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Abstract

Every company conducts evaluations to ensure the quality of its product and services. One useful
tool is the control chart. Multivariate simultaneous control charts, such as Max-Mchart, Max-Half-
Mchart, Max-MEWMA, and Max-MCUSUM, are used to monitor the mean and variability
simultaneously. The Max-Half-Mchart is advantageous because it can detect both small and large
shifts in the mean and covariance matrix. However, outliers can cause the chi-square cumulative
distribution function to approach one, leading the inverse standard normal cumulative distribution
toward infinity and triggering masking and swamping effects. To overcome this, robust estimators
of the mean and covariance matrix are required. Fast-MCD and Det-MCD are fast robust estimators
based on the C-step algorithm. The results of the outlier detection show that the robust Max-Half-
Mchart based on Det-MCD performs best for a small number of outliers, while the robust Max-Half-
Mchart based on Fast-MCD and Det-MCD performs best for a large number of outliers. In terms of
process shift detection, both robust Max-Half-Mchart based on Fast-MCD and Det-MCD can detect
shifts effectively. Applications to OPC cement quality data and synthetic data indicate that the robust
Max-Half-Mchart based on Det-MCD is the most sensitive to outliers.

Keywords: Det-MCD; simultaneous control chart; fast-MCD; multivariate; OPC cement

1. Introduction

Cement companies are enterprises that primarily emphasize the production of high-quality
cement [1]. Quality is closely associated with customer expectations. Product criteria are continually
evolving, making quality a dynamic aspect. A product might be considered high quality at one point,
but at another time, it may no longer meet the quality standards [2,3]. Statistical Process Control (SPC)
comprises a collection of problem-solving tools that are helpful in achieving process stability and
enhancing capabilities by reducing variability [4]. Control charts are a commonly employed method
for quality monitoring [5].

Simultaneous control charts are utilized to monitor both the moving average and variability
concurrently. The Max-MEWMA chart was introduced by Xie [6]. This chart was also investigated
by Syahputra et al. [7], who applied it to steel products. Cheng and Thaga [5] introduced the Max-
MCUSUM chart [8-10]. The Max-Mchart was initially proposed by Thaga and Gabaitiri [11], and their
research demonstrated its ability to detect both small and large shifts in the process swiftly. Kruba et
al. introduced the Max-Half-Mchart for individual observations [12-14] and subgroup observations
[15]. The advantage of these control charts is their capability to detect out-of-control conditions when
either small or large shifts occur in the mean and covariance matrix. Upon comparing the results, the
Max-Half-Mchart consistently outperforms the Max-Mchart. Kruba et al. also proposed a Max-
Mchart using bootstrap control limits [16].
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Outlier data can lead to masking and swamping effects. The masking effect refers to cases of
false negatives, which occur when several outliers are not identified even though the outliers are truly
present [17]. Conversely, the swamping effect refers to cases of false positives, where non-outlier data
are incorrectly classified as outliers [18]. In the Max-Half-Mchart, the presence of outliers may cause
the cumulative distribution function of the chi-square distribution to approach one, resulting in the
inverse of the standard normal cumulative distribution approaching infinity. Therefore, robust
estimators are required to accurately estimate the process mean vector and covariance matrix [19].
Several robust estimators have been developed, including the Minimum Volume Ellipsoid (MVE)
estimator introduced by Rousseeuw, which has a high breakdown point [20]. The Minimum
Covariance Determinant (MCD) estimator, also introduced by Rousseeuw in 1984 [21], estimates the
covariance matrix by selecting the subset with the smallest determinant among all possible subsets
[22]. To improve computational efficiency, Rousseeuw and Driessen introduced a faster version
known as the Fast Minimum Covariance Determinant (Fast-MCD) algorithm [23], which is now
widely used as a robust estimator. Williems et al. proposed the Reweighted Minimum Covariance
Determinant (RMCD) method [24], which improves efficiency through reweighting. Furthermore,
Hubert et al. introduced the Deterministic Minimum Covariance Determinant (Det-MCD) method
that utilizes six initial estimates [25].

Research on robust estimators has been conducted by Mashuri et al. [26], who applied a PCA-
based Hotelling’s T? method integrated with the Fast-MCD algorithm. Their results showed higher
accuracy than conventional methods. Ahsan et al. [27] proposed a robust and adaptive Hotelling’s
T?control chart, which outperformed classical approaches in detecting outliers. Alfaro and Ortega
[28] compared several robust Hotelling’s T?estimators and concluded that robust estimators perform
better when data contain outliers.

Based on these findings, this study focuses on developing a robust Max-Half-Mchart control
chart based on the Fast-MCD estimator and a robust Max-Half-Mchart control chart based on the
Det-MCD estimator. These two robust control charts are then compared with the standard Max-Half-
Mchart. All three control charts are applied to monitor the quality of Ordinary Portland Cement
(OPCQ).

2. Material and Methods
2.1. Half-Normal Distribution

The half-normal distribution is derived from the normal distribution, where the random variable
is defined as the absolute value of a normally distributed variable. This distribution is commonly
used when sampling from a standard normal population in situations where negative observations
are not admissible. Let X follow a normal distribution with mean p and standard deviation o.
Then, Z =| X | follows a half-normal distribution with parameters u and o [29]. The probability
density function (PDF) of a half-normal distribution with parameters p and o is given as follows:

(o}

Fex1,0) %ﬁ% (320 0

When =0 and =1, Z=|X| follows a standard half-normal distribution. The PDF of a
standard half-normal random variable can be expressed as follows:

fe) = j%exp (~5)x=0 @

Let z = \% The cumulative distribution function (CDF) of the standard half-normal distribution

can then be written as follows:
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Flx) = j% fo 7 oxp (—22) dz = erf (%) (3)

where erf (-) denotes the error function.

2.2. Maximum Half-Normal Multivariat Control Chart (Max-Half~-Mchart)

Due to the inaccurate results produced by the Max-Mchart, an alternative approach is required.
The half-normal transformation offers an appropriate solution because it yields strictly positive
values, allowing it to overcome the limitations of the original Max-Mchart. The individual Max-Half-
Mchart statistic is defined as follows [12]:

MY = max {Z!", VIH},i =23, ..,n (4)
where
ZM = QT Hp{(x; — o) 257 (X; — o)}, (5)
and
ViH = Q‘l[Hp{% (X —Xi_1) ' Zo (% — x-)}- ©)

Q(+) denotes the cumulative distribution function of the standard half-normal distribution, and
H, () represents the cumulative distribution function of the chi-square distribution with p degrees of
freedom. Since M; > 0, the Max-Half-Mchart requires only an upper control limit (UCL). The UCL is
determined using a bootstrap procedure [12].

Process shifts are identified by comparing the M{"statistics with the UCL. When Z; > UCL, an
M™** signal is generated, indicating a shift in the process mean. When V; > UCL, a V*7 signal is
detected, reflecting a shift in process variability. If both Z; > UCL and V; > UCL,a B**signal occurs,
indicating simultaneous shifts in the process mean and variability.

2.3. Fast Minimum Covariance Determinant (Fast-MCD)

The Fast-MCD algorithm proposed by [23] provides a computationally efficient alternative to
the classical MCD by using the Concentration Step (C-step). The algorithm proceeds as follows:
a. Seth=[(n+p+1)/2].
b. Obtain the estimates of u, and X, from the Phase I (in-control) data.
c. Compute the Mahalanobis distances:

a@) = \/(xi —T)'ST(x; —T),i=1,..,n 7)

Sort the distances in ascending order.

Form a new subset H, consisting of the h observations with the smallest distances.

Compute (X,,S,) from H,.

Compare det (S,) with det (S;). Repeat the C-step until det (S,;,1+1) < det (S;,). The final subset
is denoted H, with mean X, and covariance matrix S..

@ e oa

The reweighted Fast-MCD estimators are:

n
i=1 W:X:
Trast—mcp = l?Tvlvll (8)
n !
Zizl Wi(xi - TFast—MCD)(Xi - TFast—MCD)
Srast-mcp = 7 9)
Zi:l(wi - 1)
with weights:
; 2
w; = {1' d(Tc'sc)(.l) S Xp;0.997272 (10)
0, otherwise.
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2.4. Deterministic Minimum Covariance Determinant (Det-MCD)

In the Det-MCD approach, each variable X; is first standardized by subtracting the median and
dividing by the scale estimator @, as proposed by [30]. The Q,, estimator is defined as

Qn =al I X=Xy |; I <ulq, (11)

where a is a constant factor and [ = (’21) ~ (3)/4, with h = [n/2] + 1. The value a = 2.22191is
used, and @, is obtained from the [-th order statistic of the (121) pairwise distances. The standardized
data are denoted by the n X p matrix Z, with rows z] (i = 1,...,n) and columns Z;(j = 1, ..., p).
Six initial estimates of the center fi,(Z)and scatter £,(Z)(k = 1, ...,6)are then constructed. These
initial scatter estimators are obtained as follows [25]:
1. Compute Z; = tanh (Z;) for j = 1,...,p and define S; = corr(Z).
2. Let Gjbe the ranks of Z;and set S, = corr(G), corresponding to the Spearman correlation.
3. Compute T; = d~'((R; - i) /(n+ i)), where ®(-) is the standard normal CDF, and define S; =
corr(T).
4. The fourth estimator is based on the spatial sign covariance matrix [31]. Define k; = z;/Il z; || for
all i. Then, S, =~ 7 kki.
5. The fifth estimator uses the first step of the BACON algorithm [32], selecting the [g] standardized
observations with the smallest norms and computing their mean and covariance.
6. The sixth estimator is the unweighted OGK estimator using the median and @, for m(-) and
s(+), respectively [33].
After obtaining Sy, the following steps are performed:
1. Compute the eigenvector matrix E of S, and define V = ZE.
. Calculate £,(Z) = EDE”, where D = diag(Qz(Vy), ..., Q2 (V).
3. [Estimate the center of Z using fi(Z) = 211(/ 2 (med(Zf,Zl/ ).
For each estimator k, compute the statistical distance

die = d(2;, Te(Z), Sk (2))- (12)

Select the hy = [%] observations with the smallest d;,values and compute the corresponding

distance dj,. Among the six initial estimators, choose the h observations with the smallest dj
values and apply the C-step until convergence. The resulting solution with the smallest determinant
is referred to as the raw Det-MCD. The vectors X, and S, represent the center and covariance matrix
of this solution.

Finally, apply the reweighting step:

Y WX,
Tpet-mcp = 171171;1, (13)
i=1""1
S _ (Z?:] w; (X; = Tpet—mcp) (Xi — TDet—MCD)’) (14)
Det—MCD (Z?;l w; — 1)

where the weights are defined as

Wi = {1: der,sy(0) < X;;o.997272: (15)
¢ 0, otherwise.

2.5. Proposed Robust Max-Half-Mchart Based on FMCD and Det-MCD

The implementation of the robust Max-Half-Mchart based on the Fast-MCD estimator is carried
out by estimating the mean vector and covariance matrix using the Fast-MCD algorithm. Let x,, =
{x4,...,X,} denote the p-variate observations. The vectors %X, and S, represent the mean and
covariance matrix obtained from the subset satisfying the condition det (S,,,;) < det (S,;,) in the
Fast-MCD procedure. The robust Max-Half-M chart statistic based on the Fast-MCD estimator is
defined as follows:

IH _ IH IHY : _
Mgasc-mcp; = max{ZFast—MCDi s Veast—mcp; };l =23..,n (16)
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ZFast—MCD:H = Q_l [Hp{(xi - TFast—MCD)’S;ést—MCD (Xi - TFast—MCD)}]' (17)
and
IH -1 1 ra-1
Veast-mcp; = Q" |Hp E(Xi —X;_1) "Srast—mep Xi — Xi_1) (|- (18)

The robust Max-Half-M chart based on the Det-MCD estimator is constructed by estimating the
mean vector and covariance matrix using the Det-MCD algorithm. Let x,, = {x;,...,X,} denote the
p-variate observations. The vector X.and the matrix S, represent the mean and covariance matrix
corresponding to the minimum-determinant solution obtained from the Det-MCD algorithm. These
estimators are subsequently used in the construction of the robust Max-Half-M control chart. The
corresponding robust Max-Half-M chart statistic based on the Det-MCD estimator is given as follows:

MDet—MCDﬁH = max{ZDet—MCDth VDet—MCDiH}:i =23..,n (19)

with
ZDet—MCDiH = Q_1 [Hp{(xi — Tpee-mcp) Spec—mep X — TDet—MCD)}]' (20)

and
Voet-mcp} " = Q! [Hp g (X; — Xi-1) "Sper—mcp (X — Xi—l)}]- (21)

The steps for computing the statistics and constructing the robust Max-Half-M chart based on
the Fast-MCD and Det-MCD estimator are given in Algorithm 1.

Algorithm 1 Procedure for the Estimation and Plotting of the Robust Max-Half-Mchart Statistic

Step1l.  Prepare data.

Step 2. Calculate the statistic of the Fast-MCD estimator using eqautions (8) and (9) and statistic
of the Det-MCD estimator using equations (13) and (14).

Step 3. Calculate the statistics MFast—MCDgH for Robust Max-Half-Mchart based on Fast-MCD
using equations (16) and M Det_MCDiH for Robust Max-Half-Mchart based on det-MCD
using equations (19).

Step4.  Calculate the upper control limit for Robust Max-Half-Mchart based on Fast-MCD
(UCLpgst-mcp) and Det-MCD (UCLggst—pmcp) using Algorthm 2, which is presented in the
next section.

Step 5. Plot the stastics Mpast_MCDiH and MDet_MCD?I.
Step 6. Compare the statistics MFast_MC,)gH with UCLpgse—mcp and MDet_MCDﬁH with
UCLpet-mcp-
i If ZFast_MCDﬁH > UCLgast-mcn, then conclude M** as an indication of a shift in the

process mean.

ii.  If HFast—MCDgH > UCLg,e.mcp, then conclude V** as an indication of a shift in the
process variability.

ces IH IH

iii.  If both Mpas—mcp; > UCLgpastmicp and  Mpgse—mep; > UCLgasemcp , then conclude
B** as an indication of simultaneous shifts in the process mean and variability.

2.6. Control Limit of Proposed Robust Max-Half Mchart

The robust Max-Half-M chart has only an upper control limit (UCL), since M; > 0. However,
because the Max-Half-M chart does not follow a specific known distribution. In this study, the
performance of the Coventional Max-Half-Mchart and Robust Max-Half-Mchart based on the Fast-
MCD and Det-MCD estimators is compared. To ensure a fair comparison between the conventional
Max-Half-Mchart and the proposed Max-Half-M chart, both the bootstrap method and Monte Carlo
simulation are employed to estimate their UCL values. The procedure for determining upper control
limit (UCL) of the Max-Half-M chart using these approaches, is presented in Algorithm 2 as follows:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Algorithm 2 UCL of Robust Max-Half-Mchart
Step1.  Set the significance level to a = 0.00273.
Step2.  Calculate the mean vector p and covariance matrix X of the Fast-MCD estimator using
equations (8) and (9) and the Det-MCD estimator using equations (13) and (14).
Step3.  For I = 1to 1000, perform the following steps:

i Generate n samples from a multivariate normal distribution N, (-, Z+), where
(u*' Z*) is (uFast-MCD' 2:Fast-MCD) for the Fast-MCD chart and (”Det-MCD' 2:Det-MCD) for
the Det-MCD.

ii. ~ Compute the process mean using Equation (16), the process variability using Equation

(17), and the Robust Max-Half-Mchart based on the Fast-MCD statistic using Equation
(18). Then, for the the Robust Max-Half-Mchart based on the Det-MCD, compute the
process mean using Equation (19), the process variability using Equation (20), and the
chart statistic using Equation (21).

iii. =~ Resample (with replacement) to get 1000 values of Mgy, MCDgH and MDet_McpiH .

iv.  Calculates the (100(1 — a))-th percentile of 1000 samples using MFan‘MCDEiIOO(l—a)),l and

IH
MDEt—MCD (100(1_(1))'[‘

M IH
1000 FaSt_MCD(loo(l—a)),l

Step 4. Calculate UCLpqse—pcp = D=1 1500 (Robust Max-Half-Mchart based on
M _ IH
the Fast-MCD) and UCLpe¢—mcp = 215" Dot P (o0a-m)! (Robust Max-Half-Mchart

1000
based on the Det-MCD)

Step5.  Compute the in-control Average Run Length, ARL,, based on the obtained
UCLpetmcp, Which is defined as the average of the run lengths from 1000 Monte Carlo
iterations under in-control conditions:

X2’ RL;

ARL, =25 2

1000

Step 6.  Repeat Step 5 until the optimal value ARL, = 370 is achieved by iteratively updating

UCLpqast-mcpipq = UCLpast-mep; + 0,001 and UCLper—mep;,q = UCLper-mcp; + 0,001

2.7. Method for Evaluating Perfomance of Proposed Robust Max-Half-Mchart

A control chart is considered effective when it is able to detect process shifts promptly. The faster
a shift is detected, the better the performance of the control chart. Its detection capability is commonly
evaluated using the Average Run Length (ARL). The ARL represents the average number of plotted
points required before a point indicates an out-of-control condition [4]. There are two types of ARL
that must be considered, namely ARL, and ARL;. The ARL,is defined as the expected average
number of observations until the first point exceeds the control limits while the process is still in
control [34]. The ARL, is given by

1
ARL, = -, (22)

where a denotes the Type I error, i.e., the probability of issuing an out-of-control signal when the
process is actually in control. A commonly used value of «a for three-sigma (30) control limits is a =
0.00273.

Meanwhile, ARL; denotes the expected average number of observations required to detect an
out-of-control signal when the process is truly out of control. Thus, ARL, is defined as [24]

ARL, = (23)

1
1-p
where f represents the Type II error, i.e., the probability of failing to detect an out-of-control signal
when a process shift has occurred. A control chart is considered to have good performance when it
yields a sufficiently large ARL,and a sufficiently small ARL;.

The step evaluation of the Robust Max-Half-Mchart for detecting process shifts is carried out based
on the Average Run Length (ARL) criterion in Algorithm 3, as follows.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Algorithm 3 Performance Evaluation ARL
Step1l.  Generate data X jean~N(Uo, Zoye) and labeled 0, with pg = (0 -+ 0)" which is a vector
1 p ees p

of size p x 1 where p=5;10, and Yy = p 1 p where p = 0.3;0.5;0.7.

e 1

Step 2. Calculate g and X of the Fast-MCD estipmaptor using equations (8) and (9) and the Det-
MCD estimator using equations (13) and (14).

Step3.  Compute the process mean using equation (16) and the process variability using Equation
(17) of the Robust Max-Half-Mchart based on the Fast-MCD Then, compute the process
mean using equation (19) and the process variability using Equation (20) for the the Robust
Max-Half-Mchart based on the Det-MCD.

Step 4. Find the statistical value of Mpast_MCDgH using equation (16) and MDet_MCDiH using
equation (19).

Step5.  Set the UCL as calculated by Algorithm 2.

Step 6.  Record the run length, which is the number of observations until the first out-of-control

signal occurs, using the UCL value from step 5.
Step7.  Repeat steps 1-6 1000 times.

__1 §1000p7.
Step 10.  Calculate ARL = — Yioi RL;.

The performance of a control chart can also be evaluated based on classification accuracy. When
outliers are correctly identified by the control chart, it indicates that the monitoring system operates
properly and is able to provide relevant information about the process condition. Classification
accuracy is evaluated through two main outcomes, namely True Positive (TP) and True Negative
(TN). True Positive (TP) occurs when the control chart correctly detects the presence of an outlier and
an outlier indeed exists. True Negative (TN) occurs when the control chart correctly identifies the
absence of an outlier and no outlier actually exists.

In addition to TP and TN, other performance measures are also considered in evaluating
detection systems, including False Positive (FP), which occurs when the control chart detects an
outlier while no outlier is actually present, and False Negative (FN), which occurs when the control
chart fails to detect an outlier even though an outlier is present. These four measures are jointly used
to assess the reliability and accuracy of a monitoring system based on control charts.

The performance metrics used in this study include accuracy, false positive (FP) rate, false
negative (FN) rate, and the area under the curve (AUC). Accuracy represents the proportion of
correctly classified observations relative to the total number of observations and is defined as

TP+ TN

- 24
Aceuracy = o TP+ FN (24)

There are two types of classification errors, namely the FP rate and the FN rate [27]. The FP rate
is calculated as

FP Rate = — + . (25)
TN + FP
Meanwhile, the FN rate is calculated as
FN Rate = ﬂ (26)
TP + FN

The Area Under the Curve (AUC) is a measure of the area under the Receiver Operating
Characteristic (ROC) curve. A higher AUC value indicates better classification performance. The
AUC is computed as follows [35]:

AUC 1 TP N TN
_Z(TP+FN TN + FP

The step evaluation of the Robust Max-Half-Mchart for detecting outliers are calculated using
Algorithm 4 as follows:

)- (27)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Algorithm 4 Performance Evaluation against Outliers
Step 1. Generate data X .0, ~N (o, Zoy:) and labeled 0, with py = (0 -+ 0)’ which is a vector
of size p x 1 where p=5;10, and ¥, = p 1 p where p = 0.3;0.5;0.7.
p p eee 1

Step 2. Generate data X,yepier~N (Uouts Zoue) With p = 5,10 and set according to the desired
scenario. Xyyiiier are 5%, 10%, 20%, and 30% of the total data.

Step 3. From X, = [Xciean Xoutiier), Xo is the combination of X¢jeqn and Xoyiiier-
Step 4. Forming Xy, is data X, data that has been randomized.

Step 5.  Performs step 1-6 on Algorithm 3.

Step 9. Label 1 as outlier for statistic M, Fast_MwiH > UCL and label 0 for non-outliers.

Step 10. Comparing the category results based on robust Max-Half-Mchart with the initial
category, then forming a confusion matrix and calculating accuracy, FP rate, FN rate, and
AUC.

Step 11.  Perform the loop 1000 times.

3. Results

3.1. Performance Robust Max-Half-Mchart in Process Shift

The performance of a control chart can be assessed based on its ability to promptly detect process
shifts. One of the most widely used criteria for evaluating this detection capability is the Average
Run Length (ARL). The ARL represents the average number of observations required before the
control chart signals an out-of-control condition for the first time. A well-performing control chart is
expected to exhibit a large ARL,, indicating a low false alarm rate under in-control conditions, and
asmall ARL,, reflecting rapid detection of actual process shifts. This balance ensures both reliability
and responsiveness in process monitoring.

In this study, the ARL values were obtained through a simulation procedure following the steps
presented in Algorithm 1, by considering various scenarios of shifts in the process mean, covariance
matrix, and both of them with dimension quality characteristics p = 5 and three correlation levels
p = 0.3,0.5,and 0.7. Through this approach, the performance of each control chart, the conventional
Max-Half-Mchart and the robust versions based on Fast-MCD and Det-MCD, can be compared
objectively and comprehensively in terms of their ability to detect process shifts.

Table 1 reports the ARL values for the three charts, namely the conventional Max-Half M-chart
and the robust Max-Half-Mcharts based on Fast-MCD and Det-MCD. When the mean vector shifts
from a =[0,0]” to a = [0.25,0.25]" and the covariance matrix remains in-control (b = 1), the ARL of
the conventional Max-Half M-chart decreases from 373 to 310. The ARL further decreases from 372
to 80 when the covariance matrix is inflated by a factor of 1.5 (b = 1.5) while the mean vector remains
in-control (a = [0,0]”). For the robust Max-Half-Mchart based on Fast-MCD, the ARL decreases from
371 to 326 when the mean vector shifts, and from 371 to 80 when the covariance matrix is inflated by
a factor of 1.5 (b = 1.25) with the mean vector still in-control. Similarly, the ARL of the robust Max-
Half-Mchart based on Det-MCD decreases from 371 to 311 under a mean shift, and from 371 to 73
when the covariance matrix is inflated by a factor of 1.5 (b = 1.25) while the mean vector remains in-
control. These findings indicate that the robust Max- Max-Half-Mchart based on Det-MCD detects
changes in the covariance matrix more quickly than changes in the mean vector, and does so more
efficiently than both the conventional Max-Half-Mchart and the robust Max-Half-Mchart based on
Fast-MCD. In contrast, the conventional Max-Half-Mchart is relatively faster in detecting mean shifts
than covariance shifts when compared with the robust Max-Half-Mchart based on Fast-MCD and
Det-MCD.
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Table 1. Performance. ARL Simulation with Correlation Levels p = 0.3.

b
1 1.25 1.5 1.75 2 225 25 275 3 325 35 3.75 4
37294 80.06 2839 14.18 891 6.00 4.67 337 295 254 222 200 1.85
0 37113 80.56 29.22 1451 941 622 4.63 384 3.02 257 225 217 1.88
371.37 7393 2884 1390 9.05 586 455 3.62 3.08 254 230 2.08 190
31041 7276 2631 1354 858 578 460 3.66 285 253 220 2.00 1.85
0.25 326.69 70.36 28.05 13.81 847 583 453 353 292 250 224 197 1.88
311.68 69.71 26.05 1427 831 584 438 345 299 252 221 203 1.87
21525 52.65 2232 1256 7.71 541 412 330 277 250 213 198 175
05 22240 59.14 2322 1257 786 530 4.01 328 282 243 223 196 1.85
23242 5844 2256 1200 7.81 562 436 329 295 252 224 186 1.82
122.80 39.15 17.88 10.65 6.81 4.88 3.61 3.06 257 223 213 189 171
0.75 129.17 3918 18.81 10.13 6.78 4.84 400 317 261 232 216 188 1.78
129.06 39.88 18,50 1029 691 4.84 385 315 265 242 213 186 176
63.71 2538 1236 8.14 521 437 346 295 247 218 199 177 1.64
1 65.58 2370 1251 822 565 439 338 281 254 225 200 180 1.71
7291 25,60 1234 797 556 420 328 283 257 223 197 179 175
3120 1470 863 625 437 348 304 263 229 197 185 168 1.60
125 31.82 1546 9.08 634 4.69 355 299 247 223 205 181 177 1.64
3266 15.69 914 6.13 460 374 3.01 248 227 202 177 174 1.62
1626 880 637 423 353 3.02 251 220 194 181 171 159 148
1.5 1650 928 615 476 364 303 249 230 210 187 168 1.61 1.56
16.76  9.00 6.05 465 38 303 256 221 197 183 173 157 149
844 537 435 326 293 250 221 197 179 1.69 156 147 1.46
1.75 897 583 430 339 301 234 224 188 180 166 157 148 1.46
8.66 569 437 347 290 254 212 205 184 1.67 1.62 152 142
526 391 318 266 230 212 195 185 163 151 143 143 1.38
2 508 378 319 266 236 208 19 179 163 157 151 143 137
523 395 329 268 234 215 190 182 170 153 149 141 140

1 125 15 175 2 225 25 275 3 325 35 3.75 4
337 273 235 211 192 175 167 151 150 143 137 133 1.25
225 333 266 253 219 19 181 169 156 147 141 138 134 131
333 281 235 219 193 181 163 157 144 142 135 138 1.30
241 207 192 173 162 163 152 145 136 139 133 124 124
25 237 204 19 178 170 153 150 144 136 132 127 131 1.23
243 203 19 175 163 157 154 149 140 133 130 126 1.23
172 172 154 148 147 134 135 128 132 125 121 120 1.19
275 172 171 159 150 149 144 136 136 127 124 122 121 1.19
177 167 158 151 150 145 135 133 128 126 121 126 1.19
142 134 133 128 130 130 124 124 119 117 116 115 113
144 143 137 131 135 130 130 122 119 118 116 114 1.16
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143 140 136 131 133 128 126 122 121 118 118 116 1.13

The conventional Max-Half-Mchart based is also slightly more sensitive for individual
observations in detecting large shifts. This is evident when the mean vector shifts from a = [0,0]” to
a = [3,3]7 while the covariance matrix is in-control (b = 1), where the ARL decreases from 373 to 1.
Meanwhile, the ARL decreases from 373 to 2 when the covariance matrix is inflated by a factor b =
4 and the mean vector remains in-control. On the other hand, the ARL of the robust Max-Half-Mchart
based on Det-MCD decreases from 371 to 1 when the mean vector shifts from a = [0,0]7 to a =
[3,3]7 with the covariance matrix in-control (b = 1). Furthermore, the ARL decreases from 371 to
approximately 1 when the covariance matrix is inflated by a factor b = 4 and the mean vector
remains in-control (a = 0).

Table 3 reports the ARL values of the conventional Max-Half- for p = 0.7. The ARL decreases
from 372 to 4 when the mean vector shifts from a = [0,0]"to a = [3,3]”, while the covariance matrix
remains in-control (b = 1). When the covariance matrix is inflated by a factor of 4 (b = 4) and the
mean vector remains in-control (a = 0), ARL decreases from 372 to approximately 2.

Table 3 also summarizes the ARL values of the robust Max-Half-Mchart based on Fast-MCD for
p = 0.7. In this case, the ARL decreases from 370 to 3 when the mean vector shifts from a = [0,0]” to
a = [3,3]" and the covariance matrix is in-control (b = 1). When the covariance matrix is inflated by
a factor of 4 (b = 4) and the mean vector remains in-control (a = 0), ARL decreases from 370 to
approximately 2.

Similarly, the ARL of the robust Max-Half-Mchart based on Det-MCD decreases from 371 to 3
when the mean vector shifts from a = [0,0]” to a = [3,3]" with the covariance matrix in-control
(b = 1). When the covariance matrix is inflated by a factor of 4 (b = 4) and the mean vector remains
in-control (a =0), ARL decreases from 371 to approximately 2. The results suggest that the
correlation structure has a substantial impact on the performance of the robust Max-Half-Mchart
based on Det-MCD in detecting shifts in both the mean vector and the covariance matrix. By
comparing the findings in Tables 1-3, it can be concluded that the robust Det-MCD-based Max-Half
M-chart performs better for less correlated quality characteristics.

Table 2. Performance. ARL Simulation with Correlation Levels p = 0.5.

b
1 1.25 1.5 1.75 2 225 25 275 3 325 35 375 4
37263 77.76 28.61 14.08 920 6.02 443 359 288 262 223 196 1.82
0 37118 7993 2923 1464 9.03 595 448 372 314 259 233 202 1.89
371.84 79.89 2986 1459 9.07 615 476 351 299 260 238 2.03 1.88
310.73 69.61 2654 1354 822 628 454 337 290 246 225 196 1.80
025 32788 77.68 2858 1394 8.87 579 432 364 287 257 229 201 184
32781 76.16 2686 14.64 941 644 433 350 294 252 223 198 1.88
250.25 6l1.66 23.74 1282 757 570 410 325 278 240 210 196 177
05 26919 6037 2477 1262 833 586 426 354 292 255 219 203 1.82
24523 64.06 2526 1334 7.85 587 421 350 289 256 221 196 1.88
158.08 43.85 1955 11.10 711 492 383 329 273 228 204 192 1.80
0.75 181.14 46.33 2051 11.29 742 5.09 407 320 275 243 205 195 178
177.03 49.12 20.15 11.04 744 520 412 339 284 240 210 19 1.78
98.40 3059 1474 937 592 482 358 299 250 228 199 183 1.62
1 100.54 32.08 16.15 976 6.09 453 357 3.04 261 235 202 189 176
101.83 3390 16.09 945 617 463 3.69 311 269 217 206 190 178
125 5067 2111 11.09 6.77 533 411 322 272 238 210 192 174 1.64
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55.15 2228 1236 712 562 411 329 276 248 221 197 173 159

5499 2249 1143 724 517 427 349 285 247 211 188 172 1.61

2829 1390 812 570 415 351 284 258 223 192 187 167 156

1.5 2934 1513 867 579 429 377 287 253 225 197 189 174 1.58
29.02 13.87 8.62 592 459 352 292 241 226 198 184 172 1.60

1589 871 6.10 459 330 297 256 228 196 183 172 1.60 1.48

1.75 1703 9.07 620 441 361 3.01 254 230 203 184 168 159 154
1708 918 653 4.63 345 295 253 227 200 188 168 1.60 1.57

9.78 643 472 352 299 254 221 197 175 166 156 152 1.44

2 9.65 635 456 361 301 257 214 19 186 170 1.63 152 143
1015 589 443 361 3.04 259 224 204 186 171 156 152 146

6.18 418 344 279 255 219 194 182 166 154 151 145 134

225 618 428 347 3.05 251 227 198 185 173 156 147 142 141
6.07 446 339 295 245 223 198 181 167 160 155 141 1.38

4.01 317 264 235 203 187 182 163 154 146 138 138 1.34

25 3.98 324 265 235 207 190 172 163 148 146 140 134 132
4.13 3.08 274 232 225 191 180 163 160 148 145 136 1.29

2.70 247 204 191 18 168 154 157 143 139 134 129 127

275 292 243 225 19 176 170 159 151 147 142 137 128 1.27
3.08 254 210 199 180 176 159 155 140 137 136 128 1.28

2.14 191 178 172 157 150 143 141 137 129 123 123 1.20

3 2.09 190 181 170 155 154 149 139 135 129 128 124 122
2.19 193 180 167 160 146 141 137 134 131 125 126 121

Table 3. Performance. ARL Simulation with Correlation Levels p = 0.7.

b
1 1.25 1.5 1.75 2 225 25 275 3 325 35 375 4
37244 7784 2833 14.09 870 585 456 348 293 259 230 200 1.87
0 37054 7770 2956 14.84 936 613 453 372 3.09 251 231 198 1.87
37137 78.65 2779 1482 882 6.07 485 363 3.06 248 221 2.09 1.90
308.73 71.61 2626 1457 926 615 432 352 292 248 220 198 1.87
025 33726 7536 29.64 1469 926 627 442 364 29 250 216 197 1.87
31242 7474 2828 14.01 837 6.06 4.63 348 3.04 248 221 202 1.85
25144 6397 2455 1334 782 584 427 353 292 247 218 195 1.87
0.5 27339 69.17 26.64 1282 802 588 442 346 3.00 244 216 194 1.86
282.69 66.05 2586 14.14 839 5.68 430 348 298 246 218 197 1.85
194.19 51.68 2128 1160 7.64 518 422 340 283 237 210 194 1.80
0.75 202.89 5429 2203 1190 7.58 557 423 337 287 236 216 202 184
203.59 5351 2296 1265 7.63 538 398 335 275 244 215 190 1.88
12691 3713 1774 983 647 470 381 3.09 275 223 210 192 1.79
1 124.60 3958 1735 997 6.77 532 392 320 255 233 216 193 1.83
12492 3823 1824 1037 6.87 506 397 322 263 240 211 192 1.69
1.25 7212 2771 1350 7.89 546 452 364 288 253 216 194 175 1.63
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78.04 26.61 1487 816 627 435 358 294 255 223 192 186 1.71

7760 2739 1357 818 6.10 417 342 283 262 214 198 180 1.69

40.55 18.17 1045 6.68 518 379 316 261 232 204 187 179 1.64

1.5 4570 1912 1044 692 5.06 401 325 267 228 199 192 176 1.67
4403 20.05 1034 696 531 392 332 271 225 214 19 169 1.64

2597 1160 767 551 427 332 283 257 212 192 176 159 151

1.75 2559 1295 785 557 446 348 292 253 218 192 177 165 1.53
2701 1366 7.71 560 4.04 327 278 237 202 194 181 167 1.56

1465 897 580 417 336 291 256 230 199 183 170 155 1.50

2 1594 875 559 445 358 296 257 229 210 1.82 167 162 148
1015 589 443 361 3.04 259 224 204 186 171 156 152 146

1646 855 593 461 339 298 259 225 197 179 174 1.63 145

225 948 583 448 357 286 246 228 200 186 172 161 145 139
9.96 6.14 467 371 3.02 261 221 207 183 181 1.62 154 146

1054 661 454 365 282 274 228 199 189 172 155 147 145

25 620 430 346 295 252 222 207 184 166 157 153 142 138
644 474 355 287 247 223 206 193 176 163 156 145 1.39

653 458 362 290 253 226 204 191 168 152 155 144 141

275  4.23 337 278 242 210 190 179 1.69 158 149 146 141 135
4.59 354 285 247 218 191 181 168 164 148 144 141 131

4.39 355 282 246 218 197 184 171 158 153 144 142 132

3 327 248 231 204 189 175 167 153 149 140 132 131 127
3.16 258 236 209 194 177 165 155 147 137 134 133 1.30

Figure la depicts a comparison of the ARL values between the conventional Max-Half-Mchart
and the robust Max-Half-Mchart based on Fast-MCD and Det-MCD when a shift occurs in the mean
vector while the covariance matrix remains in-control. Figure 1b presents the ARL comparison for

the proposed control charts when the mean vector remains in-control and a shift occurs in the
covariance matrix. Figure 1lc shows the ARL comparison when both the mean vector and the
covariance matrix shift simultaneously. The ARL profiles in Figure 1a indicate that the conventional
Max-Half-Mchart is more sensitive to shifts in the mean vector than the robust Max-Half-Mchart
based on Fast-MCD and Det-MCD, as reflected by its faster decrease in ARL as the magnitude of the
mean shift increases. In contrast, Figures 1b and 1c show no substantial differences among the three
charts when the covariance matrix shifts, either alone or together with the mean vector. In these cases,
the ARL of all three Max-Half-Mchart decreases markedly as the covariance matrix departs from its
in-control state, while the mean vector remains in-control or shifts jointly, suggesting that their ability
to detect changes in covariance structure is broadly comparable.
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Figure 1. ARL shift in (a) mean vector, (b) covariance matrix, and (c) mean and covariance matrix.

3.2. Performance Robust Max-Half-Mchart Againts Outliers

The performance evaluation of the control charts was carried out through a simulation study
focused on outlier detection. The detection of outliers using the robust Max-Half-Mchart was
conducted by following the procedure described in Algorithm 1. The performance evaluation
encompassed three types of multivariate control charts, namely the conventional Max-Half-Mchart,
the robust Max-Half-Mchart based on Fast-MCD, and the robust Max-Half-Mchart based on MRCD
as proposed in this study. These three approaches were compared to assess their effectiveness in
detecting outliers under various simulation scenarios.

Outlier detection in conventional Max-Half-Mchart is carried out with detailed results are
obtained in the Table 4. Based on Table 4, the results indicate that simultaneous shifts in the process
mean and covariance matrix yield the best performance in terms of accuracy, FP rate, FN rate, and
AUC compared to shifts occurring only in the mean or only in the covariance matrix. As shown in
Table 1, shifts in both the mean and covariance, as well as shifts only in the mean under low
correlation (p), exhibit better performance than those under high correlation. It is also observed that
the best performance achieved under covariance shifts is superior to that under mean shifts, as
reflected by higher accuracy and AUC, along with lower FP and FN rates.
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Then the outlier detection in the robust Max-Half-Mchart based on Fast-MCD is carried out with
detailed results are obtained in the Table 5. Table 5 show that simultaneous shifts in the process mean
and covariance matrix produce better performance in terms of accuracy, FP rate, FN rate, and AUC
than shifts occurring only in the mean or only in the covariance matrix. For both the combined mean—
covariance shifts and the mean-only shifts, lower correlation levels (p) result in better performance
than higher correlation levels. It is also observed that the best performance under mean shifts is
superior to the best performance under covariance shifts.

Table 6 presents the performance of the robust Max-Half-Mchart based on the Det-MCD
estimator in detecting outliers. Based on Table 6, it is observed that simultaneous shifts in the process
mean and covariance matrix yield better performance in terms of accuracy, FP rate, FN rate, and AUC
compared to shifts occurring only in the mean or only in the covariance matrix. For both the combined
mean-covariance shifts and the mean-only shifts, lower correlation levels (p) result in better
performance than higher correlation levels. It is also evident that the best performance under mean
shifts is superior to the best performance under covariance shifts in terms of accuracy, FP rate, FN
rate, and AUC.

Table 4. Performance. Simulation of Conventional Max-Half-Mchart.

Mean Shift of 30

p Y%out Accuracy FP Rate FN Rate AUC
5 0.967270 0.008383 0.495331 0.748143
0.3 10 0.923786 0.007169 0.697673 0.647579
’ 20 0.822392 0.004311 0.870737 0.562476
30 0.717946 0.002500 0.934288 0.531606
5 0.965411 0.007516 0.548891 0.721796
0.5 10 0.922453 0.006895 0.713369 0.639868
’ 20 0.822742 0.004328 0.868988 0.563342
30 0.718372 0.002511 0.932941 0.532274
5 0.964074 0.007135 0.582927 0.704969
07 10 0.921535 0.006645 0.724993 0.634181
20 0.822674 0.004264 0.869575 0.563081
30 0.718762 0.002533 0.931526 0.532971

Covariance Matrix Shift of 3o

p Y%out Accuracy FP Rate FN Rate AUC
5 0.954465 0.002619 0.860901 0.568240
0.3 10 0.900892 0.001863 0.974375 0.511881
20 0.799692 0.001658 0.994840 0.501751
30 0.699707 0.001553 0.997387 0.500530
5 0.952617 0.002462 0.900804 0.548367
0.5 10 0.900645 0.001849 0.977035 0.510558
20 0.799719 0.001637 0.994900 0.501732
30 0.699740 0.001633 0.997104 0.500632
5 0.951512 0.002367 0.924869 0.536382
0.7 10 0.900394 0.001847 0.979401 0.509376
20 0.799706 0.001693 0.994719 0.501794
30 0.699764 0.001665 0.996864 0.500736

Mean and Covariance Matrix Shift of 3o

p Y%out Accuracy FP Rate FN Rate AUC
5 0.956956 0.003757 0.789453 0.603395
0.3 10 0.913648 0.004112 0.826496 0.584696
' 20 0.819784 0.003307 0.887886 0.554403
30 0.720717 0.002222 0.925868 0.535955
05 5 0.957051 0.003718 0.788405 0.603938
10 0.913543 0.004093 0.827730 0.584089
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20 0.820110 0.003336 0.886078 0.555293
30 0.720543 0.002156 0.926506 0.535669
5 0.957132 0.003681 0.787423 0.604448
07 10 0.913520 0.004055 0.828352 0.583797
20 0.820033 0.003313 0.886592 0.555047
30 0.720471 0.002155 0.926783 0.535531
Table 5. Performance. Simulation of Robust Max-Half-Mchart Based on Fast-MCD.
Mean Shift of 3o

p Y%out Accuracy FP Rate FN Rate AUC
5 0.968271 0.020680 0.241685 0.868818
03 10 0.940938 0.032477 0.298318 0.834603
20 0.880521 0.036102 0.452989 0.755454
30 0.783748 0.019863 0.674477 0.652830
5 0.967451 0.015656 0.353579 0.815383
0.5 10 0.937278 0.023001 0.420173 0.778413
20 0.864730 0.022909 0.584786 0.696153
30 0.759230 0.011870 0.774913 0.606609
5 0.966572 0.012753 0.426206 0.780521
07 10 0.933575 0.018296 0.499709 0.740997
20 0.854565 0.017274 0.658055 0.662336
30 0.748001 0.009112 0.818700 0.586094

Covariance Matrix Shift of 3o

p Y%out Accuracy FP Rate FN Rate AUC
5 0.969088 0.007894 0.468135 0.761985
03 10 0.927493 0.007113 0.661053 0.665917
20 0.809734 0.001677 0.944677 0.526823
30 0.700575 0.000260 0.997408 0.501166
5 0.959303 0.004021 0.737553 0.629213
0.5 10 0.908905 0.002771 0.886082 0.555574
20 0.801293 0.000807 0.990271 0.504461
30 0.700095 0.000412 0.998735 0.500426
5 0.954731 0.002870 0.850964 0.573083
0.7 10 0.903427 0.001914 0.948463 0.524811
20 0.800379 0.000840 0.994765 0.502198
30 0.699941 0.000881 0.998128 0.500495

Mean and Covariance Matrix Shift of 3o

p Y%out Accuracy FP Rate FN Rate AUC
5 0.957403 0.004507 0.766356 0.614569
0.3 10 0.914856 0.005243 0.804345 0.595206
20 0.824245 0.004945 0.858935 0.568060
30 0.725511 0.003145 0.907584 0.544636
5 0.957359 0.004396 0.769095 0.613254
0.5 10 0.914994 0.005300 0.802476 0.596112
20 0.824362 0.004801 0.858989 0.568105
30 0.725626 0.003295 0.906854 0.544926
5 0.957097 0.004476 0.773102 0.611211
07 10 0.915119 0.005431 0.799878 0.597346
20 0.824468 0.004983 0.857617 0.568700
30 0.725486 0.003150 0.907689 0.544580
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Table 6. Performance. Simulation of Robust Max-Half-Mchart Based on Det-MCD.
Mean Shift of 3o

p Y%out Accuracy FP Rate FN Rate AUC
5 0,967143 0,023058 0.241685 0.868818
0.3 10 0,939224 0,039528 0.298318 0.834603
20 0,878351 0,041545 0.452989 0.755454
30 0,732840 0,006504 0.674477 0.652830
5 0,966679 0,017832 0.353579 0.815383
0.5 10 0,937258 0,028570 0.420173 0.778413
20 0,864667 0,028010 0.584786 0.696153
30 0,735218 0,007161 0.774913 0.606609
5 0,966190 0,014757 0.426206 0.780521
07 10 0,934344 0,023160 0.499709 0.740997
20 0,856314 0,022268 0.658055 0.662336
30 0,736217 0,007454 0.818700 0.586094

Covariance Matrix Shift of 3o

p Y%out Accuracy FP Rate FN Rate AUC
5 0,969442 0,010365 0,414229 0,787703
0.3 10 0,928697 0,009642 0,626277 0,682040
20 0,802323 0,002384 0,978766 0,509425
30 0,699740 0,001665 0,996957 0,500689
5 0,959768 0,005181 0,706309 0,644255
05 10 0,908518 0,003895 0,879601 0,558252
20 0,800223 0,001773 0,991817 0,503205
30 0,699803 0,001624 0,996897 0,500739
5 0,954868 0,003643 0,833436 0,581461
0.7 10 0,903223 0,002834 0,942344 0,527411
20 0,799974 0,001598 0,993734 0,502334
30 0,699762 0,001634 0,996930 0,500718

Mean and Covariance Matrix Shift of 30

p Y%out Accuracy FP Rate FN Rate AUC
5 0,957418 0,005121 0,754293 0,620293
03 10 0,916337 0,006731 0,776036 0,608616
' 20 0,828563 0,006947 0,829357 0,581848
30 0,730653 0,004878 0,886439 0,554342
5 0,957408 0,005182 0,753612 0,620603
05 10 0,916492 0,006711 0,774746 0,609271
20 0,828640 0,006765 0,829816 0,581709
30 0,731036 0,004617 0,885796 0,554793
5 0,957347 0,005206 0,754031 0,620382
0.7 10 0,916556 0,006546 0,775431 0,609012
20 0,828780 0,006859 0,828676 0,582232
30 0,731250 0,004616 0,885137 0,555123

The outlier detection performance of each chart is presented and discussed. The results are then
compared to identify the chart that demonstrates the best performance under different conditions.
The following figure illustrates the comparative performance of the control charts.

Based on Figures 2-5, which present outlier detection under simultaneous shifts in the process
mean and covariance matrix, the conventional Max-Half-Mchart exhibits the lowest detection
performance compared with the robust Max-Half-Mchart variants. Overall, at a high outlier
proportion of 30%, the robust Max-Half-Mchart based on Fast-MCD demonstrates the best detection
capability. In contrast, at lower outlier proportions of 5%, 10%, and 20%, the robust Max-Half-Mchart
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based on Det-MCD provides superior performance. Furthermore, in terms of the correlation among
quality characteristics, the control charts perform better at a lower correlation level (p = 0.3)
compared with higher correlation levels (p =0.5and p =0.7).

—@—  Max-Half-Mchart
-4 Robust Max-Half-Mchart Fast-MCD
~H- Robust Max-Half-Mchart Det-MCD

10% << P -~ 30%

10% o

9
20% 20% 20%

(@) (b) (©

Figure 2. Accuracy Perfomance for All Charts for Mean and Covariance Matrix Shift Based on Various
Correlation a) p =0.3, (b) p =0.5, (c) p =0.7.

—@— Max-Half-Mchart
-4 Robust Max-Half-Mchart Fast-MCD
~H-  Robust Max-Half-Mchart Det-MCD

5% 5%
1.9 s
oz8 ) 08
’ “osh.

10% oot S 30%

10% - -.y\. : o 30%

20% 20% 20%

(a) (b) ()

Figure 3. FP Rate for All Charts for Mean and Covariance Matrix Shift Based on Various Correlation a) p =0.3,
(b) p =05, (c) p =0.7.

—®— Max-Half-Mchart
-4 Robust Max-Half-Mchart Fast-MCD
-~ Robust Max-Half-Mchart Det-MCD

D 30%

(a) (b) (©)

Figure 4. FN Rate for All Charts for Mean and Covariance Matrix Shift Based on Various Corrlaltion a) p =0.3,
(b) p =0.5, (c) p =0.7.
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—@—  Max-Half-Mchart
-4 Robust Max-Half-Mchart Fast-MCD
~H- Robust Max-Half-Mchart Det-MCD

5%

1.00.

10% 5 30% = 30% 0% <

20% 20% 20%

(b)
(a) (c)
Figure 5. AUC Rate for All Charts for Mean and Covariance Matrix Shift Based on Various Correlation a) p =0.3,
(b) p =05, (c) p =0.7.

To illustrate the comparative performance of the three control charts, a visual representation
under a mean and covariance shift of 3o with g = 0.3 is presented in Figures 6-9, as this correlation
level yields the best results in terms of accuracy, FP rate, FN rate, and AUC. The results indicate that
under a high outlier proportion of 30%, the robust Max-Half-Mchart based on Fast-MCD provides
the best outlier detection performance. In contrast, for lower outlier proportions of 5%, 10%, and 20%,
the robust Max-Half-Mchart based on Det-MCD demonstrates superior detection capability.

Max-Half-Mchart Robust Max-Half-Mchart Based on Fast-MCD

~ o
. )
© nomal .

© * outlier o - . .

* nomal
* outlier

0 200 400 600 800 1000 0 200 400 600 800 1000

(Qbservation Observation
(a) (b)
Robust Max-Half-Mchart Based on Det-MCD

* . * normal
b . . * outlier
1. ., e s .',
* ‘ ' : " . . . “' » . Y ..
st Lt . o .-, . .
o -/ ) , oot I.
X ‘% "’h,z;
- l
200 400 600 800 1000
Observation
(©

Figure 6. Statistics Plot of Simulation with 5% Outlier using (a) Max-Half-Mchart (b) Max-Half-Mchart -FMCD
(c) Max-Half-Mchart-DMCD.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.



https://doi.org/10.20944/preprints202602.1020.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 12 February 2026

19 of 25
Max-Half-Mchart Robust Max-Half-Mchart Based on Fast-MCD
L s . ‘°'o' e . ) -
2| et ey LTE :
o XA e L X » o,
:.0. :;, :i'. § Sorke ‘_. . (o ;’ﬁ‘; .;3{:% o
IR 9 R T i WY aieh
o, EE‘\?-&-?LE?: '\tg:-g.\_{ ."
o o NN c!‘.-’ . T, :"\ < e 1]
0 200 400 600 800 1000 ¢ 200 400 600 20 1000
Observation Observation
(@ (b)

Observation

(0

Figure 7. Statistics Plot of Simulation with 10% Outlier using (a) Max-Half-Mchart (b) Max-Half-Mchart -FMCD
(c) Max-Half-Mchart-DMCD.
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Figure 8. Statistics Plot of Simulation with 20% Outlier using (a) Max-Half-Mchart (b) Max-Half-Mchart -FMCD
(c) Max-Half-Mchart-DMCD.
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Figure 9. Statistics Plot of Simulation with 30% Outlier using (a) Max-Half-Mchart (b) Max-Half-Mchart -FMCD
(c) Max-Half-Mchart-DMCD.

3.2. Application to Real Data

In this study, three control charts are applied to the OPC data, specifically the Max-Half M-chart,
the robust Max-Half M-chart based on Fast-MCD, and the robust Max-Half M-chart based on Det-
MCD. The monitoring results for the OPC data are presented in Figure 10.

3.185

1 16 32 48 64 80 % 12 128 144 160
Sampel

Figure 10. Max-Half-Mchart Statistic Plot.

Figure 10 shows that the Max-Half M-chart detects two out-of-control observations: the 11th
sample, which is labeled M** due to a shift in the mean, and the 47th sample, which is also labeled
M™*™* and caused by a mean shift. Based on Figure 11, the robust Max-Half M-chart based on Fast-
MCD likewise detects two out-of-control observations, namely the 11th sample labeled M** due to
a mean shift and the 47th sample labeled M**, also resulting from a mean shift. Thus, in terms of
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out-of-control signals, the conventional Max-Half M-chart and the Fast-MCD-based robust Max-Half
M-chart identify the same samples.

3.075

Sampel
Figure 11. Max-Half-Mchart Based on Fast-MCD Statistic Plot.

Figure 12 shows that the robust Max-Half M-chart based on Det-MCD detects six out-of-control
observations. The 2nd sample is labeled V**due to a shift in variability; the 10th sample is labeled
M™**as a result of a mean shift; the 11th sample is labeled M**due to a mean shift; the 26th sample is
labeled V**owing to a shift in variability; the 39th sample is labeled M**because of a mean shift;
and finally, the 47th sample is labeled M**, again caused by a mean shift.

1 16 32 48 64 80 % 112 128 144 160
Sampel

Figure 12. Max-Half-Mchart Statistic Plot.

Table 7 shows that the conventional Max-Half-Mchart and the robust Max-Half-Mchart based
on Fast-MCD yield the same numbers of in-control and out-of-control observations, namely 2 out-of-
control and 157 in-control observations. In contrast, the robust Max-Half M-chart based on Det-MCD
identifies 6 out-of-control and 153 in-control observations. This finding indicates that the robust Det-
MCD estimator, when combined with the Max-Half-Mchart, enhances the chart’s sensitivity to
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outliers. Meanwhile, the robust Max-Half-Mchart based on Fast-MCD produces nearly the same
number of out-of-control points as the conventional Max-Half-Mchart. Overall, among the three
control charts, the robust Max-Half-Mchart based on Det-MCD generates the largest number of out-
of-control signals, suggesting that it is the most sensitive to departures from the in-control process.

Table 7. Amount of data Out-of-Control and In-Control on Robust Max-Half-Mchart and Max-Half-Mchart

Control Chart Out-of-Control Mean Shift Variability Shift
Max-Half-Mchart 2 2 0
Robust Max-Half-Mchart ) ) 0
Based on Fast-MCD
Robust Max-Half-Mchart
6 4 2

Based on Det-MCD

4. Conclusions and Future Research

This study investigated the effectiveness of the conventional Max-Half-Mchart and its robust
versions that combine the chart with the Fast-MCD and Det-MCD estimators. ARL based analysis
shows that the robust Max-Half-Mchart based on Fast-MCD and Det-MCD are able to detect process
shifts. Outlier based evaluation also shows that both robust charts detect outliers better than the
conventional Max-Half M-chart in terms of accuracy, false positive rate, false negative rate and AUC.
For all three charts, a lower correlation p gives better performance under mean shifts, covariance
shifts and combined shifts. The conventional Max-Half M-chart reaches its best performance under
covariance matrix shifts, while the Fast-MCD and Det-MCD based charts reach their best
performance under mean shifts. When both the mean and the covariance matrix shift and the
proportion of outliers is 5, 10 or 20 percent, the Det-MCD based robust Max-Half-Mchart is the best
performing chart. When the contamination level is 30 percent, the Fast-MCD based robust chart
performs best. Under pure mean shifts, the Det-MCD based chart is superior for 5 and 10 percent
contamination, while for 20 and 30 percent contamination both robust charts perform better than the
conventional chart. Under pure covariance shifts, the Det-MCD based robust Max-Half-Mchart is the
best overall. In the cement quality data application, the Det-MCD based robust Max-Half-Mchart
detects six out-of-control observations, while the conventional Max-Half-Mchart and the Fast-MCD
based robust chart each detect two. These results indicate that the Det-MCD based robust Max-Half-
Mchart is the most sensitive chart for detecting process shifts in the presence of outliers.

The recommendations based on the results of this study are that the implementation of the Det-
MCD based robust Max-Half M-chart can be considered by cement manufacturing companies to
maintain product quality and minimize errors. For future research, it is suggested to use different
numbers of quality characteristics and to omit ARL based process shift analysis, since the results are
expected to be similar whether robust estimators are used or not. Further work may also compare the
performance of the Det-MCD based robust Max-Half M-chart with other robust methods [36-39],
modify the approach to handle subgroup observation data, and apply this method to other case
studies in order to assess its consistency and reliability in different contexts. Also, combination with
machine learning can be applied to the proposed chart [40—42].
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