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Abstract

In this paper, a hybrid model reduction method for solving flows in fractured media is proposed.
The approach integrates the Generalized Multiscale Finite Element Method (GMsFEM) with a novel
variable-separation (VS) technique.Within this framework, the dual-continuum model solutions are
expressed through a low-rank variable-separation expansion, enabling rapid online computation. The
expansion is constructed using two sets of basis functions: stochastic basis functions and deterministic
physical basis functions, both derived from offline, model-oriented computations. To efficiently
construct the stochastic basis functions, the original model is used to learn stochastic information.
Meanwhile, the deterministic physical basis functions are trained using solutions obtained by applying
an uncoupled GMsFEM to the dual-continuum system at a select number of optimal samples. Once
these bases are established, the online evaluation for each new random sample becomes highly
efficient, allowing for the computation of a large number of stochastic realizations at minimal cost. To
demonstrate the performance of the proposed method, two numerical examples for dual-continuum
models with random inputs are presented. The results confirm that the hybrid model reduction
method is both efficient and achieves high approximation accuracy.

Keywords: dual-continuum model; uncoupled generalized multiscale finite element method; variable-
separation method; model reduction

1. Introduction
Numerous engineering disciplines—such as groundwater hydrology, hydrocarbon reservoir engi-

neering, and composite materials science—study systems composed of multiple interacting continuous
media. These systems exhibit complex behaviors arising from multi-component, multi-scale, and
multi-physics coupling, which traditional single-continuum models, relying on homogeneity assump-
tions, often fail to capture. Standard dual-continuum models address this limitation by coupling mass
transfers between two separate continua of distinct scales. However, due to incomplete knowledge
about the physical properties and the presence of measurement noise, such models inherently con-
tain uncertainties. In this work, we consider the numerical simulation methods for dual-continuum
problems and discuss their related applications.

For the numerical simulation of dual-continuum model, there exist some efficient methods, includ-
ing finite element method [11,15], finite volume method [9,18] and hybrid schemes that combine both
finite element method and finite volume method [20,24]. In [21], the authors employ a finite element
method with standard linear basis functions for spatial approximation, and combine implicit and
explicit temporal schemes regarding time discretization. However, due to the complex heterogeneity
of porous media—particularly the presence of multiple scales and high contrast—some form of model
reduction is often necessary for practical flow simulations. The application of homogenization theory
provides one pathway to deriving dual-continuum models, as illustrated by [1], who extended the
earlier framework of [4]. Their work established a general double-porosity model for single-phase flow
in fractured reservoirs, explicitly describing transport within and between each continuum. Further
extensions have been proposed to enhance the representation of inter-continuum interactions: Wu and
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Pruess [33] employed multiple interacting continua to better capture transient inter-continuum flow,
and Yan et al. [34] later generalized this concept into a versatile multi-continuum framework capable
of handling an arbitrary number of continua.

While such models capture flow both inside and across continua, their accuracy relies on a strong
separation of scales. In cases of weak scale separation, homogenized effective parameters can lose
physical meaning, significantly compromising model fidelity. To overcome the limitations of classi-
cal homogenization and directly incorporate multiscale heterogeneity in a computationally efficient
manner, the Multiscale Finite Element Method (MsFEM) [12,13] and its generalization, the Gener-
alized Multiscale Finite Element Method (GMsFEM) [14], have been developed. These approaches
integrate fine-scale heterogeneity while reducing computational cost. For simulating gas transport
in the shale formation, the work of I. Akkutlu et al. in [2] develop a coupled multiscale and multi-
continuum approach. Furthermore, active research efforts continue to develop novel model reduction
techniques, such as the constraint energy minimizing generalized multiscale finite element method
(CEM-GMsFEM) [6,7,17]. Related numerical methods for multi-continuum systems [5], including the
non-local multi-continuum method (NLMC) [8,32], are also being advanced. These approaches are
particularly effective in addressing the challenges posed by high-contrast properties and multiscale
features inherent in multi-continuum media.

When employing a multiscale approach to address heterogeneity in model parameters, solving
models with uncertain parameters remains a significant challenge. Typically, such uncertain param-
eters are characterized by a finite set of random variables. This representation allows the modeling
framework to be described by Parameterized Partial Differential Equations (PPDEs) [25,29]. The
work [23] presents some Reduced Basis (RB) methods for fluid infiltration problems through certain
porous media modeled as dual-continuum with localized uncertainties. In this work, we focus on
developing the reduced basis approximations by combining the uncoupled GMsFEM method and
the Variable-separation (VS) method for dual-continuum models with localized uncertainties. The VS
method aims to approximate a solution in the form:

p(x, t; µ) ≈
N

∑
i=1

ζi(µ)Pi(t, x),

where N is the number of separated terms, {Pi(t, x)} are deterministic basis functions of space x
variable and time variable t, and {ζi(µ)} are stochastic basis functions of the random parameter µ.
This separated representation can also be achieved by other methods, such as the Proper Generalized
Decomposition (PGD) [26–28] and the Empirical Interpolation Method (EIM) [3,19,30]. However, the
VS method offers distinct advantages. Compared to PGD, which typically requires numerous iterations
with an arbitrary initial guess at each enrichment step, the VS method is more computationally efficient.
While the VS method shares similarities with EIM, it does not require the selection of optimal parameter
values and interpolation nodes. Furthermore, for online computation, the VS method directly evaluates
the solution using the separated representation. In contrast, EIM requires solving an algebraic system
based on pre-computed interpolation nodes and parameter values. Consequently, the VS method is
not only easier to implement but also enables faster online computation.

The organization of the paper is as follows. In Section 2, we introduce some preliminaries and
notations. Section 3 is about problem formulation, where we show the existence and uniqueness
of the weak solution, and provide fine-scale finite element discretization. In Section 4, an overview
of the VS method is given. In Section 5, we describe the uncoupled GMsFEM and hybrid model
reduction method. Numerical examples are presented in Section 6 to demonstrate the effectiveness of
the proposed hybrid model reduction method. Finally, conclusions and closing remarks are provided.

2. Mathematical Model
In this section, we present some preliminaries and notations for the rest of paper. We first define

the close set [t0, t f ] as the time interval. Let (Ω,F ,P) be a complete probability space, where Ω is
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the space of elementary events, F ⊂ 2Ω is the σ-algebra, and P is the probability measure on Ω. For
computation, the random field needs to be approximated by a prescribed number of random variables,
µ(ω) = {µ1(ω), µ2(ω), · · · , µn(ω)}, i.e., µ(·) : Ω → Γ ⊂ Rn (n ≥ 1). We use the random vector µ(ω)

to characterize the stochastic property of the random field.
We denote the space of the random variables with second order moments by L2

P (Ω), which is
defined by

L2
P (Ω) = {µ : ω ∈ Ω → ξ(ω) ∈ R;

∫
Ω

µ(ω)2P(dµ) < ∞}.

The inner product in L2
P (Ω) is defined by (µ, ξ)L2

P (Ω) :=
∫

Ω µ(ω)ξ(ω)P(dµ), which induces the norm

∥µ∥2
L2 = ∥µ∥2

L2
P

:= (µ, µ)L2
P

.

Let L2(D) and Hs(D) be the usual Lebesgue space and Sobolev space [16], respectively. With the
notation defined above, we define the following tensor-product Hilbert space

L2(ts, t f ; Lρ
P (Γ; Hs(D))) := {ν : [ts, t f ]× D × Γ → R|∥ν∥L2(ts ,t f ;Lρ

P (Γ;Hs(Ω))) < ∞},

and the equipped norm is

∥ν∥2
L2(ts ,t f ;Lρ

P (Γ;Hs(D)))
=

∫ t f

ts
∥ν∥2

Lρ
P (Γ;Hs(D))

dt

=
∫ t f

ts
(
∫

Γ
∥ν(·, ·; γ)∥2

Hs(D)ρdγ)dt.

To shorten the notation, we denote

H s(Dt) := L2(ts, t f ; Lρ
P (Γ; Hs(D))).

In particular,
H 1

0 (Dt) = {ν ∈ H 1(Dt) : ν|∂D = 0}.

When s = 0, we employ the abbreviated notion L 2(Dt) to denote H 0(Dt) by convention.
For deterministic situation, the tensor spaces can be simplified by

L2(Ωt) := L2(ts, t f ; L2(D)), H1(Ωt) := L2(ts, t f ; H1(D)).

3. Dual Continuum Model
In this paper, We consider the dual continuum model with localized uncertainties:

∂p1(x, t; µ)

∂t
− div(κ1∇p1(x, t; µ)) + σ(x)(p1(x, t; µ)− p2(x, t; µ)) = f1(x, t; µ),

∂p2(x, t; µ)

∂t
− div(κ2∇p2(x, t; µ)) + σ(x)(p2(x, t; µ)− p1(x, t; µ)) = f2(x, t; µ),

(1)

in a computational domain D ⊂ R2. For i = 1, 2, let pi denote the pressure, κi the permeability,
and fi the source term for the i-th continuum. The continua are coupled through mass exchange,
with σ representing the strength of the mass transfer between them. A notable application of the
dual continuum model (1) is its ability to capture the global interactive effects between unresolved
fractures and the surrounding matrix. In this work, we consider high-contrast, channelized media.
The initial condition is prescribed as pi(x, t0; µ) = p0

i (x; µ) in D, and the boundary condition is given
by pi(x, t; µ) = gi(t; µ) on ∂D × [t0, t f ]. Here, we assume the permeability fields κi(x) (i = 1, 2) are
uniformly bounded, i.e.,

κ ≤ κi(x) ≤ κ, f or ∀x ∈ Ω.
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and the transform term is also bounded, i.e,

|σ(x)| ≤ σ, f or ∀x ∈ Ω.

3.1. Variational Formulation of the Dual-Continuum Model

The model (1) leads to the variational problem as follows: for any test functions vi, i = 1, 2,
(

∂p1

∂t
, v1) + a1(p1, v1) + q(p1 − p2, v1) = s1(v1)

(
∂p2

∂t
, v2) + a2(p2, v2) + q(p2 − p1, v2) = s2(v2),

(2)

where

(
∂p1

∂t
, v1) =

∫
D

∂p1

∂t
v1dx, (

∂p2

∂t
, v2) =

∫
D

∂p2

∂t
v2dx,

a1(p1, v1) =
∫

D
k1∇p1∇v1dx, a2(p2, v2) =

∫
D

k2∇p2∇v2dx,

q(pm − p f , v) =
∫

D
σ(p1 − p2)vdx, q(p f − pm, v) =

∫
D

σ(p2 − p1)vdx.

and
s1(v) =

∫
D

f1v1dx −
∫

D
κ1∇G1∇v1dx, s2(v) =

∫
D

f1v2dx −
∫

D
κ2∇G2∇v2dx.

Here, G1 and G2 are continuous piecewise polynomials that match the values of g1 and g2, respectively,
at the boundary nodes on ∂D.

Moreover, we assume that both a1(·, ·; µ) and a2(·, ·; µ) are affinely dependent on the parameter
vector µ, i.e., for some Qa, Qb, Qu0 , Qû ∈ N, the following affine decompositions hold:

a1(w, v; µ) =
Qa

∑
i=1

Qi
1(µ)ai

1(w, v) ∀w, v ∈ H1(Ω), ∀µ ∈ Γ,

a2(w, v; µ) =
Qb

∑
j=1

Qj
2(µ)aj

2(w, v) ∀w, v ∈ H1(Ω), ∀µ ∈ Γ,

s1(v; µ) =
Na

∑
n=1

Xn(µ)s1,n(v) ∀v ∈ H1(Ω), ∀µ ∈ Γ,

s2(v; µ) =
Ma

∑
m=1

Ym(µ)s2,m(v) ∀v ∈ H1(Ω), ∀µ ∈ Γ.

(3)

If the bilinear forms a1(·, ·; µ) and a2(·, ·; µ) are not affine, an affine approximation can still be con-
structed using the VS method introduced in [10] or the Empirical Interpolation Method (EIM; see, e.g.,
[3,19,30]).

3.2. The Approximation Based on FEM

To obtain a reference (truth) solution, the finite element method (FEM) is used for the spatial
discretization of the dual-continuum model, while the implicit Euler method is employed for time
integration.

Let Th be a uniform partition of the spatial domain D. On fine grid Th, the corresponding FE space
is Vh(D) ⊂ H1(D)× H1(D) and Vh

0(Ω) ⊂ Vh(Ω) is the subspace with vanishing boundary values.
Let Nh be the number of vertices, and the dimension of FE space be N . Typically, the dimension is
very large. Furthermore, we suppose that Mh(Ω) is the finite dimensional subspace of L2(Ω). Thus,
we define

Vh(Ωt) := L2(ts, t f ; Vh(Ω)) ⊂ H1(Ωt), Mh(Ωt) := L2(ts, t f ; Mh(Ω)) ⊂ L2(Ωt).
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With the notations defined above, the Galerkin formulation of the system (2) is to find (p1,h, p2,h) ∈
Vh(Ωt)× Vh(Ωt) such that

(
∂p1,h

∂t
, v1,h) + a1(p1,h, v1,h) + q(p1,h − p2,h, v1,h) = s1,h(v1,h)

(
∂p2,h

∂t
, v2,h) + a2(p2,h, v2,h) + q(p2,h − p1,h, v2,h) = s2,h(v2,h),

(4)

where both v1,h and v2,h are the respective test functions.
Applying the implicit Euler method to the system (4)yields the full discretized formulation of the

dual-continuum model as follows:{
(pk+1

1,h , v1,h) + ∆ta1(pk+1
1,h , v1,h) + ∆tq(pk+1

1,h − pk+1
2,h , v1,h) = ∆tsk+1

1,h (v1,h) + (pk
1,h, v1,h),

(pk+1
2,h , v2,h) + ∆ta2(pk+1

2,h , v2,h) + ∆tq(pk+1
2,h − ∆tpk+1

1,h , v2,h) = ∆tsk+1
2,h (v2,h) + (pk

2,h, v2,h),
(5)

where ∆t :=
t f −ts

Nt
is the time step, tk := k∆t, 0 ≤ k ≤ Nt. If the basis functions of space Vh(Ω)

are denoted by {ϕj}
Nh
j=1, we can represent the variables in Eq. (5) with the linear combination of the

corresponding basis functions as

pk
1,h =

Nh

∑
i=1

pk,i
1,h(µ)ϕi, pk

2,h =
Nh

∑
i=1

pk,i
2,h(µ)ϕi.

If affine assumption (3) holds, the full discretization (5) becomes

Nh

∑
i=1

Pk+1,i
1,h (ϕi, ϕl) + ∆t

Qa

∑
s=1

Nh

∑
i=1

Qs
1(µ)Pk+1,i

1,h as
1(ϕi, ϕl) + ∆t

Nh

∑
i=1

Pk+1,i
1,h q(ϕi, ϕl)−

∆t
Nh

∑
j=1

Pk+1,i
2,h q(ϕj, ϕl) = ∆t

Na

∑
n=1

Xn(µ)Sk+1
1,n (ϕl) +

Nh

∑
i=1

Pk,i
1,h(ϕi, ϕl)

Nh

∑
j=1

Pk+1,j
2,h (ϕj, ϕm) + ∆t

Qb

∑
t=1

Nh

∑
j=1

Qt
2(µ)Pk+1,j

2,h at
2(ϕj, ϕm) + ∆t

Nh

∑
j=1

Pk+1,j
2,h q(ϕj, ϕm)−

∆t
Nh

∑
i=1

Pk+1,i
1,h q(ϕi, ϕm) = ∆t

Ma

∑
r=1

Yr(µ)Sk+1
2,r (ϕm) +

Nh

∑
j=1

Pk,j
1,h(ϕj, ϕm),

(6)

where ϕl and ϕm are the test functions corresponding to the pressure variables.
Next, if we define 

(M1,h)i,l = (ϕi, ϕl), 1 ≤ i, l ≤ Nh,

(M2,h)i,l = q(ϕi, ϕl), 1 ≤ i, l ≤ Nh,

(Ks
1,h)i,l = as

1(ϕi, ϕl), 1 ≤ i, l ≤ Nh

(Kt
2,h)j,m = at

2(ϕj, ϕm), 1 ≤ j, m ≤ Nh

(Bk+1
1,n )l = Sk+1

1,n (ϕl), 1 ≤ l ≤ Nh

(Bk+1
2,r )m = Sk+1

2,r (ϕm), 1 ≤ m ≤ Nh

K1,h =
Qa
∑

s=1
Qs

1(µ)K
s
1,h, K2,h =

Qb
∑

t=1
Qt

2(µ)K
t
2,h

Bk+1
1 =

Na
∑

n=1
Xn(µ)Bk+1

1,n , Bk+1
2 =

Ma
∑

r=1
Yr(µ)Bk+1

2,r ,

(7)
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then we can get the matrix form of full discrete system (6) as{
(M1,h + ∆tK1,h)Pk+1

1,h + ∆tM2,h(Pk+1
1,h − Pk+1

2,h ) = ∆tBk+1
1 + M1,hPk

1,h

(M1,h + ∆tK2,h)Pk+1
2,h + ∆tM2,h(Pk+1

2,h − Pk+1
1,h ) = ∆tBk+1

2 + M2,hPk
2,h.

(8)

Combining these equations gives the matrix system[
M1,h + ∆tK1,h + ∆tM2,h −∆tM2,h

−∆tM2,h M1,h + ∆tK2,h + ∆tM2,h

][
Pk+1

1,h (µ)

Pk+1
2,h (µ)

]
=

[
Fk+1

1 (µ)

Fk+1
2 (µ)

]
. (9)

Here, Pk+1
1,h (µ) and Pk+1

2,h (µ) denote the discrete approximations of p1, p2 at the (k + 1)-th time step,
with the corresponding right-hand-side vectors given by

Fk+1
1 (µ) := ∆tBk+1

1 + M1,hPk
1,h Fk+1

2 (µ) := ∆tBk+1
2 + M1,hPk

2,h.

Under the affine assumption (3), the mass matrices M1,h and M2,h, the stiffness matrices {Ks
1,h}

Qa
s=1

and {Kt
2,h}

Qb
t=1, and the right-hand-side vectors {Bk+1

1,n }Na
n=1 and {Bk+1

2,r }Ma
r=1 can be precomputed once

during the offline stage, despite the high computational cost involved. In the online stage, for each
new parameter sample µ ∈ Γ, all coefficients {Qs

1(µ)}
Qa
s=1, {Qt

2(µ)}
Qb
t=1, {Xn(µ)}Na

n=1 and {Yr(µ)}Ma
r=1

need to be updated.

4. A Variable-Separation Method for the Stochastic Dual-Continuum Model
In this section, we present a variable-separation method applicable to the stochastic dual-

continuum model. The corresponding stochastic solutions are expressed in the following form.
p1(x, t; µ) ≈ p1,N(x, t; µ) :=

N

∑
i=1

ξi(µ)P1,i(t, x)

p2(x, t; µ) ≈ p2,N(x, t; µ) :=
N

∑
i=1

λi(µ)P2,i(t, x).

(10)

Here, N denotes the number of separation terms. The stochastic basis functions {ξi(µ)}N
i=1 and

{λj(µ)}N
j=1 belong to the space L2

P (Γ), while {P1,i(t, x)}N
i=1 and {P2,j(t, x)}N

j=1 are corresponding deter-

ministic basis functions in Vh(Ωt).
Let Ξ ∈ Γ be a set of training samples. We defineep1(x, t; µ) := p1(x, t; µ)− p1,k−1(x, t; µ),

ep2(x, t; µ) := p2(x, t; µ)− p2,k−1(x, t; µ).

For ∀v1, v2 ∈ Vh(Ω), we then have



( ∂ep1
∂t , v1; µ

)
+ a1(ep1 , v1; µ) + q(ep1 − ep2 , v1; µ)

= s1(v1; µ)−
( ∂p1,k−1

∂t , v1; µ
)
− a1(p1,k−1, v1; µ)− q(p1,k−1 − p2,k−1, v1; µ)( ∂ep2

∂t , v2; µ
)
+ a2(ep2 , v2; µ) + q(ep2 − ep1 , v2; µ)

= s2(v2; µ)−
( ∂p2,k−1

∂t , v2; µ
)
− a2(p2,k−1, v2; µ)− q(p2,k−1 − p1,k−1, v2; µ)
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Let rk
p1
(v1; µ), rk

p2
(v2; µ) ∈ Vh,∗(Ωt). We have

rk
p1
(v1; µ) =


s1(v1; µ), k = 1,

s1(v1; µ)−
(∂p1,k−1

∂t
, v1; µ

)
− a1(p1,k−1, v1; µ)− q(p1,k−1 − p2,k−1, v1; µ), k ≥ 2,

rk
p2
(v2; µ) =


s2(v2; µ), k = 1,

s2(v2; µ)−
(∂p2,k−1

∂t
, v2; µ

)
− a2(p2,k−1, v2; µ)− q(p2,k−1 − p1,k−1, v2; µ), k ≥ 2,

where Vh,∗(Ωt) is the dual space of Vh(Ωt), and Mh,∗(Ωt) is the dual space of Mh(Ωt). Then we have
( ∂ep1

∂t , v1; µ
)
+ a1(ep1 , v1; µ) + q(ep1 − ep2 , v1; µ) = rk

p1
(v1; µ)( ∂ep2

∂t , v2; µ
)
+ a2(ep2 , v2; µ) + q(ep2 − ep1 , v2; µ) = rk

p2
(v2; µ)

(12)

By Riesz representation theory, there exist functions êk
p1
(µ), êk

p2
(µ) ∈ Vh(Ωt), such that(êk

p1
(µ), v1; µ)H1 = rk

p1
(v1; µ),

(êk
p2
(µ), v2; µ)H1 = rk

p2
(v2; µ).

(13)

Then we can rewrite Eq. (12) as
( ∂ep1

∂t , v1; µ
)
+ a1(ep1 , v1; µ) + q(ep1 − ep2 , v1; µ) = (êk

p1
(µ), v1; µ)H1 ,( ∂ep2

∂t , v2; µ
)
+ a2(ep2 , v2; µ) + q(ep2 − ep1 , v2; µ) = (êk

p2
(µ), v2; µ)H1 .

(14)

Consequently, the dual norm of the residuals {rk
u(v1; µ)}, {rk

λ(v2; µ)}, {rk
f ( f̃ ; µ)} can be evaluated

through the Riesz representation,
∥rk

p1
(v1; µ)∥(H1)∗ := sup

v1∈H1

rk
p1
(v1;µ)

∥v1∥H1
= ∥êp1(µ)∥H1 ,

∥rk
p2
(v2; µ)∥(H1)∗ := sup

v2∈H1

rk
p2
(v2;µ)

∥v2∥H1
= ∥êp2(µ)∥H1 .

Next, we define an error estimator for the dual-continuum model (4) by

∆k(x, t; µ) :=
√
∥êk

p1
(µ)∥2

H1 + ∥êk
p2
(µ)∥2

H1 .

The computation of the residuals is crucial to the VS procedure. To efficiently compute ∥êk
p1
(µ)∥H1 ,

∥êk
p2
(µ)∥H1 , we apply an offline-online procedure presented in [22,31]. The detailed procedure is

presented in Appendix A.
At step k, we choose

µk :=

choose randomly in Ξ, k = 1,

arg max
µ∈Ξ

∆k(µ) k ≥ 2.

Let ep1(x, t; µk) and ep2(x, t; µk)be the solutions of system (12) with µ = µk. We take

p1,k(t, x) = ep1(x, t; µk), p2,k(t, x) = ep2(x, t; µk).

We define the error expansions as

ep1(x, t; µ) = ξk(µ)p1,k(t, x), ep2(x, t; µ) = λk(µ)p2,k(t, x).
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Next, in the first equation of system (12) we set v1 = p1,k(x, tJ), and in the second equation we set
v2 = p2,k(x, tJ), where

J := arg max
j=1,··· ,Nt

(
rk

p1
(p1,k(x, tj); µk) + rk

p2
(p2,k(x, tj); µk)

)
.

By (3), (10), (12) and (A.24), we can get the linear system with regard to ξk(µ) and λk(µ) as followsL11(µ)ξk(µ) + L12
s (µ)λk(µ) = rk

p1
(p1,k(x, tJ); µ),

L21(µ)λk(µ) + L22(µ)ξk(µ) = rk
p2
(p2,k(x, tJ); µ).

(15)

The coefficients are defined as follows:

L11(µ) = (
∂p1,k(t,x)

∂t , p1,k(x, tJ)) +
Qa
∑

i=1
Qi

1(µ)ai
1(p1,k(t, x), p1,k(x, tJ)) + q(p1,k(t, x), p1,k(x, tJ))

L12(µ) = −q(p2,k(t, x), p1,k(x, tJ))

L21(µ) = (
∂p2,k(t,x)

∂t , pp,k(x, tJ)) +
Qb
∑

j=1
Qj

2(µ)ai
2(p2,k(t, x), p21,k(x, tJ)) + q(p2,k(t, x), p2,k(x, tJ))

L22(µ) = −q(p1,k(t, x), p2,k(x, tJ))

and

L11
g (γ) = β( f k(t, x), f k

J (x)), L12
g (γ) = −(λ2k−1(t, x), f k

J (x)), L13
g (γ) = −(λ2k(t, x), f k

J (x)).

The right terms have the following affine expressions:

rk
p1
(p1,k(x, tJ); µ) =

Na

∑
n=1

Xn(µ)s1,n(p1,k(x, tJ))−
k−1

∑
i=1

ξi(µ)(
∂p1,i(t, x)

∂t
, p1,k(x, tJ))

−
Qa

∑
s=1

k−1

∑
i=1

Qs
1(µ)ξi(µ)as

1(p1,i(t, x), p1,k(x, tJ))

−
k−1

∑
i=1

ξi(µ)q(p1,i(t, x), p1,k(x, tJ)) +
k−1

∑
j=1

λj(µ)q(p2,j(t, x), p1,k(x, tJ)),

rk
p2
(p2,k(x, tJ); µ) =

Ma

∑
m=1

Ym(µ)s2,m(p2,k(x, tJ))−
k−1

∑
j=1

λj(µ)(
∂p2,i(t, x)

∂t
, p2,k(x, tJ))

−
Qb

∑
t=1

k−1

∑
j=1

Qt
2(µ)λj(µ)at

2(p2,i(t, x), p2,k(x, tJ))

−
k−1

∑
j=1

λj(µ)q(p2,j(t, x), p2,k(x, tJ)) +
k−1

∑
i=1

ξi(µ)q(p1,i(t, x), p2,k(x, tJ)).

Therefore, the stochastic basis functions ξk(µ), λk(µ) can be obtained by system (15). We outline
the VS method for stochastic dual-continuum problems in Algorithm 1.
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Algorithm 1 The VS method for stochastic dual-continuum problems.
Input: The stochastic dual-continuum problem (3), a set of training samples Ξ ∈ Γ, and the error
tolerance ε.

Output: The variable-separation representations p1,N(x, t; µ) :=
N
∑

i=1
ξi(µ)P1,i(t, x), p2,N(x, t; µ) :=

N
∑

i=1
λi(µ)P2,i(t, x).

1: Initialization: Residuals r1
p1
(ũ; µ) := s1(v1; µ), r1

p2
(ũ; µ) := s2(v2; µ), a random sample µ1 ∈ Ξ;

2: Calculate the deterministic physical basis functions P1,k(t, x) = ep1(x, t; µk), P2,k(t, x) = ep2(x, t; µk)
by solving (12) with µ = µk;
3: Compute the stochastic basis functions ξk(µ), λk(µ) by (15);

4: Update Ξ with Ξ = Ξ \ µk, and take the approximation p1,k(x, t; µ) :=
k
∑

i=1
ξi(µ)P1,i(t, x) and

p2,k(x, t; µ) :=
k
∑

i=1
λi(µ)P2,i(t, x)

5: k=k+1;
6: Update the residuals rk

p1
(v1; µ) and rk

p2
(v2; µ), and compute ∆k(x, t; µ);

7: Take µk as µk := arg max
µ∈Ξ

∆k(x, t; µ);

8: Return Step 2 if µk ≥ ε, otherwise terminate.

5. The Hybrid Model Reduction Method Based on Variable-Separation
Derived from the governing equations of the dual-continuum model, the stochastic and determin-

istic basis functions used in the VS framework (Section 4) are computed via a traditional finite element
method on a fine grid, employing a backward Euler temporal discretization. If the dual-continuum
governing equations have strong multiscale features, then we have to use a very fine mesh to resolve
the features in all scales. This computation of computing snapshots may be very expensive. To
overcome the difficulty and improve the offline computation, we can use the uncoupled Generalized
Multiscale Finite Element Method (uncoupled GMsFEM) to compute the basis functions. In this section,
we briefly present the uncoupled GMsFEM and the hybrid model reduction method.

5.1. Uncoupled GMsFEM

For the parameterized dual-continuum model, when constructing the multiscale reduced basis
space using the uncoupled Generalized Multiscale Finite Element Method (GMsFEM), the multiscale
basis functions on each continuum are constructed independently, taking into account only the
permeability κi(x; µ) while neglecting the effect of the interaction term σ.

Before presenting the framework of uncoupled GMsFEM approximation for the dual-continuum
model, we first establish the numerical discretization setting, as illustrated in Figure 1. Let H be the
characteristic size of a generic coarse cell. We consider that the spatial domain Ω to be uniformly
partitioned by a coarse mesh TH . The partition TH is referred to as a coarse grid and a generic element
K within it is called a coarse element. Moreover, A corresponding fine-grid partition, denoted by Th, is
obtained by refining the coarse mesh TH , where h > 0 represents the fine mesh size. Let Nh denote the
number of elements in TH . The vertices of the coarse grid are denoted by

{
xj
}Nc

j=1, where Nc is the total
number of coarse nodes. We define the neighborhood ωj as the union of all coarse elements containing
xj in their closure, i.e.,

ωj = ∪{Ki ∈ TH |xj ∈ Ki}.
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Figure 1. The fine grid, coarse grid Ks and the coarse neighborhood of node xj.

More specially, on each coarse neighborhood ωj, for each i-th continuum, we first solve the
following local eigenvalue problem:−div(κi(x)∇ψ

(j)
ℓ,i ) = λi,ℓκ̃(x)ψ(j)

ℓ,i in ωj,

κi(x) · ∇ψ
(j)
ℓ,i · n = 0 on ∂ωj,

(16)

where κ̃i(x) = κi(x)
Nc
∑

i=1
H2|∇χj,i|2. {χj,i}Nc

i=1 represents the partition of unity functions defined in the

local support ωj, which is defined as follows:{
−div(κi(x)∇χj,i) = 0 ∀K in ωj

χj,i = χ0
j,i on ∂K,

To construct local multiscale basis functions on ωj corresponding to the i-th continuum (i = 1, 2),

we now solve local spectral problems: find the eigenfunctions ψ
(j)
ℓ,i ) ∈ Vh(ωj) and λi,ℓ ∈ R such that

a(j)
i (ψ

(j)
ℓ,i ), vi) = λi,ℓs

(j)
i (ψ

(j)
ℓ,i ), vi),

for all vi ∈ Vh(ωj), where s(j)
i (ψ

(j)
ℓ,i ), vi) is defined as follows

s(j)
i (ui, vi) =

∫
ωj

κ̃iuividx.

We denote the basis functions defined on the fine grid as {ϕj,m}
Nh
m=1, then the matrix form of

eigenvalue problem (16) can be written as

Aψ
(j)
ℓ,i = λ

(j)
ℓ,i Sψ

(j)
ℓ,i . (17)

Here, the definition of matrices A and S are

(A)m,n = (κi(x)∇ϕj,m,∇ϕj,n)L2(ωj)
, (S)m,n = (κ̃i(x)ϕj,m, ϕj,n)L2(ωj)

,

respectively.
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By solving the eigenvalue problem (17), we can get a series of eigenvalues {λ
(j)
ℓ,i }

Nh
i=1 and eigenfunc-

tions {ψ
(j)
ℓ,i }

Nh
i=1. Then we choose the Mi lowermost eigenvalues and the corresponding eigenvectors of

the eigenvalue problem. Then we can get the local snapshot space

Vi
ms(ωj) := span{ψ

(j)
ℓ,i , 1 ≤ ℓ ≤ Mj}.

Further, We use the partition of unity functions to paste the snapshot functions and get the
multiscale basis function space of i-th continuum

Vi
ms(Ω) :=

Nc

∑
j=1

Vi
ms(ωj) = span{ψ

(j),ms
ℓ,i : ψ

(j),ms
ℓ,i = χj,iψ

(j)
ℓ,i , 1 ≤ j ≤ Nc, 1 ≤ ℓ ≤ Mi}.

Finally, the global multiscale corresponding to the dual continuum model as

Vms(Ω) = V1
ms(Ω)× V2

ms(Ω).

The multiscale basis functions can be repeatedly used online. We can use a matrix Ri
re to store

these basis functions, i.e.,

Ri
re = [ψ

(1),ms
1,i , · · · , ψ

(1),ms
Mi ,i

, · · · , ψ
(Nc),ms
1,i , · · · , ψ

(Nc),ms
Mi ,i

].

Then define the global matrix in the dual continuum model as

Rre = [R1
re, R2

re].

At the online stage, we use the precomputed multiscale basis functions to compute dual-continuum
problem on the coarse grid.

5.2. The Hybrid Model Reduction Method

In this subsection, we will construct the hybrid model reduction method by combing the variable-
separation method and uncoupled GMsFEM, which gives the solution in the following form

pvs−GMsFEM
1 (x, t; µ) :=

N

∑
i=1

ξi(µ)Pgms
1,i (t, x)

pvs−GMsFEM
2 (x, t; µ) :=

N

∑
i=1

λi(µ)Pgms
2,i (t, x).

(18)

In the separation form (18), the physical basis functions {Pgms
1,i (t, x)}N

i=1 and {Pgms
2,i (t, x)}N

i=1 are learned
using the uncoupled GMsFEM.



(R1
re)

T(M1,h + ∆tK1,h)R1
rePgms,k+1

1,h + ∆t
[
(R1

re)
T M2,hR1

rePgms,k+1
1,h −

(R1
re)

T M2,hR2
rePgms,k+1

2,h
]
= ∆t(R1

re)
T Bk+1

1 + (R1
re)

T M1,hR1
rePgms,k

1,h

(R2
re)

T(M1,h + ∆tK2,h)R2
rePgms,k+1

2,h + ∆t
[
(R2

re)
T M2,hR2

rePgms,k+1
2,h −

(R2
re)

T M2,hR1
rePgms,k+1

1,h
]
= ∆t(R2

re)
T Bk+1

2 + (R2
re)

T M2,hR2
rePgms,k

2,h .

(19)
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To simplify the symbols, we denote the matrices by

A1 = (R1
re)

T(M1,h + ∆tK1,h)R1
re,

A2 = (R2
re)

T(M1,h + ∆tK2,h)R2
re,

C11 = (R1
re)

T M2,hR1
re,

C12 = (R1
re)

T M2,hR2
re,

C22 = (R2
re)

T M2,hR2
re,

C21 = (R1
re)

T M2,hR1
re,

Fgms,k+1
1 (µ) = ∆t(R1

re)
T Bk+1

1 + (R1
re)

T M1,hR1
rePgms,k

1,h ,

Fgms,k+1
1 (µ) = ∆t(R2

re)
T Bk+1

2 + (R2
re)

T M2,hR2
rePgms,k

2,h .

Combining these equations gives the matrix system[
A1 + ∆tC11 ∆tC12

∆tC22 A2 + ∆tC22

][
Pgms,k+1

1,h (µ)

Pgms,k+1
2,h (µ)

]
=

[
Fgms,k+1

1 (µ)

Fgms,k+1
2 (µ)

]
. (20)

Here, the terms Pgms,k+1
1,h (µ) and Pgms,k+1

2,h (µ) represent the discrete numerical approximations for p1, p2

at the time step (k + 1), obtained using the uncoupled GMsFEM.
In Algorithm 2, we outline the main steps for the hybrid model reduction method based on the

VS method.

Algorithm 2 Hybrid model reduction method for the stochastic dual continuum model
Input: The stochastic dual continuum model (4)
Output: The hybrid reduced model solutions pvs−GMsFEM

1 (x, t; µ) :=
N
∑

i=1
ξi(µ)Pgms

1,i (t, x), pvs−GMsFEM
2 (x, t; µ) :=

N
∑

i=1
λi(µ)Pgms

2,i (t, x).

1: Initialization: Residuals r1
p1
(ũ; µ) := s1(v1; µ), r1

p2
(ũ; µ) := s2(v2; µ), a random sample µ1 ∈ Ξ;

2: Run the algorithm corresponding to system (20) similar to Algorithm 1 to obtain the physical basis
functions {Pgms

1,k (t, x)} and {Pgms
2,k (t, x)} with µ = µk;

3: Compute the stochastic basis functions ξk(µ), λk(µ) similar to (15);

4: Update Ξ with Ξ = Ξ \ µk, and take the approximation phb
1 (x, t; µ) :=

k
∑

i=1
ξi(µ)Pgms

1,i (t, x) and

phb
2 (x, t; µ) :=

k
∑

i=1
λi(µ)Pgms

2,i (t, x)

5: k=k+1;
6: Update the residuals rk

p1
(v1; µ) and rk

p2
(v2; µ), and compute ∆k(x, t; µ);

7: Take µk as µk := arg max
µ∈Ξ

∆k(x, t; µ);

8: Return Step 2 if µk ≥ ε, otherwise terminate.

6. Numerical Results
In this section, we present two numerical examples to illustrate the applicability of the proposed

reduced basis methods for solving the stochastic dual continuum models. In Section 6.1, we consider
an example to illustrate performance of the hybrid model reduction method for solving the dual
continuum model. In Section 6.2, we use the proposed model reduction method to a dual continuum
model with high-dimensional random inputs. Before presenting the individual examples, we describe
the computational domain, that is, spatial domain D = [0, 1]2. The time interval is from 0 to 1.
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Let pMR
1 and pMR

2 be the solutions of the reduced basis methods, and (p1,h, p2,h) be the reference
solutions, which are solved by FEM on a fine grid. Then the relative mean errors in the weighted L2

norm are defined by

ej =
1
N

N

∑
i=1

∥pMR
j (x, µi)− ph

j (x, µi)∥L2

∥ph
j (x, µi)∥L2

, (21)

where j = 1, 2, ∥v∥2
L2 =

∫
D v2dx, and N is the number of random samples.

6.1. Experiment 1

To demonstrate the efficacy of the hybrid model reduction method, we first consider the dual-
continuum with random inputs as follows.

∂p1

∂t
− div(κ1(x, µ)∇p1) + σ(x, µ)(p1 − p2) = f1(t, x, µ),

∂p2

∂t
− div(κ2(x, µ)∇p2) + σ(x, µ)(p2 − p1) = f2(t, x, µ),

(22)

where the diffusion coefficients, the transfer coefficient, and the source terms are defined by

κ1(x, µ) = (1 + µ2)(1 + x1)(1 + x2) + (1 + cos(µ) + µ4)κ12(x),

κ2(x, µ) = (1 + 2µ2)(1 + x2
1)(1 + x2

2) + (1 + sin(µ) + µ2)κ22(x),

σ(x, µ) = (1 + µ)(1 + x1) + (1 + µ2)x2
1x2

2,

f1(t, x, µ) = 2µ2(1 − x1 − x2 − t) + 2µ4t2x2
1x2

2(1 − x1 − x2 − t)

− 2µ2(1 + µ2)

(
(1 + 2x3

1)(1 + x4
2)t + (1 + x1)(1 + 2x2 + t)

)
f2(t, x, µ) = 0.

Here x = (x1, x2) ∈ Ω and the random variable ξ obeys the beta distribution, i.e., ξ ∼ Beta(1, 1). κ12(x)
and κ22(x) are both high-contrast functions independent of µ, whose maps are depicted in Figure 2.

Figure 2. High-contrast functions κ12(x) (left) and κ22(x) (right).
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The boundary conditions and initial condition are set as
g1(x) = x2

1 + x2
2,

g2(x) = (x − 1)2
1 + (x − 1)2

2,

p1(x, t0) = x1,

p2(x, t0) = x2,

respectively. The partition of spatial domain is defined on 120 × 120 uniform grid to compute the
reference solution. The model reduction solutions are computed on 10 × 10 coarse mesh. The time
step is △t = 0.02 up to the final simulation time T = 1. For offline computation in this example, we
randomly choose 200 random samples for the training set Ξ and select 5 optimal samples.

Figure 4 shows the mean profiles of the solutions pi(x, t; µ), i = 1, 2 for the reference, GMsFEM
and hybrid model reduction methods. The results demonstrate that the mean profiles from both
reduction methods are nearly identical to the reference.

Figure 3. Figures of p1(x, µ) (1st row) and p2(x, µ) (2nd row) by different methods.

To evaluate the performance of the hybrid model reduction method, we compute the average
relative L2 error over an ensemble of 1000 randomly selected parameter samples.

The numerical setup is configured as follows: the number of local basis functions per coarse ele-
ment is fixed at L = 5, and the number of variable-separation terms is also set to five. To systematically
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investigate the impact of the coarse mesh resolution on the approximation accuracy, we conduct a
series of experiments with varying coarse mesh sizes, specifically H = {1/2, 1/4, 1/8, 1/10, 1/12}.

Table 1. The relative L2 errors with different coarse mesh size H for p1(x, ξ) and p2(x, ξ).

Coarse mesh size H = 1/2 H = 1/4 H = 1/8 H = 1/10 H = 1/12 H = 1/15

e f g
p1 5.0389E-01 1.2556E-01 1.3176E-01 3.2681E-03 3.4457E-03 1.2881E-03

e f v
p1 5.0337E-01 1.2563E-01 1.3191E-01 4.6316E-03 4.1590E-02 5.9059E-03

e f g
p2 2.2118E-01 1.3833E-01 8.7244E-02 2.5336E-03 1.8137E-03 1.4234E-03

e f v
p2 2.2208E-01 1.4099E-01 8.6095E-02 7.0355E-03 8.9305E-03 5.4730E-03
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Figure 4. The average relative errors corresponding to the time t.

6.2. Experiment 2

In this subsection, we consider the dual-continuum with random inputs as follows.
∂p1

∂t
− div(κ1(x, µ)∇p1) + σ(x, µ)(p1 − p2) = f1(t, x, µ),

∂p2

∂t
− div(κ2(x, µ)∇p2) + σ(x, µ)(p2 − p1) = f2(t, x, µ),

(23)
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where the diffusion coefficients, the transfer coefficient, and the source terms are defined by

κ1(x, µ) = (1 + 2µ2)(1 + exp(x1 + x2)) + (2 + sin(µ))κ12(x),

κ2(x, µ) = (2 + exp(µ))(2 + sin(2x1x2)) + (1 + sin(2µ) + µ2)κ22(x),

σ(x, µ) = (1 + 2µ)(1 + x1) + (3 + µ2)x2
1x2

2,

f1(t, x, µ) = (µ + µ2)(1 + x1 + x2 + t) + (µ4 − µ2)t2x2
1x2

2(1 + x1 + x2 + t),

f2(t, x, µ) = (µ − µ3)(x1 + x2 + 2) + (µ2 + µ4)2x1x2(x1 + x2 + 2).

Here x = (x1, x2) ∈ Ω and the random variable µ obeys the beta distribution, i.e., µ ∼ Beta(2, 2).
κ12(x) and κ22(x) are both high-contrast functions independent of µ, whose maps are depicted in
Figure 5.

Figure 5. High-contrast functions κ12(x) (left) and κ22(x) (right).

The conductivity values in the background both are fixed to be 1, while the conductivity values
in the channels are 10000. In this experiment, we randomly take 2000 random samples to test the
proposed iterative method. The boundary conditions and initial condition are set as

g1(x) = 2 − x2
1 − x2

2,

g2(x) = 2 + x1 + x2,

p1(x, t0) = 2 − x2
1 − x2

2,

p2(x, t0) = 2 + x1 + x2,

respectively. In this experiment, the solutions of the multi-continuum model for the three methods:
FEM on 120 × 120 fine grid (reference solutions), GMsFEM on 12 × 12 coarse mesh size and the
proposed model reduction method.

To evaluate the approximation accuracy for the hybrid model reduction method, we randomly
selected 2000 parameter samples and compute the average relative L2-errors. Using a fixed number
of separated terms (N = 10) and five local basis functions in GMsFEM, the mean and the variance
of variables p1(t, x; µ) and p2(t, x; µ) are illustrated at a random time layer in Figure 6 and Figure 7,
respectively.

The figure demonstrates that the solutions for both p1(t, x, ξ) and p2(t, x, ξ) closely match their
respective reference solutions.

To systematically assess the impact of the coarse mesh resolution on accuracy, we conduct
experiments using progressively refined meshes with sizes H = {1/2, 1/4, 1/8, 1/12, 1/24}. We
compare the relative L2 errors of all methods in Table 2.
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Figure 6. The mean of p1(x, µ) (1st row) and p2(x, µ) (2nd row) by different methods.

Table 2. The relative L2 errors with different coarse mesh size H for p1(x, ξ) and p2(x, ξ).

Coarse mesh size H = 1/2 H = 1/4 H = 1/8 H = 1/12 H = 1/24

e f g
p1 1.8958E-01 1.7748E-01 2.0568E-03 1.2338E-03 5.3932E-04

e f v
p1 1.9047E-01 1.7539E-01 4.2623E-03 1.4946E-02 9.2871E-03

egv
p1 1.7631E-03 1.9731E-03 3.5753E-03 1.4759E-02 9.2977E-03

e f g
p2 2.1234E-01 1.8409E-02 6.5206E-04 3.7393E-04 1.4397E-04

e f v
p2 2.1175E-01 1.8218E-02 1.4602E-03 2.0708E-03 1.4111E-03

egv
p2 9.7625E-04 5.3918E-04 1.3870E-03 2.0860E-03 1.3949E-03

These results, presented in the table, demonstrate that the approximation accuracy of both the
hybrid method and GMsFEM improves—that is, their respective errors decrease—as the coarse mesh
is refined.
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Figure 7. The variance of p1(x, µ) (1st row) and p2(x, µ) (2nd row) by different methods.
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Figure 8. The relative L2-error of numerical solutions: p1(t, x; µ)(left) and p2(t, x; µ)(right) with different number
of separated terms.
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7. Conclusions
In this paper, we present a hybrid model reduction method for solving stochastic dual-continuum

models. In this work, In this work, the possible uncertainties considered originate in the PDE coeffi-
cient, the transfer term, and the source term. Directly solving these equations on a fine grid presents
a significant computational challenge, particularly in many-query scenarios. To dramatically im-
prove efficiency, our method integrates the uncoupled Generalized Multiscale Finite Element Method
(GMsFEM) with a low-rank variable-separation technique to construct compact representations of the
solutions. This hybrid approach enables the computation of a large number of stochastic realizations at
minimal cost. In the numerical experiments section, we apply the proposed model reduction method
to dual-continuum models with random inputs. The results confirm that our hybrid method achieves
an effective trade-off between computational efficiency and accuracy.

Acknowledgments: This work was supported by the National Natural Science Foundation of China (Grant No.
12101217) and by the Natural Science Foundation of Hunan Province (Grant No. 2022JJ40113).

Appendix A Online-Offline Computation of Residuals
By affine representations (3) and definition of residuals, we can express the residuals as

rk
p1
(v1; µ) = s1(v1; µ)−

(∂p1,k−1

∂t
, v1; µ

)
− a1(p1,k−1, v1; µ)− q(p1,k−1 − p2,k−1, v1; µ)

=
Na

∑
n=1

Xn(µ)s1,n(v1)−
k−1

∑
i=1

ξi(µ)
(∂P1,i(t, x)

∂t
, v1

)
−

Qa

∑
s=1

k−1

∑
i=1

Qs
1(µ)ξi(µ)as

1
(

P1,i(t, x), v1
)

−
k−1

∑
i=1

ξi(µ)q
(

P1,i(t, x), v1
)
+

k−1

∑
j=1

λj(µ)q
(

P2,j(t, x), v1
)
,

rk
p2
(v2; µ) = s2(v2; µ)−

(∂p2,k−1

∂t
, v2; µ

)
− a2(p2,k−1, v2; µ)− q(p2,k−1 − p1,k−1, v2; µ)

=
Ma

∑
m=1

Ym(µ)s2,m(v2)−
k−1

∑
j=1

λj(µ)
(∂P2,i(t, x)

∂t
, v2

)
−

Qb

∑
t=1

k−1

∑
j=1

Qt
2(µ)λj(µ)at

2
(

P2,i(t, x), v2
)

−
k−1

∑
j=1

λj(µ)q
(

P2,j(t, x), v2
)
+

k−1

∑
i=1

ξi(µ)q
(

P1,i(t, x), v2
)
.

(A.24)
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By (13) and the above expressions about residuals, we can get

(êk
p1
(µ), v1; γ)H1 =

Na

∑
n=1

Xn(µ)s1,n(v1)−
k−1

∑
i=1

ξi(µ)
(∂P1,i(t, x)

∂t
, v1

)
−

Qa

∑
s=1

k−1

∑
i=1

Qs
1(µ)ξi(µ)as

1
(

P1,i(t, x), v1
)

−
k−1

∑
i=1

ξi(µ)q(P1,i(t, x), v1) +
k−1

∑
j=1

λj(µ)q(P2,j(t, x), v1)

(êk
p2
(µ), v1; γ)H1 =

Ma

∑
m=1

Ym(µ)s2,m(v2)−
k−1

∑
j=1

λj(µ)(
∂P2,j(t, x)

∂t
, v2)

−
Qb

∑
t=1

k−1

∑
j=1

Qt
2(µ)λj(µ)at

2
(

P2,j(t, x), v2
)

−
k−1

∑
j=1

λj(µ)q
(

P2,j(t, x), v2
)
+

k−1

∑
i=1

ξi(µ)q
(

P1,i(t, x), v2
)
.

This implies that 

êk
p1
(µ) =

Na
∑

n=1
Xn(µ)Cn

p1
+

k−1
∑

i=1
ξi(µ)Di

p1
+

Qa
∑

s=1

k−1
∑

i=1
Qs

1(µ)ξi(µ)Ls
i

+
k−1
∑

i=1
ξi(µ)G i

p1
+

k−1
∑

j=1
λj(µ)G

j
p2

êk
p2
(µ) =

Ma
∑

m=1
Ym(µ)Cm

p2
+

k−1
∑

i=1
λi(µ)Di

p2
+

Qb
∑

t=1

k−1
∑

j=1
Qt

2(µ)λj(µ)Lt
j

+
k−1
∑

j=1
λj(µ)G

j
p2 +

k−1
∑

i=1
ξi(µ)G i

p1
.

(A.25)

where Cn
p1

is the Riesz representation of s1,n(v1), i.e., (Cn
p1

, v1)H1 = s1,n(v1) for any v1 ∈ Vh(Ω), 1 ≤
n ≤ Na. Cm

p2
is the Riesz representation of s2,m(v2), i.e., (Cm

p2
, v2)H1 = s2,m(v2) for any v2 ∈ Vh(Ω), 1 ≤

m ≤ Nb. Di
pj

is the Riesz representation of −
( ∂Pj,i(t,x)

∂t , vj
)
, i.e., (Di

pj
, vj)H1 = −

( ∂Pj,i(t,x)
∂t , vj

)
for any

vj ∈ Vh(Ω), where 1 ≤ i ≤ k − 1. Ls
i is the Riesz representation of −as(P1,i(t, x), v1), i.e., (Ls

i , v1) =

−as
1(P1,i(t, x), v1) for any v1 ∈ Vh, where 1 ≤ i ≤ k − 1 and 1 ≤ s ≤ Qa. Lt

i is the Riesz representation
of −at(P2,i(t, x), v2), i.e., (Lt

i , v2) = −at(P2,i(t, x), v2) for any v2 ∈ Vh, where 1 ≤ i ≤ k − 1 and

1 ≤ t ≤ Qb. G j
p1 is the Riesz representation of q(P1,i(t, x), v1), i.e., (G j

p1 , vs)H1 = −q(P1,i(t, x), vs) for
any ũ ∈ Vh(Ω), where 1 ≤ j ≤ k − 1, s = 1, 2.
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Eq. (A.25) gives rise to

∥êk
p1
(µ)∥2

H1 =
Na

∑
n=1

Na

∑
n′=1

Xn(µ)Xn′(µ)(Cn
p1

, Cn′
p1
)H1 +

k−1

∑
i=1

k−1

∑
i′=1

ξi(µ)ξi′(µ)(Di
p1

,Di′
p1
)H1

+
k−1

∑
i=1

k−1

∑
i′=1

Qa

∑
s=1

Qa

∑
s′=1

ξi(µ)ξi′(µ)Q
s
1(µ)Q

s′
1 (µ)(Ls

i ,Ls′
i′ )H1 +

k−1

∑
i=1

k−1

∑
i′=1

ξi(µ)ξi′(µ)(G i
p1

,G i′
p1
)H1

+
k−1

∑
j=1

k−1

∑
j′=1

λj(µ)λj′(µ)(G
j
p2 ,G j′

p2)H1 + 2
Na

∑
n=1

k−1

∑
i=1

Xn(µ)ξi(µ)(Cn
p1

,Di
p1
)H1 ,

+ 2
Na

∑
n=1

Qa

∑
s=1

k−1

∑
i=1

Xn(µ)Qs
1(µ)ξi(µ)(Cn

p1
,Ls

i )H1 + 2
Na

∑
n=1

k−1

∑
i=1

Xn(µ)ξi(µ)(Cn
p1

,G i
p1
)H1

+ 2
Na

∑
n=1

k−1

∑
j=1

Xn(µ)λj(µ)(Cn
p1

,G i
p2
)H1 + 2

k−1

∑
i=1
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s=1

k−1

∑
i′=1

ξi(µ)Qs
1(µ)ξi′(µ)(Di

p1
,Ls

i′)H1

+ 2
k−1

∑
i=1

k−1

∑
i′=1

ξi(µ)ξ j(µ)(G i
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,G i′
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k−1

∑
i=1

k−1

∑
j=1
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k−1

∑
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∑
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i ,G i′
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k−1

∑
i=1

Qa
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k−1

∑
j=1

Qs
1(µ)ξi(µ)λj(µ)(Ls

i ,G j
p2)H1

+ 2
k−1

∑
i=1

k−1

∑
j=1

ξi(µ)λj(µ)(G i
p1

,G j
p2)H1 ,

and

∥êk
p2
(µ)∥2

H1 =
Ma

∑
m=1

Ma

∑
m′=1

Ym(µ)Ym′(µ)(Cm
p2
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p2
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k−1

∑
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k−1

∑
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p2

,Di′
p2
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+
k−1

∑
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k−1

∑
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Qb

∑
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∑
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λj(µ)λj′(µ)Q
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2(µ)Q

t′
2 (µ)(Lt
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k−1

∑
i=1
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∑
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∑
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∑
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λj(µ)λj′(µ)(G
j
p2 ,G j′

p2)H1 + 2
Ma

∑
m=1

k−1

∑
i=1

Ym(µ)λi(µ)(Cm
p2

,Di
p2
)H1 ,

+ 2
Ma

∑
m=1

Qb

∑
t=1

k−1

∑
j=1

Ym(µ)Qt
2(µ)λj(µ)(Cm

p2
,Ls

i )H1 + 2
Ma

∑
m=1

k−1

∑
j=1

Ym(µ)λj(µ)(Cm
p2

,G j
p2)H1

+ 2
Ma

∑
m=1

k−1

∑
i=1

Ym(µ)ξi(µ)(Cm
p2

,G i
p1
)H1 + 2

k−1

∑
i=1

Qb

∑
t=1

k−1

∑
j=1

λi(µ)Qt
2(µ)λj(µ)(D

j
p2 ,Lt

j)H1

+ 2
k−1

∑
i=1

k−1

∑
j=1

λi(µ)ξ j(µ)(Di
p2

,G j
p1)H1 + 2

k−1

∑
i=1

k−1

∑
j=1

λi(µ)λj(µ)(Di
p2

,G j
p2)H1

+ 2
k−1

∑
i=1

Qb

∑
t=1

k−1

∑
j=1

λi(µ)Qt
2(µ)λj(µ)(Lt

i ,G
j
p2)H1 + 2

k−1

∑
i=1

Qb

∑
t=1

k−1

∑
j=1

λi(µ)ξ j(µ)Qt
2(µ)(Lt

i ,G
j
p1)H1

+ 2
k−1

∑
i=1

k−1

∑
j=1

ξi(µ)λj(µ)(G i
p1

,G j
p2)H1 .

∥êk
p1
(µ)∥H1 and ∥êk

p2
(µ)∥H1 can be efficiently computed when offline-online procedure is applied. In

the offline stage, we compute Cn
p1

, Di
p1

, Ls
i , G i

p1
, G i

p2
, Cm

p2
, Di

p2
, Lt

i and store the quantities independent

with stochastic inputs. We store (Cn
p1

, Cn′
p1
)H1 , (Di

p1
,Di′

p1
)H1 , (Ls

i ,Ls′
i′ )H1 , (G i

p1
,G i′

p1
)H1 , (G j

p2 ,G j′
p2)H1 ,

(Cn
p1

,Di
p1
)H1 , (Cn

p1
,Ls

i )H1 , (Cn
p1

,G i
p1
)H1 , (Cn

p1
,G i

p2
)H1 , (Di

p1
,Ls

i′)H1 , (G i
p1

,G j
p2)H1 , (Ls

i ,G i′
p1
)H1 ,

(Ls
i ,G

j
p2)H1 , (Cm

p2
, Cm′

p2
)H1 , (Di

p2
,Di′

p2
)H1 , (Lt

j,Lt′
j′ )H1 , (Cm

p2
,Di

p2
)H1 , (Cm

p2
,Lt

j)H1 , (Cm
p2

,G j
p2)H1 ,
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(Cm
p2

,G i
p1
)H1 , (D j

p2 ,Lt
j)H1 , (Di

p2
,G j

p1)H1 , (Di
p2

,G j
p2)H1 , (Lt

i ,G
j
p2)H1 , (Lt

i ,G
j
p1)H1 , and (G i

p1
,G j

p2)H1

for online stage, where 1 ≤ n, n′ ≤ Na, 1 ≤ m, m′ ≤ Ma, 1 ≤ i, i′, j, j′ ≤ k − 1, 1 ≤ s, s′ ≤ Qa and
1 ≤ t, t′ ≤ Qb. In the online stage, we only need to compute the stochastic coefficient Xn(µ), ξi(µ),
λ(µ), Qs

1(µ), Ym(µ), Qt
2(µ) and ∥êk

p1
(µ)∥H1 , ∥êk

p2
and (µ)∥H1 for any given µ.
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