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Abstract: This paper addresses distributed formation control for multiple unmanned aerial vehicles
(UAVs) operating in obstacle-dense environments under directed switching communication topologies.
A leader–follower architecture is adopted, wherein the leader performs online trajectory replanning
while followers rely on delayed and intermittently available neighbor information. To simultaneously
tackle collision avoidance, formation feasibility under narrow passages, and communication inter-
mittency, we propose an integrated deformable formation navigation framework. The framework
couples Safe Flight Corridor (SFC)-constrained Bézier trajectory planning with a dynamic formation
scaling mechanism, allowing the swarm to adaptively shrink or expand its geometric configuration
when traversing constricted spaces, thereby ensuring all agents remain within certified collision-free
corridors. A nonlinear distributed consensus-based estimator is designed to propagate leader reference
states under directed switching graphs with bounded delays. Using a max-min contraction analytical
approach, we establish guaranteed practical convergence for both leader tracking and inter-follower
agreement without requiring persistent connectivity. Extensive simulations in complex cluttered envi-
ronments demonstrate that the proposed approach enables flexible and real-time formation reshaping,
enhancing navigational safety and robustness while maintaining cohesive swarm behavior under
challenging communication and spatial constraints.

Keywords: adaptive formation control; unmanned aerial vehicle; safe flight corridor; communication
delays; switching topology

1. Introduction
Autonomous multi-UAV systems have attracted increasing attention due to their potential in

surveillance, environmental monitoring, disaster response, and cooperative transportation [1–8]. Com-
pared with single vehicle systems [9,10], UAV formations offer enhanced robustness, scalability, and
task efficiency by exploiting spatial cooperation and information sharing among multiple agents [11,12].
However, in practical applications, UAV formations [13,14] are often required to operate in obstacle-
rich environments, where collision avoidance, trajectory feasibility, and formation maintenance must
be simultaneously ensured. Moreover, realistic communication networks are subject to limited band-
width, time-varying connectivity, and non-negligible delays, which significantly complicate the design
and analysis of distributed formation control strategies [15,16]. These considerations motivate the
development of formation control frameworks that explicitly account for environmental constraints
and communication imperfections, while maintaining rigorous performance and safety guarantees.

Formation control under switching communication topologies and communication delays has
been extensively studied in recent years [12,17–20]. Existing research has extensively studied con-
sensus and formation maintenance under directed or undirected switching graphs. Convergence
and robustness results have been established under various connectivity conditions, such as joint
connectivity or uniformly quasi-strong connectivity [21,22]. In parallel, obstacle avoidance and safe
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navigation for multi-UAV systems have been addressed using potential fields, artificial constraints,
and optimization-based trajectory planning methods [23–25]. Nevertheless, most existing formation
control approaches treat obstacle avoidance and formation maintenance as loosely coupled problems,
often assuming either static formations or centralized planning. When communication topologies
switch and delays are present, these approaches may suffer from degraded performance, loss of
feasibility, or even safety violations, especially in narrow passages where the geometric footprint of
the formation becomes critical.

Several techniques have been proposed to handle switching topologies and delays in distributed
control problem of multi-agent systems. Lyapunov-based methods and common quadratic Lya-
punov functions have been widely used to establish stability under switching graphs, but they
typically impose restrictive assumptions on the switching signals or require conservative dwell-time
conditions [26–28]. Alternatively, delay-tolerant consensus and estimation schemes have been de-
veloped using predictor-based designs or augmented-state formulations [29], which often lead to
increased computational complexity and limited scalability. More recently, nonlinear agreement and
contraction-based approaches have been explored to relax the need for fixed topologies and common
Lyapunov functions [30]. Despite these advances, integrating such communication aware online con-
trol mechanisms, obstacle aware trajectory planning and formation feasibility guarantees remains
challenging. In particular, few existing works provide a unified framework that simultaneously ad-
dresses switching directed graphs, bounded delays, and formation level safety constraints induced by
obstacle rich environments.

In this paper, we address the above challenges by developing a distributed formation planning
and control framework that explicitly accounts for switching directed communication topologies,
bounded delays, and environmental constraints in a unified manner. A leader–follower architecture is
adopted, in which the leader performs online trajectory planning based on safe flight corridors, while
followers rely on a distributed nonlinear agreement mechanism to reconstruct the leader reference
under intermittent and delayed information exchange. The formation size is treated as a decision
variable and is adaptively adjusted according to corridor feasibility, ensuring collision avoidance for all
agents without sacrificing formation coherence. Rigorous analysis based on nonlinear agreement and
max–min contraction arguments establishes practical leader tracking and follower agreement under
switching graphs. The effectiveness of the proposed approach is demonstrated through simulations
of multi-UAV formations navigating obstacle-rich environments under time-varying communication
conditions. Our main contributions are as follows:

(1) We propose a formation control framework that systematically addresses directed switching
communication topologies and bounded transmission delays. By reformulating leader state
dissemination as a nonlinear agreement process, the scheme achieves practical leader tracking and
inter-follower consensus under uniformly quasi-strongly connected (UQSC) switching conditions,
without requiring fixed topologies or global synchronization.

(2) We develop a planning-control co-design methodology that couples SFC-constrained Bézier
trajectory planning with online optimization of time-varying formation size. The formation radius
is adaptively adjusted according to corridor feasibility, allowing the entire formation to safely
contract or expand when navigating narrow passages. This integration bridges the gap between
single-agent motion planning and multi-agent formation constraints in cluttered environments.

(3) Using nonlinear agreement theory and a window-based max-min contraction analysis, we estab-
lish formal proofs of follower agreement and practical leader tracking under directed switching
graphs with bounded delays. The analysis avoids restrictive quadratic Lyapunov assumptions
and naturally accommodates the hybrid dynamics arising from replanning and communication
switching, providing explicit bounds on estimation and tracking errors.

The rest of this article is organized as follows. Section 2 presents the model of the UAV, followed by
the problem formulation that explicitly states the control objectives and the assumptions. Section 3 the
proposed trajectory planning and distributed formation control framework and main results. Section 4
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provides the key lemmas and main proof, deriving the sufficient condition for constraint satisfaction
and closed-loop stability under bounded disturbances. Section 5 demonstrates the effectiveness of the
proposed algorithm through the simulation study. Finally, Section 6 concludes the paper.

Notation: In this paper, R denotes the set of real numbers and Rn denotes the Euclidean Space.
We use In and 0m×n to represent the n-dimensional identity matrix, and n×m-dimensional zero matrix,
respectively. Let ∥ · ∥ be the Euclidean norm. For a signal x(·), define x(t) := supτ∈[t−d̄, t] x(τ) and
x(t) := infτ∈[t−d̄, t] x(τ) for a given delay bound d̄ ≥ 0. For a locally Lipschitz function V(·), denote
D+V(t) its upper right Dini derivative. For a directed graph G = (V , E), let Ni be the in-neighborhood
of node i. We use 1n to denote the all-one vector of length n. Ri ∈ SO(3) denotes the rotation matrix
from the body-fixed frame to the inertial frame. The operator × denotes the vector cross product in R3.

2. Preliminaries and Problem Formulation
2.1. UAV Model

Consider a team of N + 1 UAVs indexed by {0, 1, . . . , N}, where UAV 0 is the leader and UAVs i ∈
V := {1, . . . , N} are followers. Each UAV is described by the standard quadrotor rigid-body dynamics

mi p̈i =mige3 − FiRie3, (1)

JiΩ̇i =− Ωi × JiΩi + Mi, (2)

where pi = [xi, yi, zi]
T ∈ R3 is the position in the inertial frame, e3 = [0, 0, 1]⊤ denotes the unit vector

along the z-axis of the inertial frame, mi denotes the mass of the i-th UAV, and g > 0 is the gravitational
acceleration, Ri ∈ SO(3) is the attitude, Ωi ∈ R3 is the body angular velocity, Fi ∈ R is the thrust, and
Mi ∈ R3 is the body moment. As in the differential flatness framework, a geometric tracking controller
can asymptotically track a sufficiently smooth reference position and yaw trajectory for each UAV. We
will use this fact as a modular tracking layer.

For each follower i ∈ V , define its desired relative direction to the leader using angles (ϕi, θi),

ci := c(ϕi, θi) =

sin θi cos ϕi

sin θi sin ϕi

cos θi

 ∈ R3. (3)

Let dr(t) ≥ dmin > 0 denote the time-varying formation size. Then the ideal formation reference for
follower i is

pr,i(t) = pr(t) + ci dr(t), (4)

where pr(t) is the leader planned safe trajectory and dmin is a positive constant.

2.2. Switching Communication Topology

Communication among followers and the leader is described by a directed switching graph

G(t) = (V , E(t)), t ≥ 0, (5)

where E(t) ⊆ V × V is piecewise constant with switching times {tk}k∈N. An edge (j, i) ∈ E(t) means
that follower i can receive information from follower j at time t. Let aij(t) ≥ 0 be the weight on
edge (j, i) with aii(t) = 0. Define the neighborhood set Ni(t) = {j ∈ V : (j, i) ∈ E(t)} and the
normalized weights

āij(t) =


aij(t)

∑k∈Ni(t) aik(t) + µi(t)
j ∈ Ni(t),

0 otherwise,

µ̄i(t) =
µi(t)

∑k∈Ni(t) aik(t) + µi(t)
. (6)
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Here µi(t) ∈ {0, 1} indicates whether follower i has direct access from the leader at time t. We allow
bounded time-varying communication delays:

dij(t) ∈ [0, d̄], di0(t) ∈ [0, d̄], ∀i, j ∈ V . (7)

where d̄ is upper bound of the time delays.

2.3. Problem Description

In this paper, the main controlled system under consideration consists of a multi-UAV system (1)
operating in an obstacle-rich environment. The leader UAV is equipped with access to a local map and
capable of online replanning. In contrast, the follower UAVs typically lack sufficient computational
resources for trajectory planning and do not necessarily receive the planning information from the
leader directly.

Control objectives: Given global goal pg and a sequence of local goals {plg,k} for replanning, we
aim to design: (i) an online planner that generates a safe leader trajectory pr(t) and formation size
dr(t), and (ii) a distributed formation controller under switching directed communication such that:

1. all UAVs remain inside a safe flight corridor χfree(t):

pi(t) ∈ χfree(t, k), ∀t ∈ [tk, tk+1), i = 0, 1, . . . , N. (8)

2. the leader tracks the planned trajectory:

lim sup
t→∞

∥p0(t)− pr(t)∥ = 0. (9)

3. each follower asymptotically tracks its formation reference:

lim sup
t→∞

∥pi(t)− pr,i(t)∥ = 0. (10)

4. the planned leader trajectory reaches each local goal within finite time during each replanning
iteration:

pr(T) = plg,k, ∃0 < T < ∞. (11)

We adopt a leader-following analogue of the UQSC condition:

Assumption 1. There exist constants λ > 0 and λD > 0 such that for any t ≥ 0, (i) each active edge in E(t)
persists for at least λD once it appears; and (ii) the union graph

G([t, t + λ)) :=
(
V , ∪τ∈[t,t+λ)E(τ)

)
contains a directed spanning tree whose root belongs to the set {i ∈ V : ∃τ ∈ [t, t + λ) s.t. µi(τ) = 1}, i.e.,
within every window of length λ, leader information can reach all followers through directed paths.

Remark 1. Assumption 1 is a leader-following version of the UQSC/QSC-type joint connectivity used in
switching directed consensus with delays [31]. It is strictly weaker than requiring a fixed spanning tree at
all times.

Assumption 2. Each follower i can access its prescribed relative angles (ϕi, θi).
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3. Trajectory Planning and Adaptive Formation Control
3.1. Safe Flight Corridor

Let Ww ∈ R3 denote the w-th waypoint of the guidance path. The endpoints W0 = p0(tk) and
WL = plg,k are fixed, while the intermediate waypoints {W1, . . . , WL−1} are decision variables to be
optimized for smoothness and obstacle clearance.

At each replanning iteration k, the leader generates an initial waypoint list Wini, then optimizes
waypoints to improve smoothness and safety:

Wopt = arg min
W1,...,WL−1

λs

L−1

∑
w=1

∥2Ww − Ww−1 − Ww+1∥2 + λc

L−1

∑
w=1

Ψ(d(Ww, χ)), (12)

where χ denotes the surround environment, d(Ww, χ) is the distance from waypoint Ww to the closest
obstacle, Ψ(·) is a barrier/penalty enforcing a safe distance, λs and λc are two positive constants.

The safe flight corridor is represented as a sequence of adjacent convex polyhedra

χfree :=
Lc⋃
ℓ=1

Pℓ, Pℓ := {x ∈ R3 | Aℓx ≤ cℓ}, (13)

where Lc ∈ N is the number of corridor cells. For each cell ℓ, the matrix Aℓ ∈ Rnℓ×3 and vector cℓ ∈ Rnℓ

collect nℓ half-space inequalities a⊤ℓrx ≤ cℓr (r = 1, . . . , nℓ), with a⊤ℓr being the r-th row of Aℓ.
To guarantee collision-free motion for a formation with size d ≥ dmin, we tighten each corridor cell

by shrinking every supporting half-space inward. Assuming the half-space normals are normalized,
i.e., ∥aℓr∥ = 1, the tightened corridor is

Aℓx ≤ cℓ − ∆ℓ(d), ∆ℓ(d) := ζd 1nℓ
, (14)

where ζ > 1 is a safety margin. If aℓr is not normalized, the shrinkage can be written as ∆ℓr(d) =

ζd ∥aℓr∥, so that each face is offset inward by the geometric distance ζd.

y

x

Legend:

Original corridor (χfree)

Tightened corridor

Obstacles (χ)

Waypoint (Wopt)

Corridor cell Pℓ

a⊤ℓrx ≤ cℓr

ζd

Environment χ

Parameters
ζ Safety margin factor
d Formation diameter
ζd = ζ · d
nℓ # half-spaces in Pℓ

Figure 1. Schematic of the safe flight corridor (SFC). The original corridor χfree (solid blue) consists of convex
polyhedra Pℓ connecting optimized waypoints. Each supporting half-space a⊤ℓrx ≤ cℓr is shifted inward by ζd to
obtain the tightened corridor (dashed blue), ensuring collision-free motion for a formation of diameter d.
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3.2. Trajectory and Formation Size Generation

Within replanning iteration k, the leader trajectory is represented by an M-segment n-th order
Bézier curve

pr,k(t) =
n

∑
j=0

bn
j (τ) Pm,j, τ =

t − Tm

Tm+1 − Tm
∈ [0, 1], t ∈ [Tm, Tm+1], (15)

where {Pm,j} are control points and bn
j are Bernstein polynomials. Using the convex-hull property, con-

tainment in the safe flight corridor can be enforced by requiring all control points in the corresponding
polyhedron.

We choose the formation size dk as an optimization variable jointly with control points and
polyhedron assignment binaries emℓ ∈ {0, 1}:

min
{Pm,j}, {emℓ}, dk

λtraj

M

∑
m=1

∫ Tm+1

Tm
∥ ...

p r,k(t)∥
2 dt + λform(dk − d̄)2

s.t. dynamic feasibility bounds on ṗ, p̈,
...
p , p(4),

Lc

∑
ℓ=1

emℓ = 1, emℓ = 1 ⇒ AℓPm,j ≤ cℓ − ∆ℓ(dk), ∀j,

pr,k(T1) = p0(tk), pr,k(TM+1) = plg,k.

(16)

A smooth transition dr(t) between dk−1 and dk is generated by a high-order polynomial satisfying
boundary derivative matching up to order 4.

Remark 2. The trajectory smoothness term is chosen as the integral of the squared jerk, i.e.,
∫
∥ ...

p r,k(t)∥2dt, for
the following reasons. First, the jerk directly reflects the rate of change of acceleration and is closely related to the
smoothness of thrust and attitude commands of quadrotor UAVs, making it more suitable than acceleration-based
costs for execution on real platforms. Second, when the trajectory is parameterized by Bézier curves, the jerk
remains a low order polynomial, which leads to a quadratic cost in the control points and enables efficient MIQP
formulation. Finally, higher-order smoothness is enforced through explicit bounds on snap, guaranteeing C4

continuity and compatibility with geometric tracking controllers. This choice provides a favorable trade-off
between trajectory smoothness, tracking feasibility, and computational efficiency.

3.3. Distributed Time-Varying Formation Control under Switching Topologies

To enable followers to compute pr(t) and its derivatives, the leader publishes a parameter vector
s(t) ∈ Rns , which contains the current segment Bézier control points and timing information and
the current formation-size polynomial parameters. Given s(t) and time t, any agent can compute
pr(t), ṗr(t), . . . , p(4)r (t) and dr(t), ḋr(t), . . . , d(4)r (t) analytically. Since replanning occurs at discrete
instants, s(t) is piecewise constant with bounded jumps and bounded update frequency.

For each coordinate ℓ = 1, . . . , ns, define the scalar estimate ŝi,ℓ and the leader signal sℓ(t). We
propose the nonlinear agreement protocol with delays:

˙̂si,ℓ(t) = φℓ

(
ŝi,ℓ(t)− κi,ℓ(t)

)
, (17)

where
κi,ℓ(t) := ∑

j∈Ni(t)
āij(t) ŝj,ℓ

(
t − dij(t)

)
+ µ̄i(t) sℓ

(
t − di0(t)

)
, (18)

and the nonlinearity φℓ : R → R satisfies the strict dissipativity condition.
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Assumption 3. For each coordinate ℓ, φℓ(0) = 0, and for all r ̸= 0, r φℓ(r) < 0. Moreover, φℓ is locally
Lipschitz and there exists a class-K function αℓ such that |φℓ(r)| ≥ αℓ(|r|) for all r in the semi-global domain
of interest.

Define the leader oscillation over the delay window:

oscL(t) := Smax
L (t)− Smin

L (t), Smax
L (t) := sup

τ∈[t−d̄,t]
s(τ), Smin

L (t) := inf
τ∈[t−d̄,t]

s(τ).

(17)–(18) is a direct leader-following extension of the agreement model in [31]: each follower
is driven toward a time-varying convex combination of delayed neighbor estimates and delayed
leader signal. The core advantage is that its convergence can be established via max–min contraction
arguments under Assumption 1, without requiring a common quadratic Lyapunov function for
switching directed graphs.

Define the estimation error for coordinate ℓ: ei,ℓ(t) := ŝi,ℓ(t)− sℓ(t). Let

Emax
ℓ (t) := max

i∈V
ei,ℓ(t), Emin

ℓ (t) := min
i∈V

ei,ℓ(t), Wℓ(t) := Emax
ℓ (t)− Emin

ℓ (t).

Note that due to the leader time-variation, the asymptotic tracking generally requires additional
internal model structure. Here we establish agreement among followers, and practical tracking to the
leader with a bound proportional to ∥ṡℓ∥.

Theorem 1. Suppose Assumptions 1, 3 and bounded delays (7) hold. Then for each coordinate ℓ:

1. the follower disagreement width Wℓ(t) converges to a neighborhood of zero:

lim sup
t→∞

Wℓ(t) ≤ γℓ

(
∥ṡℓ∥∞

)
,

for some class-K function γℓ(·) determined by αℓ(·) and the joint leader reachability window (λ, λD). In
particular, if sℓ(t) is piecewise constant, then Wℓ(t) → 0 on each constant interval.

2. each follower error satisfies the practical bound

lim sup
t→∞

max
i∈V

|ei,ℓ(t)| ≤ Γℓ

(
∥ṡℓ∥∞

)
,

where Γℓ is explicitly constructible via the window based contraction recursion as in [31].

Proof. We prove the result for a single scalar coordinate of the leader parameter vector s(t). The vector
case follows by applying the same argument componentwise and taking the maximum bounds.

Define the follower envelope over the delay window

Ŝmax(t) := max
i∈V

sup
τ∈[t−d̄,t]

ŝi(τ), Ŝmin(t) := min
i∈V

inf
τ∈[t−d̄,t]

ŝi(τ),

and the width W(t) := Ŝmax(t)− Ŝmin(t). By Lemma 3, for all i and all t,

κi(t) ∈
[

min{Ŝmin(t), Smin
L (t)}, max{Ŝmax(t), Smax

L (t)}
]
.

Applying Lemma 2 to each estimator ˙̂si = φ(ŝi − κi) implies that ŝi(t) cannot exit the convex hull
generated by Ŝmin(t), Ŝmax(t) and the leader window. Hence W(t) is well-defined and uniformly
bounded for all t ≥ 0.

By Assumption 1, for any t there exists a time window [t, t + λ) whose union graph contains a
directed spanning tree rooted at some follower r that receives leader information (i.e., µ̄r(t) ≥ µ∗ > 0
on a subinterval of length at least λD). Applying Lemma 4 on this subinterval shows that ŝr moves
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away from the envelope extremes by a margin proportional to (1 − e−kλD )µ∗W(t), up to the leader
window oscillation oscL(t) := Smax

L (t)− Smin
L (t).

Along each directed edge of the spanning tree, Assumption 1 guarantees persistence for at least
λD and a uniform weight lower bound a∗ > 0. By Lemma 5, the contraction margin at the root
propagates to each downstream node with at least a factor a∗(1 − e−kλD ) per edge. Since the depth of
the spanning tree is at most |V| − 1, after the window [t, t + λ) every follower contracts toward the
interior of the envelope.

Then there exist explicit constants

ρ :=
(
1 − e−kλD

)
aN−1
∗ µ∗ ∈ (0, 1), η := 2

N−1

∑
m=0

am
∗ ∈ (0, ∞), (19)

such that for all t ≥ 0,
W(t + λ) ≤ (1 − ρ)W(t) + η oscL(t + λ). (20)

Iterating this recursion proves that: (i) if s(t) is constant on [t, t + λ], then W(t) strictly con-
tracts and W(t + nλ) → 0 as n → ∞; and (ii) for time-varying s(t), W(t) is ultimately bounded by
η
ρ lim supt→∞ oscL(t).

The proof is complete.

Each follower i reconstructs the leader reference and its derivatives from ŝi(t):

p̂(j)
r (t) = P (j)(ŝi(t), t

)
, j = 0, 1, 2, 3, 4, d̂(j)

r (t) = D(j)(ŝi(t), t
)
, j = 0, 1, 2, 3, 4,

where P (j)(·) and D(j)(·) are analytic maps induced by Bézier/polynomial parameterization. Then
the follower’s desired trajectory and derivatives are

p̂(j)
r,i (t) = p̂(j)

r (t) + ci d̂(j)
r (t), j = 0, 1, 2, 3, 4. (21)

Finally, each follower applies a geometric tracking controller using p̂r,i(t), ˙̂pr,i(t), ¨̂pr,i(t), etc.
Given the implemented reference p̂r,i(t) and yaw ψ̂r,i(t) with bounded derivatives up to order four,

we adopt a standard geometric tracking controller on SE(3) (e.g., [? ]). Define the position/velocity
errors

ep,i := pi − p̂r,i, ev,i := ṗi − ˙̂pr,i.

A commanded acceleration is chosen as

ac,i := ¨̂pr,i − Kpep,i − Kvev,i,

and the thrust is set to
Fi := mi a⊤c,i(Rie3).

The desired attitude Rc,i(t) ∈ SO(3) is constructed from the commanded acceleration and yaw.
Its corresponding reference angular velocity is defined by

Ω̂r,i(t) :=
(

R⊤
c,i(t)Ṙc,i(t)

)∨,

where (·)∨ denotes the vee map from so(3) to R3.
The desired attitude Rc,i is constructed such that Rc,ie3 aligns with ac,i − ge3 and the yaw matches

ψ̂r,i. Then the moment input Mi is designed by a standard attitude error feedback controller

Mi := −KReR,i − KΩeΩ,i + Ωi × JiΩi − Ji
(
Ω̂×

r,iR
⊤
i Rc,iΩ̂r,i − R⊤

i Rc,i
˙̂Ωr,i

)
, (22)
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which guarantees exponential tracking of (pi, Ri) to ( p̂r,i, Rc,i) for sufficiently smooth references. This
yields the ISS-type bound in Lemma 7.

Assumption 4. For each coordinate ℓ, the function φℓ : R → R is continuous, locally Lipschitz, φℓ(0) = 0,
and there exists a constant kℓ > 0 such that

r φℓ(r) ≤ −kℓr2, ∀r ∈ R. (23)

Remark 3. Assumption 4 is a standard strong dissipativity/sector condition. It implies the sign condition
rφℓ(r) < 0 for r ̸= 0 used in the switching agreement literature, while additionally providing a quantitative
contraction rate kℓ that yields explicit recursion constants. A canonical choice is φℓ(r) = −kℓr or φℓ(r) =
−kℓ tanh(r/ϵ).

Theorem 2. Under Assumptions 1–3, and bounded delays (7), the closed-loop system consisting of the online
planner (12)–(16), the nonlinear estimators (17)–(18), and the tracking controllers, satisfies:

1. all estimation signals ŝi(t) are uniformly bounded for all t ≥ 0.
2. the reconstructed references p̂r,i(t), d̂r(t) are uniformly bounded and satisfy the practical tracking bounds

implied by Theorem 1.
3. the formation tracking error ei(t) := pi(t)− pr,i(t) is ultimately bounded:

lim sup
t→∞

∥ei(t)∥ ≤ Ξ
(
∥ṡ∥∞

)
,

where Ξ(·) can be made arbitrarily small by increasing the estimator contraction gain.

Proof. The proof proceeds by a cascade argument.
By Theorem 1, for each follower i the leader parameter estimation error satisfies

lim sup
t→∞

∥ŝi(t)− s(t)∥ ≤ η

ρ
lim sup

t→∞
oscL(t), (24)

and ŝi(t) → s(t) exponentially on any interval, where η and ρ are two positive constants.
By Lemma 6, the reconstructed reference trajectory p̂r,i(t) and its derivatives satisfy

sup
t≥0

∥ p̂(j)
r,i (t)− p(j)

r,i (t)∥ ≤ Lj sup
t≥0

∥ŝi(t)− s(t)∥, j = 0, 1, 2, 3, 4, (25)

for some constants Lj > 0. Hence, the reference mismatch is uniformly bounded and vanishes
whenever ŝi(t) → s(t).

By Lemma 7, the single-UAV tracking error satisfies

∥pi(t)− pr,i(t)∥ ≤ cie−γit∥pi(0)− pr,i(0)∥+ ci sup
τ∈[0,t]

∥ p̂r,i(τ)− pr,i(τ)∥, (26)

where ci and γi are two positive constants.
Taking the limit superior and combining with (25) yields

lim sup
t→∞

∥pi(t)− pr,i(t)∥ ≤ Ci lim sup
t→∞

∥ŝi(t)− s(t)∥, (27)

for some constant Ci > 0.
Substituting the estimator bound from (24) completes the proof. In particular, on any replanning

interval where s(t) is constant, the formation tracking error converges exponentially to zero.
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4. Lemmas and Main Proofs
The following presents several important lemmas and their proofs required for the proofs of

Theorems 1–2.

Lemma 1. Under Assumptions 3 and bounded delays (7), for each ℓ, the follower envelope satisfies for almost
all t

D+Emax
ℓ (t) ≤− αℓ

(
Emax
ℓ (t)− κℓ(t)

)
+ ∥ṡℓ∥∞, (28)

D+Emin
ℓ (t) ≥αℓ

(
κℓ(t)− Emin

ℓ (t)
)
− ∥ṡℓ∥∞, (29)

where κℓ(t) and κℓ(t) are appropriate max/min convex-combination bounds induced by (18).

Proof. Pick an index i∗(t) ∈ arg maxi ei,ℓ(t). Using the Dini derivative of a pointwise maximum and
the dynamics (17),

D+Emax
ℓ (t) = D+ei∗ ,ℓ(t) = φℓ(ŝi∗ ,ℓ − κi∗ ,ℓ)− ṡℓ(t). (30)

By Assumption 3, φℓ(·) is sign-definite and drives ŝi∗ ,ℓ toward κi∗ ,ℓ. Since κi∗ ,ℓ is a convex
combination of delayed neighbor estimates and leader signal, it lies between the delayed envelopes.
This yields an inequality in terms of Emax

ℓ and the delayed envelopes. The bound for Emin
ℓ is analogous

by choosing i∗(t) ∈ arg mini ei,ℓ(t).

Lemma 2. Consider the scalar system

ẋ(t) = φ
(

x(t)− κ(t)
)
, (31)

where κ(·) is measurable and satisfies κ(t) ∈ [κ(t), κ(t)] for all t. Assume (23) holds with gain k > 0 for φ.
Then for almost all t,

D+
(

x(t)− κ(t)
)+ ≤ −k

(
x(t)− κ(t)

)+
+

(
D+κ(t)

)+, (32)

and
D+

(
κ(t)− x(t)

)+ ≤ −k
(
κ(t)− x(t)

)+
+

(
D+κ(t)

)+, (33)

where y+ = max{y, 0}. In particular, if κ and κ are constant on an interval [t0, t0 + T], then for all t ∈
[t0, t0 + T], (

x(t)− κ
)+ ≤ e−k(t−t0)

(
x(t0)− κ

)+,
(
κ − x(t)

)+ ≤ e−k(t−t0)
(
κ − x(t0)

)+. (34)

Proof. Let y(t) := x(t)− κ(t). When y(t) > 0, we have x(t) > κ(t) ≥ κ(t), hence r(t) := x(t)− κ(t) ≥
y(t) > 0. By (23), φ(r) ≤ −kr ≤ −ky for r > 0. Thus, for almost all t with y(t) > 0,

ẏ(t) = ẋ(t)− κ̇(t) = φ(x − κ)− κ̇(t) ≤ −ky(t)− κ̇(t).

Taking upper Dini derivatives and using D+(y+) ≤ (D+y) 1{y>0} yields (32). The lower bound (33)
is analogous by considering z(t) := κ(t) − x(t). Since κ and κ are constants, Grönwall inequality
gives (34).

Lemma 3. For all t ≥ 0 and each follower i,

κi(t) ∈
[

min{Ŝmin(t), Smin
L (t)}, max{Ŝmax(t), Smax

L (t)}
]
. (35)

Moreover, if µ̄i(t) ≥ µ∗ > 0 on a time subinterval, then κi(t) is a strict convex combination in the sense that it
lies at least a fraction µ∗ toward the leader window interval.
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Proof. By definition (18), κi(t) is a convex combination of the delayed neighbor values ŝj(t − dij(t)) ∈
[Ŝmin(t), Ŝmax(t)] and the delayed leader value s(t − di0(t)) ∈ [Smin

L (t), Smax
L (t)]. Thus (35) holds.

If µ̄i(t) ≥ µ∗, write κi(t) = (1 − µ̄i(t))ξ(t) + µ̄i(t)η(t) with ξ(t) ∈ [Ŝmin(t), Ŝmax(t)] and η(t) ∈
[Smin

L (t), Smax
L (t)]; the strictness follows.

Lemma 4. Under Assumption 4 and bounded delays. Fix an interval I = [t0, t0 + T] with T ≥ λD such that
for some follower r, µ̄r(t) ≥ µ∗ > 0 for all t ∈ I. Then on I,

ŝr(t0 + λD) ∈
[
Ŝmin(t0) + αR, Ŝmax(t0)− αR

]
⊕

[
Smin

L (t0)− δL, Smax
L (t0) + δL

]
, (36)

where ⊕ denotes Minkowski sum of intervals, δL := supt∈I
∣∣s(t)− s(t0)

∣∣, and the contraction margin

αR := µ∗
(

1 − e−kλD
) W(t0)

2
. (37)

In particular, if s(·) is constant on I then δL = 0 and ŝr moves at least αR away from the follower envelope
extremes.

Proof. Let U := Ŝmax(t0) and L := Ŝmin(t0). Consider the upper deviation y(t) := (ŝr(t) − U)+

on I. By Lemma 3, κr(t) ≤ (1 − µ∗)U + µ∗Smax
L (t). Hence ŝr − κr ≥ ŝr − [(1 − µ∗)U + µ∗Smax

L ].
Applying Lemma 2 with κ(t) = (1 − µ∗)U + µ∗Smax

L (t) yields an exponential decay of y(t) up to the
variation of Smax

L (t). A symmetric argument holds for the lower deviation (L − ŝr)+ using κ(t) =

(1 − µ∗)L + µ∗Smin
L (t). Combining both bounds and noting that the leader-window variation within I

is captured by δL gives (36). The explicit margin (37) follows by integrating the exponential contraction
over λD and using that strict leader weight µ∗ pulls κr toward the leader interval by a fraction µ∗.

Lemma 5. Under Assumption 4, consider an interval I = [t0, t0 + T] with T ≥ λD during which a directed
edge (j, i) is continuously active and has weight lower bounded as āij(t) ≥ a∗ > 0 for all t ∈ I. If at time t0 the
source node satisfies

ŝj(t) ∈ [L + β, U − β] ∀t ∈ [t0 − d̄, t0]

for some β ∈ (0, W(t0)/2], then the target node satisfies at t0 + λD

ŝi(t0 + λD) ∈ [L + β′, U − β′] ⊕ [−δL, +δL], β′ := a∗
(
1 − e−kλD

)
β, (38)

where δL := supt∈I |s(t)− s(t0)| accounts for leader variation entering through other neighbors/leader.

Proof. On the set I, κi(t) includes the term āij(t)ŝj(t − dij(t)) with weight at least a∗. Since delayed ŝj

stays in [L + β, U − β] over the relevant delay window, and all other terms lie in [L, U] (by definition
of envelopes), we obtain bounds:

κi(t) ≤ (1 − a∗)U + a∗(U − β) = U − a∗β, κi(t) ≥ (1 − a∗)L + a∗(L + β) = L + a∗β,

up to leader variation δL. Then Lemma 2 yields that ŝi is attracted to the tightened interval with
exponential rate k, producing the margin β′ = a∗(1 − e−kλD )β after time λD.

Lemma 6 (Lipschitz reference reconstruction). Let s(t) encode the active Bézier segment control points
and timing information, and the formation-size polynomial parameters, so that p(j)

r (t) = P (j)(s(t), t) and
d(j)

r (t) = D(j)(s(t), t) for j = 0, 1, 2, 3, 4. Assume the planner ensures boundedness of s(t) and excludes
singular timing (i.e., segment durations are bounded away from 0). Then for each compact time interval between
replannings and for each j ≤ 4, there exist constants LP,j, LD,j > 0 such that

∥P (j)(ŝ, t)−P (j)(s, t)∥ ≤ LP,j∥ŝ − s∥, |D(j)(ŝ, t)−D(j)(s, t)| ≤ LD,j∥ŝ − s∥.
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Proof. For Bézier curves and polynomials, P (j)(·, t) and D(j)(·, t) are smooth functions of the param-
eters on any set where segment durations are bounded away from zero. Thus their Jacobians are
bounded on the compact parameter set induced by the planner bounds, implying local Lipschitz
continuity with constants LP,j, LD,j.

Lemma 7. Consider follower UAV i with dynamics (1) controlled by a geometric tracking controller that
achieves exponential tracking for a C4 reference trajectory. Let the controller be driven by an implemented
reference p̂r,i(t) and its derivatives up to order 4, while the ideal formation reference is pr,i(t). Define the position
tracking error ei(t) := pi(t)− pr,i(t). Then there exist constants ci > 0 and γi > 0 such that

∥ei(t)∥ ≤ cie−γit∥ei(0)∥+ ci sup
τ∈[0,t]

∥ p̂r,i(τ)− pr,i(τ)∥. (39)

Proof. For flatness-based geometric controllers, the closed-loop tracking error dynamics can be written
in a cascade form with an exponentially stable linear part plus bounded higher-order terms that are
dominated by the reference mismatch. Under bounded reference derivatives and standard gain
conditions, one obtains an exponential Lyapunov function Vi satisfying V̇i ≤ −2γiVi + α∥ p̂r,i − pr,i∥2.
Gronwall’s inequality yields (39).

5. Simulation Results
In this section, we employ a numerical example to verify the effectiveness of the proposed

algorithm.
We consider a planar multi-UAV formation navigation task in an obstacle environment. The team

consists of 5 UAVs, including one leader indexed by 0 and N = 4 followers indexed by V = {1, 2, 3, 4}.
The leader starts from p0 = [0, 0]⊤ and aims to reach the goal pg = [13, 0]⊤. The environment contains
six static circular obstacles, specified by their centers and radius:

{(3.5, 0.0, 0.7), (6.0, 1.2, 0.8), (6.5,−1.4, 0.9), (9.0, 0.0, 0.7), (11.0, 1.4, 0.8), (11.0,−2, 0.65)},

where each triple denotes (x, y, r).
Followers are required to maintain a time-varying circular formation around the leader reference

trajectory pr(t). Let θi ∈ {0, π
2 , π, 3π

2 } be the desired angular offsets equally spaced on a circle. Define
ci = [cos θi, sin θi]

⊤. The ideal formation reference for follower i is

pr,i(t) = pr(t) + dr(t) ci, (40)

where dr(t) ≥ dmin = 0.45 > 0 is the time-varying formation radius.
Communication among followers is described by a directed switching graph with three modes.

We use the adjacency matrix A(m) = [a(m)
ij ] ∈ R4×4, where a(m)

ij = 1 indicates a directed edge (i → j)
(i.e., follower j receives information from follower i) under mode m. The three modes are:

A(1) =


0 1 1 0
0 0 1 0
0 0 0 1
0 0 0 0

, A(2) =


0 0 0 0
1 0 1 0
0 0 0 1
0 0 0 0

, A(3) =


0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0

. (41)

The topology switches periodically every Ts = 1.2 s. In addition, the leader information is directly
available to exactly one follower per mode, encoded by µ(m) ∈ {0, 1}4:

µ(1) =


1
0
0
0

, µ(2) =


0
1
0
0

, µ(3) =


0
0
1
0

. (42)
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Communication delays are time-varying but bounded by d̄ = 0.1 s.
This subsection lists the simulation parameters and briefly verifies that the theoretical assumptions

are satisfied. The simulation runs with sampling time ∆t = 0.05 s over Tend = 70 s. The leader replans
every Treplan = 2 s. The input of UAVs are speed with saturation ∥v0∥ ≤ vmax,L = 0.9 for the leader
and ∥vi∥ ≤ vmax,F = 1.1 for followers. The leader tracks the planned reference point pr(t) by a
proportional law

v0(t) = sat
(
kL (pr(t)− p0(t)), vmax,L

)
,

with kL = 1.5. Followers track their formation references using

vi(t) = sat
(
− ktrack(pi(t)− p̂r,i(t)) + vrep

i (t), vmax,F
)
,

with ktrack = 2.0, where vrep
i (t) is a light obstacle repulsion term for safety.

The leader generates a waypoint list Wini = [W0, . . . , WL] (with W0 = p0(tk) and WL = pg) and
constructs a safe flight corridor as a sequence of convex polyhedra

χfree =
Lc⋃
ℓ=1

Pℓ, Pℓ = {x ∈ R2 : Aℓx ≤ cℓ}.

In implementation, each Pℓ is initialized as an axis-aligned corridor box inflated by 1.0 m and then
tightened by obstacle separating half-planes. The leader trajectory over each corridor segment is
parameterized by a quintic Bézier curve (n = 5). The control points are obtained by solving a quadratic
program that minimizes a discrete proxy of the integrated squared jerk (third differences of control
points), with weight λtraj = wjerk = 1.0.

The nominal formation radius is dnom = 1.0 and the minimum radius is dmin = 0.45. The corridor
tightening uses the safety factor ζ = 1.1, so that the corridor constraints are reduced by approximately
ζdk at each replanning iteration (consistent with the formation footprint). The planned radius dk is
smoothed into dr(t) using a first-order filter with time constant τd = 0.6 s.

Each follower maintains an estimate p̂r,i(t) ∈ R2 of the leader reference point pr(t) using the
nonlinear agreement protocol with delays:

˙̂pr,i(t) = φ
(

p̂r,i(t)− κi(t)
)
, φ(r) = −kφ tanh(r/ε), kφ = 3.0, ε = 0.18,

where κi(t) is a convex combination of delayed neighbor estimates and (when available) the leader
reference:

κi(t) = ∑
j∈Ni(t)

āij(t) p̂r,j(t − dij(t)) + µ̄i(t) pr(t − di0(t)),

with normalized weights āij(t) and µ̄i(t) defined as in (6). Delays satisfy dij(t), di0(t) ∈ [0, d̄] and are
simulated by random discrete delays up to D = ⌈d̄/∆t⌉ steps.

The directed switching graphs (41) together with leader access vectors (42) ensure that within each
switching window the leader information can reach all followers through directed paths, satisfying the
joint leader reachability condition. The delay bound d̄ is enforced by construction. The nonlinearity
φ(r) satisfies φ(0) = 0 and rφ(r) < 0 for all r ̸= 0, fulfilling the strict dissipativity requirement.
Therefore, the Assumptions 1–4 of the theoretical analysis are satisfied in simulation.

The leader starts at p0 = [0, 0]⊤. Each follower starts near the leader with small random pertur-
bations around the desired circular formation positions. The initial estimator states p̂r,i(0) are also
perturbed, resulting in nonzero initial estimation errors. The simulation results are shown as in Fig-
ures 2–7. Figure 2 shows the trajectories of the leader and followers. The leader successfully navigates
through the cluttered environment and reaches the goal, while followers maintain the desired circular
formation. As the team approaches narrow passages, the formation radius dr(t) decreases, enabling the
entire formation to remain within the safe corridor, and then increases again in open regions. Figure 3
compares the planned leader reference trajectory pr(t) and the executed leader trajectory p0(t). The
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executed trajectory closely tracks the planned reference, demonstrating that the planned trajectory
is sufficiently smooth for tracking. Figure 4 plots the time evolution of the formation radius dr(t),
showing adaptive shrink behavior consistent with obstacle proximity. Figure 5 reports the distributed
estimator errors ∥ p̂r,i(t)− pr(t)∥ for all followers. Figure 6 illustrates the mode switching process of
the topology, while Figure 7 shows a screenshot of the animation depicting the collective motion of
the moving bodies in formation. Despite switching directed communication topologies and bounded
delays, the estimator errors remain bounded and converge to small neighborhoods of zero, which
corroborates the practical agreement guarantee.

The simulation results validate the proposed framework in a cluttered environment: (i) online
planning generates smooth safe trajectories; (ii) adaptive formation sizing enables obstacle avoidance
for the entire team; and (iii) the distributed nonlinear estimator achieves robust leader-reference track-
ing under directed switching graphs with delays, leading to successful distributed formation control.
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Figure 2. The trajectories of the leader and followers.
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Figure 3. The planned leader reference trajectory pr(t) and the executed leader trajectory p0(t).
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Figure 6. The mode of switching topology.
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Figure 7. Four snapshots (2×2) of the formation navigation under switching topologies.

6. Conclusions
This paper presented a distributed formation planning and control framework for multi-UAV

systems operating under directed switching communication topologies and environmental constraints.
By integrating SFC-based trajectory planning with adaptive formation sizing, the proposed method
enables the entire formation to safely navigate obstacle-rich environments. A nonlinear agreement
protocol was introduced to handle delayed and intermittent leader information, and rigorous anal-
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ysis established practical tracking and agreement guarantees under switching graphs. Simulation
results validated the theoretical findings and demonstrated robust performance in challenging sce-
narios. Future work will focus on extending the framework to fully three-dimensional environments,
incorporating more complex vehicle dynamics, and investigating experimental validation on real
UAV platforms.
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