL? N L*m cos(q, — q3)
2 2 4 J 2
Lmeos(@:)  Pmeos(a — ) Pmeosp—a)  mi
i 2 2 2 rangl -
(20)
5Lmsin(q,)¢; | 3Lmsin(q;)4; | Lmsin(q3)q3
2 * 2 * 2
D(q,q) —cqy +cq; — kg + kg, — 3L2m5in(;1 — 04 - LzmSin(qu =L a Sng;in(ql)
a9 = 2 i o a2 Zmsin(a. — a2 '
cq, —2¢qy +cqs + kq, — 2kqy + kqs + 3t msm(czh 20 - = msm(qzz 223 a 3ng;m(q2)
Gl = cis + gy — ky + LB 70 Lmsin(Gs ~ 4)df _ Lmgsinas)
(21)

And the external force acting on the cart and each joint is defined on the following matrix:

F

<l
Il

0
0
0

4. Control of Flexible Multi-Dynamics Systems

In applications involving flexible structures—such as antennas, space solar panels, space
structures, soft robotic manipulators and flexible-link mechanisms—controllers are primarily tasked
with input tracking, vibration suppression, and precise positioning. However, these structures
exhibit significant nonlinearity, with time-varying structural parameters and often poorly modeled
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dynamics. As the demand for automatically controlled mechanical systems with increasing speed
and precision grows, accounting for the elastic behavior of these systems becomes crucial.

This review paper centers on the two primary methods for deriving the equations of motion in
flexible multibody systems. Although various control strategies are discussed in the literature to
address the challenges posed by these systems, our primary focus is on modeling rather than control.
The discussion of control strategies serves to illustrate some key approaches but is not intended to be
exhaustive, nor does it suggest that the cited literature fully addresses the complexities of managing
elastic behavior in these systems.

For the general discussion of control of flexible structures one can refer to, (Korkmaz, 2011),
(Alkhatib and Golnaraghi, 2003), (Wani et al., 2022), for more focus on light and flexible manipulators
and mechanisms one can refer to (Jonker, Aarts and Van Dijk, 2009), (Li, Chen and George,
2017),(Subedi, Tyapin and Hovland, 2020), (Alandoli and Lee, 2020), (Fraser and Ron W. Daniel,
1991), (Yigit and Ulsoy, 1989). The following article (De Sapio, Khatib and Delp, 2006) focuses on
task-level approaches for the control of constrained multibody systems including ones with
flexibility.

Some approaches (Komatsu and Modi, 2003; Etxebarria, Sanz and Lizarraga, 2005; Hu and Ng,
2005; Ishijima, Tzeranis and Dubowsky, 2005; Muller and Liu, 2014; Nchekwube, 2019; Rauscher and
Sawodny, 2021) divide the control problem into two parts a nominal controller to address (in most
cases) the rigid body motion (or a simpler model of the system) and another “loop” or part to take
care of the uncertainty (or in most cases the flexible body motion). A good example is the perturbation
approach, in which a nominal system model is assumed combined with an efficient way to predict
and accommodate changes in the system (parameter changes, loading changes, flexibility,...) a good
reference here is (Fraser and Ron W. Daniel, 1991) other references to refer to are (Yen and Kwak,
1999), (Jonker and Aarts, 2001), (Sun-Wook Kim, 1999),(Kim and Croft, 2019). Additionally, robust
control techniques, such as LQG/LTR and H-infinity methods, are considered to address uncertainties
in the dynamics (Grewal and Modi, 2000), (Caracciolo, Richiedei and Trevisani, 2008), (Grewal and
Modi, 1996). Given the nonlinear nature of multibody systems and the additional degrees of freedom
introduced by elastic behavior, the literature shows significant interest in nonlinear control methods
(Boscariol, Scalera and Gasparetto, 2021), including feedback linearization (Moberg, 2010), (Zhang
and Ge, 2014), and sliding mode control (SMC) (Allen, Bernelli-Zazzera and Scattolini, 2000), (Parker
et al., 1996), (Wilson et al., 2002),(Jingxin Shi, 2010; Guan et al., 2024). Moreover, dynamic dissipative
compensators and passivity-based controllers are also explored (Atul G. Kelkar, Joshi and Alberts,
1995), (Kelkar and Joshi, 1997), (Kelkar, Alberts and Joshi, 1995).

5. Simulation Results for a Flexible Pendulum on a Crane System

Since the focus of this paper is on modeling and not control an LQR controller based on the rigid
dynamics of the system will be used. The equations of the rigid dynamics of the system can be

linearized and an LQR control can be computed as F = —k;(x; — x4) — k,0 — k3x, — k49. In
this case the linearized model (around 8 = x, = 6 = 0), is
0 0 1 0
0 0 0 1
m, gL?
pJ 0 0

0
A= M m,L* + 4],(m, + M)
B 2Lgmy, (mp + MC)
M m, L2 + 4],(m, + M,)
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0
0
mpL’ +4],
B=|McmpL® + 4] ,(my + M)
MemL? + 4] (mp, + M|
0
If we chose the gains of the controller such that we minimize | = [(xTQx + uTRu)dt , with
100 0 0 O
0 1 0 O _ . .
Q= o o 1 ol and R = 0.01, and R=0.0001(gains of the controller are higher)
0 0 0 1 ,
L
With parameters of the models as follows: M=1kg; L=1m; my=10g; ]p = mLZ; E=7x%x10°

2
D
(Aluminum); I, = % (E) which the 24 moment of area.

The simulation results are as shown below in Figure 4, Figure 5, Figure 6 and Figure 7 (for cart
position x in m and pendulum angle in rad) for the ideal rigid pendulum versus the flexible pendulum
modeled here using assumed mode method. With higher values of the gain there is more “excitation”
of the flexible mode coordinates, as seen in Figure 8, which in this case (having a stable system) just
alter the response as compared to the ideal rigid pendulum. If, however one is trying say to swing
the pendulum up and stabilize it this could be an issue if not handled wisely.

High K

0 2 4 6
Time [s]

Figure 4. Cart position, x [m].

High K

f[rad]

——I|deal rigid pendulum
= =Flex Pendulum

0 2 4 6
Time [s]

Figure 5. Pendulum angle[rad].
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Low K

x [m]

05 —Ideal rigid pendulum
’ = =Flex Pendulum

0 2 4 6
Time [s]

Figure 6. Cart Position, x [m].

Low K
0
il —Ideal rigid pendulum
= — -Flex Pendulum
a -0.05
-0.1
0 2 4 6
Time [s]
Figure 7. Angle Position [rad].
0.4 0.02
= —High K = —
-
» » 0 ﬁ
2 oH.h o 2
g v § -0.01 £
S 02 <3 8
° o -0.02 E
= o 2
3 04 X 003 %
= = =
06 -0.04
o 1 2 3 0 1 2 3
Time [s] Time [s] Time [s]

Figure 8. Flexible Modes Response.

The LPM and the AMM simulation models did behave similarly when the higher modes were
not excited, but the results did differ otherwise slightly, as seen in Figure 9 and Figure 10, this is due
to the way the flexibility is incorporated as well as the way the angle of the pendulum is taken in the
LPM (the pendulum is divided into segments and the angle of the 1t segment was taken as the
pendulum angle). Ideally the parameters of the model (stiffness and damping) will be tuned to match

the experimental results. In the simulation results above the damping for the AMM was ¢ = fw;,
8El,

where f is a constant and wj, is the natural frequency of the ittmode. while for the LPM k = -
S

, ¢ = ak, again @ is a tuning factor.

crane position
- 3

o
3}

o

Time [s]

Figure 9. Crane position (AMM,LPM).
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The interaction between the control effort and the ignored higher modes which have not been
taken when designing the controller leads to the spillover effect The spillover effect refers to
unintended or undesirable dynamics that arise when a control system or approximation model fails
to capture all the significant modes or degrees of freedom of a flexible system. The control effort may
excite these uncontrolled and ignored modes which may severely degrade the system performance.
Let us consider the swing up and stabilizing of an inverted pendulum on cart (same model). The
control is based on a simple strategy for swinging up the pendulum based on energy control, since
the focus here is on the modeling and not control the paper will not “formally” introduce the
approach, for more detailed understanding of the method one can refer to (Yoshida, 1999; Astrom
and Furuta, 2000; Romeo Ortega et al., 2001; Romeo; Ortega ef al., 2001; Chatterjee, Patra and Joglekar,
2002; SAKURAMA, HARA and NAKANO, 2007; Banerjee and Pal, 2018; Chandra, Tamba and
Sadiyoko, 2019; Kahar, 2019; Rodriguez-Cortés, 2019).

One way to swing the pendulum up is to force it to have the energy corresponding to the upright
position, using a strategy as the one seen in

U = SAtymax (k(E — Eq)sign(6 cos(6)))

(22)

where E is the energy of the pendulum, Eo is the energy at the upright position, k is a constant, and
Sat,max is a linear function which is saturated at umax. Once the pendulum is close to the upright
position a linear controller will be switched on to stabilize it. Figure 11 and Figure 12 shows the
response.

=)
go —Ideal Rigid Pend ||
= —==Flex Pend AMM
2+
4 w
0 2 4 6 8 10

Figure 11. Angular Position of Pendulum.
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if k, umax or parameters of the controller are not tuned properly the system may not behave well
because of the excitation of the flexible modes as seen in Figure 13, where for the same parameters
the cart with the ideal rigid pendulum was stabilized, but the controller failed to stabilize the
pendulum in the model in which a flexible beam model was used.

10
0 \_/~ —Ideal Rigid Pend
= AN —--Flex Pend AMM
o o
E -10 -_‘\ B
= .
-20 \\__
A
\h
.30 |
0 2 4 6 8 10
Time [s]

Figure 13. The response if the tuning of the parameters is not done properly.

The focus here was on modeling. For a formal control design, one can consider some of the
approaches mentioned in section 4.

6. Conclusion

Modeling flexible structure dynamics is crucial for understanding the behavior of flexible bodies
under various conditions. In this tutorial review, we explored two widely used methods for modeling
flexible bodies, namely the assumed mode method (AMM) and the lumped parameters method
(LPM). Each method relies on different assumptions and computational techniques, leading to
varying capabilities in capturing the dynamics of flexible systems. The AMM uses a limited number
of mode shapes to represent structural deformations, with these shapes selected based on expected
deformation patterns and boundary conditions. Therefore, this method requires solving a number of
differential equations with time-varying coefficients. On the other hand, the lumped parameters
method (LPM) models the flexible structure by dividing it into a limited number of rigid segments
and representing their flexibility with some flexible joints that consist of a spring to represent
flexibility and damping elements to dissipate energy. These flexible joints connect the rigid segments
and thus allow relative movement between them. This method involves solving a set of equations of
motion for each segment and joint. Our comparison of the AMM and LPM in modeling the flexibility
of a pendulum on a cart demonstrated that both methods effectively capture the system’s dynamics,
with only minor differences in results.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202603.0648.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 March 2026 d0i:10.20944/preprints202603.0648.v1

14 of 19

References

Alandoli, E.A. and Lee, T.S. (2020) ‘A Critical Review of Control Techniques for Flexible and Rigid Link
Manipulators’, Robotica, 38(12), pp. 2239-2265. Available at: https://doi.org/10.1017/S0263574720000223.

Alkhatib, R. and Golnaraghi, M.F. (2003) “Active structural vibration control: A review’, Shock and Vibration
Digest, 35(5), pp. 367-383. Available at: https://doi.org/10.1177/05831024030355002.

Allen, M., Bernelli-Zazzera, F. and Scattolini, R. (2000) ‘Sliding mode control of a large flexible space structure’,
Control Engineering Practice, 8, pp. 861-871. Available at: https://doi.org/10.1016/50967-0661(00)00004-6.

Astrom, K J. and Furuta, K. (2000) ‘Swinging up a pendulum by energy control’, Automatica, 36(2), pp. 287-295.
Available at: https://doi.org/10.1016/S0005-1098(99)00140-5.

Atul G. Kelkar, Joshi, S.M. and Alberts, T.E. (1995) ‘Passivity-Based Control of Nonlinear Flexible Multibody
Systems’, IEEE Transactions on Automatic Control, 40(5), pp. 910-914.

Banerjee, R. and Pal, A. (2018) ‘Stabilization of Inverted Pendulum on Cart Based on LQG Optimal Control’, 2018
International Conference on Circuits and Systems in Digital Enterprise Technology, ICCSDET 2018, pp. 1-5.
Available at: https://doi.org/10.1109/ICCSDET.2018.8821243.

Banerjee, U. et al. (2021) “Tracking Control of a Single Link Flexible Manipulator’, in ACM International Conference
Proceeding  Series. Kanpur, India: Association for Computing Machinery. Available at:
https://doi.org/10.1145/3478586.3478641.

Bauchau, O.A., Bottasso, C.L. and Nikishkov, Y.G. (2001) ‘Modeling rotorcraft dynamics with finite element
multibody procedures’, Mathematical and Computer Modelling, 33(10-11), pp. 1113-1137. Available at:
https://doi.org/10.1016/S0895-7177(00)00303-4.

Behzadipour, S. and Khajepour, A. (2006) ‘Causality in vector bond graphs and its application to modeling of
multi-body dynamic systems’, Simulation Modelling Practice and Theory, 14(3), pp. 279-295. Available at:
https://doi.org/10.1016/j.simpat.2005.06.001.

Boscariol, P., Scalera, L. and Gasparetto, A. (2021) ‘Nonlinear control of multibody flexible mechanisms: A
model-free  approach’,  Applied  Sciences  (Switzerland), 11(3), pp. 1-14. Available at:
https://doi.org/10.3390/app11031082.

Cambera, ].C. and Feliu-Batlle, V. (2017) ‘Input-state feedback linearization control of a single-link flexible robot
arm moving under gravity and joint friction’, Robotics and Autonomous Systems, 88, pp. 24-36. Available at:
https://doi.org/10.1016/j.robot.2016.11.019.

Caracciolo, R., Richiedei, D. and Trevisani, A. (2008) ‘Experimental validation of a model-based robust controller
for multi-body mechanisms with flexible links’, Multibody System Dynamics, 20, pp. 129-145. Available at:
https://doi.org/10.1007/s11044-008-9113-7.

Chandra, J., Tamba, T.A. and Sadiyoko, A. (2019) ‘Energy-Based Modeling and Swing Up Control Synthesis of
an Inverted Pendulum System’, in Proceedings of the 2019 International Conference on Mechatronics, Robotics
and Systems Engineering, MOoRSE 2019, pPP- 265-269. Available at:
https://doi.org/10.1109/MoRSE48060.2019.8998729.

Chatterjee, D., Patra, A. and Joglekar, H.K. (2002) ‘Swing-up and stabilization of a cart-pendulum system under
restricted cart track length’, Systems and Control Letters, 47(4), pp. 355-364. Available at:
https://doi.org/10.1016/S0167-6911(02)00229-3.

Dupac, M. and Noroozi, S. (2014) ‘Dynamic modeling and simulation of a rotating single link flexible robotic
manipulator subject to quick stops’, Strojniski Vestnik/Journal of Mechanical Engineering, 60(7-8), pp. 475-482.
Available at: https://doi.org/10.5545/sv-jme.2013.1544.

Dwivedy, S.K. and Eberhard, P. (2006) ‘Dynamic analysis of flexible manipulators, a literature review’,
Mechanism and Machine Theory, 41(7), pp- 749-777. Available at:
https://doi.org/10.1016/j.mechmachtheory.2006.01.014.

Etxebarria, V., Sanz, A. and Lizarraga, I. (2005) ‘Control of a lightweight flexible robotic arm using sliding
modes’, International Journal of Advanced Robotic Systems, 2(2), pp. 103-110. Available at:
https://doi.org/10.5772/5798.

Fan, J., Zhang, D. and Shen, H. (2020) ‘Discretization Methods of a Rotating Flexible Rectangular Thin Plate’,
Journal — of  Shanghai  Jiaotong  University  (Science), 25(1), pp. 118-126. Available at:
https://doi.org/10.1007/s12204-019-2129-8.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202603.0648.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 March 2026 d0i:10.20944/preprints202603.0648.v1

15 of 19

Feliu, J.J., Feliu, V. and Cerrada, C. (1999) ‘Load Adaptive Control of Single-Link Flexible Arms Based on a New
Modeling Technique’, IEEE TRANSACTIONS ON ROBOTICS AND AUTOMATION, 15(5), p. 793.

Fraser, A.R. and Ron W. Daniel (1991) Perturbation Techniques for Flexible Manipulators. Springer New York, NY.
Available at: https://doi.org/https://doi.org/10.1007/978-1-4615-3974-2.

Ge, S.S., Lee, T.H. and Zhu, G. (1997) ‘A New Lumping Method of a Flexible Manipulator’, in the American Control
Conference Albuquerque. Albuquerque, New Mexico, pp. 1412-1416.

Giorgio, I. and Del Vescovo, D. (2019) ‘Energy-based trajectory tracking and vibration control for multilink
highly flexible manipulators’, Mathematics and Mechanics of Complex Systems, 7(2), pp. 159-174. Available at:
https://doi.org/10.2140/memocs.2019.7.159.

Giorgio, I. and Del Vescovo, D.D. (2018a) ‘Non-linear lumped-parameter modeling of planar multi-link
manipulators with highly flexible arms’, Robotics, 7(4). Available at:
https://doi.org/10.3390/robotics7040060.

Giorgio, I. and Del Vescovo, D.D. (2018b) ‘Non-linear lumped-parameter modeling of planar multi-link
manipulators ~ with  highly flexible arms’,  Robotics, 7(4), pp. 1-13. Available at:
https://doi.org/10.3390/robotics7040060.

Goulos, 1., Pachidis, V. and Pilidis, P. (2015) ‘Flexible rotor blade dynamics for helicopter aeromechanics
including comparisons with experimental data’, Aeronautical Journal, 119(1213), pp. 301-342. Available at:
https://doi.org/10.1017/50001924000010496.

Green, A. and Sasiadek, J.Z. (2003) ‘Robot manipulator control for rigid and assumed mode flexible dynamics
models’, in AIAA Guidance, Navigation, and Control Conference and Exhibit. Available at:
https://doi.org/10.2514/6.2003-5435.

Grewal, A. and Modji, V J. (1996) ‘Dynamics and control of multibody systems: An approach with application’,
Acta Astronautica, 39(5), pp. 323-346. Available at: https://doi.org/10.1016/50094-5765(96)00108-7.

Grewal, A. and Modi, V.J. (2000) ‘Multibody dynamics and robust control of flexible spacecraft’, IEEE
Transactions on  Aerospace and  Electronic ~ Systems, 36(2), pp. 491-500. Available at:
https://doi.org/10.1109/7.845230.

Guan, Y. et al. (2024) "Vibration Suppression and Trajectory Tracking Control of Flexible Joint Manipulator Based
on PSO Algorithm and Fixed-Time Control’, International Journal of Intelligent Systems, 2024, pp. 1-23.
Available at: https://doi.org/10.1155/2024/5510259.

Honein, T.E. and O’Reilly, O.M. (2021) “On the Gibbs—Appell equations for the dynamics of rigid bodies’, Journal
of Applied Mechanics, Transactions ASME, 88(7). Available at: https://doi.org/10.1115/1.4051181.

Hu, K., Mourelatos, Z.P. and Vlahopoulos, N. (2003) ‘Computational analysis for dynamic response of a rotating
shaft on flexible support structure with clearances’, Journal of Sound and Vibration, 267(1), pp. 1-28. Available
at: https://doi.org/10.1016/50022-460X(02)01392-5.

Hu, Y.R. and Ng, A. (2005) “Active robust vibration control of flexible structures’, Journal of Sound and Vibration,
288(1-2), pp. 43-56. Available at: https://doi.org/10.1016/j.jsv.2004.12.015.

Ishijima, Y., Tzeranis, D. and Dubowsky, S. (2005) “The on-orbit maneuvering of large space flexible structures
by free-flying robots’, in The 8th International Symposium on Artifical Intelligence, Robotics and Automation in
Space - iSAIRAS’. Munich, Germany, pp. 449-456.

J. D. Connelly, R.L.H. (1994) ‘The Dynamics of Flexible Multibody Systems:A finite Segment Approach - I
Theoretical Aspects’, Computers & Structures, 50(2), pp. 255-258.

Jain, A. (1991) ‘Uni ed Formulation of Dynamics for Serial Rigid Multibody Systems Uni ed Formulation of
Dynamics for Serial Rigid Multibody Systems 1 Introduction’, Control, 14(June), pp. 531-542.

Jie Wang, Zhigiang Huang, Tao Li, Gang Li, Y.D.& G.Z. (2024) ‘Torsional vibration characteristics analysis and
vibration suppression research of compressor flexible rotor system considering fit clearance’, Multibody
System Dynamics [Preprint]. Available at: https://doi.org/10.1007/s11044-024-10011-7.

Jingxin Shi, F.N. and H.L. (2010) ‘Control of Lightweight Manipulators Based on Sliding Mode Technique’, in
Advances in Robot Manipulators, pp. 155-182. Available at: http://www.intechopen.com/books/advances-in-
robot-manipulators/control-of-lightweight-manipulators- based-on-sliding-mode-technique.

Jobs, S. (2016) ‘Guest Editorial Guest Editorial’, International Journal of Engine Research, 6(4), pp. 1-3.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202603.0648.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 March 2026 d0i:10.20944/preprints202603.0648.v1

16 of 19

Jonker, ].B. and Aarts, R.G.K.M. (2001) “A Perturbation Method for Dynamic Analysis and Simulation of Flexible
Manipulators’, Multibody System Dynamics, 6(3), pp- 245-266. Available at:
https://doi.org/10.1023/A:1012070525137.

Jonker, J.B., Aarts, RG.K.M. and Van Dijk, J. (2009) ‘A linearized input-output representation of flexible
multibody systems for control synthesis’, Multibody System Dynamics, 21(2), pp. 99-122. Available at:
https://doi.org/10.1007/s11044-008-9130-6.

Kahar, H. (2019) Analysis, Synthesis, and Design of Nonlinear Vibrations of Inverted Flexible Pendulum. Department
of Mechanical and Process Engineering at the University of Duisburg-Essen.

Kamman, J.W. and Huston, R.L. (1984) ‘Dynamics of constrained multibody systems’, Journal of Applied
Mechanics, Transactions ASME, 51(4), pp. 899-903. Available at: https://doi.org/10.1115/1.3167743.

Karnopp, D. (1997) ‘Understanding Multibody Dynamics Using Bond Graph Representations’, J. Franklin Inst,
334(4).

Kelkar, A.G., Alberts, T.E. and Joshi, S.M. (1995) ‘Dynamic Dissipative Compensators for Multibody Flexible
Space Structures’, IEEE Transactions on Aerospace and Electronic Systems, 31(4), pp. 1325-1330. Available at:
https://doi.org/10.1109/7.464353.

Kelkar, A.G. and Joshi, S.M. (1997) ‘On passivity-based control of flexible multibody nonlinear systems’, in
Proceedings of the IEEE 36th Conference on Decision and Control. San Diego, California, USA, pp. 4862—4867.
Available at: https://doi.org/10.1109/cdc.1997.649802.

Kim, J. and Croft, E.A. (2019) ‘Full-state tracking control for flexible joint robots with singular perturbation
techniques’, IEEE Transactions on Control Systems Technology, 27(1), pp. 63-73. Available at:
https://doi.org/10.1109/TCST.2017.2756962.

KIM, J. and UCHIYAMA, M. (2003) ‘Vibration Mechanism of Constrained Spatial Flexible Manipulators’, [SME
International Journal, 46(1), pp. 123-28.

Kim, J.S. et al. (1996) ‘Force control of constrained flexible manipulators’, Proceedings - IEEE International
Conference  on  Robotics and  Automation, 1(May 1996), pp. 635-640. Available at:
https://doi.org/10.1109/robot.1996.503846.

Komatsu, T. and Modi, V.J. (2003) ‘Precise trajectory control of a redundant flexible manipulator on a space
platform’, Advanced Robotics, 17(8), pp. 821-836. Available at: https://doi.org/10.1163/156855303322395235.

Korayem, M.H., Nikoobin, A. and Azimirad, V. (2009) ‘Trajectory optimization of flexible link manipulators in
point-to-point motion’, Robotica, 27(6), PP- 825-840. Available at:
https://doi.org/10.1017/S0263574708005183.

Korkmaz, S. (2011) ‘A review of active structural control: Challenges for engineering informatics’, Computers and
Structures, 89(23-24), pp. 2113-2132. Available at: https://doi.org/10.1016/j.compstruc.2011.07.010.

Lennartsson, A. (1999) ‘Efficient Multibody Dynamics’, (June), p. 173.

Li, D., Chen, Z. and George, R.T. (2017) Flexible Robot Manipulators and Grippers :Modeling, Simulation and Control.
second. Institution of Engineering and Technology, London, United Kingdom.

Liu, L.Y. and Yuan, K. (2003) “‘Noncollocated passivity-based PD control of a single-link flexible manipulator’,
Robotica, 21(2), pp. 117-135. Available at: https://doi.org/10.1017/S0263574702004538.

Margolis, D.L. and Karnopp, D.C. (1978) ‘Bond Graphs for Flexible Multibody Systems.’, American Society of
Mechanical Engineers (Paper) [Preprint], (78-WA/DSC-1). Available at: https://doi.org/10.1007/978-3-642-
86461-2_18.

Matsuno, F. and Kasai, S. (1998) ‘Modeling and robust force control of constrained one-link flexible arms’, Journal
of Robotic Systems, 15(8), pp. 447-464. Available at: https://doi.org/10.1002/(SICI)1097-
4563(199808)15:8<447::AID-ROB2>3.0.CO;2-L.

Milind, T.R. and Mitra, M. (2016) ‘A Study on the Flexible Multibody Dynamic Modeling of an Axial Piston
Pump Considering Housing Flexibility’, Procedia Engineering, 144, pp. 1234-1241. Available at:
https://doi.org/10.1016/j.proeng.2016.05.110.

Miller, S. et al. (2017) Modeling flexible bodies with simscape multibody software, An Overview of Two Methods
for Capturing the Effects of Small Elastic Deformations, MathWorks.—2017. Available at:
https://www.mathworks.com/content/dam/mathworks/tag-team/Objects/s/Modeling-Flexible-Bodies-
Simscape-Multibody-171122.pdf.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202603.0648.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 March 2026 d0i:10.20944/preprints202603.0648.v1

17 of 19

Mishra, N. and Singh, S.P. (2022) ‘Determination of modes of vibration for accurate modelling of the flexibility
effects on dynamics of a two link flexible manipulator’, International Journal of Non-Linear Mechanics,
141(August 2021), p. 103943. Available at: https://doi.org/10.1016/j.ijnonlinmec.2022.103943.

Moberg, S. (2010) Modeling and Control of Flexible Manipulators. Ph.D. Thesis, Linkdping University.

Miiller, A. (2018) “Screw and Lie group theory in multibody dynamics: Recursive algorithms and equations of
motion of tree-topology systems’, Multibody System Dynamics, 42(2), pp. 219-248. Available at:
https://doi.org/10.1007/s11044-017-9583-6.

Muller, P.A. and Liu, S. (2014) ‘Vibration control of a flexible single-link robot: A backstepping controller for
distributed parameter systems’, in IECON 2014 - 40th Annual Conference of the IEEE Industrial Electronics
Society. Dallas, TX, pp. 2890-2896. Available at: https://doi.org/10.1109/IECON.2014.7048919.

Nchekwube, C.D. (2019) Dynamic Modelling and Control of Flexible-link Multibody Systems. MSc, Politecnico
Di Torino, Italy.

Nobuyuki SHIMIZO, E.I and N.S. (2003) ‘Multibody Dynamiocs Researches in Japan’, [SME International
Journal, 46(2), pp. 438-448.

Novelia, A. (2018) Discrete Elastic Rods for Simulating Soft Robot Limbs. UC, Berkeley.

Ortega, Romeo et al. (2001) ‘Energy shaping control revisited’, pp. 277-307. Available at:
https://doi.org/10.1007/bfb0110388.

Ortega, Romeo; ef al. (2001) ‘University of Groningen Putting Energy Back in Control Ortega, Romeo; Schaft,
Arjan J. van der; Mareels, Iven; Maschke, Bernhard’, IEEE Control Systems Magazine, pp. 18-33.

Ozturan, B.I. (2019) Multibody simulation of helicopter rotor with flexible blade. MIDDLE EAST TECHNICAL
UNIVERSITY.

Pan, K.Q. and Liu, ].Y. (2012) ‘Investigation on the choice of boundary conditions and shape functions for flexible
multi-body system’, Acta Mechanica Sinica/Lixue Xuebao, 28(1), pp. 180-189. Available at:
https://doi.org/10.1007/s10409-011-0527-8.

Pappalardo, C.M. and Guida, D. (2018) ‘Development of a New Inertial-based Vibration Absorber for the Active
Vibration Control of Flexible Structures’, Engineering Letters, 26(3).

Park, Y. (2021) “An Automatic Program of Generation of Equation of Motion and Dynamic Analysis for Multi-
body Mechanical System using GNU Octave’, Journal of Applied and Computational Mechanics, 7(3), pp. 1687—
1697. Available at: https://doi.org/10.22055/jacm.2020.33826.2293.

Parker, G.G. et al. (1996) ‘Decentralized sliding mode control for flexible link robots’, Journal of Intelligent and
Robotic Systems: Theory and Applications, 17(1), pp. 61-79. Available at: https://doi.org/10.1007/BF00435716.

Pucher, F., Gattringer, H. and Miiller, A. (2019) ‘Collision detection for flexible link robots using accelerometers’,
in IFAC-PapersOnLine. Elsevier B.V., pp. 514-519. Available at: https://doi.org/10.1016/j.ifacol.2019.12.013.

Rahnejat, H. (2000) ‘Multi-body dynamics: Historical evolution and application’, Proceedings of the Institution of
Mechanical Engineers, Part C: Journal of Mechanical Engineering, 214(1), pp. 149-173. Available at:
https://doi.org/10.1243/0954406001522886.

Rauscher, F. and Sawodny, O. (2021) ‘Modeling and Control of Tower Cranes with Elastic Structure’, IEEE
Transactions  on Control Systems Technology, 29(1), pp- 64-79. Available at:
https://doi.org/10.1109/TCST.2019.2961639.

Rodriguez-Cortés, H. (2019) ‘A swinging up controller for the Furuta pendulum based on the total energy control
system approach’, Kybernetika, 55(2), pp. 402-421. Available at: https://doi.org/10.14736/kyb-2019-2-0402.

Rosenthal, D.E. and Sherman, M.A. (1986) ‘High Performance Multibody Simulations Via Symbolic Equation
Manipulation and Kane’S Method.’, Journal of the Astronautical Sciences, 34(3), pp. 223-239.

SAKURAMA, K., HARA, S. and NAKANGO, K. (2007) ‘Swing-up and Stabilization Control of a Cart-Pendulum
System via Energy Control and Controlled Lagrangian Methods’, Electrical Engineering in Japan(translated),
160(4).

Santiago, ].M., Lange, W.]. and Jamshidi, M. (1985) ‘Overview of Modeling and Control of Large Flexible Space
Structures.’, IFAC Proceedings Series, 17(2), pp. 1255-1260. Available at: https://doi.org/10.1016/s1474-
6670(17)61146-7.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202603.0648.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 March 2026 d0i:10.20944/preprints202603.0648.v1

18 of 19

Santina, C. Della and Rus, D. (2020) ‘Control oriented modeling of soft robots: The polynomial curvature case’,
IEEE Robotics and Automation Letters, 5(2), pPp- 290-298. Available at:
https://doi.org/10.1109/LRA.2019.2955936.

De Sapio, V., Khatib, O. and Delp, S. (2006) ‘Task-level approaches for the control of constrained multibody
systems’, Multibody System Dynamics, 16(1), pp. 73-102. Available at: https://doi.org/10.1007/s11044-006-
9017-3.

Sarkar, S. and Fitzgerald, B. (2021) ‘Use of kane’s method for multi-body dynamic modelling and control of spar-
type floating offshore wind turbines’,  Emergies, 14(20), pp. 1-43. Available at:
https://doi.org/10.3390/en14206635.

Schiehlen, W. (2005) ‘Recent Developments in Multibody Dynamics.pdf’, Journal of Mechanical Science and
Technology, 19(1), pp. 227-236.

Schiehlen, W. (2006) ‘Computational dynamics: theory and applications of multibody systems’, European Journal
of Mechanics, A/Solids, 25(4), pp. 566-594. Available at: https://doi.org/10.1016/j.euromechsol.2006.03.004.

Schiller, L., Seibel, A. and Schlattmann, J. (2020) ‘A Lightweight Simulation Model for Soft Robot’s Locomotion
and its Application to Trajectory Optimization’, IEEE Robotics and Automation Letters, 5(2), pp. 1199-1206.
Available at: https://doi.org/10.1109/LRA.2020.2966396.

Seo, J.H. et al. (2005) ‘Dynamic analysis of a multibody system including a very flexible beam element’, [SME
International Journal, Series C: Mechanical Systems, Machine Elements and Manufacturing, 48(2 SPEC. ISS.), pp.
224-233. Available at: https://doi.org/10.1299/jsmec.48.224.

Shabana, A.A. (1997) ‘Flexible Multibody Dynamics: Review of Past and Recent Developments’, Multibody
System Dynamics, 1(2), pp. 189-222. Available at: https://doi.org/10.1023/A:1009773505418.

Shabana, A.A. and Schwertassek, R. (1998) ‘Equivalence of the floating frame of reference approach and finite
element formulations’, International Journal of Non-Linear Mechanics, 33(3), pp. 417-432. Available at:
https://doi.org/10.1016/s0020-7462(97)00024-3.

Sharifnia, M. and Akbarzadeh, A. (2017) ‘A constrained assumed modes method for dynamics of a flexible planar
serial robot with prismatic joints’, Multibody System Dynamics, 40(3), pp. 261-285. Available at:
https://doi.org/10.1007/s11044-016-9525-8.

Subedi, D., Ilya Tyapin and Hovland, G. (2020) ‘Modeling and Analysis of Flexible Bodies Using Lumped
Parameter Method’, in 2020 IEEE 11th International Conference on Mechanical and Intelligent Manufacturing
Technologies. Cape Town, South Africa, pp. 161-166.

Subedi, D., Tyapin, I. and Hovland, G. (2020) ‘Review on modeling and control of flexible link manipulators’,
Modeling, Identification and Control, 41(3), pp. 141-163. Available at: https://doi.org/10.4173/MIC.2020.3.2.

Subedi, D., Tyapin, I. and Hovland, G. (2021) “Dynamic modeling of planar multi-link flexible manipulators’,
Robotics, 10(2). Available at: https://doi.org/10.3390/robotics10020070.

Suleman, A. (2004) ‘Multibody dynamics and nonlinear control of flexible space structures’, [VC/Journal of
Vibration and Control, 10, pp. 1639-1661. Available at: https://doi.org/10.1177/1077546304042049.

Sun-Wook Kim (1999) Contact Dynamics and Force Control of Flexible Multibody Systems. , Ph.D. Thesi, McGill
University.

Sun, H. et al. (2009) “The finite segment method for recursive approach to flexible multibody dynamics’, in 2009
2nd International Conference on Information and Computing Science, ICIC 2009. IEEE, pp. 345-348. Available at:
https://doi.org/10.1109/ICIC.2009.292.

Tadeo, A.T. and Cavalca, K.L. (2003) ‘A comparison of flexible coupling models for updating in rotating
machinery response’, Journal of the Brazilian Society of Mechanical Sciences and Engineering, 25(3), pp. 235-246.
Available at: https://doi.org/10.1590/S1678-58782003000300004.

Tang, L. and Zhao, D. (2022) ‘Dynamic Modeling of a Flexible-Link Flexible-Joint System with Tip Mass
Considering  Stiffening  Effect’,  Applied  Sciences  (Switzerland),  12(13).  Available at:
https://doi.org/10.3390/app12136496.

Tokhi, M.O. and Azad, A K.M. (1996) "‘Modelling of a single-link flexible manipulator system: Theoretical and
practical investigations’, Robotica, 14(1), pp- 91-102. Available at:
https://doi.org/10.1017/s026357470001897x.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202603.0648.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 March 2026 d0i:10.20944/preprints202603.0648.v1

19 of 19

Troise, M. et al. (2021) ‘Preliminary analysis of a lightweight and deployable soft robot for space applications’,
Applied Sciences (Switzerland), 11(6), pp. 1-12. Available at: https://doi.org/10.3390/app11062558.

Wani, Z.R. et al. (2022) “A Critical Review on Control Strategies for Structural Vibration Control’, Annual Reviews
in Control, 54, pp. 103-124. Available at: https://doi.org/10.1016/j.arcontrol.2022.09.002.

Wanner, J. and Sawodny, O. (2019) ‘A lumped parameter model of the boom of a mobile concrete pump’, 2019
18th  European Control Conference, ECC 2019, pp. 2808-2813.  Available at:
https://doi.org/10.23919/ECC.2019.8796004.

Wilson, D.G. et al. (2002) ‘Augmented sliding mode control for flexible link manipulators’, Journal of Intelligent
and  Robotic ~ Systems: — Theory  and  Applications, 34(4), pp. 415-430. Available at:
https://doi.org/10.1023/A:1019635709331.

Yap, EJ.H. et al. (2022) “‘Modeling Flexible Multi-Body Systems Within the Udwadia-Kalaba Framework, a
Lumped Parameter Approach’, Journal of Computational and Nonlinear Dynamics, 17(12). Available at:
https://doi.org/10.1115/1.4055957.

Yen, C.,, Masada, G.Y. and Chan, W.M. (1993) ‘Dynamic analysis of a two-link flexible manipulator system using
Extended Bond Graphs’, Journal of the Franklin Institute, 330(6), pp. 1113-1134. Available at:
https://doi.org/10.1016/0016-0032(93)90068-6.

Yen, G.G. and Kwak, M.K. (1999) ‘Dynamic modeling of flexible multibody structures’, IEEE Transactions on
Aerospace and Electronic Systems, 35(1), pp. 148-156. Available at: https://doi.org/10.1109/7.745688.

Yigit, A.S. and Ulsoy, G. (1989) ‘Controller Design for Rigid-Flexibl;e Multibody Systems’, in 28th Conference on
Decision and Control. Tampa, Florida, pp. 665-673.

Yoshida, K. (1999) ‘Swing-up control of an inverted pendulum by energy-based methods’, in Proceedings of the
American Control Conference, pp. 4045-4047. Available at: https://doi.org/10.1109/acc.1999.786297.

Yue, X.H. et al. (2024) ‘Flexible, lightweight, tunable robotic arms enabled by X-tensegrity inspired structures’,
Composite Structures, 344(June), p. 118331. Available at: https://doi.org/10.1016/j.compstruct.2024.118331.

Zhang, L. et al. (2024) ‘Dynamics modeling and attitude-vibration hybrid control of a large flexible space
structure’,  JVC/Journal —of Vibration and Control, 17(2), pp. 1255-1260. Available at:
https://doi.org/10.1177/10775463241227474.

Zhang, Z. and Ge, S.S. (2014) ‘Partial feedback linearization control of space flexible-link manipulator with
geometric nonlinearity’, 2014 IEEE International Conference on Information and Automation, ICIA 2014, (July),
pp. 1102-1107. Available at: https://doi.org/10.1109/ICInfA.2014.6932814.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or

products referred to in the content.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202603.0648.v1
http://creativecommons.org/licenses/by/4.0/

