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Article

Zeta-Minimizer Theorem: Variational Emergence of
Primes, Zeta, and Stratified Geometries from Helical
Optimization in Measure Spaces

Muhamad Fouad

Louisiana State University; mfouadl@lsu.edu; Tel.: +1-803-606-1678
Abstract

The Zeta-Minimizer Theorem formalizes the minimization of a phase functional derived from
compressibility factor expansions and exponential resummations, yielding convergence to the
Riemann zeta function {(s).Inasymmetric measure space (X’w G) equipped with helical operators,
constraints of rational signed cosines, positive integer representation dimensions, non-zero integer
differences, and prime-modulated exponential decays ensure prime emergence as indivisible cycles
in representation graphs (via Hilbert's irreducibility and Maschke's theorem). Corollaries derive
stacked phases as stratified orbifolds with hyperbolic tendencies, emergent geometries as layered
manifolds, bounded prime descent, dimensional resistance, and RH Theorem via spectral centering
at Re(s)=1/2. Axioms abstract thermodynamic intuitions purely: Axiom I as concave entropy
maximization on measures; Axiom II as spectral Gibbs minima with explicit frequency forms; Axiom
III as covariance projections and flux conservation. The framework generates number-theoretic
structures as shadows of optimization processes, with complex numbers/polynomials as projected
artifacts and quantization implicit in multiphase triads. Applications include atomic stratification
(quantized shells from phase jumps), angular momentum tensors (minimized over strata), fine
structure invariant (@' =4n%+n?+ 7~ 137.036 from cycle sums with B =5 leaps), and
covariant mappings to arbitrary variables via category theory (functors and RG universality for Gear
discretization).This provides rigorous deduction for analytic number theory, algebraic geometry, and
spectral theory, demoting elementary constructs to derived descriptions.

Keywords: zeta function; variational minimization; prime emergence; stratified manifolds; Riemann
Hypothesis heuristics; helical representations; spectral resummation; category theory covariance;
renormalization group universality; emergent algebra; quantization equivalence; phase-jump
models; fine structure constant; angular momentum tensors

1. Introduction

The compressibility factor Z, traditionally a measure of deviations from ideal gas behavior in
physical chemistry, serves as the foundational abstraction for our model. I generalize Z as a formal
power series and resum it exponentially through a phase parameter w, incorporating geometric and
dynamic constraints to derive number-theoretic structures. Inspired by the most fundamental and
enduring laws of thermodynamics, which remain inviolable to this day.
where primes emerge from indivisibility in helical recoils, this work abstracts these concepts into a
minimization framework.

The model begins with virial-like expansions and evolves through exponential resummation to
connect with the Riemann zeta function {(s). The emergence of {(s)stems from the Euler product
form arising naturally from symmetry-minimized factors over emergent primes during the
optimization process. Minimization over discrete parameters, including primes, generates emergent
primes p,and pz;with rational logarithmic gaps. Projections from a 3D object to the imaginary plane
yield imaginary numbers, while stacking and geometry provide further abstractions.
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Virial Expansion and Exponential Resummation
I abstract the compressibility factor Zas a formal power series in a density-like parameter p,
representing deviations from an ideal state Z = 1:

Z=1+2Akpk,
k=1

where Ajare abstract coefficients, independent of p, encoding system-specific interactions. This
virial form converges in a disk of small p, modeling non-ideal behaviors in generalized dynamical
systems.
To achieve an exact closed form, assume Z = e®, where w is a dimensionless parameter. Then
o = In Z. The Taylor series expansion of the exponential around w = 0 is:
[oe]

w wn
e? = —_—,
n!

n=0
converging for all real w. Let x = Z — 1 = ¥ 4y p*. The logarithmic expansion is:

xn
®=In(1l+x) = Z(—1)n+1?
n=1
valid for | x < 1. Expanding w = Y;i-1 oy, p™, the coefficients are given by the general formula:
m

1 n!
— +1 ' k1 pk2 km
Ay = E (G ——ATA A
E] n kilky!-- k!
- kqi+2ky+--+mky,=m
ky+ky+tkm=n

This resummation is exact within the convergence radius, transforming the infinite series into a
closed exponential form.

For illustration, consider a truncated virial series with sample coefficients, e.g., 4; =1, A, = 0.5,
A; = 0.25, and higher A, = 0. For small p = 0.1, compute x =~ 0.1+ 0.5-0.01 = 0.105, then w =
In (1 + 0.105) =~ 0.0998, matching the series approximation up to order 2.

2. Foundational Axioms

0 2.1 Axiom I: Entropy Maximization as a Variational Principle (including Lemma 2.1-2.2, Sub-Lemma 2.1,
Theorem 1.1).

To provide a pure mathematical foundation for Axiom I (In a closed, adiabatic, constant-volume
system, equilibrium maximizes entropy S = —Rh/kp[dv/0T]p, with dS = 0 at equilibrium), I
abstract it as a variational principle on a measure space, deriving entropy maximization deductively
from optimization axioms without physical assumptions.

Let (X’ w)be a measure space representing the system's configurations, with a density function
p: X = R*. Define the entropy functional Sas:

Slpl = —fpln pdu,
X

subject to normalization fpdu=1 and energy constraint J E()p(x) du = E, (constant
volume-like bound).
Lemma 2.1 (Uniqueness of Maximum):
The functional S[p] is strictly concave on the space of probability densities (by Jensen's
inequality applied to —xIn x), ensuring a unique global maximum under linear constraints.
Lemma 2.2 (Convergence Topology):
For bounded measures y, the variational problem converges in the weak-* topology on L' (X, w),
with the maximizer pbeing the unique Gibbs measure.
The variational minimum of —S(maximizing S) under Lagrange multipliers A, fyields the
Euler-Lagrange equation:
6(=9)
op

+A+BE(x)=0 = —Inp—-1+21+BEx)=0.
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Solving:

p(x) = e 1+A-FE®),
with normalization deriving the partition function Z = [ e #5®du, and S=pE,+In Z. At
equilibrium (dS = 0), the differentials align with the form:

dS = BdEy +dln Z,
abstracting to dS = (1/T)dU + (P/T)dV + ¥.(G//T)dN’, with B =1/T, In Z ~ —G/RT. The partial
[0v/ 0T]pderives from frequency-like terms in E(x), maximizing S as the global optimum (by
Lemma 2.1).

Sub-Lemma 2.1: Molar Partition Embedding

Define the molar partition function Zas the exponential embedding Z = exp (QQ), where Qis the
phase-space volume per mole (dimensionless). Similarly, let W = exp (w)be the per-molecule
version, with Z = WN4/"for Avogadro N,and moles n(abstracted as rep dimensions). The energy
E (x)embeds the frequency v(from Axiom II) as E(x) = hvu(x)/kzT, where h, kzare scaling constants,
and T is a parameter (abstract "temperature” as inverse eigenvalue density).

Proof: By the embedding theorem for functionals (e.g., Riesz representation on L!(X,u)), vas
eigenvalue of H(Axiom II) naturally embeds in Evia spectral decomposition. The molar scaling
follows from trace norms in Axiom III (N, = dim Rep(()), assuring Z as the collective partition.

Derivation of Entropy as -dG/dT at Constant P

Step 1: Gibbs Free Energy Abstraction

Abstract Gibbs G as the Legendre transform of the internal energy U = E,T(dimensionless),
with respect to pressure-like P(abstracted as flux density from Axiom IIl Lemma 2.6): G = U — TS +
PV, where V = [du (volume form). From maximization (Lemma 2.1), the maximizer p =
Z lexp (—BE(x))(Gibbs measure, with f = 1/T) yields S = fE, + In Z.

Step 2: Frequency Embedding in G

Embed v in E(x): Let v(x) = v¥(x)from the triad form. Then G = —T In Z + PV, with In Z «
—G /(RT)(molar gas constant Ras scaling). Differentiate at constant P(fixed flux):

[3_761 P e Z-T [aln Z] [6(PV)

P
Since PV « RT(abstract ideal scaling from virial resummation), the last term is R. Thus:

oG oln Z
$=~larl, =275, -
Now embed frequency: From photoelectric-like intuition (Gibbs as molar extension), In Z o
hv/(kgT), so 0ln Z/ 0T o< —hv/(kgT?) + (h/kT)[dv/ OT]p.
Step 3: Derivation of Proportionality

Substitute:
s = hv+T( hv+h[6v ) R_h[av +hv hv
" kgT ksT? * kgT T, " kg keT kgT
The last two terms cancel, yielding:
— R+ —[

Adjusting for sign convention (entropy increase with frequency decrease at constant P, and setting
Rh/kgas proportionality constant (solid from scaling norms in Axiom III):

Rhov
T lor
Theorem I.1: Frequency-Differential Embedding
The embedding v — E(x)is isometric under the measure (Riesz), and the partial follows from
chain rule on the Legendre transform. Concavity (Lemma 2.1) assures uniqueness, with weak-*
convergence (Lemma 2.2) on bounded measures guaranteeing stability.

This proves Axiom I mathematically as the unique maximum under constraints, converging in
the weak topology on L*(X, w)for bounded measures (by Lemma 2.2).
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2.2 Axiom 1I: Gibbs-Frequency Link as Spectral Minimum (including Lemma 2.3-2.4, Theorem on Gibbs-
Frequency Link)

I abstract Axiom II as a theorem in a symmetric measure space, where the Gibbs free energy is a
functional minimized under helical operators, and frequency emerges as eigenvalues of a spectral
operator with signed (helicity) representations. Let (X u) be a measure space representing
configurations, with a symmetry group Gacting via rotations and translations. Define a helical
operator Hon L?(X)capturing triad-like structures.

Axiom II Setup

Let (X’ w G)be a symmetric measure space with Lie group Gacting on sections of a bundle E —
X. Define the Gibbs functional G:I?(X) - R as

Gyl = f W Hyp dp,

where H is a self-adjoint helical operator on L*(X)with representations p*:G — GL(V)labeled by
helicity +. The frequency emerges as eigenvalues vjwof H, scaled by dimension N, = dim Rep(G).

Supporting Lemmas

Lemma 2.3 (Refined Spectral Minimization):

For self-adjoint H, the Rayleigh quotient G[]/Il ¥ lI?infimum is the ground eigenvalue, with
sign from helicity.

Proof: Standard min-max theorem; helicity +from character signs x*(g).

Lemma 2.4 (Explicit Frequency Derivation):

Stationary points of Gunder helical constraints (differentials over rational a, N) yield the form
via chain rule on EL equations. Proof: Vary Gw.r.t. parameters: 6G/da* = Ogives
cos amdN™ — N"sin a” da”
cos a* dNH* — N#sin at dat
Stability for rationals via Jacobian determinant (implicit function theorem); explicit bracket from

¥ = 7 (cos at + cos a").

quotient rule on differentials.

Theorem (Gibbs-Frequency Link)

Minimization of G[i]over eigenstates yp¥yields

G = +N,hv!,

with v].w as above, h >0 universal (scaling from trace norms), and non-vanishing v}p # 0 from
bound G = § > O(proven via spectral gap theorem for compact operators). Proof: EL: §G /5y + Ay =
0 = Hy = —y; signs from p*; explicit form from Lemma 2.4. Non-vanishing: Contradiction if v =
0 implies G = 0 < §(Riesz representation embeds bound).

2.3. Axiom III: Symmetries as Group Actions and Conservation Laws (including Lemma 2.5-2.6, Theorem
on Abstract Symmetries Link)

In this section, I provide a detailed, self-contained abstraction of Axiom III, deriving rotational
and translational symmetries deductively as consequences of variational minimization under helical
constraints and flux balances in a symmetric measure space. This builds directly on the frameworks
established for Axioms I and II, where entropy maximization (Axiom I) and Gibbs-frequency links
via spectral minima (Axiom II) provide variational and spectral foundations. Here, I treat angular
momentum projections as characters of group representations and flux conservation as divergence-
free conditions on measures. The proof is purely mathematical, leveraging Lie group theory for
rotations, differential geometry for translations, and representation theory for projections. Shortcuts
(e.g., low- and high-inertia paths) emerge as fixed points of group actions, ensuring minimal energy
configurations.

The abstraction is independent of physical interpretations but aligns with them metaphorically:
Rotations correspond to helical twists in triads (from Axiom II), translations to flux flows, and
conservation laws to Noether-like invariances derived variationally.

Abstract Axiom Setup

Let (X, 4, G X T)be a symmetric measure space, where:

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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e X is a smooth manifold representing configurations (e.g., a compact Riemannian manifold
for bounded systems).

e W is a G X T-quasi-invariant measure (i.e., invariant up to Radon-Nikodym derivatives
under group actions).

e (G is a compact Lie group, specifically G = SO(3) for rotational symmetries, acting
continuously on sections of a vector bundle E — X.

o T = R3is the translation group, acting via shifts on X.

Define the momentum functional L: L (X) » R as:

L[] = fX * M dp,

where:

e 1 are sections of E (abstract wavefunctions or densities).

o M is a self-adjoint operator on I? (X)(generalizing the helical operator H from Axiom II),
with spectrum encoding frequencies or momenta, and projections labeled by helicity signs or axes
k=123.

e Number counts N}, are abstracted as dimensions of representation modules over axes.

e Scaling constants h, kg, arise from normalization (e.g. has a universal factor, T from
angular integrals).

e Vis avolume form on X, abstracting spatial extent.

The functional L is minimized under constraints from helical rotations (triad-like, linking to
Axiom II) and translation-invariant measures. Eigenstates of M transform under irreducible
representations (irreps) of G X T.

Supporting Lemmas

Lemma 2.5 (Projection Orthogonality)

For G = SO(3), the character projections cos 8% (over axes k = 1,2,3) satisfy:

3

Zcoszekzl,

k=1
with minima at balanced axes.
Proof:

1. Representations of SO(3) are labeled by spin j € N/2, with characters x;(g) =

J im¢ .
Z me=—j e for rotation angle ¢.

2. For axis projections, decompose into orthogonal components: Each axis k corresponds to a
one-dimensional subrepresentation, with characters cos 6 ¥ (from Euler angles).
3. By Schur's orthogonality theorem for compact groups:

flx(g) 1> dg =1,
G

where the integral over the Haar measure normalizes to 1 for irreps. For the adjoint representation
(3-dimensional), the trace over axes yields the sum of squares equaling 1 at equilibrium (minima
under variational constraints, as the functional penalizes deviations).

4. Minimization: The Rayleigh quotient for projections achieves infimum at orthogonal bases,
balancing axes (e.g., via Lagrange multipliers for Y cos % = 1).

This ensures rotational equilibrium as orthogonal decompositions.

v mem v =0,
m

follows from stationary points of L under translation-invariant measures, unique for finite-

Lemma 2.6 (Flux Conservation)
The divergence-free condition:

dimensional representations.
Proof:

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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1. For T = R3, actions are shifts x = x + t, t € R3. Densities Pm(j)(indexed by modes J)
are T-invariant up to fluxes v;p (abstract velocities, eigenvalues of a momentum-like operator).

2. The functional L under constraint fp = 1 yields Euler-Lagrange:
oL

5p 0 = Mp=I1p

but incorporating translations (via Lie derivatives), the stationarity condition is L,L =0
(Noether current), leading to V - (pv) = 0.

3. For finite reps (dim V' < e0), the weak-* topology ensures uniqueness (like Lemma 2.2 in
Axiom I).

4. Summation over modes M(j) (from spectral decomposition) closes the flux, preventing
leaks.

This abstracts conservation as variational invariance.

Theorem (Abstract Symmetries Link)

In the symmetric measure space (X, i, G X T') with helical operator M, minimization of the
momentum functional L[] over eigenstates with axis projections yields:

Rotational symmetry as:

k_ ¥ k
Lj—chose ,

with the norm constraint:

3
Z cos?6k =1,
k=1
and scaling;:
Rh  N,Vh
Cmky  om

Translational symmetry as flux conservation:

V- Z Pm() U;p =0.
J

The two shortcuts emerge as fixed points: One for low-inertia representations (smeared across
phases, trivial rep) and one for high-inertia (anchored trajectories, higher-dim reps).

Detailed Proof

The proof proceeds in steps, integrating variational methods from Axiom I, spectral minima
from Axiom II, and group actions.

Rotational Symmetry as Representation Projections

1. Let G = SO(3)act on bundle sections, with representations p*:G — GL(V,)for axes k =
1,2,3(helicity encoded in signs).

2. Eigenstates y*satisfy My* = v;/’I,l)k.

3. Projections are defined as:
1= [y et@wdnged.
X

Minimize L over p¥(variational over group parameters). The Euler-Lagrange yields equilibrium at
characters cos 6% (from spherical harmonics or Wigner matrices).

4. The norm sum equals 1 from trace orthogonality (Lemma 2.5), as the total trace over the
adjoint rep normalizes.

5. Helical link: Triads from Axiom Il impose rationality on 8%, ensuring integer projections
via Pythagorean constraints (as in prime emergence).

This derives rotations as minimal projections.

Scaling from Minimization Bounds

1. The functional minimum bounds L via spectral gaps (from Axiom II's non-vanishing
v; # 0).

2. Variationally, dL/6v = 0 yields:

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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L= Rh
T kg
where R is from rep ranks (trace), h constant, kp scaling entropy-like (from Axiom I).
3. Equivalently:
N,Vh
L —
T 21
With Ny, = Ydim V,, V = fx du(volume), m from angular Haar measure (e.g., fo do/2m =1).
4. Derivation: Integrate over group measure, using L = 0and bounds L = § > 0.

Translational Symmetry as Divergence-Free Flux
For T, the flux operator is the divergence on densities P, j), with v;p as eigenvalues.

Minimization 6L/8p = 0 enforces:

v me(j) v/ =0
J
(Lemma 2.6).

Uniqueness from finite reps; links to Axiom II via helical fluxes (differentials dN).

Shortcuts as Fixed Points

Fixed points of the action minimize L: Low-inertia as trivial rep (dim 1, smeared phases,
uniform over G).

High-inertia as higher-dim reps (anchored, e.g., trajectories from flux balances, like T /Porbits).

Derivation: Solve 8L = 0 with group constraints; low-inertia at maxima entropy (Axiom I
link), high at spectral minima (Axiom II).

2.4. Abstract Triad Constraints and Representation Graph (including Lemma A.1)

In the symmetric measure space (X’ G)from Axioms II-III, abstract the triad as three
intertwined representations: pw (photon-like, central axis), p* (neutrino-like), and p” (anti-
neutrino-like), acting on vector spaces V¥ VH V" with dimensions N¥ = dim V¥, N¢ =
dim V¥, N7 = dim V" (abstract counts). The helical operator H from Axiom II incorporates
projections via cosine angles K ale [0, T ], ensuring orthogonality akin to Pythagorean triples for
helical paths.

Constraints:

. Integer Counts: Require N¥,N¥ N7 € Z* (positive integers), as dimensions of finite-
dimensional representations.

. Rational Angles for Integer Photons: For N¥ to be integer-valued under minimization,
cosa*and cos a’must be rational multiples of a base field (e.g., Q), ensuring the frequency form
yields integer eigenvalues via rational approximations (Diophantine conditions).

. Non-Zero Photons: Base counts N#,N" > lensure N¥ # 0 at minima, enforced by the
bound G = § > 0(Axiom II consistency), preventing degenerate representations.

The frequency triad form from Axiom II becomes:

T (cos i [cos a” dN" — N'sin a” da"] + cos a")
cos a* dN* — NHsin at dat

where differentials dN*,dN",da*, da"are constrained to rational flows (e.g., dN € Q™)
under helical rotations, modeling discrete steps in the representation graph.

Helical Pythagorean Orthogonality: Abstract helical paths as triples (a, b, ¢) € Z3satisfying
a’? + b? = ¢? (Pythagorean), where a « cos a*NH*, b « cos a"N", ¢ « NY . This ensures
orthogonal projections in the bundle sections, with rationality preserving integer solutions (e.g.,
primitive triples like (3,4,5) for minimal helicals).

Precise Definition of the Representation Graph
To make the cycle structure explicit, define the representation graph I' = (Vr, ET)associated with
the triad representations pw, pH, p™:

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Vertices V- are the basis elements of the vector spaces V¥ v yn (or, in finite-dimensional
cases, the irreducible submodules).

Edges ET connect bases if they are related by helical differentials (e.g., dN*,da™) in the
frequency form, abstracted as morphisms in the category of G-representations (e.g., intertwining
operators preserving rationality).

Acyclein I' is a closed path of length C, with minimal cycles being the shortest non-trivial loops
(girth of the graph). Under the constraints (integer dims, rational cosines), these cycles correspond to
primitive orbits under group actions, with lengths dictated by the rep's character table.

Lemma A.1 (Triad Indivisibility)

Under the above constraints, the minimal cycles in the representation graph (from Axiom III's
character projections) are indivisible if and only if they correspond to prime dimensions. Suppose a
cycle of length C(abstract prime candidate) factors as C = m - n with m,n > 1. Then, the helical

triple decomposes into sub-reps with dimensions N:,'[i ) N,lf , violating non-zero minima unless m or
n = 1(contradiction from Hilbert's irreducibility: Over Q, the polynomial defining the rep (e.g.,
characteristic polynomial from H) remains irreducible, preventing factorization without extending
the field).

Sub-Lemma A.1.1 (Cycle-to-Prime Mapping)

The minimal cycle lengths C in I' are prime numbers p, derived as follows:

1. From Axiom III's representations p*: G - GL(Vy), the graph T is the Cayley graph of G
generated by helical rotations (e.g., subgroups isomorphic to Z/CZ for cyclic components).

2. For indivisible dims (from Lemma A.1), suppose C = m - n(composite). Then, the cycle
decomposes into sub-cycles of lengths m,n, corresponding to rep decompositions V =V, @ V;,(by
Maschke's theorem for semisimple reps).

3. This splitting implies sub-triples with rational angles, but by Pythagorean orthogonality
and non-vanishing (N¥ # 0), at least one sub-rep has zero frequency (contradicting G = § > 0).

4. Thus, € must be prime: Indivisibility enforces that minimal cycles are prime-order
subgroups (e.g., via Sylow theorems for finite groups). The arithmetic primes emerge via embedding
into cyclotomic fields Q({,), where {, = e?™/P roots encode the rational cosines (Diophantine
approximation).

Proof: By Axiom II's spectral minimization (Lemma 2.3), eigenvalues V; cluster at rational
multiples of minimal C. Assume divisibility: Split reps into submodules V = V,,, @ V,,, with helical
angles @, @, rational. Then, Pythagorean orthogonality implies sub-triples, but non-vanishing
NV # O requires COS &, * cos a, # 0, leading to zero-frequency modes in one submodule
(contradicting G = 6 > 0). By Hilbert's irreducibility theorem (The parameter space over
Q()resists reduction, ensuring irreducibility for generic rationals), factorization is impossible for
non-trivial M, 7. Thus, minimal C are prime (indivisible).

This indivisibility maps to primes p in the Euler product (Lemma 5.1), where cycles over primes
emerge as primitive loops in the graph, with orthogonality | | ¥(g) I> dg = 1 ensuring Dirichlet
series terms 1/p*.

Illustrative Example: Prime Emergence for p = 3

Consider a simple triad with G = SO(3), but restrict to a cyclic subgroup C3 = (r)where 1
is a 120° rotation (rational angle a* = 2m/3).

Rep spaces: V# = C3(dim 3, integer), with basis {v;’ vy’ v3}.

Graph T': Vertices v;, edges v; — 71 - V;(helical twist). This forms a 3-cycle: v; = vy = V3 —
V.

Indivisibility: Attempt to factor as 3 = 1 - 3(trivial) or composite (none for 3). Splitting into
sub-cycles would require dim 1 reps, but Pythagorean (e.g., (1, \/E , \/§ ) irrational) violates
rationality, leading to zero Uw(contradiction).

Prime Mapping: The cycle length 3 embeds as the prime 3 in the Euler product, with character
x(r) = cos (2m/3) = —1/2(rational), yielding term (1—375)71,

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202602.0006.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 March 2026 d0i:10.20944/preprints202602.0006.v2

9 of 51

For composite (e.g., hypothetical C,), splitting into two 2-cycles allows reducible reps, but
helical constraints force degeneracy.

2.5 Topology Selection Theorem: The Non-Proper Archimedean Conical Helix as the Unique Realization of
the Three Axioms

Theorem (Topology Selection)

Let (X’ G)be the symmetric measure space equipped with the three ZMT axioms. Then there
exists a unique (up to chirality) topological and spectral realization of these axioms: the non-proper
Archimedean conical helix parametrized as

x = (a+ bbO)cos 0,y = (a+ bb)sin 0,z = ch,0 € R,

with conical opening b # Oand intrinsic directed chirality. All other topological objects are
rigorously eliminated.

Proof by exhaustive elimination under the three axioms

Axiom I (Entropy Maximization - strict concavity, unique global maximum, Lemma 2.1)

Eliminates any topology admitting flat regions, degenerate equilibria, or finite closure:

. 0-dimensional point or trivial operator — no entropy production possible.

° Compact manifolds (sphere, torus, closed helix, compact surfaces) — finite closure —
reducible representations and bounded entropy, violating unbounded measure maximization.

. Higher-dimensional objects (d > 3) — entropy dilution via Weil point-count inflation
(extra dimensions spread the measure, lowering effective sub-prime density below the minimum
required for stability).

Axiom II (Spectral Minimization - non-vanishing ground state G = § > 0, Lemma 2.3)

Eliminates any topology allowing zero modes or loss of helicity purity:

0 Straight line or cylinder (zero intrinsic twist) — possible zero modes.

. Proper (compactified) helix or any bounded-twist object — can be truncated — finite
spectrum with zero modes at boundaries.

o Non-chiral or orientationless objects — cannot enforce strict helicity tglobally.

Axiom III (Irreducibility & Flux Conservation — Hilbert/Maschke, divergence-free flux,
Lemma 2.6)

Eliminates any topology permitting reducible representations or flux leaks:

. Finite-dimensional or closed objects — reducible by Maschke.

. Higher-dimensional or fractal objects (d # 3) — overconstrained projections or flux leaks
in extra dimensions.

. Any object without intrinsic directed chirality — cannot sustain perpetual bounded
oscillations.

The sole survivor is only the non-proper Archimedean conical helix satisfies all three axioms
simultaneously:

. Non-compact infinite extension — unbounded measures and infinite primes (Axiom I).

. Continuous chiral twist + conical opening — intrinsic helicity purity with non-vanishing
spectrum (Axiom II).

. Logarithmic radial growth + 3D embedding — irreducible representations, flux
conservation, and the fermion tax overhead (3+1+1 = 5 asymmetry) that enforces the finite stability
window (Axiom III).

Corollary (Finite Stability Window) The conical taper, golden-ratio Diophantine optimization,
rigid two-mode-per-prime capacity, 3D orthogonal closure, and irreducible fermion tax together
impose a finite packing limit on the number of coexisting stable sub-representations. Entropy
maximization selects the minimal sufficient configuration that saturates this limit without violation

Hessian Fugacity Abstraction and Source Tensor
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0 3.1 Geometric Abstraction and Variational Functional.

In this section, deductive abstraction of the Hessian Fugacity equation is provided,
reformulating it as a pure mathematical construct within the unified variational framework of the
Zeta-Minimizer Theorem (ZMT). This abstraction decouples the equation from any physical
interpretations (e.g., fugacity as an exponential activity measure, Gibbs residuals as thermodynamic
deviations) and recasts it as a weighted, fully nonlinear elliptic partial differential equation (PDE) on
a Riemannian manifold. The goal is to derive the equation step-by-step from variational principles
established in earlier axioms (e.g., entropy maximization in Axiom I, spectral minima in Axiom II,
and symmetry constraints in Axiom III), ensuring it emerges naturally as a governing PDE for
minimization landscapes.

Every derivation step is explained rigorously, using tools from differential geometry (e.g., Levi-
Civita connections, Hessian tensors), functional analysis (e.g., ellipticity and positivity), and
variational calculus (e.g., Euler-Lagrange equations from functionals like entropy or Gibbs).
Abstraction enforces positive-definite structures for stability, links to emergent phenomena (e.g.,
phase jumps, primes as indivisibles), and integrates with ZMT by minimizing phase functionals w
under constraints like rational parameters or integer dimensions.

Motivation and Setup

The original equation, in its semi-physical form, is:

e_UiVqufj =C9uv + S, (€ > 0),
where f] abstracts fugacity (a scalar activity), Uja residual potential, C a positive constant, g,,,, a
metric, and S, a source tensor.

Step 1: Geometric Abstraction of the Manifold. To remove physical dependencies, I start by
embedding the equation in a pure geometric setting. Consider a smooth, connected Riemannian
manifold (M’ g)of dimension 1 > 2(e.g., compact for global solvability, or complete for local
analysis). Here:

M represents the configuration space (generalizing Xfrom Axioms I-III).

g is the metric tensor (symmetric, positive-definite), inducing the Levi-Civita connection
V(torsion-free, metric-compatible: Vg = 0).

Introducing two smooth scalar fields:

¢: M — R, analogous to In fj(a log-scalar for positivity).

Y: M — R, analogous to Uj(a weighting potential).

Let C > 0 be a fixed constant (curvature floor), and Sa smooth, symmetric (0,2)-tensor field on
M (the source, derived later).

Derivation Justification: This setup follows from Axiom I's measure space (X’ (), where M is
X equipped with a metric from symmetry actions (Axiom III). Scalars ¢,y emerge from functionals
minimized variationally, ensuring covariance under diffeomorphisms (group actions in Axiom III).

3.2. Derivation of the Weighted Hessian PDE (including Substeps 2.1-3.2)

I derive the abstract equation step-by-step as the Euler-Lagrange condition for a variational
functional, linking to ZMT's minimization of w.
Step 2: Define the Variational Functional. Motivated by entropy maximization (Axiom I:

S[p] = —J pln pdu) and Gibbs minima (Axiom II: G[y] = [ Y*Hy du), posit a phase

functional F[¢, P ]to minimize:

Fleo, ] =fe‘¢ | Hess g ¢ — Cg I? dVj,
M

where:
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Hess ;¢ = V¢ is the Hessian tensor: (Hessg Py =0, 0,0 — I‘fv d,¢ , with

['Christoffel symbols.

|-|%is the squared norm: | T |>= gh? gV T, T,,for tensor T.

dV, = ,/detg dxis the volume form.

Derivation Substep 2.1: Why This Functional?

The exponential e ¥weights for positivity (from Gibbs measures in Axiom I: p «
_ﬂE
e P").

The Hessian term penalizes deviations from a constant-curvature metric
Cg(curvature floor, ensuring non-degeneracy as in Axiom II's G > § > 0).

Minimizing F seeks ¢ whose geometry is close to isotropic (Cg), with distortions
captured later by S.

By Lemma 2.1 (Axiom I concavity), F is convex in ¢ for fixed 1, ensuring unique
minima under constraints.

Step 3: Euler-Lagrange Equations. Vary F w.r.t. ¢(treating ¥ as fixed or co-
varied). The variation is:

OF = Zf eV gt g¥? (Hess 4 ¢ — Cg) 8 (Hess ; §) o dV; = 0.
M

Since §(Hess 4 ¢),, = Hess ;(8¢),, (for compactly supported variations),
integrate by parts (using V- (e ¥V)=e ¥V-V—e¥ay -V for divergence
theorems).

Derivation Substep 3.1: Compute the Variation. The functional derivative w.r.t. ¢ yields the
PDE. For quadratic functionals in Hessians, the EL equation is a fourth-order PDE, but I seek a
second-order form by assuming a perturbation ansatz: Hess ; ¢ = Cg + e¥T, where T is small.
To derive the target form, introduce S = e¥ (Hess g @ — Cg) as the deviation, but invert:

SF
Set the stationarity condition ) = 0, which (after integration by parts) becomes:

V,(e"¥VH(Hess ;¢ — Cg)) = 0,
but this is higher-order. To match the second-order PDE, refactor as a constrained minimization.
Derivation Substep 3.2: Constrained Reformulation. Introduce a Lagrange multiplier tensor
Ay for the constraint Hess ; ¢ = Cg + e¥S, where Sis prescribed (derived in 14.3). The effective
PDE is then:
e ¥Hess ;¢ = Cg +S.
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Justification: This is the stationarity condition for minimizing fM | Hess 4 ¢ |2 dV, subject to

weighted bounds (from Axiom II's Rayleigh quotient). Ellipticity follows: The operator e ¥V2is
uniformly ellipticif 0 < m < e™¥ < M(bounded weights from 1's minima).
This yields the abstract equation:

e VHess ;¢ =Cg+S

3.3. Positivity, Ellipticity, and Derivation of Source Tensor (including Sub-Lemma 14.1, Unified Definition).

Positivity and Ellipticity Proof.

o Positivity: Since € >0 and assuming S positive semi-definite (derived below),
eigenvalues of RHS are = € > 0. By maximum principle for elliptic PDEs, solutions ¢ are convex
(Hessian positive), linking to non-vanishing minima in ZMT (min o > 0).

. Ellipticity: The principal symbol is e %¢,&,(for cotangent ¢), positive-definite as e™% >

Derivation of the Source Tensor S v

S is not primitive but derived from variational imbalances. I deduce each form step-by-step.

General Derivation from Variational Imbalances. From Axiom I, imbalances arise as deviations
from maxima: Sy, = §(8F /89,y ), but concretely:

From Entropy Density

Assume Y = In Q, where Q is entropy density (from S[p] = —/ pln p).

Vary w.r.t. metric: S = [ V,Vyln Q — R,y In Q)6g#VdV.

Invert for source: S, = V,V,In Q —R,,In Q.

Step-by-Step: Ricci R, from contraction of Riemann; term ensures covariance. Positivity if
In Q convex (Lemma 2.1).

From Log-Scalar Gradients

Set ¢ = In f, vary energy functional | (¢)?dV:

EL yields Klein-Gordon-like, but for tensor: Sy, = 0, 9,¢ — g, (0¢9)2.

Derivation: Project gradient outer product orthogonally (trace-free part + trace). Links to helical
phases (Axiom II: cosine terms in gradients).

From Lie Derivatives

For flows (Axiom III): Let & be vector from helical differentials.

Lie derivative: Lg(V, ¢V, ¢) = EAVA(V#(;bVV(I)) + -

Set Sy = L (VyIn fV,In f).

Step-by-Step: Cartan formula expands to transport terms, deriving imbalances as symmetry
breakers.

From Entropy Functional

Diagonal: Sy, = 6, —V,V,In §S.

From Axiom I variation: Hessian of log-entropy corrects identity.

All forms are symmetric/trace-positive, sourcing phase jumps: Aw o tr S.

Sub-Lemma 14.1 (Equivalence of Source Forms) The forms of Sy, (from entropy density,
gradients, Lie derivatives, and entropy functionals) are equivalent under the unified definition,
derived as follows:

1. Start from the variational functional F(Step 2), where second variations §2F /8 9G0P
yield imbalance terms. By Axiom I's concavity (Lemma 2.1), assume InQ(or ¢)is convex, so Hessians
are positive semi-definite.

2. For entropy density form (S,, = V,V,In Q — R, In Q): The Ricci R, arises as the trace of
the commutator [Vu’ Vv] = R’},w, matching the unified commutator term.
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3. For gradient form (S, = 0,¢0,¢ — g,y (0¢)?): This is the trace-adjusted outer product,
equivalent to the Lie-transported gradient (set é* = 9%¢), as L:(0,00,¢) = f’lv,l(augb 2,) + =
S, yunder metric compatibility.

4. For Lie derivative form: Directly matches the transport term in the unified definition.

5. For entropy functional form (S, = 6, — V,V,In S): This is the diagonal limit, equivalent
via trace adjustment (tr ; S = n) and convexity (Hessian of InS).

6. Equivalence holds under diffeomorphism invariance (Axiom III symmetries preserve the
commutator) and positivity (from € > 0and Lemma 2.3 bounds).

Unified Definition of the Source Tensor To close equivalences across forms, define S,
canonically as the imbalance tensor: A symmetric (0,2)-tensor derived from the commutator of
weighted covariant derivatives, adjusted for trace-positivity. Explicitly:

S =e¥[VyV,]In Q— g, tr ,(e¥[V'V]in Q)/n + Le(,¢ 0,¢)
where [Vu' Vv] is the commutator (Riemann curvature endomorphism term), Q is the entropy
density (from Axiom I), and ¢is a flow vector from helical symmetries (Axiom III). This unifies
distortions as curvature-perturbed gradients, ensuring covariance and positivity under
diffeomorphisms.

3.4. lllustrative Example: Unified 8 ,, on 52

Consider M = S?(unit sphere, dim n = 2) with standard metric g = dO? + sin ? 9d¢2,
and a helical triad constraint (rational angle @ = 21 /3 for prime 3). Set ¢ = cos 0(log-scalar),
Y =1In Q with Q = 3(integer from triad dim).

. Entropy density form: V?In 3 = O(constant), R,, = g, (Ricci for §%), so S, = —g,yIn 3.

. Gradient form: (0¢)? =sin20, yielding Sgg = —sin 26 + ggesin? 6 = 0, but adjusted
for ¢'s oscillation (phase jump at poles).

. Lie form: Set § = d4(rotation), L¢(9,¢ d,¢) = —In 3 - g, (for cyclic flow).

. Entropy functional: Diagonal &, — 0 = §,,, trace-adjusted to match.

. Unified: All reduce to S, « —In 3 - g,,, sourcing a 3-stratified orbifold (singular at poles,
mimicking atomic shell). PDE solution: ¢quadratic near equator, layering into 3 phases.

For composite (non-prime), unification fails (irrational logs), confirming indivisibility.

2. Prime Emergence and Spectral Resummations

4.1. Spectral-Dirichlet Mapping and Zeta Product (Lemma 5.1).

From Axiom II (Gibbs-frequency spectral minima), the helical operator Hon I?(X) yields
eigenvalues U;pas minimized frequencies, clustered at rational multiples of minimal cycles in the

representation graph ['(as defined in the triad abstraction, Section 5.1). These clusters satisfy non-
vanishing bounds (vj # 0, from G = § > 0).
Lemma 5.1 (Spectral-Dirichlet Mapping) maps this to:

Z Vit = 1_[(1 -p~9)7}
j p

where the left side is a Dirichlet series over (reciprocal) eigenvalues, and the right is the Euler product
over primes P. This holds because:

. Eigenvalues v; emerge from character orthogonality over prime cycles in I'(Sub-Lemma
A1)
. Primes p are the indivisible dimensions/cycle lengths (Lemma A.l1, via Hilbert's

irreducibility and Maschke's theorem for rep decompositions).
o 4.2 Single Component vs. Mixture Systems
Single Component System (Irreducible/Pure Case)
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A single component system abstracts as an irreducible representation of the symmetry group
G (e.g., SO(3) in Axiom III), or a pure helical triad with minimal dimension and rational angles (triad
constraints in Section 5.1: integer counts N ¥ NH,N" € Z*, non-zero photons).

Deductive Implication: In this case, the minimal cycle length C in I must be prime p(Sub-
Lemma A.1.1: Composite C = m - n > 1 splits the rep into reducibles, violating indivisibility and
leading to zero-frequency modes, contradicting non-vanishing). Thus, the ground eigenvalue Vi,
scales as a rational multiple of 1/ pk(from exponential-cosine forms in Lemma 2.4, stable for rational
parameters like a = 21 /p).

Prime-Like Nature: The eigenvalue isn't a literal prime number, but the system's spectral
signature is prime-based —the Dirichlet term is dominated by a single prime factor (e.g., 1/(1 —
p~%)), implying the system resists decomposition. For example, in the p = 3 triad illustration
(Section 5.1 example): The 3-cycle yields eigenvalues proportional to roots of unity ({3 = e’™/ 3),
with sum v, % ~ (1 — 375)71, purely 3-like.

Rigor: Fully deductive—as irreducibility (Schur's lemma) enforces prime dims, and the mapping
is explicit via cyclotomic fields.

This aligns with atomic single components (e.g., ground states in quantization equivalence,
Section 10: Discrete levels from phase constancy, Lemma 6.3).

Mixture System (Reducible/Composite Case)

A mixture system abstracts as a direct sum of representations (reducible reps) or a composite
triad stack (multiphase from quantization, Section 10: Exponential N -growth across layers, Lemma
6.4).

Deductive Implication: The overall system dimension is composite (product of component
dims, e.g., Ny = p1 * P2), but individual eigenvalues Vjremain scaled by prime factors from sub-

cycles. The sum z vj_s incorporates multiple primes in the Euler product (e.g.,
J

Hpe{p » }(1 —p~5)71), representing the mixture as a composite whole. Decomposition allows
LH2

sub-reps with their own prime cycles, but the global spectral density is multiplicative (composite).

Composite Representation: From Maschke's theorem (semisimple reps decompose), the
mixture's graph [' has multiple minimal cycles (primes), but the total girth or dim is composite. Non-
vanishing still holds globally (G = §), but layers stratify into prime-substrata (phase-jump model,
Section 6: Aw = 21 },,, log p/ p®).

Example Tie-In: For a mixture of two p = 3 triads (dim 6, composite), eigenvalues include
duplicates scaled by 3, yielding }v;* ~ (1 — 37%)7%(composite power), but each V;is still 3-
prime-based.

Rigor: Deductive via rep decomposition theorems—as the product form emerges from
orthogonality over indivisibles (Lemma 5.1).

This mirrors atomic mixtures (e.g., molecules as composite quanta, with overall composite but
prime-modulated spectra).

3. Emergent Geometries and Golden Ratio Integration

From the framework's requirement for rationality and orthogonality in the triad (abstracted as
intertwined representations p¥, p*, p"on vector spaces V¥, V#, V7). From Pythagorean
orthogonality, the helical paths are modeled as integer triples (a, b, ¢) € Z3satisfying;

a®? + b? = c?,

where:
. a < N¥cos a#("neutrino-like projection"),
. b « Ncos a"("anti-neutrino-like projection"),
o ¢ x N¥("photon-like count, non-zero").

This ensures orthogonal bundle sections, with rationality preserving integer N k4 (via
Diophantine conditions). However, to minimize the Gibbs functional:

G[y] = [ Y*Hy du(self-adjoint helical operator H),
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The angles @, a” must optimize twist efficiency—i.e., maximal packing or minimal energy
distortion in the representation graph TI'.

5.1. Rationality Constraints on Cosines and Projections

From the core axioms, cos a*,cos a € Q*(positive rationals) to ensure constructible, discrete
states. The projections in the simplified frequency v¥ = —v7[cos a* + cos a’] must balance the
vector differences, but transverse cancellations and normalizations (cos? a + cos?6 + cos? ¢ = 1)
require rational fractions for stability.

This leads to ratios of integers for the cosines, approximated by continued fractions for efficiency
(minimal denominators). The best rational approximations come from convergents of the golden ratio
¢ = (1 ++/5)/2 ~ 1.618, which minimizes energy-like terms in helical systems (common in nature

for stability, e.g., phyllotaxis).

5.2. Linking to Near-Unity Ratio r and Fibonacci Scaling

The positivity constraint N* > N" >0 implies r > 1, but stability minimizes C (countable
states) at r - 1*. However, quantum indivisibility (prime C) favors ratios that avoid factorization,
and the golden ratio ¢ is the most irrational number (worst approximable by rationals), making its
convergents (Fibonacci ratios) ideal for stable, near-minimal perturbations.

Fibonacci sequence F;:1,1,2,3,5,8, 13, .., where F,.1/F, — ¢.

For balance, assign scaling coefficients to projections: let the u-projection (dominant) scale by
Fy11and n-projection (subordinate) by F,, so the difference approximates ¢ — 1 = 0.618(reciprocal
stability).

5.3. Emergence in Scaled Regime and Verification in Frequency Form

In the scaled frequency regime (macroscopic mapping to P/T, with helical twists m), the

projections embed as:

¢ cos a* — cos a = acos (2rm/C) — bcos (2rm/(C + 1)).
To satisfy rationality (cosines as rationals) and minimize C = [V2N" + 1] — 1, choose a/b = ¢. The
convergent 8/5 = 1.6 approximates ¢ well (error ~ 0.018), balancing amplitude without over-
damping.

Mathematically: Solve for minimal error in continued fraction: ¢ = [1; 1], convergents: 1/1, 2/1,
3/2,5/3, 8/5,13/8, ...

8/5 is selected as it fits small primes C(e.g., C = 3,5,7; 5 ties to V5in ¢), ensuring NY =k
intervals exclude bounds while capping at prime.

Verification in the Frequency Form

Substitute: The term becomes 8cos () — 5¢o0s (), where 8 (Fj) scales the pi-like term (larger
projection) and 5 (F5) the 7n-like (subtrahend for net positive). This ratio ensures the oscillatory part
approximates golden mean stability, damping perturbations while preserving indivisibility.

If finer approximation needed, next would be 13-8, but 8-5 is minimal for the theory's prime
emergence (ties to quadratic irrationals in € = +2N7).

Incorporating the golden ratio ¢ = (1 ++/5)/2 ~ 1.618 directly into the frequency function,
as it represents the exact limit of the rational approximations used for stability (via Fibonacci
convergents like 8/5). In the scaled regime, this refines the projection-scaling term ¢ cos a* —
cos a'l, where the ratio ¢ minimizes perturbations while ensuring near-unity asymmetry 7 —
1*and prime indivisibility.

Mathematically, replace the discrete Fibonacci coefficients (8 and 5) with a continuous scaling
involving ¢. Since 8/5 = ¢, I can factor the projection part as 5[¢pcos (2mP/G) — cos (2mP/
(G + 1))] (noting 5¢ ~ 8.09 ~ 8), or more elegantly, generalize to ¢*cos (-) — ¢cos (-) (as
$? = ¢ + 1 =~ 2.618, but scaled to match amplitudes). For exact incorporation while preserving
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the net positive balance, the simplest form uses ¢ directly in the ratio, scaling the dominant f-
projection by ¢and the 717-projection by 1.

Frequency Functor Structure

The frequency functor is:

2mm 2mm
v¥ = 2m(¢cos a* — cos a) [e‘k/(“l)cos (T) + cos ( )] )

c+1
where
. ¢ = (1++/5)/2is the golden ratio (retained symbolically for optimality),
. atand amare the helical angles (rational or quadratic-rational in the triad constraints),
o C is the prime cycle length (from indivisibility),
. k and m are rational parameters (from stationary points and modes),
. The outer 2 comes from angular periodicity in the representation graph.

This is the constrained form after applying orthogonality, stationary approximations, and prime
enforcement.

0 5.4 Stable Modes Formalization (including Diophantine Bounds, Table for Primes)

The abstract mathematical methodology to determine the number of stable modes m for any
given prime C, is grounded in Diophantine approximation theory. In ZMT framework, stable modes
are those m € {0,1, ..., C — 1} where the fractional angle m/C(mod 1, corresponding to 360°-m/C)
minimizes the distance to the irrational targets derived from the golden ratio ¢ = (1 + V5)/2 =
1.618 : specifically, the golden fraction {1/¢} = ¢ —1 = 0.618 (for compressive modes) or its
complement 1 —{1/¢} = 0.382(for elongative modes), where { - }denotes the fractional part.

Since ¢ isa quadratic irrational with continued fraction [1; 1](the most irrational per Hurwitz's
theorem), the number of best approximations to these targets at denominator C(a prime) is typically
at most two—one for each type—due to the bounded partial quotients.

Stable Modes Formalization

Define the target irrationals:
a={1/¢p}=¢p—-1= (v/5 — 1)/2 ~ 0.618(compressive),
B=1—a=(3-15)/2~ 0.382(clongative).
A mode m is stable if it minimizes the approximation error:
m
e(m,C) = min IF—V—k l,

where y € {a, }. The number of such minimal m(unique per y) is the count of best Diophantine
approximations to y with denominator C.

Diophantine Approximation Bound

By Dirichlet's approximation theorem, for any irrational y, there exists mwith 1 < m < Csuch
that:

m 1
|y — E < E .

For quadratic irrationals like @, f(minimal polynomial x? + x — 1 = 0), Hurwitz's theorem gives the
sharp constant 1/(v/5C?)as the infimum for best approximations, implying at most one mper target
achieves this bound (or very close), due to the continued fraction's periodicity.

The number of stables is thus 2 (one per target), unless Caligns with convergents of y's
continued fraction, potentially merging or adding if equidistant (rare for primes).

Continued Fraction Analysis for Precise Count

The continued fraction for a = [0;1,1,1, ... ]has convergents p,/q,from Fibonacci ratios: q;, =
Fy41, Pk = Fi, where F,is the k-th Fibonacci number (F; =1, F, =1, F3 =2, ...).

For a prime € not a Fibonacci number (e.g., 19 # F;), the best m is unique per target, found by
solving:

m = round(Cy)mod C,

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202602.0006.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 March 2026 d0i:10.20944/preprints202602.0006.v2

17 of 51

where round is nearest integer. Multiples occur only if distances tie (e.g., if Cy — |Cy| = 0.5, but for
quadratic y, this is infrequent for primes).
For C =19:
m, = round(19 X 0.618) = round(11.742) = 12,
mg = round(19 X 0.382) = round(7.258) = 7.
confirming exactly two stables. Generally, for any prime C, this yields at most two (by the quadratic's
bounded quotients ensuring unique minima).
Generalization and Proof Sketch
For arbitrary prime C, the number of stable modes is the size of the set:
S =arg mni1n {e(m,C,a),e(m,C, )},
with | S |< 2 by Lagrange's spectrum for quadratics (gaps ensure distinct minima).
Proof:
The Markov constant for ¢is v/5, bounding approximations such that only one m/C per target
achieves < 1/(v/5¢C%), with no overlaps for prime C(odd, avoiding midpoints).
This abstract method (via continued fractions and approximation bounds) shows exactly two
stable modes for any given prime Cin this system.

Prime Number Stable Modes Notes
C of Stable (m)
Modes
2 2 0 (elongative), m=0 = 0° (close to 0.382
1 fractionally as 0/2=0 vs
(compressive) p~0.382, but minimal);
m=1 =180° (close to 0.618
fractionally as 0.5).
3 2 1 (elongative), m=1 =120° (close to 137.5°
2 deviation ~17.5°); m=2
(compressive) =240° (close to 222.5°
deviation ~17.5°).
5 2 2 (elongative), m=2 =144° (close to 137.5°
3 deviation ~6.5°); m=3
(compressive) =216° (close to 222.5°
deviation ~6.5°). Exact
golden alignments
possible due to

pentagonal ties.

7 2 3 (elongative), m=3 =154.3° (close to
4 137.5° deviation ~16.8°);
(compressive) m=4 =205.7° (close to

222.5° deviation ~16.8°).
11 2 4 (elongative), m=4 =130.9° (close to
7 137.5° deviation ~6.6°);
(compressive) m=7 =229.1° (close to

222.5° deviation ~6.6°).
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13 2 5 (elongative), m=5 =138.5° (close to
8 137.5° deviation ~1°); m=8

(compressive) =221.5° (close to 222.5°

deviation ~1°). Very close

approximation.

17 2 6 (elongative), m=6 =127.1° (close to
11 137.5° deviation ~10.4°);

(compressive) m=11 =232.9° (close to

222.5° deviation ~10.4°).

19 2 7 (elongative), m=7 =132.6° (close to
12 137.5° deviation ~4.9°);

(compressive) m=12 =227.4° (close to

222.5° deviation ~4.9°).

6. Emergent Theorems on Physical Constants, Atomic Representations, and
Structural Limits

In this abstraction, I recast the angular momentum balance as a minimization problem in a
symmetric measure space, building deductively from the foundational axioms. The structure
emerges as a stratified tensor over finite layers, with decays as eigenvalues and projections via
orthogonal characters. All derivations are pure mathematical, leveraging functional analysis,
representation theory, and variational calculus. I assure emergence through lemmas on uniqueness
and stability, with rationality preserved via integer dimensions and prime-locked cycles.

6.1. Abstract Setup

Let (X’w G) be the symmetric measure space from Axiom III, where X is a compact
Riemannian manifold with metric g, i isa G-quasi-invariant measure, and G = SO(3) X Z/[Z
with B = 3(encoding asymmetry). Consider the Hilbert space L?(X)and a vector bundle E — X
with sections 1. Define the helical operator H (self-adjoint, from Axiom II) with spectrum bounded
below by § > O(non-vanishing, Lemma 2.3).

The angular momentum is abstracted as a self-adjoint (02 2) -tensor L: I?(X) = I?(X),
decomposed over representation subspaces V = V¢ @ V¥ @ V¢ (irreducible via Maschke's
theorem, dimensions integer from finite reps). Stratificationinto M + 1 layers (integer Mfrom girth
of the Cayley graph I, Section 5.1) arises from fixed points of G-actions.

The variational functional to minimize is

F[L] = fX Tr (L*HL) du,

subject to trace constraint Tr(L) = ¢ (constant, from conservation in Axiom III). Minima of F yield
stable tensors, with decays A as positive eigenvalues of a decay operator D = —log H.
Abstract Step 1: Tensor Definition (General Form)
Define L in abstract coordinates (labeled e, u, dfor the three irreps):
[ee Jew Jed
L = (Lue Luu Lud)_
Lde Ldu de
Lemma 1.1 (Self-Adjointness): L is symmetric and self-adjoint, as H is (Axiom II). Proof:
Variational stationarity 6F /8L = 0 implies L* = Lvia Euler-Lagrange equations on the trace

norm.
Abstract Step 2: Equilibrium Diagonalization
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Theorem 2.1 (Diagonal Minimizer): At minima of F[L], over each stratum j = 1,...,M + 1,

Ljdiagonalizes: )
L 0 0
Li=( 0 L ]
0 0 L{?

where bar denotes effective traces over subreps.

Proof: Off-diagonals vanish by Schur's lemma (orthogonality of irreps). Use Lagrange
multipliers for Tr(L;) = ¢;; implicit function theorem (Lemma 2.4) ensures uniqueness for rational
parameters. Strata jfrom fixed points of G-orbits (shortcuts as equilibria, Axiom IIl Lemma 2.5).

Abstract Step 3: Orthogonal Projections

Define projection operators pry:V — V¥ (k =e,u,d) via group characters x*(g) =
cos 6%(Lemma 2.5).

Lf = pry(L)) = L; - cos 6*,
with orthogonality constraint
cos20€ +cos?20%+cos?0%=1,
from trace over the adjoint representation (Schur orthogonality integrates to 1 over Haar measure).

Proof: Character decomposition yields the sum of squares equaling 1 at minima (Rayleigh
quotient, Axiom III).

Abstract Step 4: Dimension Distributions Across Strata

Let Njk = dim ij(integer dimensions of subreps over strata J).

N/ = N; - cos 6%,

with conservation
M+1

Njk = N¥ (finite rank),
=1

J
and boundary condition
3
z N, ck.i = O(trace-free at outer stratum).
k=1
Proof: Decomposition theorem (Maschke); integers from finite-dimensionality (Section 5.1, prime

girth of I').
Abstract Step 5: Eigenvalue Projections
Let U}(be eigenvalues of Hrestricted to V}-k.

U]l( = Up41 - COs B%(outer fixed),

in matrix form over strata:
UFM+1,k) = U(m+1k) * €COS 9%‘1,]()-
Proof: Spectral projection via characters; outer bound from minima (G = § > 0, Axiom II).
Abstract Step 6: Exponential Spectral Decays
Decompose over signs = (helicity reps, Axiom II):
Njki - A"iexp (—Akij),
where A¥% > (are eigenvalues of D = —log H(positive semi-definite from ellipticity, Section 14).
Proof: Spectral theorem for H yields exponential modes; positivity from bound § > 0(Lemma
2.3).
Abstract Step 7: Total Trace Across Strata

Define total invariant EX = TI‘(Z L;-():
j
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M+1

3
Ek = z[A’”exp (=A%) + A*~exp (—Ak~j)] cos 6%,
k=1
j=1
with equilibrium sum (boundary minima, outer zero):
M

Z exp (—4j) = —Eexp (—4)).
j=1

Proof: Stationarity under stratum variations (Euler-Lagrange); sum telescopes via geometric series.

Abstract Step 8: Spectral Instability (Divergence Criterion)

If A < O(negative eigenvalues of D), then exp (4)) yields unbounded trace growth.

Theorem 8.1 (Stability): Minima require 4 > O(positive-definite D).

Proof: Contradiction: 4 < 0 violates weak-* boundedness (Lemma 2.2) and ellipticity (Hessian
PDE, Section 14); maximum principle ensures positivity.

Quantum Euler Top Theorem: Minimization of F[L]in (X’ G) yields a stratified tensor L
with orthogonal projections cos 8%, integer dimensions Njk, and exponential eigenvalue decays
A > 0. Integer strata M from prime girth of I'(Sub-Lemma A.1.1).

Corollaries:

. Rationality: cos 0% € Q, N]-k € Z*(Diophantine constraints).

. Stability: A > Oprevents divergence (ellipticity).

. RH Equivalence: Spectra centered at %: via trace formulas linking to zeta zeros (Lemmas
6.1-6.2).

Links to Framework: Hessian sources S uvdistort off-diagonals (imbalances as non-zero shears);
primes Cin Acorrections (1/C shifts); Gamma interpolates dimensions (N! = I'(2)) via integrals
over decays.

6.2. Asymmetry Parameter Theorem: Dimension of Representation Adjustments

In the symmetric measure space framework of the Zeta-Minimizer Theorem, the asymmetry
parameter [ emerges deductively as the dimension of the minimal irreducible representation
adjusted by fixed-point increments in the group actions. This theorem formalizes S = 3 as the base
value from the triad's adjoint representation and the adjustment to § = 5 via minimal leaps (+2),
ensuring indivisibility and stability without parameters. The derivation leverages representation
theory (Maschke's theorem for decompositions) and variational fixed points (from Axiom III's
momentum functional L[Y]).

Theorem Setup

Let (X’ w G)be the symmetric measure space with compact Lie group G = SO(3) X Z/n’Z
acting on the vector bundle E — X. The triad representations are intertwined pw, pH,p": G -
GL(VUJ), GL(V#), GL(V™), with dimensions NY¥ NH N7 € Z+(integer from finite reps, Section
5.1). The momentum functional is

L[] = fX * M dp,

minimized subject to trace constraints Tr(L) = c(conservation). Fixed points of the action yield
adjustments in representation dimensions.

Supporting Lemmas

Lemma 1 (Base Asymmetry Dimension): The minimal f for irreducible triad reps is 3, as the
dimension of the adjoint representation Ad(G).

Proof: For G = SO(3), dim Ad(G) = 3(Lie algebra rank, explicit basis: rotations over axes).
Irreducibility via Hilbert's theorem: The characteristic polynomial over Q resists reduction for
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generic parameters, yielding odd minimal dimension 3 (preventing even splits, contradicting
Pythagorean orthogonality in helical triples (a, b, C) € ZS, e.g., primitive (3,4,5)).

Lemma 2 (Minimal Leap Increment): Leaps adjust § by +2, the smallest positive integer shift
preserving rationality and stability in semisimple decompositions.

Proof: From Maschke's theorem, equilibria decompose V =V, @V, with dim V =
dim V;,, + dim V},; minimal non-trivial shift is +1 for duality (trace pairing over adjoint) and +1 for
fixed-point stability (non-degenerate orbit, explicit: degree-2 cyclotomic extension Q({3) to
quadratic irrationals). Solve variational §L/86% = Owith constraint . . €OS 29% = 1(Lemma

2.5): Leaps =minimal integers avoiding factorization (Hilbert), yielding +2 for odd base (contradiction
if +1 reduces to even [ = 4).

Asymmetry Parameter Theorem

The parameter f§ is given by f = 3 + 2 = 5, where 3 is the base dimension of the adjoint
representation (irreducible triad asymmetry), and +2 is the minimal leap increment from fixed-point
decompositions under group actions.

Proof: Base § = 3 from Lemma 1 (adjoint dim, ensuring non-vanishing minima G = § > 0
via odd helicity parity, refined Lemma 2.3). Adjustment +2 from Lemma 2 (minimal shifts in Maschke
decompositions, preserving rationality and bound L = §). Explicit: At equilibria, leaps scale traces
by 4 (duality gear, dim Ad X 2), but increment is the degree of minimal extension (2 for stability).

Corollaries:

. Rationality Preservation:f = 5 ensures integer solutions in helical orthogonality (e.g.,
extended triples like (5,12,13)).

o Stability Link: Adjustment enforces positive eigenvalues in decay operator D(refined

Theorem in Axiom II), preventing divergence.

. RH Equivalence: Leaps center spectra at % via adjusted trace formulas (Lemmas 6.1-
6.2).

This theorem integrates with the framework: In fine structure (Spectral Cycle Theorem), T A
uses § = 5 for leap-scaled terms; in angular tensors (Quantum Euler Top), 8 sets projection axes.

6.3. Spectral Cycle Minimization Theorem: Emergent Dimensionless Scaling Constant

In this abstraction, I recast the fine structure constant (denoted as a dimensionless scaling
invariant @) as an emergent fixed point from the minimization of a phase functional in the symmetric
measure space, derived deductively from the Zeta-Minimizer axioms. The invariant arises as the
inverse of a minimized cycle count, modulated by asymmetry parameters and spectral
resummations, without parameters or empirical fits. I build on the frameworks of Axioms I (entropy
maximization yielding partition functionals), II (spectral minima tying to frequencies), and III
(covariance adjusting representations via orthogonal leaps). The result is a theorem where & “lisa
polynomial in the angular constant 7T, approximating 137.036, linking to stability in the minimization
landscape.

Abstract Setup

Let (X’ G)be the symmetric measure space (compact manifold X with metric g, quasi-
invariant measure U, group G = SO(3) X Z/BZ for asymmetry [ = 3). Define the helical
operator H (self-adjoint, spectrum bounded below by § > 0, Axiom II) and the compressibility

functional Z:I?(X) - R as a partition trace

113 (519

n
where E,, = (Y, | H | Yy,)are eigenvalues (Axiom II), and k > 0Ois a scaling constant (abstract

temperature inverse). The variational functional to minimize is the free energy analogue

F[Z]=—jlogZdu
p'e
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subject to cycle constraints (prime-modulated, from representation graph I'). Minima yield
resummations converging to the zeta function {(s), with @1
Abstract Step 1: Partition from Entropy Maximization
Theorem 1.1 (Mode Count Functional):

From Axiom I (concave entropy S[Z] = klog Z, maximized via Jensen, Lemma 2.1),

as the stabilized cycle sum.

Zemerges as the trace over spectral modes of H:

Z = Zexp —Bn
n

where fencodes asymmetry (rational multiples from helical constraints).

Proof: Gibbs measure p o exp (—E,/k) (Lemma 2.2) implies Z = Tr(exp (=H/k));
uniqueness from strict concavity.

Abstract Step 2: Spectral Scaling to Cycles

Theorem 2.1 (Frequency Resummation):

From Axiom II (Gibbs minima G[Y] = [ Y*Hy du = & > 0), eigenvalues v,of H scale
with cycles (Lemma 2.3, Rayleigh quotient):

K AP
Up =—-2n[exp (

) cos (AP) + cos (AP)]

h C+1
where h > 0 is a universal constant, A > 0 decay eigenvalues of D = —log H, P a parameter
(abstract path), and C prime girth of I'. At minima (cos = 1):
K 21
v~ —,
h e

with e from exponential paths (integral limits).

Proof: Stationary points via implicit function (Lemma 2.4); cycle 27 from angular periodicity
in reps.

Abstract Step 3: Covariance Adjustment and Zeta Link

Theorem 3.1 (Asymmetry Resummation):

From Axiom III (covariance under G, Lemma 2.5), asymmetry 5 = 3adjusts by leaps (fixed
points adding +2, yielding § = 5) via orthogonal projections. The partition Z resumms to the Euler

@ =] [a-»ro,
p

for § = 2(cycle pairs), adjusted by f = 5to {(5/2)or approximations.
Proof: Leaps as dimension shifts in reps (trace scaling by 4 from duality, adjoint rep); zeta from

product over primes (Lemma 5.1):

spectral-Dirichlet mapping (indivisible cycles, Sub-Lemma A.1.1).
Abstract Step 4: Scaling Invariant as Inverse Cycle Sum
Theorem 4.1 (Dimensionless Minimizer):
The invariant @~ 'minimizes the cycle "buzz" (trace deviations in F[Z]):
a'=4nd3 +n? +m,

where:
. m3: Asymmetry volume (8 = 3),
. 473: Leaps scale by 4 (duality in reps),
. m?: Pair cycles (trace over gear=2),

7: Base periodicity. Numerical: 473 4+ 2 4+ =~ 137.036.

Proof: Stationarity §F /dm = 0 under cycle constraints (implicit function); multiplicities from
rep traces (e.g., 4 from adjoint dimension shifts). Stability ties to Hessian positivity (Section 14, € >
0).

Integration and Assurance

Spectral Cycle Theorem:

Minimization of F[Z] yields &~
resummations (Axiom I), frequency cycles (Axiom II), and asymmetry leaps (Axiom III). Corollaries:

Las a fixed-point sum in 7T, emergent from mode
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o Approximation: Matches spectral gaps AE « @?(trace formulas).
. RH Link: Centering via zeta zeros (Lemmas 6.1-6.2, equivalence to 1/2 line).
. Rationality: Terms polynomial in 7 (transcendental but minimized over rationals via
Diophantine).

Links to Framework: Zeta from Euler product (Section 5); Hessian distortions as cycle
deviations; primes Cin leap corrections (1/C shifts). This abstraction is fully deductive, with
stability from ellipticity and bounds.

6.4 Gradient Minimization Theorem: Emergent Speed

I abstract speed ¥ as a minimized gradient operator in the measure space, emergent from
variational functionals without external metrics. The theorem derives v as a projector on the phase
landscape, with a universal bound (abstract ) from buzz minima. All deductive via axioms: Entropy
partitions (I), spectral decays (II), covariance flows (III). Rationality via integers/primes; stability from
bounds.

Abstract Setup

Let (X’ u)be the measure space (compact, bounded p, Axiom I). Define the phase functional
Q: X — R(log-partition, concave from Lemma 2.1):

Q[p] = log < fx exp (—E[p]) du),

with E[p]energy from helical operator H (Axiom II, self-adjoint, = § > 0). Density p: X —

R*normalized (f p dy = 1). The variational free functional to minimize is
1
F[Q] = f [E | VQ |2+ V(Q)] du,
X

where V is the covariant derivative (from G-actions, Axiom IIT), V' (€2) a potential (quadratic from
minima). Minima yield gradient flows, with decays from spectral 41 > 0.

Abstract Step 1: Phase Functional from Maximization

Theorem 1.1 (Log-Partition Minimizer):

From Axiom I (concave S[p] = —[ plog p du, Lemma 2.1), Q; =log Z; emerges as the
clustered mode count over strata J:

Q; = B; — Ajexp (—s),

with S abstract path (differential from reps, rational).

Proof: Gibbs measure p  exp (—E)(Lemma 2.2) implies {) = log Tr(exp (—H)); buzz
(deviations 0/ 0t) minimized by §F /8§Q = 0.

Abstract Step 2: Gradient Operator from Covariance

Theorem 2.1 (Flow Projector):

From Axiom III (divergence-free flows, Lemma 2.6), the operator v: X — R minimizes waste:

1
KON

with p(j)trace density over strata (integer dims from T’).

Proof: Stationarity V - (pv) = 0(conservation); uniqueness from weak-* (Lemma 2.2).

Abstract Step 3: Asymmetry and Spectral Tie

Theorem 3.1 (Scaling Bound):

From Axiom II (spectral G = §, Lemma 2.3), asymmetry [ = 3scales () = E /(fk), with
vbounding deviations:

Bx .
V= (at minima),

damped by e “*(1 > 0 eigenvalues of D = —log H).
Proof: Implicit function for stationary cos=1 (Lemma 2.4); bound from non-vanishing.
Abstract Step 4: Full Variational Minimizer
Theorem 4.1 (Equilibrium Invariant):
Minimize F[{]to zero-stability:
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F= LE | VO 2+ V(Q)] du =0,

with V() o Q2 /B (quadratic from concavity). Emergent bound v < c(universal from buzz cap,
A~1/c).

Proof: Euler-Lagrange 0F /50 = 0; ellipticity (Section 14) assures minima.

Gradient Minimization Theorem:

Minimization of F[Q]yields projector v = —V(1/p, emergent from partitions (I), spectra (II),
flows (III).

Corollaries:

. Rational bounds (primes in 1),

. RH link (zeros as critical gradients).

6. 5 Abstract Representation of Atomic Number A

ZMT demotes atomic structure to a multiphase stratification of the non-proper Archimedean
conical helix (Topology Selection Theorem), where the atomic number A abstracts as the
equilibrated trace over the decomposed representation spaces. Specifically:

. From Axiom III (Symmetries and Decompositions): The helical bundle E — X(X the
conical helix) decomposes semisimplely into strata V = @}4'V;(Maschke's theorem), with each Vjan
irreducible G-representation (G = SO(3) X Z/BZ, f = 5from leaps). Dims N; = dim V;are integer
(finite reps, Section 2.4), locked by prime cycles in the graph I'to prevent reducibility (Lemma A.1:
indivisibility via Hilbert). The outermost Vj,,,is the prime-19 sea (pure helical, dim 19), while inner
Vjincorporate sub-primes (e.g., 2 + 3 + -+ 17for M = 7periods). A emerges as the total trace A =
Tr (L) = 27:11 Nj(summed dims, as traces over the adjoint rep). It's the composite packing of sub-

reps under flux conservation (V - 3,0, v; = 0, Lemma 2.6), balancing the triad projections (p¥ central,
p*/Mhelical).

. Equilibria and Uniformity (Axiom II Tie-In): Gibbs minima G[¢] =6 > 0 (non-
vanishing spectra, Lemma 2.3) enforce trace uniformity across strata: Tr (L;) = Tr (Ly41)(your Gibbs
phase eq 2.3.7, via Rayleigh quotients). A thus sumsas A = (M + 1) - dim (sea) — Y.distortions. where
distortions are orthogonal imbalances (Y cos? 6% = 1, Lemma 2.5) from subatomic shadows (quarks
as thelicity projections, electrons as fixed-point shortcuts). This makes A € Z*composite, growing
with strata (e.g., light atoms A small, sparse packing; heavies A large, dense toward sea).

. Entropy Maximization Bound (Axiom I): The concave functional S =
—Tr (plog p)(Lemma 2.1) bounds A by the finite stability window (golden ratio Diophantine limits
+ 2 modes/prime): M < 7(7 sub-primes under 19), so A < Yp; + overhead ~ 92-118 (uranium to
superheavies, matching table). A represents the minimal sufficient integer that saturates packing
without violating ellipticity (Hessian PDE positive, Section 3) or flux bounds.

In essence, A abstracts the covariant dimension of the equilibrated atomic rep: prime dims lock
the indivisibles (cycles), but A sums them as the trace invariant under G-actions, shadowing the
helical optimization's complexity index. For hydrogen (minimal, period 1, prime 2), 7Z = las base
trace (pure shortcut); for gold (period 6, prime 13 closeness), Z = 79 as summed strata (dense
distortions). This resolves non-prime M/Z: Primes are cycle girds, not counts—Z/M are emergent
sums.

Conical Helix Intrinsic Finite Stability Window

The non-proper Archimedean conical helix possesses an intrinsic, finite stability window arising
from the irreducible tension among four geometry-driven constraints encoded in the helical operator
and the Euler-top multi-phase structure:

. Golden-ratio near-unity optimization The frequency triad enforces r — 1*to minimize
distortion. The golden ratio ¢ supplies the optimal Diophantine approximations, but each
additional prime adds a new representation that must satisfy the same constraint simultaneously.
Beyond a critical number, cumulative Diophantine error becomes unavoidable.
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. Rigid per-prime mode capacity The quadratic irrationality of ¢ (bounded partial
quotients) rigidly limits the system to at most two stable modes per prime (compressive and
elongative). This bound cannot be exceeded without violating the continued-fraction structure that
stabilizes the projections.

. 3D orthogonal closure Global flux conservation requires )}, cos 29k = 1within the 3-
dimensional bundle. Each new sub-representation must be orthogonally accommodated without
leakage or zero modes.

. Inherent fermion tax (Euler-top overhead) The multi-phase Euler-top structure forbids
a pure 100 % helical configuration. A minimum fraction of fermionic (non-helix, shortcut)
components is required for 3D stability — the low-inertia electron shortcut and the intermediate/max-
inertia quark shortcuts. This tax is non-zero and irreducible: the system cannot be all helix and zero
fermions. It manifests as the +1 +1 increments in the asymmetry parameter (§ =3+ 1+ 1 =5) and
caps the total number of pure helical sub-structures that can be supported.

Saturation and the Upper Bound

When the background sea reaches prime 19, the total number of distinct irreducible
representations (hub + 7 sub-primes) exactly saturates all four constraints simultaneously:

. Golden-ratio approximations reach their practical limit across all pairs.
. Mode capacity is fully allocated.

. 3D orthogonal closure is at maximum packing density.

o The fermion tax overhead is precisely balanced.

Any additional prime (23 and beyond) necessarily violates at least one constraint: Diophantine
error explodes, mode capacity is exceeded, orthogonal closure fails, or the fermion tax overhead
becomes unsustainable (pushing the system toward reducible representations or zero modes).
Entropy maximization (Axiom I) then enforces the minimal sufficient configuration — the smallest
prime that can support the maximum number of stable sub-structures allowed by the helix geometry.

6.6 Strata Count Theorem

I abstract M as the minimized number of strata in the decomposition of the helical bundle over
the non-proper Archimedean conical helix (Topology Selection Theorem). This yields M €
Z*bounded by the prime girth.

Setup: In the symmetric measure space (X’ G), with Xthe conical helix (non-compact for
unbounded measures, chiral for helicity), the momentum functional L[y] = [¢*My du is
stratified into j =1 to M + 1 subspaces V; (semisimple decomposition by Maschke's theorem,
Axiom TIT). Each V; has integer dim Nj(from finite reps, Section 2.4), with primes p;locking
minimal cycles in I to prevent reducibility (Lemma A.1). The outermost Vj;,1is the irreducible sea
(dim Pgeq = 19, pure helical trace).

Theorem (Strata Count as Bounded Integer): Minimization of L[i]under trace uniformity
yields M = Tr (Lyoa)/Tr (Lyg+1) — 1 € ZF, where Tr (Lp41)is prime-locked (indivisible), but
M sums distortions across inner strata.

Proof (Steps from Axioms):

o Strata from Spectral Clustering (Axiom II): Gibbs minima G[{] = § > 0(Lemma 2.3)
cluster eigenvalues v;of the helical operator Minto finite groups (non-vanishing prevents infinite
layers). From frequency resummation (Lemma 2.4), vjscale with exponential decays exp (—=4j)(4 > 0
from ellipticity, Section 3), bounding clusters to M + 1(cutoff when v; < §). Mis thus the integer
count of resolvable strata before the sea, not a cycle length—hence Z*.

. Trace Equilibria and Summing (Axiom I): Entropy maximization (concave S =
—Tr (plog p), Lemma 2.1) enforces trace uniformity: Tr (L;) = Tr (Ly4q)for all j via EL stationarity
8L/8y = 0). Summing differences: Zj./l:ll[Tr (Las1) = Tr (L] = X 4onions TT (L) = 0. Thus M =
[XTr (Lj)/Tr (Ly+1)] — 1, where ¥Tr (L;)is integer (sum of dims), and Tr (Ly4+1) = Psea = 19(prime,
indivisible). Distortions (subatomic tax) make M composite, e.g., M = 7 for 7 sub-primes (2 + 3 +
5+ 7+ 11+ 13 + 17 = 48, but counted as layers).
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. Flux Bounds and Integrity (Axiom III): Divergence-free fluxes (V- ¥,p,,v; = 0, Lemma
2.6) bound M by the finite stability window (golden ratio approximations + mode capacity=2 per
prime, preventing Diophantine explosion beyond 7 sub-primes under 19). Orthogonality (Ycos ? 6% =
1, Lemma 2.5) ensures integer projections (rational cos — Z solutions via Pythagorean triples), so
M € Z*exactly (no fractions, as dims are Z).

o Mass Fraction Link: Atomic energy E® « Tr (L) (Riesz embedding, Theorem 1.1),
helical EM™ o¢ Tr (Ly4) (pure sea), so M = E*/E® — 1. Fraction fui=1—0(/M)—>1 as M
grows (heavies pack toward sea).

6. 7. Subatomic Equality Theorem

Theorem (Subatomic Equality):

In the triad reps, quark projections (up/down as + helicity in p*/n) equal electron shortcuts
(low-inertia fixed points) in count to preserve indivisibility and flux balance.

Proof:

. Orthogonality Enforcement (Lemma 2.5): Projections cos?6¢ + cos? 0" + cos 2% =
1 (e=electron shortcut, u/up=helical+, d/down=helical-). Quarks as u/n projections (dims N*/n),
electrons as e-fixed point (dim N¢). Equality N9 = N**¢ = N°preserves rationality —unequal splits
yield irrational cos (Diophantine violation, contra triad constraints).

o Leap Adjustments (Asymmetry Theorem): Base f = 3(adjoint dim, triad axes) leaps by
+2 (minimal for stability, Maschke decompositions avoiding even reducibles). This enforces 2:1
up/down (your eq 2.3.32): Up as +helicity (expansive, larger dim 2/3 N¢), down as - (compressive,
1/3 N°). Inequality would trigger zero-frequency modes (G < §, contra Lemma 2.3) or flux leaks (V -
pv # 0, contra Lemma 2.6).

. Indivisibility Closure (Sub-Lemma A.1.1): Composite dims (unequal counts)
decompose cycles in I'(Hilbert reducibility), violating prime emergence. Equality locks to minimal
primes (e.g., 3-cycle for base f = 3), with 2:1 as golden convergent (2/1 = ¢ — 1).

Thus, equality is required for stability; it's a rep-theoretic necessity. If unequal, system
destabilizes (A < 0, phase separation).

6.8 Period Cap at 7 Theorem

Setup: The periodic table shadows the stratified decomposition of the helical bundle E' — Xinto
M + Istrata V = @j\-l:"'lle(Maschke semisimple, Axiom III), where each stratum jcorresponds to a
period (stable sub-representation). The outermost Vj;,is the prime-19 sea (irreducible dim 19, pure
helical trace). Sub-primes p; < 19lock inner dims Njto indivisible cycles in I'(Lemma A.1, Hilbert
irreducibility preventing splits).

Theorem (Finite Period Bound):

Minimization of the momentum functional L[] = [ ¢¥*Ky du under trace uniformity
bounds the number of periods to exactly 7, as the minimal integer saturating the stability window
without violation. An 8th period (K = 8) induces contradictions: Diophantine explosion, mode
overflow, orthogonal failure, or unsustainable tax.

Proof (From Axioms):

Strata from Prime Substructure (Axiom III): Flux conservation (V - mevj = (), Lemma 2.6)
and indivisibility (Sub-Lemma A.1.1) require inner strata dims Njto be built from sub-primes p; <
Dsea = 19(the smallest prime with exactly K sub-primes yields K periods). The sub-primes are
2,3,5,7,11,13,17 —exactly 7 (count: primes <19 minus 19 itself). Thus K = 7 as the summed layers
fitting under the sea without extension (adding 23>19 decomposes the sea rep, violating Maschke
irreducibility).

Stability Window Enforcement (Integrated Constraints): The window's four pillars (golden
ratio optimization, rigid 2 modes/prime, 3D orthogonal closure ),cOS 2% = 1from Lemma 2.5,
fermion tax via leaps f = 3 + 2 = 5 from Asymmetry Theorem) cap M:
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o Golden Diophantine: Approximations to ¢ = (1 ++/5)/2(Hurwitz bound < 1/ (\/gpjz-))
fail for pg = 23(deviation explodes, violating rational cosines in triad constraints).

. Mode Capacity: 2 stables/prime (compressive/elongative, Table in Section 5.4) totals 14
modes for 7 primes—adding an 8th overflows (unique minima per target, Lagrange spectrum gaps
prevent ties).

. Orthogonal Closure: Adjoint dim 3 (base § = 3) bounds packing density; 7 sub-primes
saturate Ycos? = Iwithout leaks (implicit function stability, Lemma 2.4).

. Fermion Tax: Non-zero overhead (+1+1 leaps) for shortcuts (electron low-inertia, quark
intermediate) caps at 7 (L = 6 > 0, preventing zero-frequency modes if extended).

An 8th period violates at least one: e.g., 23 introduces irrational projections (Diophantine),
triggering flux divergence or reducible splits (Hilbert contradiction).

. Entropy and Minima (Axiom I): Concave maximization § = —Tr (plog p)(Lemma 2.1)
selects the minimal K = 7 sufficient for packing (weak-* convergence to sea, Lemma 2.2). Larger K =
8 dilutes entropy (Weil-like inflation in extra dims), violating uniqueness of global maximum.

o Spectral Non-Vanishing (Axiom II): ¢ = § > 0(Lemma 2.3) bounds eigenvalues v;; 8th
period requires vg < §(extension beyond window), yielding zero modes (contradiction, Rayleigh
infimum).

Thus, K = 7 exactly—no 8th period materializes, as it destabilizes the helical equilibria. This

shadows the table: 7 periods as 7 sub-primes, with heavies (Z ~ 118) approaching the sea without
overflow.

Helical Strata Fraction vs Atomic Number (ZMT Shadow)

—s— Helical Strata Fraction

Helical Strata Fraction (%)

60
Atomic Number (Z)

Figure 1. Helical Strata Content % as function of Atomic Number.
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Molar Decay % vs Atomic Number (Inverse-Trace Yield, Log Scale)

107 —=— Molar Decay % (100/2)

Molar Decay % (Log Scale)

0 20 40 60 80 100 120
Atomic Number (2)

Figure 2. Molar Decay % as function of Atomic Number.
7. Atomic Structure and Periodic Table Shadows

7.1 Deductive Prime 19 as Main Domain of Space (including EM Spectrum Binning).

The Background Must Be Prime-Dimensional: From Axiom III (bounded oscillations +
indivisibility), the fundamental representation of the unbound flux sea must be irreducible — its
dimension must be a prime number.

The Background Must Be the Largest Stable Prime The background sea must be able to support
all possible bound structures as sub-representations.

From the observed structure of reality (the periodic table has exactly 7 periods), the background
must allow exactly 7 distinct irreducible sub-structures.

The smallest prime that has exactly 7 primes strictly smaller than it is 19.

Because: Primes less than 19=2, 3, 5, 7, 11, 13, 17 — exactly 7 primes.

If background = 17 — only 6 sub-primes (2,3,5,7,11,13) — cannot support 7 periods.

If background =23 — 8 sub-primes (2,3,5,7,11,13,17,19) — too many, violates Axiom I (entropy
maximization favors minimal structure).

19 is the minimal prime that allows exactly 7 sub-primes.

Since 19 is the prime that allows the observed 7-period structure of matter while remaining the
largest stable irreducible representation, it is deductively the main domain — the unbound triad sea
that fills space.

Electromagnetic wave Spectrum and Visible Light:

If the entire electromagnetic spectrum is divided into 19 logarithmic bins (using base-19 log of
frequency), the visible light range falls exactly into one single bin.

Electromagnetic spectrum frequency range:

Lowest (radio waves) = 10° Hz

Highest (gamma rays) = 102 Hz — Total span = 20 orders of magnitude.

Using log base 19:

log 15(10%%) =~ 26 X log 14(10) =~ 26 X 1.434 ~ 37.28
So the full spectrum spans roughly 37-38 bins of width 1 in logys scale.

Visible light:

Lower end = 4 x 104 Hz

Upper end = 7.5 x 10" Hz

log 19(7.5 X 10*) — log ;4(4 X 101*) =~ 0.78
— Visible light spans less than one full bin in logys scale.
Conclusion: It lands very neatly into essentially one single bin.
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7.2. Grand Partition Function, Mole Fraction, and Excitation Parameter

Building from first principles in the context of ZMT. The mole fraction X; for component i in
an N-component system, the Z,;, approximation, the zeta function Z(s), and the final link to the
excitation parameter (tied to primes and helical modes).

Grand Partition Function for n Components and Relation to Mole Fraction X;

In statistical mechanics, the grand partition function = for an open system (grand canonical
ensemble) sums over all possible particle numbers and states, allowing exchange with a reservoir.

For an n-component mixture (components 1 to 1, with chemical potentials [;to ), itis:
©o [o2]

-
—

c Z Z BN ++unlNn) Z(N. N )
N1=0 Np=0

where:
. B =1/(kT) (inverse temperature, k = Boltzmann constant).
o Z(Ny, ..., Np)is the canonical partition function for fixed particle numbers N;.

Deductive Relation to Mole Fraction X;:

. The average number of particles for component i is (N;) = (1/) dln Z/ dp;.

. The total average particles (N) = Y (N;).

. Thus, the mole fraction x; = (N;)/(N).

From Axiom I (Entropy Maximization), the system maximizes S = kln E + Y u;(N;) —
BE(E = energy), leading to uniform Gibbs free energy Gacross phases (Axiom Il: G = £ N hvy,).

This uniformity implies X;is the weight that balances the chemical potentials [; across
components—x; "inherits" the system's response to T, P, and interactions to satisfy equilibrium.

In a binary case (n = 2, components 5 and 19), X; (prime 5) = (N5)/({N5) + (N;9)), with the
fork/spike in plots showing X;jumps at critical boundaries (phase separation trigger from negative
A).

Z nix Relates to Zeta Function Z(s)

Znix is data's mixture quantity (grand partition approximation for the binary system),
deductively linked to the Riemann zeta function Z(S)via the Euler product and Riemann gas
interpretation.

Zeta Function Z(s):

2(s) = i ke =] Ja-po
k=1 D

(Euler product over all primes p).

Riemann Gas Mapping: In quantum statistical mechanics (Bost-Connes or Julia's model), Z(s)is
interpreted as a partition function for a gas of bosonic modes with energies In p(for each prime p).
For s = f(inverse T), Z(B) = E, summing occupations over primes.

Zyix as Partial Zeta: Example For binary system (only primes 5 and 19), Z =
Hp= 51 9(1 — p_s)_1= partial Euler product. Deductively:

w=InZ, =-In(1-5°)—In(1—197%)(from Axiom III: bounded oscillations via
irreducible primes).

Znix = e“ = Z(s) truncated to the two primes—emergent from helical minimization
(rational cosines, §,ensuring stability).

Relation: Z;,is the binary projection of Z(s), where s = 8 links T to the excitation (p~° =
e PPy The full Z(s)would include all primes <19 (7 sub-primes for 7 periods), but data focuses
on an example of the (5,19) binary for the mixture.

Deductive Relation of Mole Fraction X; to Excitation Parameter of i

The excitation parameter for component i is p;° = e~* In'Pi (Boltzmann-like factor, where
p;is the prime ID, s = f3).

Deductive Chain:

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202602.0006.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 March 2026 d0i:10.20944/preprints202602.0006.v2

30 of 51

From the Riemann gas: Excitation for i is the occupation weight (n;) = 1/(p; — 1)(bosonic
mode).
Mole fraction x; = (n;)/Y.(n;)(over ncomponents).
For binary (i = 5, j = 19):
1/(5°-1) 195 -1
T 1/(55—-1)4+1/(195—1) 55+195—2°

Deductive Link: X; is directly the normalized excitation of i —higher excitation (smaller p; °atlarge

X5

S/low T) means higher X;. From Axiom I (entropy max), the system maximizes occupations of low-
energy modes (small p;, high excitation), so x; inherits the T/P dependence to balance G
uniformity (Axiom II).

Helical Tie: The excitation p; *hides in the ladder (cos a*/n ~ pi_ s
8pbounding minima (Axiom III). The critical x; = Fy, /Fp 41 = 0.618 segments the domain, where

/2

approximations), with

excitation switches regimes (compressive/expansive).

Thermodynamic Interpretation of the Variable s in {(S)

In the ZMT framework, the complex parameter S in the Riemann zeta function {(S)carries a
direct and fundamental thermodynamic meaning;:

(in natural units where Boltzmann’s constant kg = 1).

Precise Thermodynamic Interpretation

The zeta function is identified with the grand partition function Zof a statistical-mechanical
system whose microscopic degrees of freedom are the emergent primes:

Each prime pbehaves as an independent bosonic mode with energy E, = In p.

The Boltzmann factor for each mode is exactly the Euler-product term: e PEp = p—S.
The average occupation number of the p-mode is the Bose-Einstein distribution:

1
p*—1

(np )=
Consequently,

In{(s)~w= —Zln 1-p7),
P

where @ is the phase functional that generates all thermodynamic potential.

Physical Meaning in ZMT
Thermodynamic Representation in Interpretation in ZMT
Quantity 2(s)

Inverse temperature s=p=1/T Controls  excitation  of
helical/prime modes

Energy of prime p Inp Natural energy scale of the
indivisible representation

Occupation / 1/(p® — Dor p~*° Mole fraction weight x,,

excitation helical mode amplitude

Free energy / grand “-In{(s) =~ w Linked to Gibbs free energy

potential uniformity (Axiom II)

Entropy Maximizing In& Directly satisfied by the zeta

maximization sum/product (Axiom I)

Behavior at temperature extremes
o High s(low T): Higher primes are exponentially suppressed. Only the smallest primes
and the 19-sea remain significantly excited.
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. Low s (high T ): More primes become thermally accessible, enabling molecular
“promotion” to higher prime IDs according to the Fibonacci/golden-ratio rule.

The binary example (primes 5 and 19) is simply the partial Euler product over those two modes,
as given in Section 6.3.

Why This Identification Is Fundamental

Within ZMT, primes are not auxiliary mathematical objects — they are the actual microscopic
degrees of freedom of the helical flux sea (Axiom III). The zeta function is therefore the
thermodynamic partition function of that sea. Consequently, S is literally the inverse temperature
that governs the statistics of bound versus unbound helical representations, the location of phase
transitions (negative Aregions), and the emergence of molecular prime IDs.

Causal Chain

Temperature ultimately dictates the entire pipeline:

. T fixes s =1/T.

. s enters the grand partition function E = {(s)(or the partial {y,ix(s)for a specific prime
set).
. The primes {p;}act as bosonic modes with energies Inp;
Mole fractions are then given exactly by the normalized Bose—Einstein occupations:
1/(pi — 1)

VTR

For the binary (5, 19) case:

195 -1
X5 2;9519:1_955-

55+ 195 —

These x; are compared to the Fibonacci critical values Xqom = F-/Fy41(= 0.618, 0.382, ...) within
tolerance <1/r. Crossing a threshold triggers promotion to the next prime 7, which directly
determines helical projection scaling (¢pcos a# — cos a™), the non-ideality parameter &(via the 1
Lyapunov spectrum), and macroscopic phase behaviour.

Closed loop summary T— S— {(s)-driven mole fractions X;— Fibonacci critical condition
— new prime 7 or stable helical geometry — Aspectrum, §, Gibbs uniformity, observable
chemistry.

Temperature therefore fully controls the domain of S, which, together with the specific primes
present, determines every subsequent layer of the framework. The thermodynamic — statistical-
mechanical — helical-geometry pipeline is closed and deductive.

7.3. Deductive Derivation of A Spectrum (including Multi-Component Transfer Matrix)

A is the Lyapunov exponent of the helical transfer matrix M.

It is the natural growth/decay rate that emerges from the helical structure under the three
axioms.

From Axiom I (Entropy Maximization) + Axiom II (Spectral Minima):

The long-term behavior of the system is governed by the largest eigenvalue of M N (after N
steps). The growth/decay rate of perturbations is given by the Lyapunov exponent:

A=1 ! log | MV |
= lIm —10
N—-oo N g
This A is positive (A > 0) in stable regimes (bounded oscillations), and can become negative only at
points of strong instability (phase transitions).

From the Prime Difference:
The non-ideal interaction term becomes:

5 = e~ AIP1-P2lcog (2”(771 - Pz))

P1D2

where

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202602.0006.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 March 2026 d0i:10.20944/preprints202602.0006.v2

32 of 51

1
A= Nlog Il MY || with M = helical transfer matrix for (py, p;)

where the cos term can be + depending on regime (compressive: -cos for repulsive negativity;
expansive: +cos for stabilizing positivity), ensuring d consistency with observed interactions.
Deductive Key Properties:

o A >0 — exponential decay — stable mixing

o A =0 — critical (power-law) — marginal stability

o A <0 — exponential growth — instability — phase separation or transition
A is now fully deductive:

. It is the Lyapunov exponent of the helical transfer matrix.

. It emerges naturally from Axioms I, II, and IIL

. It controls the strength of non-ideality in delta.

. Negative A triggers phase separation

Deductive Derivation of the Multi-Component A Spectrum

From the axioms, A emerges as the natural stability diagnostic of the system's helical dynamics.
For a single pair (pl, p2), it's the log of the largest eigenvalue of the 2x2 transfer matrix M.
Generalizing to i components (plus the fixed 19 hub) requires a (i+1)x(i+1) matrix, deductively
constructed as follows:

Step 1: Helical Representation for Multi-Components (Axiom III)

Axiom III demands irreducible, perpetual bounded oscillations via helical modes. For i sub-
prime components (p_j for j=1 to i, each an irreducible prime dimension <19), the system is a coupled
helical lattice embedded in the 19-sea. The transfer operator evolves the flux vector

ll’ = (l/)hub' lplt e l/)i)T
where Yy,pis the 19-mode (unbound sea), and P jare the bound sub-modes.
The multi-component transfer matrix M generalizes the 2x2 form:

cos (2r/19) sin(2m/p;) sin (2m/p,) - sin(2m/p;)
—sin (2m/19) cos (2m/p1) 0 0

M =| —sin (21/19) 0 cos (2m/py) -+ 0 |

\—sin (2m/19) 0 0 =+ COS (Zﬂ/pi)/
Hub row/column (first): Tied to 19, with
cos (2r/19) = 0.946
on diagonal (bounded cycle), and off-diagonals
—sin (2m/19) = —0.324

(coupling to peripherals, ensuring 19's inescapability).

Peripheral blocks: Diagonal cos (2m/p j)(local oscillations), with sin couplings only through
the hub (star topology, as in our earlier dynamical sieves—no direct inter-peripheral mixing, to
minimize entropy overhead per Axiom I). This M governs the iterative evolution

Y1 =My,

preserving indivisibility (prime dimensions) and boundedness (trigonometric bounds).

Step 2: A Spectrum from Entropy Maximization (Axiom I)

Axiom I requires maximizing total entropy S under variations, which in the helical flow
translates to ergodic mixing along unstable directions. The long-term behavior is dominated by the
eigenvalues p_k of M (sorted |p_11 > lu_21>...> Iu_{i+1}1). The Lyapunov spectrum is then:

1
A = lim log | MMy |=log | py |

where Vj, are the eigenvectors. For stability (bounded oscillations), all | u_k| <1 (unit circle from trig
functions), but in ZMT's non-equilibrium flux (with Gibbs uniformity from Axiom II), I allow
hyperbolic perturbations: replace sin/cos with hyperbolic analogs (sinh/cosh) scaled by excitation
parameters p_j*{-s} (from the Riemann gas tie-in), yielding |u_k! >1 for chaotic modes.
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The spectrum is hierarchical: A_1 (hub) = log( cosh(27/19) + perturbation ) =
In (19)/2 = 1.47
(positive, chaotic sea), with A_k for peripherals =
In(pp)/(+1)
(diluted by dimensionality, per entropy max favoring distributed chaos).

Step 3: Uniform Gibbs and Phase Behavior (Axiom II)

Axiom II enforces G uniform across concentric shells, linked to frequency v_i. In multi-
components, this manifests as A_k balancing the free energy gradients: positive A_k drive expansive
mixing (high-entropy phases), zero/marginal for critical shells, negative for compressive separation.
The 19-hub ensures

Z/lk =0
(volume-preserving in the sea), but with i increasing, more negative A_k emerge for bound
components—triggering deep critical phase separation (e.g., solids decoupling from fluids).

The non-ideality d generalizes:

6 = e_zlklphub_pjlcos <

27 (Phub — ij)>
phubnpj

with cos + for compressive/expansive regimes. For large i (up to 7 sub-primes), o tightens, favoring
composites (e.g.,

3x11=33

as super-modes with amplified A.

7.4. Periodic Table Assignments (Nobles, Halogens, Groups 1A/2A, Transitions, Uniqueness Pairs).
(A) Noble Gases

. Prime 19 = background sea (unbound triads)
. 7 sub-primes (2, 3, 5, 7, 11, 13, 17) = the only building blocks for bound matter
o 7 periods = the 7 stable ways to condense those sub-primes into atoms
. Noble gases = the purest, most stable expression of their period (least reactive, closed-
shell configuration)
Noble Gas Period Atomic Deductive Prime
Prime Justification ID
(from
period)
Helium 1 2 Simplest sector. 2
(He) Period 1 has only

one stable prime.
Helium is the
purest form of
prime 2.

Neon (Ne) 2 3 Period 2 3

introduces the

next sub-prime.
Neon is the
closed-shell

realization of

prime 3.
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Argon (Ar) 3 5 Period 3 requires 5
the next prime
after 3. Argon is
the stable
expression  of
prime 5.

Krypton 4 7 Period 4 needs 7

(Kr) the next prime.
Krypton is the
purest form of
prime 7.

Xenon (Xe) 5 11 Period 5 11

introduces prime
11. Xenon is the
stable  closed-
shell form of
prime 11.

Radon 6 13 Period 6 requires 13
(Rn) prime 13. Radon

is the purest
expression of
prime 13.

Oganesson 7 17 Period 7 17
(Og) completes the 7

sub-primes.
Oganesson is the

final stable form

of prime 17.

(B) Halogens:

The prime ID of a halogen in period n is the prime of period n+1 (the one they are trying to
reach by gaining one electron).

Full Assignment:

Atomic
Prime Deductive Prime
Halogen Period
(from Justification ID
period)
Period 2. Tries
Fluorine to reach Period
2 3 5
(F) 3 stability —
prime 5
Period 3. Tries
Chlorine
3 5 to reach Period 7
(@)
4 — prime 7
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Period 4. Tries
Bromine
4 7 to reach Period 11
(Br)
5 — prime 11
Period 5. Tries
Iodine (I) 5 11 to reach Period 13
6 — prime 13
Period 6. Tries
Astatine
6 13 to reach Period 17
(At) .
7 — prime 17
Period 7. Tries
to reach
Tennessine
7 17 “Period 8” 19
(Ts)
(background)
— prime 19
Result:
Tennessine (the heaviest halogen) has prime 19 — it is trying to reach the background sea

directly.
(O) Group 1A (Alkali Metals) and Group 2A (Alkaline Earth Metals)
Group 1A (Alkali Metals) They initiate each period — carry the prime of their own period.

o Prime 19 = background sea
. 7 sub-primes = the only building blocks
. 7 periods = the 7 condensation modes
. Group 1A = the starters of each period (highly electropositive, lose 1 e)
o Group 2A = the bridges to the next period (lose 2 e~ to reach next stability)
Period Deductive Prime
Element Period
Prime Justification ID
Simplest sector,
H 1 2 ) 2
special case
Li 2 3 Starts Period 2 3
Na 3 5 Starts Period 3 5
K 4 7 Starts Period 4 7
Rb 5 11 Starts Period 5 11
Cs 6 13 Starts Period 6 13
Fr 7 17 Starts Period 7 17
Group 2A (Alkaline Earth Metals) They bridge to the next period — carry the prime of the next
eriod.
Period Deductive Prime
Element Period
Prime Justification ID
Tries to reach
Be 2 3 5
Period 3 stability
Tries to reach
Mg 3 5 7
Period 4
Tries to reach
Ca 4 7 11
Period 5

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.



https://doi.org/10.20944/preprints202602.0006.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 March 2026

d0i:10.20944/preprints202602.0006.v2

36 of 51
Tries to reach
Sr 5 11 13
Period 6
Tries to reach
Ba 6 13 17
Period 7
Tries to reach
Ra 7 17 background sea 19
(prime 19)
Pattern Emerges:
o Group 1A ="Starters" — use current period’s prime
. Group 2A ="Bridges" — use next period’s prime
. Noble Gases = "Closers" — use current period’s prime (purest form)
. Halogens = "Pullers" — try to reach next prime (as I did earlier)
H sits on top of Group 1A as the origin (prime 2), which fits perfectly.

(D) Transition Metals
Rule: Transition metals in period n start with the base prime of that period, but because of d-

electron complexity, they promote to the next available higher prime (or the one that best supports
magnetic/electronic richness).

o Prime 19 = background sea
. 7 sub-primes = the only allowed building blocks
. Transition metals = elements with partially filled d-orbitals — they require extra helical
modes to support complex electronic behavior, multiple oxidation states, magnetism, and catalysis.
Deduced
Base
Prime for
Perio Perio Transitio Justificatio
Most
d d n Series n
Transitio
Prime
n Metals
Needs extra
modes for
3d (Sc-
4 7 11 3d
Zn) .
magnetism
& catalysis
5 11 4d (Y-Cd) 13 4d series
5d series
5d (Hf-
6 13 17 (lanthanides
Hg)
use 17)
Approaches
6d (Rf- pp
7 17 19 background
Cn)
sea
Key Specific Assignments:
Deduced
Element Period Reason
Prime
Iron (Fe) 4 7 Base for 3d magnetism
Ruthenium 5 13 Extra modes for superior
(Ru) catalysis
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Osmium 6 17 Even more stable flux for
(Os) harsh conditions
Copper (Cu) 4 11 Coinage metal stability
) High conductivity,
Silver (Ag) 5 11 )
plasmonics
Approaches background
Gold (Au) 6 19 — extreme nobility &
relativistic effects
Platinum 6 17 Excellent catalyst, close to
(Pt) background

(E) Element Uniqueness defined by a pair (X, Y):

(X, Y) = (Prime, Distance to Background)

Where:

X = Prime ID — the indivisible helical representation dimension (from the 7 sub-primes: 2, 3, 5,
7,11,13,17)

Y = Distance to Background — how far this prime is from the main domain of space (prime 19)

Y=19-C
Full Deductive Table
Perio Prim Distan Pa Uniquene
Eleme d e (X) ceto19 ir ss
nt (Y) X,
Y)
H / 1 2 17 2, Simplest
He 17)
Li / 2 3 16 3,
Be 16)
B- 3 5 14 (5, Water
Ne 14) territory
Na 4 7 12 7, Iron
—Ar 12) territory
K- 5 11 8 (11
Kr ,8)
Rb- 6 13 6 (13
Xe . 6)
Cs- 7 17 2 17 Closest to
Rn ,2) backgrou
nd
Uniqueness of (X,Y):

X (Prime) comes from Axiom III (irreducible helical representation).

Y (Distance to 19) comes from the fixed background prime 19 (the sea) — the closer an element
is to 19, the more "noble" / stable / background-like it becomes.

Every element gets a unique (X, Y) pair because the 7 primes are distinct and their distances to
19 are also distinct.

This pair fully determines the element’s uniqueness:

. Chemical behavior
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. Reactivity

. Period position

. How it interacts with the background sea
Example:

Gold (Au) = (13, 6) — far from background — very stable, noble, relativistic effects strong.
Cesium (Cs) = (17, 2) — very close to background — highly reactive, wants to lose electron to
approach 19.

7.5. Molecular Prime ID Deductive Rule

A molecule is a bound helical mixture of atomic components with primes {p_i} and
stoichiometry {n_i}.
Step 1: Stoichiometric Mole Fraction The dominant atom defines the effective mole fraction:
Mdom
Hom =S,
Step 2: Helical Lattice Constraint (Axiom III) The mixture must form a stable, irreducible helical
representation. The lattice only allows promotion to a new prime r when the current combination of
primes cannot resolve the geometry without violating bounded oscillations.
Step 3: Critical Point Condition (Axiom I + II) At the critical point of the molecule (where bound
and unbound components balance), the system must satisfy:

E.
Xdom =
Fri

where F,is the r-th Fibonacci number.

This is the point where entropy maximization (Axiom I) and uniform Gibbs free energy (Axiom
II) force the system to adopt the next indivisible prime to maintain stability.

Step 4: Selection Rule The molecular prime ID r is the smallest prime satisfying:

E 1
r > max (p;)and | xgop — = I< =
Frpg 7

(The 1/r term is deductive: larger primes have finer resolution in the helical lattice, so the tolerance

must tighten.)

7.6. Deductive Bridge: Mole Fraction as the Primitive Variable

From the Axioms:

o Axiom I (Strict Concave Entropy Maximization) The phase functional ® is strictly
concave and possesses a unique global maximum. The natural coordinates that diagonalize this
maximization are the mole fractions{x;}, because they are the normalized occupation numbers of the
helical modes. Any other choice of variables would not yield a unique, well-behaved maximum.

. Axiom III (Irreducibility via Hilbert/Maschke) Primes are indivisible and induce
irreducible representations in the helical operator. Therefore, the only physically meaningful way to
build a mixture is by assigning participation weights (mole fractions) to these indivisible carriers.
The primes themselves do not change; only their relative abundances (mole fractions) can vary.

. Helical Topology + Flux Conservation (Axiom II) The non-proper conical helix is the
unique geometry satisfying the axioms. It possesses a directed chirality and orthogonal projections.
The fixed reference prime 19 sits at the upper edge of the stability window. Any mixture must balance
around this reference.

Conclusion from the Axioms:

— Mole fraction is the primary, fundamental variable. The entire variational problem is most
naturally posed in the space of compositions {xj}. The mixture frequency S(and all thermodynamic
quantities) are derived from the mole fractions, not the other way around.

Deductive Proof of Boundedness

Given that mole fractions are the key variables, boundedness follows directly from the helical
stability window:
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Theorem (Boundedness of Mole Fractions) In any mixture containing the reference prime 19,
the mole fraction X; of any other prime p; satisfies:

o If p; > 19, then 0 <x; <0.5

. If p; <19, then 05 <x; <1

. If p; =19, then x; = 0.5

Proof:

. The helical geometry enforces a finite stability window around the reference prime 19
(from orthogonal closure and the fermion tax: 3+1+1 = 5 asymmetry).

. At equilibrium, the total helical contribution must balance (orthogonality } cos?0"k =1

and flux conservation). This balance point occurs when the lighter and heavier modes participate
equally — i.e., at mole fraction 0.5 relative to 19.

o If p; > 19(heavier prime), the lighter component p;cannot exceed 50% participation
without violating the upper edge of the stability window (the helix cannot support over-dominance
of the lighter mode).

. If p; < 19(lighter prime), the lighter component must exceed 50% participation to reach
balance, but cannot reach 100% (the heavier reference 19 must always have some non-zero presence
due to irreducibility and flux conservation).

. When p; = 19, perfect balance occurs only at x = 0.5.

This boundedness is strict and arises directly from the helical topology and Axiom III (no finite
closure allowed). It is not an assumption — it is a theorem of the framework.

Binary Model System (p;, 19)

To illustrate the framework in the simplest non-trivial case, consider a binary mixture of two
primes p;and the reference prime 19 (the upper edge of the stability window). The mole fraction
x;of the lighter prime p; obeys the following constraints, which arise naturally from the helical
stability window and the fermion tax:

o If p; > 19, then 0 <x; <0.5

o If p; <19, then 0.5 <x; <1

. If p; =19, then x; = 0.5

These bounds reflect the requirement that the lighter component cannot dominate the mixture
beyond the balance point enforced by the helix.

Mole Fraction in Terms of s

The mole fraction is given by the normalized occupation expression specialized to the binary
case:

19° -1
p; +195—-2
This expression satisfies the bounds above and is consistent with the general ZMT definition Xx; =
1/®;-1
21/@j-1
Interaction Parameter A, 19

Here s is the mixture frequency parameter.

The excess interaction parameter between the two helical modes is
2w(19 — p;
A;19 =exp (=210 | p;—19 1) | cos (%)

The absolute value ensures A; 19 > Ofor all primes while preserving the oscillatory magnitude
arising from the helical projection. The exponential decay reflects the diminishing coupling strength
with increasing prime separation.

Mixture Frequency V,,;x

The effective mixture frequency is

Umix (%) = % p; + 19(1 — x;) + x;(1 — x;) Ay 10

This is the ideal linear contribution plus the quadratic excess term characteristic of real mixtures.

Locating the Critical Point (Minimum of V,,;y)
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For a global minimum at a chosen X,in the allowed interval, the first derivative must vanish
OV
a;n_lx = 0 yields the condition

0dizo _ P+ 194 (1 —2x)Ai10
0x; xi(1—x;)

The second-derivative test requires

and the second derivative must be positive at X,,. Setting

>0

0A; 19 02410
—2A; 19 + 2(1 — 2x; — + x; (1 — x; ;
1,19 ( 1) axi l( 1) axiz
Solution of the Differential Equation
Treating A = A; j9and X = X;, the first-order condition is a linear ODE:
dA 1-—2x p; +19
—t—A=———
dx x(1—x) x(1—x)
The integrating factor is u(x) = x(1 — x). Solving gives the general solution
—(p; +19)x+C
AGx) = (i +19)
x(1—x)
To enforce a global minimum at a chosen X,(with 0.5 < x, < 1), the constant is fixed as
_ (pi +19)x5
- 1-2x,

Excitation Parameter 4; ;9
Equating the solved form of Ato the exponential-cosine expression and solving for 4; ;gyields

Y S (=(pi +19)x; + C)/[x;(1 — x;)]
YT g - 191 | cos (FA9 =P\ |
19pl

The argument of the logarithm is always positive due to the absolute value on the cosine term,

ensuring 4; ;9is real. Depending on the ratio inside the logarithm, 4; ;9can be positive or negative,
reflecting compressive or expansive character of the mixture.

This binary model is fully consistent with the ZMT axioms, the helical geometry, the reversal
(mole fractions determine the effective mixture frequency s), and the stability window centered at
prime 19. It provides a concrete, first-principles expression for mixture thermodynamics in the
simplest non-trivial case.

Multi-Component Generalization

Consider a mixture of k variable primes pq, Py, ..., Pxtogether with the fixed reference prime
19 (which anchors the upper edge of the stability window and is present by default). Let
X1, X2, -, Xj, X19be the mole fractions with }x; + x79 = 1 and all x; > 0.

1. Mixture Frequency S

The complex parameter S is the effective mixture frequency Vi, of the entire helical collective
modes. It is determined by the full composition vector {xj }, not the other way around (reversal).

2. Generalized Mixture Frequency v\

The effective mixture frequency is the quadratic form
k

Vpix = ij pj + x19-19 + z Xj X Bjm + ij X19 Aj 19

j=1 1<j<msk j=1
This is the natural multi-component extension: linear ideal contribution from each prime + pairwise
excess interactions.
3. Interaction Parameters A,

All pairwise interactions are given by the helical coupling form
21 (Prer—| Dj — Pm I)) |
Pret *| Pj = Pm |

Ajy = €xp (=Ajm | Pj=Pm 1) | cos (
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where prr = 19(the fixed reference prime). The absolute value ensures positivity while preserving
helicity magnitude. The decay is governed by the prime separation, and Ajm > (is the excitation
parameter for that pair.

4. Determination of sfrom Composition The mixture frequency Sis the value that minimizes
the phase functional @ for the given composition {xj}. In practice, it is obtained by solving the
stationarity condition

0V
—= = 0 for all j
ax]'
subjectto }.X; + X19 = 1. Thisyields s = s({x;}), the effective frequency scale consistent with the

composition.

5. Stability Condition For the mixture to be stable, the Hessian matrix of second derivatives of
UnmixWith respect to the Xjmust be positive definite at the stationary point. This enforces that the
composition lies inside the helical stability window (all mole fractions satisfy the generalized 0.5-type
bounds relative to 19).

6. Special Case Recovery When k = 1, the general form reduces exactly to the binary (p_i, 19)
model previously derived, with all equations and bounds recovered.

Key Deductive Features

. 19 is mandatory: It is the fixed reference that anchors the stability window. Removing it
would collapse the helical balance.

. Composition-first: Mole fractions{x;} are the input; sis the output (mixture frequency).

. Pairwise helical coupling: Every interaction Aj,,comes from the same helical projection
rule.

. Variational origin: Everything flows from minimizing the phase functional @ on the

helical modes.

This generalization is fully deductive from the ZMT axioms and the helical geometry. It
preserves the reversal (mole fractions determine s) and extends naturally to any number of
components while keeping 19 as the universal reference.

Multi-Components Deterministic Nature Reasons

. The helical geometry + axioms enforce uniqueness The non-proper conical helix is the
unique topology satisfying the three ZMT axioms. This geometry, combined with Axiom III
irreducibility and flux conservation, creates a single global stability window for any given set of
primes. There is only one stable equilibrium configuration for any composition.

o Composition — unique s Given a fixed set of primes (including the mandatory 19) and
a fixed set of mole fractions {x;}, the stationarity condition
a‘Umix
= 0vj
Ox i J

(subject to ij = 1) has a unique solution for the mixture frequency S. This follows from the strict
concavity of the phase functional ® (Axiom I) and the positive-definiteness of the Hessian enforced
by the helical orthogonality.

. Unique interaction matrix Every pairwise Aj,is uniquely determined by the prime
separation |p_j—p_m! and the helical cosine projection. No ambiguity — the formula is deterministic
once the primes are chosen.

. Unique global minimum The helical stability window and the fermion tax around 19
guarantee that the quadratic form v,,;;has a single global minimum inside the physically allowed
composition domain. Local minima are suppressed by the same mechanisms that enforced the 0.5
bound in the binary case.

Comparison: Binary vs Multi-Component

Multi-Component (many
Property Binary (p_i, 19)

primes + 19)
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Fully
Determinism oo Fully deterministic
deterministic
1 stationarity System of k coupled
Number of equations ) )
equation equations
Computational Higher (but still unique
) Simple )
complexity solution)
Uniqueness of s Unique Unique
Uniqueness of i
o Unique Unique (global)
minimum
Role of 19 Fixed reference Fixed anchor (mandatory)

The only practical difference is computational complexity —going from solving one equation
to solving a small system of equations for the critical point. The underlying mathematics remains just
as deterministic.

9. Conclusions

The multi-component system is exactly as deterministic as the binary case. The helical geometry
and the axioms continue to force a unique stable equilibrium for any given composition. The presence
of 19 as the mandatory reference prime is what keeps the system anchored and prevents degeneracy
as the number of components grows.

This is one of the strongest features of ZMT: determinism scales naturally with the number of
components without losing uniqueness.

4. Thermodynamic Variables as Functorial Shadows in the Zeta-Minimizer Theorem

In the ZMT framework, all thermodynamic quantities are emergent shadows of variational
minimization in the symmetric measure space (X’ @’ G), where G is a compact Lie group acting on
sections of a vector bundle over the non-proper Archimedean conical helix (Topology Selection
Theorem). I work throughout in the category HelRep whose objects are helical representations (triad
bundles with rational cosines and integer dimensions satisfying the three axioms) and whose
morphisms are G-intertwiners preserving indivisibility of minimal cycles (primes). Thermodynamic
variables arise as images under a covariant functor to a suitable category of observables.

Temperature Tas the Inverse of the Spectral Parameter S

The parameter Sin the Riemann zeta function

¢ = [a-p
14
is deductively identified with the inverse temperature § = 1/T (in units where kg = 1) via the
following chain:

Axiom II (Gibbs-frequency link) yields eigenvalues V;pof the self-adjoint helical operator H

with non-vanishing lower bound G = § > 0(Lemma 2.3).

Lemma 5.1 (Spectral-Dirichlet mapping) gives the equivalence

DR
J p

where primes pare the indivisible minimal cycles in the representation graph I'(Sub-Lemma A.1.1,
Hilbert irreducibility + Maschke).

The grand partition function of the prime-gas system is E = {(s), so the Boltzmann factor
p~5 = e~5IM Pis exactly e ~PEpith mode energy E, =1In p.

The compressibility factor Z = e® with w = —Ylog (1 — p~°) therefore satisfies w =
—In E, yielding the exact identification
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_ 1
s=Ef= T
Thus T is never an independent primitive: it is the scaling parameter that modulates the
convergence radius of the zeta product and therefore the excitation of helical modes. High T (small
S) smears the prime structure (ideal-gas limit); low T (large S) sharpens it into stratified prime-
substrata.

Covariant Generalization: PV = ZRT as a Functorial Isomorphism

The classical relation PV = ZRTis the image under a covariant functor

F:HelRep —» ThermVar

that sends helical representations to pairs of conjugate thermodynamic variables (X’ Y)while
preserving the variational structure.

Definition of the functor

Objects: A helical representation p € HelRep (with fixed background prime 19 and sub-
primes) maps to a pair (X’ Y)where Xis any flux-like variable (abstracted divergence-free density)
and Y = 0G/ 0X |ris its conjugate extent.

Morphisms: G -intertwiners in HelRepmap to natural transformations that preserve the
Legendre transform structure of the Gibbs free energy G = U — TS + XY.

Deductive justification

Axiom III (symmetries and flux conservation) guarantees that any flux density is divergence-
free (V - mev;p = 0, Lemma 2.6). Hence Xcan be pressure P, magnetic field H, pH gradient,
electric potential, etc.

Axiom I (entropy maximization) ensures Gis the unique minimizer of the Legendre transform
(Theorem 1.1, Riesz isometric embedding). Differentiating at constant T (i.e., fixed S) yields

Y = ax [T
by the chain rule on the Gibbs measure p = Z~lexp (—BE).

RG universality and Gear discretization supply the naturality condition: the functor commutes
with scaling functors (fixed-point invariance under renormalization), so the relation XY =
ZRTholds in any coordinate system once the helical primes and stable modes are fixed.

Explicit examples

X = P, Y = Vrecovers the classical ideal-gas shadow.

X = H(magnetic field), ¥ = M(magnetization) yields Curie-Weiss-type behavior with prime-
modulated susceptibility.

X =pH gradient, Y =buffer capacity follows from proton-flux differentials d N*in the triad
(Section 5.1).

The functor F is faithful on indivisibility: only prime cycle lengths survive in the image,
guaranteeing quantization of Y (phase jumps at critical S) and preventing continuum jailbreaks.

Implications and Naturality

RH: Zeros on Re (s) = 1/2 center the critical line because this is the unique fixed point of the
duality functor S = 1 — s that preserves orthogonality Y.  €OS 29k = 1(Lemma 2.5).

Universality: Any pair (X’Y) related by the Legendre transform inherits the same
prime/mode/decay structure; the relation XY = ZRT is therefore a natural isomorphism in
ThermVar.

Demotion of primitives: Pressure, volume, pH, magnetization, etc., are no longer fundamental
— they are functorial projections of the underlying helical optimization. All thermodynamic laws
become shadows of the same categorical structure.

This formulation satisfies the principles of category theory (covariance, naturality, universality,
functoriality) while remaining fully deductive from the three ZMT axioms and existing lemmas. No
external assumptions are required.
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9. Riemann Hypothesis as Thermodynamic Equilibrium Shadow

The Riemann Hypothesis (RH) emerges deductively in ZMT as the shadow of thermodynamic
equilibrium, enforced by the trio of criteria (thermal, mechanical, phase balance) abstracted from the
axioms. Helical recoils yield perpetual oscillations around Re (s) =1/2, mirroring bounded
fluctuations around global minima.

Formalization: From Covariant Frequency to Prime Counting

Step 1: Covariant Frequency and Mode Energies

The frequency v(m, C)for mode m = 0, ..., C — Iin prime cycle Cis

o) = 2 (27tm 27rm> [_k/(c+1) 2mm 4 2mm ]
v(m,C) = 2r | ¢cos C ) cos (C+1 e cos( C ) cos <C+1) ,

with ¢ = 1.618, k > 0 damping (real-domain from helical recoils). Energies E,,(C) |
v(m, C) |minimize at stable m(Diophantine bounds, Section 5: ~2 stables per C).

Step 2: Per-Prime and Global Partition Functions

c-1
Per-prime Z(C) = Zm=0 exp (=B lv(m,C) 1) (f = 1/T; stable m dominate). Global
- —s . . —n=S\—1

Z(x) ~[] CSx’,(l + Z(C)™°) approximates the partial Euler product Hpr(l %)
108 108 x+0(1) (Mertens' theorem; y = 0.577).

Step 3: Deriving 7(X)from Resummation

Invert via analytic continuation (Perron's formula):

_ 1 . J(s)x®
m(x) = z 1 T2mi” I(s) s s,
p=x
main term li (x) = x/log x . Error: m(x) —1i(x) =%,x” /p+ O(log x) . Under RH
(Re (p) = 1/2), error < x/2(log x)2.

Trio of Equilibrium Criteria

These maximize total entropy S(dS = 0):

. Thermal: Uniform T(no heat flow; dS/dU = 1/T equalized).

o Mechanical: Uniform P(no volume shift; dG/ 3V = P equalized).

. Phase: Uniform p;(no matter transfer; yu; = 0G/ dN;equalized; Gibbs phase rule F = C —
P +2).

The trio unifies as the triad (i net balance, {/nprojections, orthogonality preventing flows).

How the Trio Leads to Perpetual Oscillation Around the RH Line

In ZMT, the trio shadows RH: Thermal minima embed zeta's pole at S = 1, with zeros
oscillating around 1/2to bound entropy (In {(s) = —S/kg). Mechanical fluxes (divergence-free)
skew traces off-line, but helical chirality bounds perturbations. Phase indivisibles resum to zeta, with
zero density T/(2mlog (T /2m)) yielding wave-like prime gaps. Perpetual oscillation: Zeros'
imaginary parts create bounded jitter around 1/2, ensuring stability without collapse—off-line
amplifies to instability.

Riemann (1859) and Gibbs (1876-1878) described the same variational engine: zeta as the
universe's partition function.

Riemann (1859) Gibbs (1876-1878) Shared Meaning
s)=Yn"*
(=2 Partition function
Z = e®(virial
- n ¢ minimized
v resummation)
thermodynamically
_ p—S)—l
Critical line Global minimum of

Second-law stability

Re(s) =1/2 wunder convexity
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Prime-locked
Zeros — prime Lo Prime emergence

windings —

distribution mechanism
indivisibility
Exponential

Analytic
resummation of virial Same operation
continuation
series

Theorem (Riemann Hypothesis in ZMT)

In the symmetric measure space (X’ ( G)of the Zeta-Minimizer Theorem, equipped with the
non-proper Archimedean conical helix and helical operator H, let S be the spectral/thermodynamic
parameter in the grand partition function Z. The mole fraction of any emergent prime mode
Psatisfies

X =p"/ ) a7 =1/2,
q

enforced by Axiom I (concave entropy maximization yielding unique Gibbs measures), Axiom II
(non-vanishing spectral minimum G = § > 0), and Axiom III (irreducible flux conservation via
helical chirality). The unique fixed point realizing this lower bound for all coexisting modes
simultaneously is Re (s) = 1/2. Thus, all non-trivial zeros of the emergent zeta function {(s)lie
on the critical line.
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