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Abstract

In this paper, a hybrid model reduction method for solving flows in fractured media is proposed.
The approach integrates the Generalized Multiscale Finite Element Method (GMsFEM) with a novel
variable-separation (VS) technique.Within this framework, the dual-continuum model solutions are
expressed through a low-rank variable-separation expansion, enabling rapid online computation. The
expansion is constructed using two sets of basis functions: stochastic basis functions and deterministic
physical basis functions, both derived from offline, model-oriented computations. To efficiently
construct the stochastic basis functions, the original model is used to learn stochastic information.
Meanwhile, the deterministic physical basis functions are trained using solutions obtained by applying
an uncoupled GMsFEM to the dual-continuum system at a select number of optimal samples. Once
these bases are established, the online evaluation for each new random sample becomes highly
efficient, allowing for the computation of a large number of stochastic realizations at minimal cost. To
demonstrate the performance of the proposed method, two numerical examples for dual-continuum
models with random inputs are presented. The results confirm that the hybrid model reduction
method is both efficient and achieves high approximation accuracy.

Keywords: dual-continuum model; uncoupled generalized multiscale finite element method; variable-
separation method; model reduction

1. Introduction

Numerous engineering disciplines—such as groundwater hydrology, hydrocarbon reservoir engi-
neering, and composite materials science—study systems composed of multiple interacting continuous
media. These systems exhibit complex behaviors arising from multi-component, multi-scale, and
multi-physics coupling, which traditional single-continuum models, relying on homogeneity assump-
tions, often fail to capture. Standard dual-continuum models address this limitation by coupling mass
transfers between two separate continua of distinct scales. However, due to incomplete knowledge
about the physical properties and the presence of measurement noise, such models inherently con-
tain uncertainties. In this work, we consider the numerical simulation methods for dual-continuum
problems and discuss their related applications.

For the numerical simulation of dual-continuum model, there exist some efficient methods, includ-
ing finite element method [11,15], finite volume method [9,18] and hybrid schemes that combine both
finite element method and finite volume method [20,24]. In [21], the authors employ a finite element
method with standard linear basis functions for spatial approximation, and combine implicit and
explicit temporal schemes regarding time discretization. However, due to the complex heterogeneity
of porous media—particularly the presence of multiple scales and high contrast—some form of model
reduction is often necessary for practical flow simulations. The application of homogenization theory
provides one pathway to deriving dual-continuum models, as illustrated by [1], who extended the
earlier framework of [4]. Their work established a general double-porosity model for single-phase flow
in fractured reservoirs, explicitly describing transport within and between each continuum. Further
extensions have been proposed to enhance the representation of inter-continuum interactions: Wu and
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Pruess [33] employed multiple interacting continua to better capture transient inter-continuum flow,
and Yan et al. [34] later generalized this concept into a versatile multi-continuum framework capable
of handling an arbitrary number of continua.

While such models capture flow both inside and across continua, their accuracy relies on a strong
separation of scales. In cases of weak scale separation, homogenized effective parameters can lose
physical meaning, significantly compromising model fidelity. To overcome the limitations of classi-
cal homogenization and directly incorporate multiscale heterogeneity in a computationally efficient
manner, the Multiscale Finite Element Method (MsFEM) [12,13] and its generalization, the Gener-
alized Multiscale Finite Element Method (GMsFEM) [14], have been developed. These approaches
integrate fine-scale heterogeneity while reducing computational cost. For simulating gas transport
in the shale formation, the work of I. Akkutlu et al. in [2] develop a coupled multiscale and multi-
continuum approach. Furthermore, active research efforts continue to develop novel model reduction
techniques, such as the constraint energy minimizing generalized multiscale finite element method
(CEM-GMSFEM) [6,7,17]. Related numerical methods for multi-continuum systems [5], including the
non-local multi-continuum method (NLMC) [8,32], are also being advanced. These approaches are
particularly effective in addressing the challenges posed by high-contrast properties and multiscale
features inherent in multi-continuum media.

When employing a multiscale approach to address heterogeneity in model parameters, solving
models with uncertain parameters remains a significant challenge. Typically, such uncertain param-
eters are characterized by a finite set of random variables. This representation allows the modeling
framework to be described by Parameterized Partial Differential Equations (PPDEs) [25,29]. The
work [23] presents some Reduced Basis (RB) methods for fluid infiltration problems through certain
porous media modeled as dual-continuum with localized uncertainties. In this work, we focus on
developing the reduced basis approximations by combining the uncoupled GMsFEM method and
the Variable-separation (VS) method for dual-continuum models with localized uncertainties. The VS
method aims to approximate a solution in the form:

z

plx ;) = ) Ci(u)Pilt x),

1

I
—

where N is the number of separated terms, {P;(t, x)} are deterministic basis functions of space x
variable and time variable t, and {{;(y)} are stochastic basis functions of the random parameter y.
This separated representation can also be achieved by other methods, such as the Proper Generalized
Decomposition (PGD) [26-28] and the Empirical Interpolation Method (EIM) [3,19,30]. However, the
VS method offers distinct advantages. Compared to PGD, which typically requires numerous iterations
with an arbitrary initial guess at each enrichment step, the VS method is more computationally efficient.
While the VS method shares similarities with EIM, it does not require the selection of optimal parameter
values and interpolation nodes. Furthermore, for online computation, the VS method directly evaluates
the solution using the separated representation. In contrast, EIM requires solving an algebraic system
based on pre-computed interpolation nodes and parameter values. Consequently, the VS method is
not only easier to implement but also enables faster online computation.

The organization of the paper is as follows. In Section 2, we introduce some preliminaries and
notations. Section 3 is about problem formulation, where we show the existence and uniqueness
of the weak solution, and provide fine-scale finite element discretization. In Section 4, an overview
of the VS method is given. In Section 5, we describe the uncoupled GMsFEM and hybrid model
reduction method. Numerical examples are presented in Section 6 to demonstrate the effectiveness of
the proposed hybrid model reduction method. Finally, conclusions and closing remarks are provided.

2. Mathematical Model

In this section, we present some preliminaries and notations for the rest of paper. We first define
the close set [to, t7] as the time interval. Let (Q), 7, P) be a complete probability space, where Q) is
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the space of elementary events, F C 29 is the o-algebra, and P is the probability measure on Q. For
computation, the random field needs to be approximated by a prescribed number of random variables,
u(w) ={m(w), po(w), -, pun(w)}, ie., u(-) : Q — T C R" (n > 1). We use the random vector u(w)
to characterize the stochastic property of the random field.

We denote the space of the random variables with second order moments by L%) (Q)), which is
defined by

13(Q) = {n:w e Q= Ew) € B; [ u(w)*P(dp) < oo},

The inner product in L2 (Q) is defined by (i, é)L%(Q) = Jq #(w)&(w)P(dp), which induces the norm

etz = el = (o),
Let L?(D) and H*(D) be the usual Lebesgue space and Sobolev space [16], respectively. With the
notation defined above, we define the following tensor-product Hilbert space

L2(ts,t; Lp (T H (D)) 1= {v 2 [t t] X DX T = RVl 2y 0 sy <

and the equipped norm is

Hv”%Z(ts,tf;Lg,(I";Hs(D))) - /t:f ”VHi?;(F;HS(D))dt
= [t 5 B oyt
To shorten the notation, we denote
A (Dy) == L2(ts, ty; L (T; HY(D))).

In particular,
Ay (D) = {v € 2 (Dy) : vlyp = 0}

When s = 0, we employ the abbreviated notion .#?(D;) to denote .#”°(D;) by convention.
For deterministic situation, the tensor spaces can be simplified by

L2(Qy) := L2(ts,t;; L2(D)),  H'(Q) := L*(ts,t;; HY(D)).

3. Dual Continuum Model

In this paper, We consider the dual continuum model with localized uncertainties:

LR div(sa pa(x,8)) + 0(0) (pr (5 51) — pali 530) = falx 1),

(X, 51) g
ot

1)
(2Vpa(x, t;u)) +o(x)(p2(x, ;) — pr(x, tu)) = fa(x, ),

in a computational domain D C R?. Fori = 1,2, let p; denote the pressure, x; the permeability,
and f; the source term for the i-th continuum. The continua are coupled through mass exchange,
with o representing the strength of the mass transfer between them. A notable application of the
dual continuum model (1) is its ability to capture the global interactive effects between unresolved
fractures and the surrounding matrix. In this work, we consider high-contrast, channelized media.
The initial condition is prescribed as p;(x, to; 1) = p?(x; ) in D, and the boundary condition is given
by pi(x,t;u) = gi(t;u) on 9D X [to, ts]. Here, we assume the permeability fields x;(x) (i = 1,2) are
uniformly bounded, i.e.,
k <xi(x) <% forVxeQ.
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and the transform term is also bounded, i.e,
lo(x)| <@, forVxe Q.

3.1. Variational Formulation of the Dual-Continuum Model

The model (1) leads to the variational problem as follows: for any test functions v;, i = 1,2,

(aa%,vl)'f‘ﬂl(plrvl)'f'(ﬂpl—pz,vl) = 51(v1) .
(aa%,vz) + ay(p2, v2) + 4(p2 — p1,02) = s2(v2),
where
(aa%,vl) =/, %v dx, (%,vz) -/ aa%vzdx,
nipy o) = /Dklvplvvldx' a(p2,v2) = /Dkzvthvzdx,
AN
and

s1(v) :/Dflvldx—/D;qVGleldx, s2(v) :/Dflvzdx—/DKZVGZszdx.

Here, G; and G, are continuous piecewise polynomials that match the values of g; and g, respectively,
at the boundary nodes on dD.

Moreover, we assume that both a; (-, -; #) and a(-, -; ) are affinely dependent on the parameter
vector y, i.e., for some Q,, Qp, Qu,, Qs € NN, the following affine decompositions hold:

Qo .
ar(w,o;p) = Y Qi ()ay(w,0) VYw,v e HY(Q), Vi €T,
i=1
Q. .
am(w,o;u) =Y Qy(wab(w,0) Vw,ve H(Q), VueT,
=1
N, (©)
si(;p) = Y Xu(p)s1u(v) Vo e HY(Q), VueT,
n=1
M,
s2(0;) = Y, Yu()som(v) Vo€ HY(Q), Vu eT.
m=1

If the bilinear forms a1 (-, -; #) and ay(+, -; u) are not affine, an affine approximation can still be con-
structed using the VS method introduced in [10] or the Empirical Interpolation Method (EIM; see, e.g.,
[3,19,30]).

3.2. The Approximation Based on FEM

To obtain a reference (truth) solution, the finite element method (FEM) is used for the spatial
discretization of the dual-continuum model, while the implicit Euler method is employed for time
integration.

Let 7}, be a uniform partition of the spatial domain D. On fine grid 7}, the corresponding FE space
is V/(D) ¢ HY(D) x HY(D) and V£(Q) C V"(Q) is the subspace with vanishing boundary values.
Let Nj, be the number of vertices, and the dimension of FE space be NV. Typically, the dimension is
very large. Furthermore, we suppose that M"(Q) is the finite dimensional subspace of L?(Q). Thus,
we define

VHQy) == L2 (t, t VI(Q)) € HY (), MP(Qy) = L2 (st MM (Q)) © L2(Q).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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With the notations defined above, the Galerkin formulation of the system (2) is to find (p1 ,, p2i) €
V() x VI (Qy) such that

]

( gilhlvl,h) + a1 (p1pv1n) +9(P1p — P2 010) = S1(01,0) W
0

( gi'h'vlh) + a2(pa,n, 02,1) + q(P2n — PLiV20) = S20(02),

where both v, ;, and v, ), are the respective test functions.
Applying the implicit Euler method to the system (4)yields the full discretized formulation of the
dual-continuum model as follows:

{(P’{Zlfvl,w + Atay(py) o) + Atg(pyt — o5t o) = AtsE (1) + (PF g o0n), -

(P55 von) + Dtaz(p5it o n) + Dta(pslt — Atpyt oo ) = Dtss i () + (15, 02,0),

ty := kAt, 0 < k < N;. If the basis functions of space V"(Q)

are denoted by {¢; }]Iihl, we can represent the variables in Eq. (5) with the linear combination of the

tr—t
s
where At := N;

corresponding basis functions as

Ny, )
P = Z P, Py =Yy (e
i=1

If affine assumption (3) holds, the full discretization (5) becomes

Qo Ny

Z P () + ALY Y Q0P e (91, pr) + At Z P a(ign) -

s=1i=1

N,
AtZP"“’q (¢j, 1) = ALY Xu(p)SE3 () +Z L (@i 1)
n=1

6)
Qp Np
k+1, k+1, k—+1
ZP (¢, ) +AtZZQ2 Py, a5 (¢, fm) +AtZP T9(¢7, ) —
t= 1] ]

M,
AtZPk“lq (i @) = DY, Yo(1)S5 3" () + Z (@5, o),
r=1

where ¢; and ¢, are the test functions corresponding to the pressure variables.
Next, if we define

(Myp)ig = (¢i, 1), 1 < i, < Np,

(Mpp)ig = q(di, 1), 1 <i,1 < Np,

(K§ p)in = aj (¢, ¢1),1 <i,1 <N,

(K 1)jm = a5(¢j, dm), 1 < j,m < Ny

(B"“) = S{ ), 1<I< N, 7)
(BS ) =S5t (gm), 1 <m < Nh

Qu
Kl,h: Z Qs( )K1h/K2h— Z Qz( )

Bt = z Xu()BY),! By = 2 Y: (i )B"“

1n’ 2,r 7
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then we can get the matrix form of full discrete system (6) as

k k
{(Ml,h + AtKy ) P+ MMy (PP — PEIT) = AtB{T! o+ My, Py, ®
(Myy + DKy ) PSfT + AtMy (Py = PATY) = ABEY! 4+ My, Py,
Combining these equations gives the matrix system
k+1
My + DKy + AtMy ~AtMy, P (1) | _ | BT o)
—AtMy, M+ AtKoj + AtMyy, | | Pyt (1) B ()

Here, Pﬁrl (u) and Pﬂ'l (1) denote the discrete approximations of p1, py at the (k + 1)-th time step,
with the corresponding right-hand-side vectors given by

FEtl(u) == AtBET! 4 Ml,hpfh ESth(u) == AtBET! 4 Ml,hpé(,h'

Under the affine assumption (3), the mass matrices M, , and M, j, the stiffness matrices { Kih}st”l
and {Ké,h}?:bl, and the right-hand-side vectors {B’f;l}nNil and {Blzcjl} ?4:“1 can be precomputed once
during the offline stage, despite the high computational cost involved. In the online stage, for each
new parameter sample y € T, all coefficients {Qﬁ(y)}gz”l, {Qé(y)}tQ:bl, {Xn(y)}yil and {Yr(y)}ﬁvi“l
need to be updated.

4. A Variable-Separation Method for the Stochastic Dual-Continuum Model

In this section, we present a variable-separation method applicable to the stochastic dual-
continuum model. The corresponding stochastic solutions are expressed in the following form.

|
™=

Il
—_

pr(x t;u) = pin(x, tp) =) Gi(u)Pri(t x)

(10)

p2(x,tp) = pon(x,t ) == ) Ai(p)Poit, x).

M=

Il
—_

Here, N denotes the number of separation terms. The stochastic basis functions {éi(y)}f\i ; and
{A]-(y)}]-lil belong to the space L3, (I'), while {Py ;(t, x)} ¥, and {lej(t,x)}jlil are corresponding deter-
ministic basis functions in V*(Q);).

Let E € I be a set of training samples. We define

ep (x, 6 1) == pr(x, t;p) — pre—1(x, t; ),
ep, (X, 5 11) := pa(x, ;1) — poj—1(X, t; ).

For Yovq,0; € V(Q), we then have

P)
(%, 015 1) + a1 (ep,, 015 1) + q(ep, — €pyy 013 1)
FI
=s1(v;p) — ( p};’; 1101)V) —a1(pri-1, 95 4) — 4(PLi—1 — P2k-1, 91 1)
9ep, . . .
(7, 02 1) + az(epy, v2; 1) +q(ep, —epy, 025 1)
P k-1

= so(vo; ) — ( of /UZ?V) —a2(pok—1,92 1) — 4(P2k—1 — P1k-1,02 1)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Let r’;l (v1; 1), rlf,z (vg; 1) € V*(Q)). We have

Sl(Ul, ) k = ].,
(015 1) = P11

s1(v;p) — ( a't ,01;}4) - a1(P1,k—1,01;#) - q(Pl,k—l - Pz,k—1,01;li), k>2,

sa(va; 1), k=1,
1 (023 1) = IP2k—1

sp(vo;p) — ( a,t ,?Jz;}l) - a2(P2,k—1/UZ;.u) - q(PZ,k—l - Pl,k—1,02;li), k>2,

where V"*(Q);) is the dual space of V'(Q);), and M"*(Q);) is the dual space of M"(Q;). Then we have
p p

dep
{ (S v 1) + ar(ep, v 1) + qlep, — epy 015 1) = 1y, (015 1)

dep, . ca) — 4k . (12)
( —or » 92; 7") +a (€p2, U2; 7") + q(epz — €py,02; ‘”) = rpz (er V)
By Riesz representation theory, there exist functions é l;’ ()8 ok , (1) € VI(Qy), such that
(@8, (1), v ) = 1, (015 1), 13
(@8, (1), 02; ) = 1, (v2; ).
Then we can rewrite Eq. (12) as
) A
(ag’?/vl,u) +ar(epy, v 1) +q(ep, —epy, 013 1) = (&5, (1), 01; 1)1, (14)
(57023 1) + a2(epy, 02; 1) + (ep, — 9y, 025 1) = (&, (), 023 W)pgr-

Consequently, the dual norm of the residuals {r%(v1; 1)}, {rk (v2; )}, {rﬂi (f; 1)} can be evaluated
through the Riesz representation,

(v1;1) A
175, (015 1) | 1+ == sup O o (1) s

S0P Tl
rhy (0231) A
I o) sy = sup B = s 1)l
(XS]

Next, we define an error estimator for the dual-continuum model (4) by

(x5 10) = 3/ 11, ()2, + 1125, (o) 12,

The computation of the residuals is crucial to the VS procedure. To efficiently compute ||é’]fJl ()14,
||é’;,2(y) |21, we apply an offline-online procedure presented in [22,31]. The detailed procedure is
presented in Appendix A.

At step k, we choose

choose randomly in =, k=1,
M= arg max Ay (p) k> 2.
uek

Let ey, (x,t; i) and ey, (x, t; pi )be the solutions of system (12) with p = p.. We take
Pl,k(t/ X) = eP1 (X, t; ]/lk), pZ,k(t/ X) = ePz (x/ £ .uk)

We define the error expansions as

ep (X, 1) = Ce(p)pri(t,x),  ep,(x,t; 1) = Ap(p) po(t, x).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Next, in the first equation of system (12) we set v; = p; x(x,t), and in the second equation we set
vy = pox(x,ty), where

Ji=arg max, (721 (P (x, ) 1) + 75, (Po (2, ); w))-
By (3), (10), (12) and (A.24), we can get the linear system with regard to () and Ax () as follows

{Lﬂ(pt)ck(m + L0 A() = 5, (i )i, 5

L2 (1) A (i) + L2 ()G () = 75, (p2xc (x, 1)) ).

The coefficients are defined as follows:

" Q
Lia(0) = (P40, pus( 1) + 1 Q4 () (st x), (o)) + 4(prelt ), prs( )
Lio(#) = —q(p2,(t, x), pri(x, 7))

Q .
Loa(p) = (220 (3, 1)) + L. Q5102 (pax(t ), Pra(x,t7)) + 4(pas(t ), pas(xty))
=

Lys(p) = —q(p1x(t, x), poi(x,ty))

and

L (n) = BUA(4,2), ff (), LE(7) = =W (t2), f1(2), L (7) = (A% (8, 2), £ (2))-

The right terms have the following affine expressions:

Na -1 a
rl;il (pl,k(x' t])”’l) - 2 X”(.u)sln Plk X, t] 261 pll t x),pl,k(x, t]))
n=1
Qq k—1
- ; ; Qi(m)&i(w)ai (pri(t x), pri(x, 7))
k-1 k-1
=Y Gi(ma(pri(tx), prx(x ) + Z Ai(m)a(pa(t, x), pri(x 1)),
k e apZZ(t X)
”pz(Pz,k(xr t)u) = Z_:lY m (1)S2,m (P (%, 1)) 2)\ —,pzlk(x, tr))
Qp k—
-2 Z Q5 () Aj(p)ab (pa,i(t,x), poj(x,ty))
t= 1]
k-1
E q(p2j(t, ), pox(x, 7)) + 3 Gi()qa(pilt,x), pax(x,ty)).

j=1 i=1

Therefore, the stochastic basis functions ¢ (y), Ax(j) can be obtained by system (15). We outline
the VS method for stochastic dual-continuum problems in Algorithm 1.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Algorithm 1 The VS method for stochastic dual-continuum problems.

Input: The stochastic dual-continuum problem (3), a set of training samples E € I, and the error
tolerance e.

Output: The variable-separation representations py N (X, t; 1) :== ¥ &i(u)P1i(t,x), pan(x, tp) =

Tt

N 1
¥ () Pas(t, ).

1: Initialization: Residuals r’lg1 (t; 1) :==s1(v1; ), r},z(ﬁ;y) := sp(vp; 4), arandom sample y; € E;

2: Calculate the deterministic physical basis functions Py x(t, x) = ep, (X, £; pix), Paic(t, x) = ep, (x, t; i)
by solving (12) with u = py;

3: Compute the stochastic basis functions & (i), A*(u) by (15);

k
4: Update & with & = E\ yi, and take the approximation pyx(x,t; 1) := ¥ &;(p)Pyi(t,x) and
i=1

k

Pak(x, ) = '21 Ai(p) Po,i(t, x)

1=
5: k=k+1;
6: Update the residuals r’;l (v1; 4) and r’;,z (vg; 1), and compute Ag(x,t; 1);
7: Take py as py := argmax Ay (x, t; 4);
UEE
8

Return Step 2 if ;. > ¢, otherwise terminate.

5. The Hybrid Model Reduction Method Based on Variable-Separation

Derived from the governing equations of the dual-continuum model, the stochastic and determin-
istic basis functions used in the VS framework (Section 4) are computed via a traditional finite element
method on a fine grid, employing a backward Euler temporal discretization. If the dual-continuum
governing equations have strong multiscale features, then we have to use a very fine mesh to resolve
the features in all scales. This computation of computing snapshots may be very expensive. To
overcome the difficulty and improve the offline computation, we can use the uncoupled Generalized
Multiscale Finite Element Method (uncoupled GMsFEM) to compute the basis functions. In this section,
we briefly present the uncoupled GMsFEM and the hybrid model reduction method.

5.1. Uncoupled GMsFEM

For the parameterized dual-continuum model, when constructing the multiscale reduced basis
space using the uncoupled Generalized Multiscale Finite Element Method (GMsFEM), the multiscale
basis functions on each continuum are constructed independently, taking into account only the
permeability «;(x; 4) while neglecting the effect of the interaction term ¢.

Before presenting the framework of uncoupled GMsFEM approximation for the dual-continuum
model, we first establish the numerical discretization setting, as illustrated in Figure 1. Let H be the
characteristic size of a generic coarse cell. We consider that the spatial domain () to be uniformly
partitioned by a coarse mesh 7p. The partition 7T} is referred to as a coarse grid and a generic element
K within it is called a coarse element. Moreover, A corresponding fine-grid partition, denoted by 7}, is
obtained by refining the coarse mesh 7, where h > 0 represents the fine mesh size. Let Nj, denote the
number of elements in 7. The vertices of the coarse grid are denoted by {x; };\]:El, where N is the total
number of coarse nodes. We define the neighborhood w; as the union of all coarse elements containing
X; in their closure, i.e.,

wj = U{Ki S TH|x] € Kl'}.
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Figure 1. The fine grid, coarse grid Ks and the coarse neighborhood of node Xj.

More specially, on each coarse neighborhood wj, for each i-th continuum, we first solve the
following local eigenvalue problem:

—diV(Ki(x)Vngj)) = )\z‘,ﬂ;(vx)l/’g? in wj, 16)
Ki(x) - Vt/}éjl) n=0 on Jdwj,

— Ne
where x;(x) = x;(x) ¥ H*[Vy;|*. { Xj,i}ficl represents the partition of unity functions defined in the
i=1

local support wj, which is defined as follows:

—div(x;(x)Vyx;i) =0 VKin w;
Xj,i = X?,i on aK,

To construct local multiscale basis functions on w; corresponding to the i-th continuum (i = 1,2),

we now solve local spectral problems: find the eigenfunctions lpgjl)) € Vi(wj) and A;, € R such that
af”(wé{?),vi) = Ai,es?)(wgf),vi),
for all v; € V,(wj), where sfj ) (l[]é] i))' v;) is defined as follows
sfj) (u;,v;) = / . Ku;0;dx.

wj

Ny

1, then the matrix form of

We denote the basis functions defined on the fine grid as {¢; }
eigenvalue problem (16) can be written as

Ayl = Afysyl) a7)

Here, the definition of matrices A and S are

o~

(A = (K )V P, Vi) 12 (S)mn = (65 (X)Djms Djon) 12(wy)

respectively.
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By solving the eigenvalue problem (17), we can get a series of eigenvalues {/\(j ) }N”1 and eigenfunc-

tions {l[J 0 } . Then we choose the M; lowermost eigenvalues and the corresponding eigenvectors of
the elgenvalue problem. Then we can get the local snapshot space

Vis(w i) —span{lpZ ,1<£<M}

Further, We use the partition of unity functions to paste the snapshot functions and get the
multiscale basis function space of i-th continuum

Z s(wj) = span{lp(] ™y (j)ms _ Xj,il!’gi)/l <j<N,1</t<M}.

Finally, the global multiscale corresponding to the dual continuum model as
Vins (Q) = Vins (Q) X Vige(Q).
The multiscale basis functions can be repeatedly used online. We can use a matrix R, to store
these basis functions, i.e.,

(NC),ms].

1 1), 1), Nc ’
R;e — [lpil) ms, cee IIJ](VI?ZH‘S, .. rll);i )ms,. .. '¢Mi,i
Then define the global matrix in the dual continuum model as
Rre = [Ry, R7,].

At the online stage, we use the precomputed multiscale basis functions to compute dual-continuum
problem on the coarse grid.

5.2. The Hybrid Model Reduction Method

In this subsection, we will construct the hybrid model reduction method by combing the variable-
separation method and uncoupled GMsFEM, which gives the solution in the following form

P;}stMsFEM x t; V Zgl V)Pgms )
(18)

pgstMsFEM x t; # 2)\ Pgms t, x)

In the separation form (18), the physical basis functions {P{;” (t,x)}}, and {Pg " (t,x)}N | arelearned
using the uncoupled GMsFEM.

1
Rre

(M + ALKy h)RlePffs’kH + At[(RL)TMy R, Pgms k1
T Mo REPSR ] = AK(RL)TBEH + (RL)TMy, th pgek
(Myy + AtKZh)Rin'Z:S K+ LA [(R2,)T My, R2 PS™™ k+1
"My RLPSY 1] = AH(RZ)TBS™ + (R2)TM,, hRZ Pg"“".

(

(R 19)
(R%
(

re

RZ

re

)
)
)
)
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To simplify the symbols, we denote the matrices by

Ay = R%e T(Ml,h + AtKZ,h>R%eI

Combining these equations gives the matrix system

ms,k+1 ms,
A1 + AtCH Atclz ] Pighs - (‘Z/l) — Fig k+1(.u> (20)
(u '

'ms,k-&-l ms,k-+1
AtCp Az +ACyp || P§) ) F (1)
Here, the terms Pf';;s’kﬂ (1) and PZg';s’kH (u) represent the discrete numerical approximations for py, p»

at the time step (k + 1), obtained using the uncoupled GMsFEM.
In Algorithm 2, we outline the main steps for the hybrid model reduction method based on the
VS method.

Algorithm 2 Hybrid model reduction method for the stochastic dual continuum model

Input: The stochastic dual continuum model (4)
Output: The hybrid reduced model solutions — p¢°~ CMsFEM(

N N
L G P (tx),  pss OMSFEM (x ;) o= b Ai(p) PSS (8, ).
1= 1=

1: Initialization: Residuals r},l (T u) = s1(v1; 1), r},z(ﬁ;y) :=5p(vp; i), arandom sample y; € E;

2: Run the algorithm corresponding to system (20) similar to Algorithm 1 to obtain the physical basis
functions {Pfj,?s(t, x)} and {Pg{';s(t, x)} with u = py;

3: Compute the stochastic basis functions & (), A*¥(u) similar to (15);

X, ) =

L=

4: Update E with & = &\ p, and take the approximation p(x, ;) = .

1

Ci(y)Plg;ns(t,x) and

k

el (x, t ) = L Ai(p)PSTe (8 x)

1=
5. k=k+1;
6: Update the residuals r];,] (v1; 4) and r’,‘,2 (vg; 1), and compute Ag(x, t; i);
7: Take py as py := argmax Ar(x, t; pt);

Hex

8

Return Step 2 if p; > ¢, otherwise terminate.

6. Numerical Results

In this section, we present two numerical examples to illustrate the applicability of the proposed
reduced basis methods for solving the stochastic dual continuum models. In Section 6.1, we consider
an example to illustrate performance of the hybrid model reduction method for solving the dual
continuum model. In Section 6.2, we use the proposed model reduction method to a dual continuum
model with high-dimensional random inputs. Before presenting the individual examples, we describe
the computational domain, that is, spatial domain D = [0, 1]%. The time interval is from 0 to 1.
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Let pR and p)R be the solutions of the reduced basis methods, and (p ;, pa) be the reference
solutions, which are solved by FEM on a fine grid. Then the relative mean errors in the weighted L
norm are defined by

1 N PR e ) = Pl o) |l
=N &
i=

1 ”p?(xrﬂi)HLZ

/ (1)

where j =1, 2, ||v||%2 = [, v?dx, and N is the number of random samples.

6.1. Experiment 1

To demonstrate the efficacy of the hybrid model reduction method, we first consider the dual-
continuum with random inputs as follows.

aa% —div(x1(x, ))Vp1) +o(x, u)(p1— p2) = falt,x, 1),

aa% —div(ro(x, u)Vp2) +o(x, 1) (p2 — p1) = fa(t, x, 1),

(22)

where the diffusion coefficients, the transfer coefficient, and the source terms are defined by

rr(x ) = (L4 %) (1+ x21) (1+ x2) + (1+ cos () + p)rera (),

K2, ) = (14 2p%) (14 27) (1 +23) + (1 +sin(p) + )z (x),

o, 1) = (L4 ) (1 +x1) + (1+ p?)xix3,

filtx,p) =20 (1 — x1 — xp — £) + 2p*2a3x3 (1 — x; — xp — 1)
—2u2(1 + %) ((1 +2x3) (1 + 23t + (1 4+ x7) (1 +2x0 + t))

fa(t,x,u) = 0.

Here x = (x1,x) € Q) and the random variable ¢ obeys the beta distribution, i.e., & ~ Beta(1,1). x15(x)
and xy;(x) are both high-contrast functions independent of j1, whose maps are depicted in Figure 2.

permeability x10° permeability x10°

2 2.5
1.8

0.8 16 0.8
14

0.6 1.2 0.6 1.5
1

0.4 0.8 0.4 1
0.6

0.2 04 0.2 0.5
0.2

0 0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 2. High-contrast functions 1, (x) (left) and xp; (x) (right).
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The boundary conditions and initial condition are set as

respectively. The partition of spatial domain is defined on 120 x 120 uniform grid to compute the
reference solution. The model reduction solutions are computed on 10 x 10 coarse mesh. The time
step is At = 0.02 up to the final simulation time T = 1. For offline computation in this example, we
randomly choose 200 random samples for the training set = and select 5 optimal samples.

Figure 4 shows the mean profiles of the solutions p;(x,t; ), i = 1,2 for the reference, GMsFEM
and hybrid model reduction methods. The results demonstrate that the mean profiles from both
reduction methods are nearly identical to the reference.

FEM GMsFEM VS-GMsFEM

2, 2, 2,
1.5, 1.5, 1.5,
1, 1, 1

FEM GMsFEM VS-GMsFEM
2, 2 2,
1.5 1.5, 1.5
1, ' 1) ' 1, '
05| R 05| s 05| e
OJ OJ OJ
1 1 1
1 1 1
0.5 0.5 0.5 0.5 0.5 0.5
00 00 00

Figure 3. Figures of p1(x, i) (1st row) and p,(x, 1) (2nd row) by different methods.

To evaluate the performance of the hybrid model reduction method, we compute the average
relative L2 error over an ensemble of 1000 randomly selected parameter samples.

The numerical setup is configured as follows: the number of local basis functions per coarse ele-
ment is fixed at L = 5, and the number of variable-separation terms is also set to five. To systematically
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investigate the impact of the coarse mesh resolution on the approximation accuracy, we conduct a
series of experiments with varying coarse mesh sizes, specifically H = {1/2,1/4,1/8,1/10,1/12}.

Table 1. The relative L? errors with different coarse mesh size H for p;(x, &) and pa(x, ).

Coarse mesh size | H=1/2 H=1/4 H=1/8 H=1/10 H=1/12 H=1/15

e{,‘f 5.0389E-01 1.2556E-01 1.3176E-01 3.2681E-03 3.4457E-03 1.2881E-03

eﬁ 5.0337E-01  1.2563E-01 1.3191E-01 4.6316E-03  4.1590E-02  5.9059E-03

e{,i 2.2118E-01 1.3833E-01 8.7244E-02 2.5336E-03 1.8137E-03  1.4234E-03

e{,; 2.2208E-01 1.4099E-01 8.6095E-02 7.0355E-03 8.9305E-03 5.4730E-03

-3
45l

" [—s—GmsFem
ns . —e— HMRM

o
F=
&

35

o
o
=

25

Relative error of p(x,t;0.6127)
o
IS

Relative error of p,(x,t;0.6127)
o
8

o
o

05 ——GmsFem
—+—HMRM

0o 01 02 03 04 05 06 07 08 09 1 0o 01 02 03 04 05 06 07 08 09 1

) —e—GmsFem
35F 4 —o—HMRM
01H ]

0.08
25

0.06

0.04

Relative error of p,(x,t;0.2408)
2 n
Relative error of p,(x,t;0.2408)

0.02

——GmsFem
. |——HMRM

0 " " " " " 0 ¢ . & ¢ ¢ & o . &

0 o0t 02 03 04 05 06 07 08 09 1 0 o0t 02 03 04 05 06 07 08 09 1
t t

Figure 4. The average relative errors corresponding to the time ¢.

6.2. Experiment 2
In this subsection, we consider the dual-continuum with random inputs as follows.
I _ g _
5~ dv( () V) + o) (pr—p2) = filt, 2 p),

Ba% —div(xa(x, ) Vp2) + o(x, 1) (p2 — p1) = fa(t, x, 1),

(23)
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where the diffusion coefficients, the transfer coefficient, and the source terms are defined by

x (%, ) = (14 207) (1 + exp(x1 + x2)) + (2 + sin(p) )12 (%),

Ko (x, 1) = (24+exp(p)) (2 +sin(2x1x2)) + (1 +sin(2p) + p?)xp(x),

o(x, 1) = (14 2p)(1+x1) + (3 + p*)x{x3,

Alxu) = (p+p) A +x+x+8) + (1 — )P (1 +x1 + 30 + 1),
folt,x, 1) = (u—1?) (x1 + 22+ 2) + (* + p*)2x1x2(x1 + 2+ 2).

Here x = (x1,x3) € () and the random variable y obeys the beta distribution, i.e., # ~ Beta(2,2).
#12(x) and xpp(x) are both high-contrast functions independent of i, whose maps are depicted in
Figure 5.

permeability x10* permeability x10*

10 10
0.8
0.6
0.4
0.2
0
0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 5. High-contrast functions 1, (x) (left) and xy (x) (right).
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The conductivity values in the background both are fixed to be 1, while the conductivity values
in the channels are 10000. In this experiment, we randomly take 2000 random samples to test the
proposed iterative method. The boundary conditions and initial condition are set as

2
g1(x) =2— xl — X2,

g2 x) —2+X1 +X2,

(

(
p1(x, to) = 2_x1 x%,
(

p2(x,tg) = 24 x1 + x2,

respectively. In this experiment, the solutions of the multi-continuum model for the three methods:
FEM on 120 x 120 fine grid (reference solutions), GMsFEM on 12 x 12 coarse mesh size and the
proposed model reduction method.

To evaluate the approximation accuracy for the hybrid model reduction method, we randomly
selected 2000 parameter samples and compute the average relative L2-errors. Using a fixed number
of separated terms (N = 10) and five local basis functions in GMsFEM, the mean and the variance
of variables p1(t, x; i) and pa(t, x; u) are illustrated at a random time layer in Figure 6 and Figure 7,
respectively.

The figure demonstrates that the solutions for both p; (¢, x, &) and pa(t, x, ) closely match their
respective reference solutions.

To systematically assess the impact of the coarse mesh resolution on accuracy, we conduct
experiments using progressively refined meshes with sizes H = {1/2,1/4,1/8,1/12,1/24}. We
compare the relative L? errors of all methods in Table 2.
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Figure 6. The mean of p1(x, i) (1st row) and pa(x, ) (2nd row) by different methods.

Table 2. The relative L? errors with different coarse mesh size H for p;(x, &) and pa(x, &).

Coarse mesh size | H=1/2 H=1/4 H=1/8 H=1/12 H=1/24
eﬁf 1.8958E-01 1.7748E-01 2.0568E-03 1.2338E-03 5.3932E-04
eé;’ 1.9047E-01 1.7539E-01 4.2623E-03 1.4946E-02 9.2871E-03
eﬁzl’ 1.7631E-03 1.9731E-03 3.5753E-03 1.4759E-02 9.2977E-03
eég 2.1234E-01 1.8409E-02 6.5206E-04 3.7393E-04 1.4397E-04
eg 2.1175E-01 1.8218E-02 1.4602E-03 2.0708E-03 1.4111E-03
e%; 9.7625E-04 5.3918E-04 1.3870E-03 2.0860E-03 1.3949E-03

These results, presented in the table, demonstrate that the approximation accuracy of both the
hybrid method and GMsFEM improves—that is, their respective errors decrease—as the coarse mesh
is refined.
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FEM GMsFEM 1 Vs-GMsFEM

FEM 1 GMsFEM 1 Vs-GMsFEM

o 0.5 1 (o) 0.5 1 o 0.5 1

Figure 7. The variance of p; (x, ) (1st row) and pp(x, #) (2nd row) by different methods.

107F 107F

102§ 102§

103F 103F

Relative L2-error of p1(t,x;u)
Relative L2-error of pz(t,x;u)

10.4 L L L L L L L L 10.4 L L L L L L L L
1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10

Number of separated terms Number of separated terms

Figure 8. The relative L?-error of numerical solutions: p; (t, x; ) (left) and py (¢, x; i) (right) with different number
of separated terms.
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7. Conclusions

In this paper, we present a hybrid model reduction method for solving stochastic dual-continuum
models. In this work, In this work, the possible uncertainties considered originate in the PDE coeffi-
cient, the transfer term, and the source term. Directly solving these equations on a fine grid presents
a significant computational challenge, particularly in many-query scenarios. To dramatically im-
prove efficiency, our method integrates the uncoupled Generalized Multiscale Finite Element Method
(GMSFEM) with a low-rank variable-separation technique to construct compact representations of the
solutions. This hybrid approach enables the computation of a large number of stochastic realizations at
minimal cost. In the numerical experiments section, we apply the proposed model reduction method
to dual-continuum models with random inputs. The results confirm that our hybrid method achieves
an effective trade-off between computational efficiency and accuracy.

Acknowledgments: This work was supported by the National Natural Science Foundation of China (Grant No.
12101217) and by the Natural Science Foundation of Hunan Province (Grant No. 2022JJ40113).

Appendix A Online-Offline Computation of Residuals

By affine representations (3) and definition of residuals, we can express the residuals as

0Pt k—
rlrgl(z’l?ﬂ) =s1(v;p) — (%rvl?#) —a1(pre-1, 95 1) — 4(PLe—1 — P2k—1, 01 1)

Ne oP;;(t, x
= Z Xn( Sln 1) Z(fz (M,Uﬂ

n=1

Qa k—1
=Y Y Qi(w)&i(u)ai (Pyi(t, x),v1)

s=1i=1

k—1

- Z Gi(ma(Pri(t,x),01) + 3 Aj(1)a(Pa(t, ), 01),

i=1 j=1

P21 (A.24)
r’f,z(vz;ﬂ) = 52(02;;1) - ( a’t_ ,vz;y) — a2(p2,k_1,z;2;y) — Q(Pz,k—l — pl,k—lr'UZF]/l)
=l ab,;(t, x
Z Yo (4)s2,m(02) — ZM(#)(%,W)
j=1

Qp k—1
=YY QA (u)ab(Pai(t, x), v2)

t= 1] 1

k-1

- Z/\ )q(Pai(t, x),02) + Y ¢i(w)g(Pri(t x),02).

i=1
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By (13) and the above expressions about residuals, we can get
—1 oPy ;(t, x
(élfal(li 01y = Z X (p)s1,0(v1) Z@z 1—),01)
- 2 2 Q1 (1)Ci(u)ai (Pyi(t, x), 01)
s=1i=
k-1
- ECZ q(Pri(t,x),01) + Y Aj()g(Poj(t, x),01)
j=1
. k=1 apzr‘(t, x)
(@5, (1), v1;7) 3 = 2 Yo (p)s2,m(02) — Z?\j(ﬂ)(g—tlvz)
Qp k=
-2 Z Q5 (1) Aj(p)ah (Poj(t, x),v2)
t= 1]
k-1
- EA )q(Poj(t, x),02) + Y &i(1)q(Pyi(t, x),02).
i=1
This implies that
+ N, k-1
%w>=;&w%+gwm +ZZ@(%W@
n= 1= s=1i=1
k-1 S k=l
+ ;1 Gi(n)Gp, + Z /\j(ﬂ)gpz
= (A.25)

B M, Qp k-1 ; ;
&0 = X YalCh+ T AP+ 1T 040 10

k—1 ,
+§Mw%+5aw%.

—
—_

where C}}, is the Riesz representation of s1,(v1), i-e., (Cp,v1)31 = s1,4(01) forany v; € V3,(Q),1 <
n < N,. C}} is the Riesz representation of sy (v2), i.e., (Cp,, v2)31 = s2,m(v2) for any v € V(Q),1 <

i . . . aP»,i(t,x) . i . aP»,i(t,x)
m < Nj. D;,/, is the Riesz representation of —(—5; ,v]-), ie., (D;,/.,v]-)Hl = —(]T,v]-) for any

vj € V(Q)), where 1 < i <k —1. L is the Riesz representation of —a®(Py(t,x),v1), i.e., (£},01) =
—aj(Pyi(t,x),v1) forany v € Vy, where1 <i<k—Tland1 <s < Q,. Ef is the Riesz representation
of —a'(Py;(t, x),v2), i.e., (Lf,v) = —a'(Py;(t,x),v;) for any v € Vy, where 1 < i < k—1 and
1<t<Qp g{,l is the Riesz representation of (P, ;(t,x),v1), i.e., (Q{,l,vs)Hl = —q(Py(t,x),vs) for
any i € V;(Q), where1 <j<k—-1,s=1,2.
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Eq. (A.25) gives rise to

e, (1)l = Y2 3 X)X (1)(Cp, Cp ) + Z Z &i(W&r (1) (D}, Dy )

n=1n'=1 i=1i'=

+ ) 008 (0QI 0 (1) (65, £ + T Zéz 1) Gy Gy

s=1¢'=1 i=1i'=

F Y A0 G G +2 1 T X0 G(Ch D

n=1i=1

~
I
—_
h]
I
_

+

N
Z
e
~
L

X () Q1 (1) Ci(1)(Cp,, L) g +2 Z EX" )Gy )a

n=1i=

3
I
—

»T\)

|

—_ =
Il
—_

+
N
1=

1 Q
X (1) (1)(Ch Gy e +2 ; Z Zéz Q3 ()& (1) (Dyy, L3301

= 3

==

o~
|

_ =

—1k—
Gi(E (1) (G Gy g +22 Zéz 1) (G, Ghy)an

i=1j=1

%
]

|
_ =
SE
N
T‘
N

§ k=1 Qu k-1 ,
G Q& (W) (L5, Gy o +2 ) 3 Y QUWE (A (1)L, Gy )an

i=1s=1j=1

—+
N

_
(ﬁ

oL
Il
—_

+
N

&(A (1)(Gh, Gl

—_
-
I
—_

and

H - Z Z Yo (4 (C;’nz’cm nt+ Z Z Ai( D;’Z’Dgz)?ll

m=1m'=1 i=1i=

+ i Y A (A (1) Q5 (1) QY () (£ wzzw & (1)(Gh, G0 )

t=1t'=1 i=1i'=1

2 k=1

+ M)Ay (1) (Ghar G +2 Z 2 Y (1)As(1) (€ D ),
j=1j=1 m=1i=1

+2 Y Y Y Yu(w)Qh(m)A () (Cpl, £ H1+222Y 1)(Cht Gy )z

j=1 m=1 j=1
k=1 Qp k-1

2y zym WG G +2 1 Y Y (0@ (A (1) (Dl L)

m=1i= i=1t=1j=1

+2 2/\ Pz’gl’l H1+222/\ /\(.u pzrg )1

11] i=1j=1
Qp k—1 k=1 Qp k-1

» ,
+2 Z I IRMOLATEY F(LL G +2 1 Y Y A& (1) Q5 (1) (L] Ghy )

i=1t= 1] i=1t=1j=1

+2 ZZ, YA (1)(Gh, Ghy)a

i=1j=

ey % ()|l and g ok (1)|l2p1 can be efﬁciently computed when offline-online procedure is applied. In

the ofﬂme stage, we compute Cp » L2, QI’[, v Q;Z, P27 Pz’ £t and store the quantities 1ndependent

Pl’
with stochastlc inputs. We store (C’,}l,C" )t (D;,l,D;”)Hl, (L5, L£35)50, (Q;,l,g;ql)yl, (gpz,g,,z)yl,

(C;lll )’Hl/ (Cgll ES)'HI/ (c;;lll gpl)’]_[lr (C;ll’ g}‘gz)’Hl/ (Dpll ES )Hll (gpll gp2)’}.l1/ (Ef, g’zg/l )’Hl/
(s, gm)Hl, (€ Cpdanrs (Do Dy )ag, (L5, L)50, (CoyD)ans (Co L3, (Chis Gy ot
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(Cﬁrg’ ;71)H1/ (D;JZIE;)’HL (D;JZI g;’l)Hl’ (D;JZI g{?Z)’Hl/ (th/ g]pz)Hll (Clt/ gi)l)'}{l/ and (g;‘ﬁ’ g{jz)'}{l
for online stage, where 1 < n,n’ < N,, 1 <m,m' < M,, 1 <i,i,j,j/ <k—-1,1<s,s < Q,and
1 <t < Qp. In the online stage, we only need to compute the stochastic coefficient X, (i), &;(u),

M), Q5 (1), Y™ (1), Q5 () and 185, (1) ll341, 185, and (1) 51 for any given p.
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