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Abstract

This critical review examines the evolution of mathematical modeling approaches for aerobic
digestion processes in food industry waste management, highlighting their role in operational
optimization and dynamic prediction. Starting from mass conservation principles, simple kinetic
models such as first-order and Monod models are analyzed. These models assume homogeneity and
perfect mixing but fail to capture the heterogeneity of effluents rich in variable carbohydrates,
proteins, and lipids. Structural limitations, such as numerical rigidity, parametric non-identifiability,
and idealized assumptions that underestimate spatial gradients and stochastic fluctuations, are
discussed. In continuous systems, coupled substrate-biomass-oxygen dynamics, washout
phenomena, and extensions to partial differential equations for real heterogeneity are explored.
Structured models such as ASM incorporate multicomponent fractions but face parameterization
crises exacerbated by data scarcity in industrial settings, where less than 25% of plants use formal
modeling. Emerging paradigms include hybrid mechanistic-machine learning approaches for
prediction under perturbations, multiscale modeling, and spatially explicit modeling. A table
distributes approaches by food matrix, revealing the dominance of simple kinetics in composting and
ASM in activated sludge. Finally, a progressive selection framework based on operational objectives
is proposed, balancing complexity with predictive robustness and experimental validation,
emphasizing that sophistication must be justified to overcome barriers such as sensor costs and
stochastic variability, thus promoting sustainable industrial adoption.

Keywords: mathematical modeling; aerobic digestion; food waste; hybrid models;
parametric identifiability

1. Introduction

Composting organic waste is an important process in the environmental management of the
food industry, and aerobic digestion, in its different operating configurations such as activated
sludge, extended aeration reactors, and sequential batch, exhibits high efficiency in removing
chemical oxygen demand, simultaneous nitrification, and the ability to be adapted to variable loads
[1]. The establishment of these processes as the preferred technology for high-density organic waste
has historically been closely linked to the development of mathematical modeling frameworks that
allow for the formalization of the underlying biological mechanisms, the optimization of reactor
design, and the prediction of the dynamic system's behavior in response to operational disturbances
[2].

The first models were based on simplified pseudo-first- order kinetics, which assumed linear
relationships between degradation rate and substrate concentration, without considering biomass
dynamics or enzyme saturation processes [3]. The progressive incorporation of mechanistic models
of microbial growth, particularly Monod kinetics and its extensions with Haldane-type inhibition,
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represented a conceptual advance by introducing a nonlinear saturating dependence between
specific growth rate and substrate availability [4]. Subsequently, the development of complex
structured models such as the Activated Sludge Models with multiple microbial populations,
differentiated substrate fractions, and detailed nitrogen and phosphorus balances significantly
expanded the descriptive capacity of these frameworks [5].

However, despite over twenty years of intensive research into advanced structured models, a
significant gap still exists between theoretical sophistication and demonstrable industrial adoption
[6]. Recent structural identifiability analysis based on Fisher information theory and global sensitivity
analysis has revealed that models with 15-25 kinetic parameters often contain subsets of parameters
that are structurally unidentifiable, even with noise-free data, and that multiple radically different
parameter sets can reproduce the same calibration data but can diverge catastrophically in their
predictions under operational disturbances [7]. This identifiability crisis is exacerbated when applied
in industry, where data is scarce, manual monitoring is usually performed only once or twice a day
on a few basic parameters, and this differs greatly from the high-resolution continuous sensors on
which advanced structured models operate [8].

Field studies and industry surveys have documented that less than 25% of food processing
plants use formal mathematical models to support operational decisions, and when they do, simple
empirical approaches predominate over high-dimensional models [9]. The barriers identified include
limited technical capacity for advanced calibration using global optimization algorithms, a lack of
sufficiently high-quality data for robust parameterization, stochastic variability in organic load that
invalidates static calibrations, and prohibitive costs for advanced sensor infrastructure , particularly
for small and medium-sized enterprises (SMEs), which represent more than 60% of the sector [10].

In the food industry in particular, these difficulties are compounded by the inherent
heterogeneity of the effluents produced. Unlike the relatively homogeneous municipal wastewater,
food production effluents have a complex and fluctuating composition, consisting of mixtures of
short- and long-chain carbohydrates, proteins with varying rates of hydrolysis, lipids that are difficult
to biodegrade aerobically, and phenolic compounds that act as inhibitors [11]. They are also subjected
to sudden variations over time, with magnitudes between 200 and 800% in chemical oxygen appetite,
linked to discontinuous production cycles, cleaning operations that discharge concentrated alkaline
and acidic solutions, and intermittent discharges during production line changes [12]. These
properties directly challenge basic assumptions of classical models such as the spatial homogeneity
assumed by perfect mixing theories, the stationarity of the influence, and the stability of the kinetic
parameters [13].

Over the past decade, hybrid modeling paradigms have emerged that combine mechanistic
model-based frameworks with machine learning techniques for difficult-to-model components, such
as predicting stochastic organic shocks and optimizing aeration strategies under energy constraints
[14]. Simultaneously, the development of digital twins for wastewater treatment plants promises to
bridge the gap between research models and operational tools through real-time simulation and early
fault detection [15]. However, these emerging approaches face critical challenges, including the need
for massive amounts of data for robust training, which exceeds typical industry availability; the poor
interpretability of black-box models, hindering operational acceptance; and the very high costs of
implementing sensors [16].

Scrutiny of modern literature shows that the justification for more complex modeling must be
based on incremental increases in the quantitative analysis of its predictive power versus cost in
parameters, grounded in experimental data and well-defined operational objectives [17]. Over-
parameterized models run without strict calibration protocols often lead to lower predictability
beyond the calibration conditions compared to simple formulations with well-identifiable
parameters validated by independent experiments [18]. This observation is particularly relevant in
industrial settings, where information is limited, stochastic variability over time is high, and spatial
gradients are not accounted for in large-scale reactors.
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This critical review examines the development of mathematical models for the aerobic digestion
of food waste from an industrial perspective, discussing the trade-offs between simplicity, realism,
identifiability, and predictive capacity, as well as interpretability and flexibility. It considers the
evolution from empirical kinetics to multicomponent models, spatial formulations, and hybrid
models based on the integration of mechanism with machine learning. The aim is to provide
quantitative tools for choosing the appropriate model complexity, emphasizing that predictive
robustness in real-world systems depends more on the structural consistency between assumptions
and physical system characteristics, the practical identifiability of parameters, and rigorous
experimental validation than on the number of implemented equations.

2. Mathematical Foundations of Aerobic Digestion

Mathematical modeling of aerobic digestion processes is based on universal physical principles,
including conservation principles, which allow us to describe the changes in open biological systems
transformed through complex biochemical reactions. In environmental engineering and food science,
the principle of mass conservation is the backbone of most dynamic models developed to predict the
aerobic biodegradation of organic waste [19].

Several reviews have reported that the dominant mechanistic models for aerobic digestion are
derived from mass balances formulated at the macroscopic scale, under simplifying assumptions that
allow for mathematical solutions but limit their application to the system of interest [20]. This is a
particularly critical problem when models are used for food industry effluents, which are highly
heterogeneous in physicochemical terms, with a significant particulate fraction and temporal
fluctuations in organic loading.

In contrast to homogeneous municipal wastewater, the substrate derived from food production
has complex distributions of carbohydrates, proteins, and lipids, as well as solids with varying
degrees of biodegradability. This complexity leads to nonlinear dynamics, biological process-
transport phenomenon couplings, and spatial dependencies that cannot be adequately described by
zero-dimensional formulations. Therefore, although the conservation principle offers a convenient
mathematical foundation, its direct application often results in models that are not very predictive of
plant conditions [21].

In this context, the literature has evolved toward a progressive diversification of modeling
approaches, ranging from empirical kinetic formulations to structured multicomponent frameworks,
spatially resolved models, and, more recently, hybrid data-driven approaches. To conceptually
organize this progression and provide a comprehensive analytical framework, an epistemological
hierarchy of mathematical models is introduced, based on their structural complexity, their capacity
to represent the real system, and the requirements for identification and validation.

As Figure 1 illustrates, the lower layers of the hierarchy are based directly on conservation
principles and possess a high degree of interpretability and mathematical simplicity; however, they
encounter limitations in representing the structural and spatial heterogeneity of food effluents. In
contrast, the higher levels are constructed from explicit biochemical processes, spatial gradients, and
data-derived functional relationships, increasing the system's representation to a higher level of
dimensional and computational complexity, as well as parametric fragility.
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Figure 1. Conceptual hierarchy of mathematical modeling approaches in aerobic digestion.

This conceptual framework allows us to understand classical mass balances not as isolated
formulations, but as the lowest level of a methodological progression that naturally leads to
heterogeneous, spatial, and hybrid models, driven by real-world constraints. Thus, the proposed
hierarchy serves as an organizing principle that guides the mathematical analysis in the subsequent
subsections, where the differential foundations, structural aspects, and numerical challenges
associated with each level are formalized.

The Principle of Conservation of Mass in the Mathematical Formulation of Aerobic Processes

The principle of conservation of mass states that the total mass of a component in a system can
only change due to inputs, outputs, or internal reactions. This principle forms the basis of the most
relevant formal frameworks in biological modeling, including Activated Sludge Models (ASM) for
aerobic wastewater treatment, as well as the Anaerobic Digestion Model (ADM) initially developed
for anaerobic and composting processes [22]. For an arbitrary component (;, the mass balance is
expressed by Equation (1):

d(v C,)
T = Qin Ci,in - Qout Ci,out + 4 |4 (1)

where V denotes the system volume; Q;, and Q.. are the inlet and outlet flow rates,
respectively; Cjinand Cj oyirepresent the inlet and outlet concentrations of component i; and 7jis
the net reaction rate. This general formulation enables the extension of the analysis to more complex
dynamics in aerobic digestion processes, accounting for stochastic variations and heterogeneities
inherent to food waste streams.

Equation (1) forms the basis for defining dynamic models and allows the biochemical processes
of the system to be expressed in a concrete mathematical language. In practice, this equation becomes
a system of ordinary differential equations under assumptions generally accepted in the literature,
such as constant volume, perfect mixing, and homogeneity of the medium. These assumptions have
been widely adopted in models of activated sludge, aerobic reactors, and composting systems,
mainly due to their mathematical simplicity and ease of implementation [23].

However, the resulting mathematical equation has significant structural limitations. The
generation-consumption terms that model microbial kinetics and the biodegradation process are
typically defined using nonlinear functions dependent on substrate, oxygen, and biomass
concentrations [24]. When rapid processes, such as the oxidation of soluble substrates, and slow
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processes, such as the hydrolysis of particulate fractions, occur simultaneously, the dynamical system
can be numerically very stiff. Mathematically, this stiffness is reflected in the eigenvalue spectrum of
the linearized system around the steady state. If we consider A;the Jacobian eigenvalues of the ODE
system, the stiffness can be measured through the stiffness ratio defined in Equation (2):
max [ 4; 1
k= mlin | A; | @)

Where large values of R, typically greater than 103, indicate the coexistence of very different
timescales. Under such conditions, explicit methods of numerical integration become unstable or
inefficient, requiring the use of implicit or semi-implicit schemes, which entails an increase in
computational cost and greater complexity in the numerical analysis.

where high values of R, typically greater than 103, indicate the coexistence of very disparate
time scales. Under such conditions, explicit methods of numerical integration become unstable or
inefficient, making it necessary to resort to implicit or semi-implicit schemes, with the consequent
increase in computational cost and complexity of the numerical analysis [25].

These restrictions were exacerbated in food wastewater, where 20 to 40% of dissolved solids
(DSP) were in the form of particulate solids, as has been reported for fruit, meat, and dairy
wastewater [26]. Separation into dissolved and particulate fractions facilitates additional sequential
processes such as disintegration and hydrolysis, which are rarely explicitly modeled in conventional
mass balance models. Consequently, additional delays and nonlinearities arise, affecting the model's
prediction, particularly in situations of high organic loads or low aeration.

While most aerobic models assume complete mixing and spatial homogeneity, oxygen,
temperature, and humidity gradients are observed that strongly influence microbial activity in real-
world environments [27]. Ignoring these gradients can lead to incorrect calculations of retention
times, degradation rates, and gas emissions, even in environments much more practical than
industrial reactors and compost heaps.

Table 1 provides a summary of the key mathematical assumptions used in mass balances for
aerobic digestion, showing their frequency of use in the literature, the associated mathematical
limitations, and the specific effect on food effluents. This table does not present novel results, but
rather offers an analysis based on a comparison within the review article genre itself, allowing for a
clear and structured visualization of the recurring shortcomings in current approaches.

Table 1. Common assumptions in mass balances and their impact on aerobic digestion models
of food effluents.

Modeling Level of adoption in Direct mathematical Consequence in food
. . N References
assumption the literature implication effluents
Underestimation of
Reduction of the heterogeneity in
Perfect blend (0D
ertect ben ((,) . system to ODEs effluents with high  (Walling & Vaneeckhaute,
model, no spatial High (>60%) . . )
. without spatial solids content and 2020)
resolution) . .
gradients oxygen-limited zones
Errors in predicting
Elimination of PTOZiZSGZ;;\iI;IIVmg
Constant volume Very high (>80%)  volumetric variation P . ’ [29]
compaction, or gas
terms .
generation
Inability t d
Homogeneous Absence of internal ?}?erlr;;’l e?ntieiio Zrcle
& High (~70%) diffusion and el Y8 [30]
medium . gradients in reactors and
convection

compost piles
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Overestimation of
. . . efficiency in systems
Unif t Constant hydraul
futorm continuous Moderate (~45%) onstan _y rauiie with intermittent [31]
flow forcing . .
discharges typical of the
food industry

Note: The 0D model (zero-dimensional model) is associated with statements without spatial resolution where

all variables depend only on time and the system is considered to be completely mixed.

The evidence presented in Table 1 indicates that, while these assumptions simplify the
mathematical formulation and numerical solution, they greatly limit the applicability of the models
when confronted with the biochemical and structural complexity of real feed effluents. In this sense,
although mass balances strictly based on Equation (1) are formally correct, they are insufficient to
describe the spatial and multi-scale dynamics of aerobic digestion, which is why these approaches
must be extended to partial differential equations or coupled hybrid models.

3. Kinetic Models and Their Limitations in Industrial Applications

Kinetic models are the mathematical foundation of aerobic digestion models, defining the
functional form of the generation and consumption terms in the mass balance equations. From a
formal perspective, selecting kinetic law is equivalent to imposing a hypothesis about the dominant
degradation mechanism, the role of biomass, and the limiting regime of the system as a closed system.
In industrial applications, this selection involves a trade-off between analytical simplicity,
computational stability, and biological fidelity, which is particularly critical in the treatment of
adapted food effluents.

3.1. First-Order Kinetics in the Modeling of Aerobic Processes

First-order kinetics remains widely used in aerobic process modeling, particularly in feasibility
studies and applications where computational simplicity is prioritized over biological realism. This
persistence is not solely due to historical reasons, but also to practical needs, such as the lack of
sufficient experimental data, to use models that can be easily calibrated. However, recent analyses
have highlighted that this decision is often made without a critical analysis of the structural
implications or the effect on the interpretability of the estimated parameters [32].

The mathematical formulation of these kinetics is expressed by Equation (3):

¥ ks
PN C)

where Srepresents the concentration of biodegradable substrate and Kis an apparent kinetic
constant. Equation (3) indicates that the degradation rate is only a function of the available substrate,
which implicitly assumes that the active biomass does not limit the overall kinetics of the process.
Recent research has highlighted that this assumption is rarely met in real aerobic systems, even under
apparently stable conditions, due to the physiological differentiation of microbial communities and
the presence of slowly biodegradable fractions [33].

Direct integration of Equation (3) leads to the analytical solution given by Equation (4):

S(t) = Spe ¥t (4)

The solution to Equation (4) is globally stable and monotonically increasing. These
characteristics have led to its use as a descriptive tool, since the parameter Kcan be related to a
characteristic time of the process T = 1 / k . However, recent work has indicated that this
interpretation is erroneous, given that Kit is not a tangible physiological parameter, but an aggregate
quantity that represents several unresolved processes and is implicit in the model [34].

From a mechanistic perspective, first-order kinetics can be interpreted as a limiting case of more
general formulations based on the explicit dynamics of biomass. Specifically, Monod-type kinetics,
which is widely used in models of the ASM family and remains relevant in recent developments,
expresses the consumption rate through Equation (5):
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S
Ts = —Umax mx (5)

where [yax, Ks and Xretain their usual meaning. Under the assumption of approximately
constant biomass, X = X, and in the low substrate concentration regime, S < K, Equation (5) can
be approximated by a first-order expansion, giving rise to Equation (6):

Xo
s = _.umax?SS (6)

Substituting Equation (6) into the mass balance leads to an equation formally equivalent to
Equation (3), with k = p.xXo/Ks. This result, critically revisited in recent work on structural
identifiability, demonstrates that first-order kinetics represents an asymptotic approximation, valid
only under very restrictive conditions that are rarely sustained in complex aerobic systems [35].

3.2. Degradation of Kinetics and Fundamental Dynamic Limitations

A direct consequence of Equation (3) is that the modulus of the substrate degradation rate is
given by Equation (7):

a3 kS (7
| 1= kS (D)

Equation (7), which is directly derived from equation (3), indicates that the degradation rate is
at its maximum at time 0 and decreases monotonically over time. From a dynamic point of view, this
property imposes a very rigid structure on the model, which cannot overcome an initial growth
acceleration associated with microbial adaptation, a characteristic frequently observed in real aerobic
systems and in recent experimental studies [36].

The analysis of the curvature of the timeline with the solution of Equation (4) for the trajectory

corroborates this restriction. By differentiating this solution twice, or equivalently by differentiating

Equation (3) again, we arrive at the second derivative given in Equation (8):
2

i k%S (8
az =S ®

The strict positivity of Equation (8) implies that the solution has no inflection points, which
confirms the mathematical impossibility of the model generating abrupt changes between regimes
dominated by biomass, hydrolysis, or oxygen constraints. Recent analyses have shown that this
structural constraint produces systematic errors in predictions of stabilization times and in the
evaluation of control strategies when applied to higher-order models outside their domain of validity
[36].

A more general representation of the dynamic process is obtained using coupled systems of
equations for the substrate and biomass, such as that described by Equation (9):

dS— (SX)dX—Y(SX) k. X (9
dt WA TS aX (9)

These formulations allow for the explicit capture of latency and growth-with-decay phases and
form the basis of recent developments aimed at improving the parametric identifiability and
predictability of aerobic models [36]. Reducing the system defined by Equation (9) to a single
equation of the form of Equation (3) eliminates these essential dynamics and reinforces the empirical
nature of the parameter k.

In the food industry, the elimination of complex waste products with complex physical and
chemical properties introduces a level of complexity. Recent studies have established that a
significant portion of the substrate decomposes over very different timescales, allowing the use of
multifraction models that extend the exponential solution of Equation (4). This approximation is
expressed through Equation (10):

n
S(t) = Z So: €71t (10)
i=1

Equation (10) specifies that there are fast and slow degradation fractions, and this is observed in
recurring types of food waste. The use of a single exponential term, as in Equation (4), amounts to
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imposing the conjecture k; = k, = -+ = k;,, which has been recognized as one of the main sources
of bias in estimating overall efficiencies and sorting times for industrial aerobic processes in recent
studies [37].

4. Microbial Growth Models and Limitations in Parameter Calibration

Microbial growth constitutes the kinetic core of mathematical models applied to aerobic
processes, as it establishes the functional link between substrate availability, biomass generation, and
the overall rate of organic matter degradation [38]. In industrial applications, the formulation adopted
to describe this growth not only conditions the model's predictive capacity but also its mathematical
stability, the identifiability of its parameters, and its transferability across effluent scales and matrices
[39]. In the case of food wastewater, characterized by high compositional heterogeneity and temporal
variability, these limitations are significantly accentuated.

4.1. Formulation and Mathematical Properties of the Monod Model

The Monod model is the most widely used kinetic formulation to describe substrate-limited
microbial growth in aerobic systems [40]. The functional relationship between the specific microbial
growth rate pand the substrate concentration Sis expressed by Equation (11):

S
u(s) = #maxm (11)

In Equation (11), Umaxrepresents the maximum specific growth rate and Kgthe half-saturation
constant, defined as the substrate concentration for which { = Uax/2. This formulation presents
well-defined mathematical properties, such as continuity, increasing monotonicity, and asymptotic
saturation, which has favored its integration into complex dynamic models and standardized
frameworks such as ASM models.

By coupling Equation (11) with the biomass and substrate mass balances, the nonlinear dynamic
system described by Equations (12) and (13) is obtained:
ax
I = u(S)X — bX (12)
as 1
7r = Ty HEX(A3)

where Xis the active biomass concentration, bthe endogenous decay coefficient and Y the
biomass-substrate yield. The system defined by Equations (11)-(13) exhibits multiple time scales and
nonlinear dynamics that can generate numerical rigidity when coupled with rapid processes, such as
oxygen transfer or acid-base reactions, a frequent situation in long-term industrial simulations [41].

From a critical point of view, although the Monod model adequately captures kinetic saturation
at low and moderate substrate concentrations, its formulation assumes the existence of a single
limiting substrate, a hypothesis that is rarely met in complex food effluents [18].

4.2. Formal Comparison with Alternative Kinetic Models

To overcome some of the structural limitations of the Monod model, alternative kinetic
formulations have been proposed that modify the functional dependence between the growth rate
and the state variables. One of the earliest extensions is the Tessier model, which introduces an

exponential dependence described by Equation (14):
S

1(S) = tmax (1_8_K_T> (14)

In Equation (14), K is a scaling parameter associated with the sensitivity of growth to changes
in substrate concentration. This formulation exhibits a more gradual transition toward saturation,
which can improve empirical fitting in systems where the microbial response does not follow a strict
hyperbolic relationship. However, recent studies have indicated that this improved fit is often
achieved at the cost of reduced physiological interpretability of the parameters [42].
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Another relevant formulation is the Contois model, which explicitly incorporates the biomass

concentration into the kinetic limitation, as expressed in Equation (15):
S
u(S, X) = tmax KX +5 (15)

Equation (15) is particularly relevant in systems with high cell concentrations or mass transfer
limitations, common conditions in industrial aerobic reactors and food effluents with high particulate
organic loads. However, the explicit introduction of the Xvariable in the denominator increases the
nonlinearity of the system and exacerbates the problems of parametric identifiability when
experimental data are limited [43].

In the presence of substrate inhibition, models such as Andrews or Haldane extend the classical
Monod formulation by including an inhibitory term, as shown in Equation (16):

S
u(s) = .umax—sz (16)

where Kj is the inhibition constant. Equation (16) describes the decrease in growth rate at high
substrate concentrations, a phenomenon reported in effluents with toxic compounds or high organic
loads. However, recent analyses have shown that the inclusion of inhibitory terms often introduces
highly correlated parameters, whose robust estimation requires extensive and highly informative
datasets, which are uncommon in real-world industrial applications [44].

4.3. Structural Identifiability and Parametric Calibration Problems

From a mathematical perspective, one of the main challenges associated with microbial growth
models defined by Equations (11), (14)-(16) is the structural identifiability of their parameters. In
nonlinear models, parameters such as Umax, Ks, K¢ and Kjcan exhibit strong correlations, leading
to non-uniqueness problems in parametric estimation.

Formally, this difficulty manifests as an ill-conditioned Fisher information matrix, meaning that
small perturbations in the experimental data generate large variations in the estimated parameter
values. Recent studies have shown that even when the overall model fit is satisfactory, the confidence
intervals for the parameters can be excessively wide, compromising the model's predictive ability
outside of calibration conditions [45].

4.4. Experimental Implications and Model Validation

The validation of microbial growth kinetic models should not be limited to the visual fitting of
substrate consumption or biomass growth curves. It is necessary to systematically evaluate the
stability of the estimated parameters, the model's sensitivity to disturbances, and its predictive
capacity under operating conditions different from those used for calibration.

Recent comparative studies have shown that, in complex matrices such as dairy, meat, or
brewery effluents, models like Contois or formulations with inhibition can provide statistically
superior fits to the Monod model, but only when sufficient experimental data are available to support
the added complexity [46]. In the absence of this information, introducing more complex models can
create a false sense of accuracy without any real improvement in predictive ability.

4.5. Critical Considerations on the Selection of the Kinetic Model

From a critical perspective, the selection of a microbial growth model for industrial applications
should not be based solely on its mathematical simplicity or the quality of the statistical fit. It should
explicitly consider physiological consistency, parametric identifiability, and the operational context
in which the model will be used.

In heterogeneous food wastewater, the uncritical adoption of the Monod model or its extensions
can lead to empirical parameters that are difficult to interpret and predictions that are not robust to
changes in effluent composition. In this regard, recent literature converges on the need to adopt
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progressive modeling approaches, in which kinetic complexity is increased only when there is
sufficient experimental evidence to justify its introduction [47].

To summarize the structural and application differences between the main models discussed,
Table 2 presents a systematic comparison of their mathematical characteristics and their relevance in
food contexts.

Table 2. Comparison of kinetic models of microbial growth in aerobic systems.

h ical 1 Applicability in f
Model Main dependency Mathematica S.trl.lctu‘ra pplicability in food
advantage limitation effluents
It does not consider
Monod Substrate (S) Simplicity, stability =~ inhibition or =~ Suitable for simple effluents
biomass
Tessier Substrate (S) Smooth transition Le,s S phy5101c?glcal Systems with gradual
interpretation response
Contois Substrate and biomass - Captures density Greater nonlinearity Effluents with high biomass

(5 X) effects
Parameters that are

Andrews/Haldane Inhibitory substrate  Describe toxicity difficult to identify

High organic loads

5. Dynamic Models in Continuous Systems: Flow Integration
and Multiscalarity

5.1. Coupled Substrate-Biomass-Oxygen Dynamics in Continuous Reactors

The mathematical modeling of continuous aerobic processes introduces additional complexity
compared to closed or batch systems, due to the explicit presence of inlet and outlet flows that interact
with the internal biological kinetics. In this context, mass balances are no longer governed solely by
reaction terms, but incorporate hydraulic processes that modify the stability, parametric
identifiability, and dynamic structure of the system. This approach is representative of continuous
stirred-tank reactors widely used in the biological treatment of industrial effluents and wastewater,
where the assumption of perfect mixing is combined with nonlinear kinetic hypotheses derived from
microbial growth.

Under conditions of constant volume and complete mixing, the dynamic balance of the soluble

substrate is expressed by Equation (17):

as__1 sxx+1(s ) (17)
dt_ Yy'(’) T in

where Srepresents the concentration of biodegradable substrate, Yis the biomass-substrate
yield, u(S,X) the specific microbial growth rate, Sj,the substrate concentration in the influent, and
T the hydraulic retention time. Equation (17) highlights the direct competition between biological
consumption processes and hydraulic dilution, an interaction that is crucial for the operational
stability of the reactor, especially under variable load conditions, as documented in recent studies on
complex food effluents [48].
The dynamics of active biomass are described by Equation (18):
dX 1
E = ,LL(S,X) X —bX + ;(Xin_X) (18)
where Xis the active biomass concentration, bthe endogenous decay coefficient, and Xjj, the
biomass present in the influent. Equation (18) reveals that net biomass growth depends not only on
microbial kinetics but also on the hydraulic conditions of the system. Several recent studies have
indicated that the explicit omission of the dilution term leads to a systematic overestimation of
biological activity and errors in predicting steady states in continuous reactors [49].
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In aerobic systems, oxygen availability constitutes an additional constraint that introduces a
different timescale, associated with gas -liquid mass transfer. The evolution of dissolved oxygen can
be described by Equation (19):

do
E = kLa(Osat_O) —10(5,X) (19)

where O is the dissolved oxygen concentration, Og,¢ the saturation concentration, k;a the
volumetric transfer coefficient, and 7the oxygen consumption rate associated with biodegradation.
The inclusion of Equation (19), along with Equations (17) and (18), results in a nonlinear, multiscale
dynamic system in which rapid physical transfer processes coexist with slower biological processes.
This disparity in scales has been identified as one of the main sources of numerical rigidity in the
simulation of continuous aerobic systems, conditioning the choice of appropriate time integration
methods [50].

5.2. Hydraulic Stability, Washout and Dynamic Bifurcations

From a mathematical perspective, the system defined by Equations (17)-(19) exhibits dynamic
properties substantially different from those observed in batch models. In particular, the presence of
external flows alters the structure of steady-state equilibria and can induce instability phenomena
associated with critical hydraulic conditions. A typical manifestation of this behavior is the washout
phenomenon, in which biomass is carried out of the reactor due to insufficient retention time.

From Equation (18), this regime is reached when the condition expressed in Equation (20) is
satisfied:

1
; = Umax — b (20)

Equation (20) defines a critical threshold of hydraulic retention time below which equilibrium
with positive biomass loses stability compared to trivial equilibrium X = 0. Recent studies have
shown that this critical point is mathematically associated with a transcritical bifurcation, the correct
identification of which is essential for the design and control of aerobic reactors subjected to
variations in organic loading [51].

When kinetic formulations are expanded to incorporate multiple substrates, inhibition, or
intracellular storage, the system can exhibit multiple steady-state equilibria and non-monotonic
dynamic regimes. These behaviors have been reported in industrial aerobic processes with effluents
of varying composition, reinforcing the need for stability and bifurcation analyses as an integral part
of the modeling process [52].

5.3. Space-Dependent Extension and Heterogeneity Effects

The assumption of perfect mixing implicit in Equations (17)-(19) is an idealization that is not
always met in real systems. In large-scale industrial reactors, the presence of spatial gradients of
concentration, oxygen, and temperature can significantly affect the efficiency of the biological
process. To capture these effects, dynamic models can be extended to space-dependent formulations
based on partial differential equations.

The dynamics of the soluble substrate in a one-dimensional domain can be expressed by
Equation (21):

S

1
= __ —vVv. 2
o =~y H(S,X) X = v VS + DgV*s (21)

where Vrepresents the fluid velocity field and Dg the effective diffusion or dispersion
coefficient. Equation (21) formally extends the balance defined in Equation (17) by incorporating
advection and diffusion processes, allowing the representation of phenomena such as hydraulic dead
zones, mass transfer limitations, and spatial heterogeneities, widely documented through CFD
simulations coupled with biological models [53].
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From a mathematical point of view, the inclusion of spatial terms increases the dimensionality
of the system and tightens the computational requirements but provides a more faithful
representation of real processes when spatial heterogeneity dominates reactor dynamics.

5.4. Multicomponent Formalization in ASM Models

The activated sludge models developed by the International Water Association represent the
most comprehensive formalization of continuous-flow dynamics models. In these models, substrate,
biomass, oxygen, and nutrient dynamics are integrated through coupled stoichiometric and kinetic
balances, conceptually extending Equations (17)-(21) to a multicomponent and multiscale
framework.

In compact notation, this general formulation is expressed by Equation (22):

dc
E:NP(C)+Fin_Fout (22)

where C is the vector of state concentrations, N the stoichiometric matrix, and p(C)the vector
of process rates. Equation (22) generalizes the individual balances and allows the incorporation of
additional processes such as nitrification, denitrification, polymer storage, and associated oxygen
consumption.

However, recent studies have indicated that the high structural complexity of ASM models
introduces significant challenges in terms of parametric identifiability and experimental data
requirements, particularly when applied to complex industrial effluents. This limitation reinforces
the need for critical and contextualized use of these models, prioritizing consistency between the
adopted mathematical structure and the information available for their calibration and validation
[54].

6. Advanced Structured Models: Mathematical Complexity and Parametric
Identification Problems

The evolution from aggregate kinetic models to structured formulations represents an explicit
attempt to increase the biological realism of aerobic processes by incorporating the functional
heterogeneity of microbial biomass. In this context, the total biomass is broken down into fractions
with differentiated metabolic roles, leading to expressions such as Equation (23):

X = Xactiva + Xinerte + Xreserva (23)

This disaggregation allows us to distinguish between metabolically active biomass, the inert
non-biodegradable fraction, and intracellular reserve compounds, which are conceptually consistent
with microbiological observations and the structure of advanced models such as ASM3. However,
from a mathematical and experimental perspective, the introduction of these latent variables
substantially increases the dimensionality of the dynamic system and exacerbates problems of
structural and practical identifiability.

Several recent studies have shown that, even with dense time series data for substrate and total
biomass, the simultaneous estimation of the fractions defined in Equation (10) is not unique, resulting
in multiple parameters sets that are equally compatible with the observed data [55]. This non-
uniqueness manifests itself in almost linearly dependent sensitivity matrices and a poorly
conditioned Fisher information matrix, which severely limits the interpretability of the estimated
parameters.

From an applied perspective, this limitation is intensified in complex food wastewater, where
the direct experimental quantification of active, inert, and reserve biomass requires advanced
techniques such as dynamic respirometry, isotopic markers, or biochemical fractionation, which are
not always feasible at an industrial scale. Consequently, increased theoretical rigor does not
necessarily translate into a proportional improvement in the model's predictive capacity.

6.1. Mass Balances in Ideal Reactors and Their Industrial Limitations
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Most advanced structured models are based on dynamic balances formulated under the
assumption of a perfectly mixed reactor. For a continuous stirred-tank reactor, the overall mass
balance for a generic component can be expressed by Equation (24):

dC— C.—C R(C 24
E—Q(in_)‘l' ©) (24)

where Cit represents the concentration of the component in the reactor, Cj,its concentration in
the influent, Qthe normalized volumetric flow rate, and R(C)the reaction term that groups the
biochemical transformations.

Although Equation (11) is a cornerstone of dynamic modeling, its validity relies on the
assumption of spatial homogeneity, which is rarely met in large-scale industrial aerobic systems.
Recent studies based on in situ measurements and CFD simulations have demonstrated the
systematic presence of spatial temperature gradients exceeding 20 °C and dissolved oxygen gradients
ranging from anoxic conditions to near-saturation levels, even in reactors formally designed as CSTRs
[56].

These spatial heterogeneities invalidate the strict application of Equation (24) and generate
differentiated microenvironments in which aerobic, nitrifying, and denitrifying processes coexist
simultaneously. In the treatment of meat by-products and protein-rich waste, this functional
compartmentalization favors the emergence of specialized microbial niches, whose dynamics cannot
be captured by zero-dimensional models, even those that include complex kinetics.

6.2. Energy Balance and Thermodynamic Simplifications

The extension of structured models to the thermal description of the process is usually done

through global energy balances formulated as Equation (25):

dr
pCp E = ZQgen - ZQIoss (25)

where p is the effective density of the medium, C, its heat capacity, T the temperature, Qgen

the heat generation terms and Q)¢ the losses to the environment.

While this formulation allows for the incorporation of the thermal effect of microbial activity, its
common use involves significant thermodynamic simplifications. Biological heat generation is
frequently modeled as proportional to the overall substrate degradation rate, assuming constant
metabolic efficiency. However, recent work has shown that microbial energy efficiency varies
substantially throughout the process due to the ecological succession of consortia, changes in the
dominant metabolic pathway, and local oxygen limitations.

In composting systems for fish waste and meat by-products, these variations manifest as abrupt
thermal peaks that can reach temperatures close to 70 °C, followed by prolonged plateaus. Such
thermal profiles cannot be adequately reproduced using constant coefficients in Equation (12),
highlighting the need for energy models coupled to microbial dynamics and substrate structure.

6.3. Parametric Sensitivity and Predictive Fragility in Structured Models

Increased structural complexity leads to greater sensitivity of the model to parametric
uncertainty. Table 3 summarizes typical ranges of kinetic parameters used in advanced composting
and aerobic digestion models, as well as their impact on the system's dynamic response, according
to recent reviews of the specialized literature [57].

Table 3. Critical kinetic parameters and their sensitivity in structured aerobic models.

Parameter Units Typical range Reported sensitivity Impact on food waste
Variations of up to 400%
Umax day™! 2-12 High between carbohydrates and
lipids
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Strong dependence on

11 - 3 -hich
Ks mg 5-50 Medium-hig substrate type
Reductions of 30-50% in the
. -1 ~
’ mgXmeS 0308 Average presence of inhibitors
b day-! 0.05-03 Low-medium Non-linear increase with
temperature
Kn day -1 0.05-0.5 High in solids Biphasic kinetics in

lignocellulosic materials
This high sensitivity, combined with identifiability problems and the difficulty of obtaining
independent experimental data, limits the predictive robustness of structured models when applied

outside of carefully controlled conditions.

7. The Crisis of Parameterization and the Role of Environmental Corrections

One of the main bottlenecks in the mathematical modeling of aerobic processes lies not in the
formulation of kinetic equations or dynamic balances, but in the reliable parameterization of
increasingly complex models. Despite significant progress in the biological and physicochemical
structuring of models, recent literature reveals a persistent gap between theoretical complexity and
parametric robustness. In a comprehensive systematic review, Zhu et al. [57]. They report that less
than 26% of the studies analyzed incorporate formal sensitivity or identifiability analyses, despite
employing high-dimensional nonlinear models.

This methodological deficit is particularly problematic because most advanced models exhibit
structural or practical non-identifiability, which compromises the physical interpretation of
parameters and severely limits predictive capacity outside of calibration conditions.

7.1. Parametric Non-Identifiability and Mathematical Limits of Calibration

From a mathematical perspective, the problem can be formalized by considering a dynamic
model described by a system of ordinary differential equations with unknown nstate variables and
p parameters, where typically p > n. In this context, parametric estimation using maximum
likelihood or least squares methods is based on the Fisher information matrix, defined as in Equation
(26):

0 d%In L o6
1(8);; = ]E[agi agjl (26)

Where 6 represents the parameter vector and L the likelihood function associated with the
experimental data.

In kinetic and structured models of aerobic processes, the matrix defined in Equation (13) is
frequently singular or severely ill-conditioned, with condition numbers K (I)greater than 103. This
implies that small perturbations in the experimental data can induce large variations in the estimated
parameters, making it impossible to obtain unique and stable solutions. Recent studies have shown
that this non-identifiability persists even when high-time-resolution data are available, due to
intrinsic functional correlations between kinetic parameters such as Upax, Ks, Yand b [58].

Empirical evidence supports this diagnosis. In wastewater treatment processes in the juice and
beverage industry, multiple parameter sets have been observed to {0;} generate statistically
indistinguishable fits with high coefficients of determination, typically R? > 0.95 during the
calibration phase. However, when these same models are subjected to validation scenarios with
changes in organic load or flow rate, the predicted dynamic trajectories diverge significantly,
revealing a structural fragility of the model in the face of operational disturbances [59]. This
phenomenon highlights that a good statistical fit does not constitute a guarantee of mechanistic
validity or predictive capacity.

7.2. Environmental Corrections: Between Empirical Pragmatism and Mechanistic Incoherence
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Given the limitations of direct parameterization, a widespread practice is to introduce
environmental correction functions designed to capture the effect of external variables such as
temperature, humidity, or oxygen availability. However, Valenzuela et al. [60] They indicate that
only 46% of the reviewed models explicitly implement this type of correction, and that in most cases
these are independent empirical formulations.

The most common approach involves modifying the specific growth rate using multiplicative
factors, as expressed in Equation (27):

Heorr = 1= W(T) - P(8) - Y(02) (27)

where Y(T, P (0) and P(0;)represent dimensionless correction functions for temperature,
humidity and oxygen, respectively.

Although this formulation is computationally convenient and improves the local fit of the model,
it has profound conceptual limitations. First, it implicitly assumes that environmental effects are
separable and independent, which contradicts experimental evidence showing nonlinear interactions
between temperature, water availability, and oxygen transfer. Second, it restricts the environmental
influence solely to the growth rate, ignoring that other fundamental kinetic parameters also depend
on environmental conditions.

Both the half-saturation constant and the maximum growth rate should be considered
multivariate functions of the environmental state, as conceptually expressed in Equations (28) and
(29):

Ks =1(T,0,0;) (28)
Hmax = 9(T, 6) (29)

These dependencies reflect changes in microbial affinity for the substrate, metabolic efficiency,
and the structure of the biological consortium, phenomena widely documented in recent studies on
aerobic processes and composting [61].

From a mathematical perspective, introducing empirical environmental corrections can mask
identifiability problems by artificially increasing the number of degrees of freedom in the model,
without necessarily improving its mechanistic consistency. As a result, models are obtained that
adequately reproduce historical data, but whose extrapolation to new operating conditions proves
unreliable.

8. Advanced Mathematical Modeling of Aerobic Processes in Complex Systems

The most recent scientific literature agrees that classical approaches to aerobic digestion
modeling, based on zero-dimensional mass balances and aggregate kinetics such as those described
in Equations (3), (11), and (17), have structural limitations when applied to complex and highly
variable industrial systems, particularly food industry effluents. While these models have proven
useful under controlled conditions, their predictive capacity degrades significantly in the face of
rapid load variations, compositional heterogeneity, and spatial gradients, as has been systematically
documented in recent reviews [62].

In response to these limitations, since 2020 a paradigm shift has been observed towards
approaches that seek to integrate greater structural complexity without sacrificing parametric
identifiability or operational applicability. This shift does not imply abandoning the conservation
principles formulated in Equation (1), but rather extending them through hybrid, multiscale, and
spatially explicit frameworks capable of absorbing additional experimental information and
representing emergent dynamics not captured by traditional models.

8.1. Hybrid Mechanistic-Data-Based Approaches

One of the most significant developments in recent aerobic process modeling is the integration
of mechanistic models with machine learning techniques and advanced statistical modeling. In these
approaches, kinetic equations and dynamic balances derived from first principles, such as the
systems defined by Equations (17)-(19), provide the physical structure of the model, while empirical
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components are used to represent unobservable or poorly characterized processes, such as abrupt
changes in substrate biodegradability or physiological variations in biomass.
From a formal point of view, these hybrid models can be expressed by a coupled dynamical
system in the following way:
dx
Fri f(x,0) + g(x,u,t; ¢) (30)
where f(x, 0) it represents the mechanistic core based on mass balances and biological kinetics,
consistent with Equations (17)-(22), and g(X, u, t; ¢)corresponds to an empirical term learned from
experimental data using neural networks, Gaussian processes or other nonlinear regression methods.
Recent studies have shown that this type of formulation consistently improves prediction under
dynamic conditions, especially in non-stationary load scenarios, without losing interpretability when
empirical learning is restricted to structured residuals of the mechanistic model [63]. However, from
a critical perspective, these approaches require rigorous regularization and cross-validation
strategies, since the indiscriminate incorporation of empirical terms can reintroduce overfitting
problems like those discussed in Section 7 for over-parameterized models.

8.2. Spatially Explicit Modeling and Overcoming the Perfect Mixture Hypothesis

Another fundamental aspect of emerging paradigms is the explicit incorporation of spatial
dimension. As discussed previously, the assumption of perfect mixing implicit in Equations (17)-(19)
and in the general formulation of Equation (22) is an idealization that is rarely met in real, large-scale
aerobic systems. Recent experimental measurements and simulations have confirmed the persistent
presence of spatial gradients of oxygen, temperature, and substrate, especially in reactors with high
particulate organic loading and in food waste composting piles [64].

The natural extension of classical balances leads to formulations based on partial differential
equations, which generalize the mass balance defined in Equation (24) towards a spatiotemporal

description of the type:

ac
= =DV?C —v-VC +R(C,%) 31)

where D is the effective diffusion or dispersion coefficient, Vthe velocity field associated with
aeration or percolation, and R(C, X)the spatial position-dependent biological reaction term.

Equation (31) allows for the explicit representation of phenomena such as diffusive limitations
in solid matrices, local anoxic zones, and decouplings between intrinsic kinetics and transport, which
cannot be captured by zero-dimensional models. However, its practical implementation introduces
significant computational challenges and spatial identifiability problems, which has motivated the
development of order reduction and coupling techniques with simplified CFD models.

8.3. Multiscale Approaches and Reinterpretation of Kinetic Parameters

A third emerging paradigm involves reinterpreting classical kinetic parameters, such as [y,
and Y, Kg not as effective constants, but as emergent quantities resulting from the spatiotemporal
average of underlying microbiological processes. This perspective is consistent with the evidence
presented in Sections 6 and 7, which showed that the parametric variability observed in the literature
cannot be explained solely by experimental errors.

From a formal point of view, this idea can be expressed by an effective definition of the specific
growth rate:

1
Her(®) = T fﬂ Hmiero (SG ), T(x, £), 05(x, ) dx (32)

where {represents the spatial domain of the system. Equation (32) directly connects spatial
formulations such as Equation (31) with the aggregate models discussed in Sections 3 to 5, providing
a conceptual framework for understanding why parameters estimated under different operating
conditions are not directly transferable.
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Recent studies combining omics data, dynamic respirometry, and multiscale modeling have
shown that this reinterpretation improves consistency between levels of description and reduces
empirical dependence on ad hoc correction factors such as those defined in Equation (27) [65].

8.4. Critical Evaluation of New Paradigms

Despite their potential, emerging paradigms do not constitute a universal solution. Hybrid and
multiscale models increase data requirements, computational complexity, and the need for rigorous
validation. In the absence of sufficient experimental data, these approaches can reproduce the same
problems of non-identifiability and predictive fragility discussed in Section 7, albeit under a more
sophisticated technological guise.

Consequently, recent literature converges on the idea that progress in aerobic process modeling
should not be measured by the number of equations or parameters incorporated, but rather by the
coherence between the adopted mathematical structure, the available experimental data, and the
model's operational objective. In this sense, new paradigms should be understood as complementary
extensions of classical models, not as automatic replacements, reinforcing the need for a critical and
progressive approach in the design of models for complex food wastewater effluents [66].
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9. Choice of Modeling Approach in Aerobic Digestion

The choice of modeling approach for aerobic digestion processes represents much more than a
simple technical decision; it is the central element that determines the model's actual capacity to
guide, optimize, and clarify operations in complex, dynamic, and highly heterogeneous systems such
as those that characterize waste treatment in the food industry. While there is a tendency to assume
that greater modeling sophistication automatically leads to more robust results, evidence shows that
this paradigm rarely holds true in practice. In fact, multiple reviews have indicated that the
indiscriminate increase in the number of modeled parameters and processes often leads to problems
of identifiability and low transferability, and even to reduced operational utility of the model when
experimental validation is insufficient [67]. It is imperative to recognize that the goal of mathematical
modeling is not the exhaustive recreation of every detail of the process, but rather the generation of
reliable information that allows for predicting, controlling, and improving results in real-world
industrial operating scenarios [68].

A critical analysis of the literature reveals that, in many cases, the models used are not only
selected without justification but rarely undergo formal stages of sensitivity and parametric
uncertainty assessment, even though robust methodologies for this have been reported for years [68].
In more than two-thirds of the cases reviewed, the correlation between the complexity of the model
and the accuracy obtained is not even discussed, perpetuating poorly substantiated practices that
hinder inter-study comparisons and the consolidation of best practices in the field. This is a
particularly serious problem with food waste, whose compositional profiles vary widely with origin
and seasonality, creating additional challenges for models that assume homogeneity, isotropy, or
only consider soluble substrate as raw material [69].

To address these limitations, the specialized literature emphasizes that the starting point for any
modeling process must be a thorough characterization of the operational objective and the nature of
the residue. Only in this way can an informed decision be made as to whether a simple kinetic model,
which ignores the disintegration and hydrolysis of particulate fractions, will suffice, as may occur in
approximate simulations for pilot plants under constant conditions, or whether, on the contrary,
models integrating sub-stages such as solubilization, cell destruction, and component recalcitrance
will be essential , in line with the postulates of the ASM family and contemporary trends in multi-
stage modeling [69]. In this regard, it is important to note that the use of Monod equations or more
advanced kinetics must be supported not only by theoretical knowledge but also by experimental
evidence, since the joint identifiability of parameters related to biomass, substrate, and product can
rarely be guaranteed without independent microbial dynamics data [70].

Another key criticism is that, despite the proliferation of models incorporating space-time
balances, coupled transport, and even thermal gradient or pH phenomena, most of these
developments lack the rigorous validation that can be provided by experimentation at real-world
plant scale. They often rely on laboratory data which, while useful for fine-tuning, are not
representative of the inherent variability of the industrial environment [71]. Therefore, it is strongly
recommended that all modeling processes be accompanied by a comprehensive validation protocol
that combines global sensitivity testing, uncertainty analysis, and comparative experimentation
across scales. Similarly, the applicability range of each model must be clearly acknowledged, and
unvalidated extrapolations beyond the domains for which it was calibrated must be avoided.

Faced with these challenges, hybrid strategies that integrate mechanistic models with machine
learning algorithms are particularly promising. This allows for real-time parameter adjustments, the
identification of nonlinear patterns that are difficult to model analytically, and an improved model
capacity to adapt to unforeseen disturbances, such as abrupt variations in waste flows [72]. However,
it should not be overlooked that these approaches, while attractive from a predictive standpoint,
present significant challenges in terms of interpretation, computational requirements, and the risk of
overfitting, especially when large volumes of representative, labeled data are unavailable. Therefore,
the recommended pragmatic solution is to favor models of incremental complexity, incorporating
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greater detail only when rigorous quantitative analysis demonstrates a real improvement in
predictive capacity and usefulness for decision-making [73].

In summary, the true scientific contribution to aerobic digestion modeling transcends the mere
construction of complex models and lies in the development of transparent, evidence-based decision-
making processes, systematically subjected to uncertainty analysis, and open to iterative refinement
as new data or knowledge become available. For readers and professionals facing the task of selecting
or building models in this field, it is recommended to explicitly define operational objectives,
thoroughly characterize the waste, initially employ simple models subjected to sensitivity assessment
and experimental validation, and only scale to higher levels of complexity based on the results
obtained, resorting to hybrid and data- driven approaches where traditional systems prove clearly
insufficient or unfeasible. This perspective, supported by reference literature and recent experience,
fosters not only greater scientific robustness but also the generation of plausible solutions to the
specific challenges of waste management in the contemporary food industry.

Table 4 summarizes the distribution of mathematical modeling approaches according to the type
of food matrix, revealing clear patterns in the selection of modeling strategies conditioned by the
physical characteristics of the waste. First-order kinetic models dominate in solid waste composting
systems, where mathematical simplicity and the limited availability of continuous experimental data
favor empirical formulations. In contrast, liquid effluents treated with activated sludge show a clear
preference for models based on Monod kinetics and structured extensions (ASM), reflecting the
greater availability of online sensors and the need for dynamic control in these systems.

Hybrid approaches that integrate machine Learning with mechanistic frameworks show
increasing penetration in matrices of high compositional variability, particularly mixed municipal
solid waste and large-scale composting systems, where traditional formulations exhibit documented
predictive limitations. Partial differential equation (PDE)-based models incorporating spatially
resolved heat and mass balances are concentrated in industrial composting applications, consistent
with the experimental evidence of thermal and oxygen gradients discussed.

Table 4. Distribution of mathematical modeling approaches according to food matrix type.

. Hybrid
. First-order . Heat/mass balances .
Matrix type models Kinetic models (PDE) approaches Main references
(ANN/ML)
Composting of High frequency
L E
food waste (>12 studies) Moderate ow mergent [30]
Composting of .
organic solid High frequ‘ency Moderate Moderate Low [74]
(>10 studies)
waste
ing of Walli
Composting o Moderate (5-8 . (Walling &
plant . High Low Very low Vaneeckhaute,
. studies)
waste/vineyards 2020)
. Aerobic Low High frequfz ney (>15 Moderate Emergent [75]
activated sludge studies)
Mixed municipal . . . (Pastor- Poquet et
High High
solid waste Moderate Moderate ig igh (>5 studies) al,, 2019)
Dairy/meat . .
offluents Low High frequency Low Moderate (Ponsa et al., 2011)
Large-scale .
High £ >
composting Moderate Moderate 16h irequiency -8 Moderate [78]
studies)
systems

10. Model Selection Framework: From Theory to Industrial Application
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The reviewed literature reveals a recurring disconnect between mathematical sophistication and
operational utility. Although the advanced approaches described in previous sections represent
significant theoretical achievements, their practical application in food wastewater treatment plants
requires a systematic selection strategy based on operational criteria, data availability, and design or
control objectives.

Recent critical studies have shown that the uncritical adoption of complex models without
experimental justification frequently leads to greater predictive uncertainty than simpler, properly
calibrated formulations [78]. This modeling paradox reflects structural problems of parametric non-
identifiability, discussed extensively in Sections 7 and 8, which limit the transferability of models
beyond their specific calibration conditions [79].

This section synthesizes a pragmatic decision framework that connects specific operational
objectives with appropriate modeling approaches, explicitly considering the unavoidable trade-off
between biological realism, data requirements, computational cost, and predictive robustness. Table
5 summarizes this integrative synthesis, linking specific industry objectives with mathematical model
recommendations based on the evidence analyzed throughout this review.

Decision Matrix: Operational Objectives and Recommended Models

The selection of the modeling approach should be guided primarily by the operational objective
for which the model will be used. As shown in Table 5, different industrial purposes demand different
levels of mathematical complexity and types of experimental validation. This matrix was constructed
through cross-sectional analysis of the mathematical formulations presented above, integrating the
identified structural limitations and methodological recommendations from recent specialized
literature.

For the preliminary design of reactors, the main objective is to estimate required volumes and
hydraulic retention times under constant load conditions, simple first-order or Monod-based kinetic
models are sufficient, requiring only COD degradation data from batch experiments. However, these
models do not capture substrate inhibition phenomena or variable load effects.

When the objective is to optimize the hydraulic retention time (HRT) in continuous systems, it
is necessary to explicitly incorporate hydraulic dynamics through coupled substrate-biomass
balances in CSTR reactors (Equations 17-18). These models allow the identification of critical washout
conditions (Equation 20) and the evaluation of operational stability under load variations, but they
assume perfect mixing, a limit discussed previously and experimentally demonstrated by Zhang et
al (2023).

For advanced dynamic control applications requiring real-time prediction under variable load
conditions, such as those typical in dairy or meat effluent treatment plants with intermittent
discharges, the models in the ASM (Activated) family are ideal. Sludge Models provide the necessary
multi-component structure (Equation 22). However, their successful implementation depends
critically on the availability of detailed COD fractionation (soluble/particulate, biodegradable/inert)
and continuous dissolved oxygen, nitrogen, and phosphorus data. The high parametric
dimensionality of these models introduces severe structural identifiability problems when data are
limited [80].

Hybrid mechanistic-ML approaches (Equation 30) emerge as a robust alternative for prediction
under highly variable loads or in matrices with fluctuating composition, characteristic of waste from
the beverage or fruit processing industries. These models combine fundamental mass balances with
learned empirical components, improving predictive capacity without completely losing physical
interpretability. However, they require dense time series for training and present a risk of overfitting
when appropriate regularization techniques are not applied [81].

Finally, composting processes with spatial resolution, where significant thermal and oxygen
gradients have been experimentally documented [82]Formulations based on partial differential
equations (Equation 31) that incorporate convective-diffusive transport are required. These models,
although mathematically rigorous, present high computational cost and problems of spatial
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parameter identifiability, limiting their application to research studies or the design of novel systems
rather than to routine operational control [83].
Table 5 systematically integrates this hierarchy of complexity with practical requirements,

providing an operational guide for engineers and scientists facing modeling decisions in real
industrial contexts.

Table 5. Framework for selecting mathematical models for aerobic digestion according to operational objectives
and data availability.

Overatio Recommende
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No dynamic
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11. Conclusions

This comprehensive review underscores that mathematical modeling of aerobic digestion
processes in food waste management has progressed from simplified empirical kinetics, such as first-
order and Monod kinetics, to hybrid and multiscale paradigms that integrate biochemical
mechanisms with machine learning and partial differential equations. These paradigms address
structural limitations such as parametric non-identifiability and numerical rigidity inherent in
idealized assumptions of homogeneity and perfect mixing. However, a critical gap persists between
theoretical complexity and industrial adoption. Factors such as scarce data, stochastic variability in
heterogeneous effluents with fluctuating particulate fractions and loads, along with sensor costs ,
limit applicability, with less than 25% of plants employing formal models. Emerging approaches,
such as hybrid mechanistic-cML models represented in Equation (30), offer promise for robust
prediction under perturbations, capturing nonlinearities and spatial gradients, but require rigorous
validation, regularization against overfitting, and sensitivity analysis to preserve physical
interpretability. The proposed framework prioritizes progressive selection based on operational
objectives, from preliminary design with simple kinetics to dynamic control with ASM or PDE,
balancing biological realism with practicality, and cautions against overparameterization that erodes
predictability. Future research should focus on integrating omics data and digital twins to bridge
gaps, encouraging adoption in SMEs through accessible tools and standardized calibration protocols.
Ultimately, success lies in models not as theoretical ends in themselves, but as operational tools that
enhance environmental sustainability and efficiency in the food industry, aligning with global goals
for circular waste management and emissions reduction.
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