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Abstract

Nica and Sprague [Am. Math. Mon., 2023] derived a non-Archimedean version of the Gershgorin disk
theorem. We derive a non-Archimedean version of the oval (of Cassini) theorem by Brauer [Duke Math.
J., 1947] which generalizes the Nica-Sprague disk theorem. We provide applications for bounding the
zeros of polynomials over non-Archimedean fields. We also show that our result is equivalent to the
non-Archimedean version of the Ostrowski nonsingularity theorem derived by Li and Li []. Comput.
Appl. Math., 2025].
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1. Introduction

For 1 < k < n, define

Let 0(A) be the set of all eigenvalues of A. In 1931, Gershgorin proved the following breakthrough
result known as the Gershgorin circle/disk theorem which uses single row /column for determining
the radius of the disk.

Theorem 1. [1-4] (Gershgorin Eigenvalue Inclusion Theorem or Gershgorin Disk Theorem) For every
A = [ajxh1<j<ni<k<n € Mu(C),

o(A) C J{zeC:|z—a;j| <ri(A)}
j=1
and
o(4) € 1z € C1lz— aal < il A
k=1

A remarkable application of Theorem 1 is the following result of Frobenius (which advances
result of Browne).
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Theorem 2. [5-7] Let A = [a;x|1<j<ni<k<n € Mu(C). For every A € 7(A),

n
Al < min{ max Y |aj
=1

1 i !
< - max ) |ajx]+ max ) |ajx| |-
1<j<n f 2\igj<n 2 1<k<n /

n n n
max a;
s 1<k<n = | jk

n n
1 n n
< = max a; max a; .
<3 (( ol ,,k|> ¥ CWE' ],k> )

Another remarkable application of Theorem 1 is on the bounds for the zeros of polynomials. Let

n
, max ]; |k

In particular,

n
det(A)| < mi a;
|det( )I_rnm{ (fé‘%,;' ik

p(z) =co+c1z+-++c,_ 12" 1 + 2" € C[z]. A direct observation reveals that the zeros of p are the
eigenvalues of the Frobenius companion matrix

o 1 0 - 0 0 0
0o 0 1 0 0 0
o 0 0 - 0 0 0
Cp=1 :+ = : : o | €Mu(©)
0o 0 0 - 0 1 0
0o 0 0 - 0 0 1
—Cp —C1 —C vt —Cp3 —Cn2 —Cpo1

and the eigenvalues of C, are the same as the zeros of p [8,9]. In 1965, Bell derived following bounds
for the zeros of p using Theorem 1.

Theorem 3. [10] Let p(z) == co+c1z+ -+ + cy_12" L + 2" € C[z]. If A is a zero of p, then
Al <1
or
A+l < leol + -+ |en2l.

In particular,

(Lagrange bound) Al <max{1,|co| + -+ [cn-1]} (1)

Note that Inequality (1) is a generalization of famous Montel bound [2] which says that
AL < 1+ leol 4+ +lewr
It is interesting to note that one can give a proof of Inequality (1) without using companion matrix [11].
Theorem 4. [10] Let p(z) :=co +c1z2+ -+ - +cy_12" "1 + 2" € Clz]. If A is a zero of p, then
Al < leol

or

Al <1+ |cj|, forsomel<j<n-2

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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or
A+cpa] <1
In particular,
(Bell bound) Al < max{|co|, 1+ |c1],..-, 14 |cn-1]}- ()
Note that Inequality (2) is a generalization of famous Cauchy bound [12] which says that
A< 1+ max{leol,- -, len 1}

Let p(z) :==co+c1z+ - -+ ¢,_12" 1 + 2" € Cz] with ¢y # 0. Define

1 n 1 1 Cn—1 C1 5 n
N I e = e Clz].
q(z) Coz p(z> o + 0 zZ4-- Coz +z z]

We note that A € C\ {0} satisfies p(A) = 0if and only if g(1/A) = 0. Frobenius companion matrix of

qis
0 1 0 0 0
0 1 0 0 0
0 0 0 0 0
Cp=1 : : : b | eMy(C).
0 0 0 -0 1 0
0 0 0 <o 0 0 1
-1 =% w2 ., =ZG3 =2 =—a
co co co (] €0 o

Now by applying earlier two results to the polynomial g and rearranging, we get following results.

Theorem 5. [2,10] Let p(z) := cg + 12+ - - + 12" 1 + 2" € Clz] with cg # 0. If A is a zero of p, then

i <1
A
or
1 ¢ 1 c Cp_
’_ _1__ M+...+|”l|_
A co| T feol  eol |col
In particular,
1 1 _ 1 _
e Smax{l,—+@+@+...+ [cn 1|} §1+—+@+~-+ |en—1l
A lcol ~ leol  Icol |col lcol ol |col
and
(Lagrange lower bound) |A] > ol
max{|co|, 1+ |e1]| + -+ |en_1]}
(Montel lower bound) [col

> .
L+ ol +leal + -+ [enl
Theorem 6. [2,10] Let p(z) == co+c1z + -+ - + ¢,_12" 1 + 2" € Clz] with ¢g # 0. If A is a zero of p, then

1 < 1
|co
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or
1 <] .
m§1+m, forsome2 <j<mn-—1
0
or
1 C1
4+ 20<1
‘/\+C0 -

In particular,

1 1 _ 1 -
— < max{—,l—i— @,...,1—1- [Cn1] } < 1+max{—,@,..., e 1|}
Al |col |col |col [col” |eol ol
and
(Bell lower bound) |A] > ol
max{1, |co| + |c1],.--,|col + |cn-1]}
(Cauchy lower bound) ol

~ |eol + max{1, |aq|,...,|an_1|}

A result much older than Gershgorin is the following.

Theorem 7. [2,3,13,14] (Strict Diagonal Dominance Theorem or Levy-Desplanques Theorem) If A =
[a;kl1<j<ni<k<n € My (C) satisfies

lajj| >7i(A), V1<j<m
or
|agel > c(A), VI<k<mn,
then A is invertible.
Following results say that Theorems 1 and 7 are equivalent.
Theorem 8. [3] Let n € N. Following two statements are equivalent.

(1) Let A = [aj,k]lﬁjﬁn,lﬁkgn € M, (C). Then

o(A) C | J{zeC:|z—a;j| <ri(A)}.
j=1

(ii) IfB= [bj,k]lgjgn,lgkgn € M, (C) satisfies
|b],]| > r]‘(B), V1l < ] <n,
then B is invertible.

Theorem 9. [3] Let n € N. Following two statements are equivalent.
1) Let A = [aj,khﬁjﬁn,lﬁkgn € M, (C). Then

o(4) € U{z € Cs 2 agil < ().
k=1
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(if) If B = [bjli<j<ni<k<n € My (C) satisfies

|bk,k >Ck(B), V1<k<mn,

then B is invertible.

In 1947, Brauer derived following generalization of Theorem 1, known as the Brauer oval (of
Cassini) theorem which uses two rows/columns for determining the radius of the oval.

Theorem 10. [3,6,15] (Brauer Eigenvalue Inclusion Theorem or Brauer Oval (of Cassini) Theorem) For
every A = [ajkl1<j<ni<k<n € Mu(C),

n
c(A)c |J {zeC:lz—q
k=1jk

z —agi| <ri(A)re(A)}

and

n
c(A) S |J {zeC:lz—ajjllz —axil <cj(A)ee(A)}
jh=Lj#k

By applying Brauer’s theorem, we get following results.
Theorem 11. Let p(z) == co+c1z+ -+ +c,_12" 1 + 2" € C[z]. If Ais a zero of p, then
Al <1
or
IAM[A+ cn—a] < ol + -+ + |en—2l-
Theorem 12. Let p(z) :=co+c1z+ -+ +cy_12" L+ 2" € Clz]. If A is a zero of p, then

A2 < Jeol(1+ Icil),  forsomel <j<n-—2

or
IMIA+ en—a| < leol
or
A2 < (1+ lei) (X +lckl),  forsomel <jk<n-—2,j#k
or

MA+cen1l <1+ el,  forsomel <j<n-—2.

It is known that Brauer theorem cannot be extended by considering three rows/columns [3]. In
1937, Ostrowski derived following generalization of Theorem 7.

Theorem 13. [3,16] (Ostrowski Nonsingularity Theorem) If A = [a;]1<j<n1<k<n € Mn(C) satisfies

lajillagi| > rj(A)r(A), V1<jk<nj#k

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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or
|aj,]-||aklk| > cj(A)ck(A), V1<jk<n,j#k,
then A is invertible.
It is known that Theorems 10 and 13 are again equivalent.
Theorem 14. [3] Let n € N. Following two statements are equivalent.

(1) Let A = [aj,khﬁjfn,lﬁkgn € M, (C). Then

n
o(A) S U {z€C:lz—ajllz—apx| < ri(A)r(A)}.
jk=1j#k
(ii) If B = [bjxli<j<ni<k<n € Min(C) satisfies

|b; i1 |bx

> rj(B)rk(B), V1<jk<mn,j#k
then B is invertible.

Theorem 15. [3] Let n € N. Following two statements are equivalent.
(i) Let A = [ajkl1<j<ni<k<n € Mu(C). Then

n
U'(A)g U {ZECI|Z—LZ]',]'
jk=1,j#k

z —ag| < cj(A)ex(A)}

(ii) If B = [bjxli<j<ni<k<n € My (C) satisfies

b il|bki| > cj(B)ek(B), V1<jk<mj#k

then B is invertible.

It is natural to ask what are versions of Theorems 1, 2, 7, 10 and 13 for matrices over non-
Archimedean fields? In the paper, K denotes a non-Archimedean valued field with valuation | - |. Let
A= [aj,k]lgjgn,lgkgn S Mn(K) For1l < ] < n, define

hi(A) = max |a;g|.

]( ) 1§k§n,k7éj| ]'kl
For 1 < k < n, define

U (A) = max |a;il.

K(4) 1§j§n,j#k| Ik

In 2023, Nica and Sprague derived the following non-Archimedean analogue of Theorems 1 and

Theorem 16. [17] (Non-Archimedean Gershgorin Eigenvalue Inclusion Theorem or Nica-Sprague Disk
Theorem) For every A = [ﬂj,k]lgjgn,lgkgn € M, (K),

o(A) C U{zeK:|z—aj;| <hj(A)}
=1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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and

o(4) € J{z € Ks |2 - gl < oelA)).
k=1

Theorem 17. [17] (Non-Archimedean Strict Diagonal Dominance Theorem or Nica-Sprague Nonsingu-
larity Theorem) If A = [a;i|1<j<ui<k<n € My (K) satisfies

lajj| > hi(A), VI<j<mn
or
lagk| > v (A), VI<k<n,
then A is invertible.
Nica and Sprague showed that Theorems 16 and 17 are equivalent.
Theorem 18. [17] Let n € N. Following two statements are equivalent.

(1) Let A = [ﬂj’k]lg]‘gnllgkgn S Mn (K) Then

O'(A) C U{Z cK: |Z—a]',]'| < h](A)}
j=1

(ii) If B = [bjxl1<j<ni<k<n € Mn(K) satisfies
|bjj| > hj(B), V1<j<mn,
then B is invertible.
Theorem 19. [17] Let n € N. Following two statements are equivalent.

(1) Let A = [ﬂj,khgjgn,lgkgn € M, (K). Then

o(4) € Uz €K [z - aggl < ()},
k=1

(ii) If B = [bjtl1<j<ni<k<n € Mn(K) satisfies
|bk,k| > Z)k(B), Vli<k<mn,
then B is invertible.

Non-Archimedean version of Theorem 2 reads as follows.

1
A < min{ max max |a;;|, max max |ajk|} < —(max max |a;x| + max max |ajk|>.
1<j<n1<k<n 77" 1<k<nl<j<n 7"’ 1<j<n1<k<n 7’ 1<k<n1<j<n 7

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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In particular,

n n
|det(A)] < min{(max max |aj,k|> , (max max |a]-,k|> }

1<j<n 1<k<n 1<k<n1<j<n
>n>

n
) + (max max [a;

1
< 5[ | max max |a;x
2 ’ 1<k<n1<j<n

1<j<n1<k<n

Let p(z) :==co+c1z+ - +cp_12" 1 +2" € K[z]. Let

0 1 o - 0 0 0
0 1 0 0 0
0 0 o - 0 0 0
Co=1| : : : o | e Ma(K)
0 0 0o - 0 1 0
0 0 o - 0 0 1
—Cc —€ —C -+ —Cp-3 —Cp2 —Cyu

be the companion matrix of p. By applying Theorem 16 Nica and Sprague obtained following results.
Theorem 21. [17] Let p(z) i=co+c1z+ - - + ¢,_12" "1 + 2" € K[z]. If A is a zero of p, then
Al <1
or
A+ enal < max{|eol, [erl, -, [en—al}-
In particular,
(Nica-Sprague bound) Al < max{1,|col,|c1],---, |cn1]}-

Theorem 22. [17] Let p(z) i=co+c1z+ - + ¢, 12" "1 + 2" € K[z]. If A is a zero of p, then

Al < eol
or
Al <max{1,lcj|}, forsomel<j<n-2
or
A+cna] <1
In particular,
(Nica-Sprague bound) Al < max{1,|col,|c1],.--,|cn-1]} 3)

Theorem 23. [17] Let p(z) :=co+c1z+ -+ + ¢,_12" 1 + 2" € K[z] with ¢y # 0. If A is a zero of p, then

1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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or

In particular,

|col
Al >

(Nica-Sprague lower bound) .
prig max{L, [col, [e1],---, [cn—1]}

Theorem 24. [17] Let p(z) :==co+c1z+ -+ + 12" 1 + 2" € K[z] with ¢y # 0. If A is a zero of p, then

1
Al el
or
1 ¢l ,
A < max 1,m , forsome2<j<n-—1
0
or
1 C1
-+ = 1.
‘)& + co| —
In particular,
(Nica-Sprague lower bound) [A] > ol

max{1,|col,|c1l, -, len_1]}’

Before passing, we give a different and direct proof of Inequality (3). Let p(z) :=co+c1z2+ - - +
cn 12" 1+ 2" € K[z] and A be a zero of p. If |A| < 1, then clearly we have Inequality (3). So we assume
that |[A| > 1. Since p(A) = 0, we have

Co C1 Cn—1 -
(Gr+ s+ + A+ 1)a =0
Since A # 0,
Co C1 Cn—1 -
ﬁ'ﬁ‘ﬁ‘l‘""i‘ 1 +1=0
Rearranging,
_ ©Co C1 Cn—1
_1_F+A”—1 +--+ T
By taking absolute value and noticing [A| > 1, we get
o, a Cn-1 lcol _leal |en—1]
1< |—= e < , yeees
<l e 2 s mo{ e e
[IEY |Cn—1|} 1
<max{ =1, =, e, = —max{|co|, |c1],---, |cn_1]}-
{ AL 1A Al Al !

Rearranging above inequality completes the argument.
In 2025, Li and Li derived the following non-Archimedean analogue of Theorem 13.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Theorem 25. [18] (Non-Archimedean Ostrowski Nonsingularity Theorem or Li-Li Nonsingularity
Theorem) If A = [a;t]1<j<ni<k<n € Mu(K) satisfies

lajillagil > hj(A)(A), Y1<jk<nj#k
or

|a]~/]-|]ak,k\ > Uj(A)’Uk(A), V1 < ],k < n,j 75 k,
then A is invertible.

In this article, we derive non-Archimedean version of Theorem 10. We also show that our
result is equivalent to Theorem 25. We give applications for bounding the zeros of polynomials over
non-Archimedean fields.

2. Non-Archimedean Brauer Oval (of Cassini) Theorem

We start with non-Archimedean Brauer eigenvalue inclusion theorem. Our proof is motivated
from the proof of Brauer [15].

Theorem 26. (Non-Archimedean Brauer Oval (of Cassini) Theorem)
For every A = [a;]1<j<ni<k<n € Mn(K),

n
c(A)C U {zeK:|z—ajllz —api] <hj(A)(A)}
=1k

and

n
c(A)c | {zeK:|z—a;
ik=1j#k

z —arx| < vj(A)vk(A)}.

Proof. Let A € 0(A). Then there existsa 0 # x = (xj);‘zl € K" such that

Ax = Ax. 4)
Choose 1 < j < n such that
|x;] = [max |x1].
Now choose 1 < k < n with k # j such that
x| = max |x].
wl = max_ x|
Then we have 1 < j, k < nwith j # k and
xil > |xp| > xi|. 5
|]|7|k|71§l§r2?;<jll#klzl (5)

We have two cases. Case (i): |x¢| = 0. Considering the j-th coordinate in Equation (4) gives

n
Axj = ) ajpXp.
p=1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Rewriting previous equation gives
n
(A - u]-,j)xj = 2 ‘a]-,pxp.
p=1p#j

Therefore using (5) we get

4 —a)

n
Z ajpXp

p=Lp#j

< .
1<pEnpi 9%

)i

Since [x;| > |xi| forall 1 <k < n, [x;| = 0 and x # 0, we must have |x;| # 0. Previous inequality then
gives [A —a;;| = 0. So

( >< max _|xp|> = < max |a;
1= ,P#J 1<p<n,p#j 1<p<n,p#j
0.

n
A=ajje |J {zeK:l|z—appllz—agyl <hp(A)hg(A)}.
pa=1p#q

Case (ii): |xg| > 0. Considering j-th and k-th coordinates in Equation (4) give

n
(A —ajj)xj =} ajpxp ()
p=Lp#j
and
n
A=) =), gy (7)
q=14#k

Multiplying Equations (6) and (7) and taking non-Archimedean valuation gives

n
Y. 4%y

p=1,p#j

a; .X' max a X,
1< np#' I ’”') (1919»1#' b q')

max [xp| max
1<p<n,p#j 1<q<n,q#k

, )|x]-|

[(A = aj1)x; (A — agp) x| =

IN

IN

|“],

)( max |xq|>
1<q<n,g#k

max a; X max
1<p<n, p#]' ]'p|>| k|(1§q§nlq#k

i (A) i e (A) |xj]

(1<zﬂ<n p#j
h

Therefore
[(A —a; ;) (A = aggo) |[xjxx] < (A (A)]xg] |-
Since |x;x;| # 0, we have

[(A = a;) (A = agg) | < hj(A)e(A).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Previous inequality says that

n
re U {zeK:lz—appllz—agy < hp(A)hy(A)}.
PA=Lp#q

Second inclusion in the statement follows by considering the transpose of A and noting that the
spectrum of a matrix and its transpose are equal. O

By applying Theorem 26, we get following results.
Theorem 27. Let p(z) :=co+c1z+ - -+ ¢,_12" 1 + 2" € K[z]. If A is a zero of p, then
Al <1
or
AIA + el < maxlcol, -+ leaal}-
Theorem 28. Let p(z) :=co+c1z+ -+ c,_12" 1 + 2" € K[z]. If A is a zero of p, then

A2 < |eo| max{1, lcjl},  forsomel <j<n-—2

or
IAIA + cnea| < eol
or
A < (max{1,|cj|}) (max{L,|ck|}), forsomel<jk<n—2,j+#k
or

IAM[JA + 1] < max{l,|cj|}, forsomel <j<mn-—2.

Theorem 29. Let p(z) == co+c1z+ -+ +cp_12" 1 + 2" € K[z] with cg # 0. If A is a zero of p, then

1

111 1 e |Cn1|}
— =+ —=| <max§y —,—, ", .
W'A co| — {|C0| |col |col

Theorem 30. Let p(z) :=co+c1z+ -+ +c,_12" 1 + 2" € K[z] with cg # 0. If A is a zero of p, then

or

1 1 ’C]|} .
— < —maxq 1, — }, orsome2 <j<n-—1
T /

or

1
= |col

1 1+C1
AlTA Co
Al
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or
% < (max{l,m}> (max{l,m}), forsome2 <jk<n-—1,j#k
Al |col |col
or
111 ¢ { |Cj|} .
— |4+ —=|<maxq1l,—— 7, forsome2<j<n-—1.
e al ) ! /

Like the complex case, Theorem 26 cannot be extended by considering three rows/columns. An
example given for the scalar case in [3] (also see [19,20]) extends to non-Archimedean case. Consider
the following matrix over any non-Archimedean field K.

o O = o=
O O = =
o = O O
= O O O

Theno(A) ={0,1,1,2} and i1 (A) =1, hp(A) =1, h3(A) =0, hy(A) = 0. Hence

4
o(A) ¢ U {zeK:|z—aj

jk =1,k j#L k£

z = agkl|z —a| < hj(A)h(A)h (A)} = {0}

Next we show that Theorem 26 improves Theorem 16. Our proof is motivated from the complex case,
given in [3].

n n
U {Z eK: |Z — uj,jllz — ak,k| < h](A)hk(A)} C U{Z eK: |Z — aj,jl < h](A)}
jk=1,j#k j=1
and
n n
U {zeK:l|z—ajjl|lz—are] <vj(A)ve(A)} C | J{z € K: |z —ajj| <v;(A)}.
ik=1,j#k j=1
Proof. We prove the first inclusion, proof of second inclusion is similar. Set
n
Z = U {Z ceK: |Z — aj,]-||z — ak,k| < ]’l]<A)hk(A)}
h=1j#k
and let z € Z. Then there exist 1 < j, k < n with j # k such that

|z — ajjllz — agi| < hj(A)h(A).

We have to consider two cases. Case (i): 1j(A)h(A) = 0. Then z = a;; or z = ay . Now clearly we
have

< (A} € Uz € K+ [z —ayy] < oy(A)).
=1

ze{xeK:|x—a;;| <hj(A)}U{y € K: |y —agx

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Case(ii): hj(A)hx(A) > 0. Then

z—aj;| <hi(A)
or

z—agx| < he(A).

Now clearly we have

<h(A)} C O{Z €eK:lz—ayl <v(A)}.
=1

ze{xeK:|x—a;;| <h(A)}U{y € K: |y —agx

O
Now we show that Theorems 25 and 26 are equivalent.
Theorem 32. Let n € N. Following two statements are equivalent.

(1) Let A = [ﬂj,khgjgn,lgkgn € M, (K). Then

n
c(A)C U {zeK:l|z—ajjllz—ax
jk=1,j#k

< hj(A)he(A)}.

(i) IfB = [bjkli<jcni<k<n € Mu(K) satisfies

bj,il1bxk| > hj(B)he(B), Y1 <jk<mn,j#k,
then B is invertible.
Proof. (i) = (ii) Let B = [bjt]1<j<n1<k<n € Mu(K) satisfies

|b; jl|brkl > hj(B)h(B), V1<jk<mn,j#k 8)

We need to show that B is invertible. Let us assume that B is not invertible. Then 0 € ¢(B). By
assumption (i), there exist 1 < j, k < n with j # k such that

|0 —b;;||0 = br| < hj(B)h(B). )

Inequalities (8) and (9) contradict each other. Hence B is invertible.
(ii) = (i) Let A = [ajx)1<j<n,1<k<n € Mn(K) and A € 0(A). We claim that

A —aji||A —agi| < hj(A)h(A), forsomel <j k<mn,j#k
Let us suppose that claim fails. Then

|)L — a],]||}\ — ak,k| > h](A)hk(A), vl < ],k < T’Z,j # k. (10)

0 € o(B), hence B is not invertible. Note that 1;(A) = h;(B) for all 1 < j < n. But we also
have from (10)

|b; || br

> hi(B)y(B), V1<jk<mn,j#k
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Assumption (ii) says that B is invertible which is not possible. Hence claim holds.
O

By considering the transpose of a matrix, we easily get following result.
Theorem 33. Let n € N. Following two statements are equivalent.

(1) Let A = [a]',khgjgnllgkgn € M, (K). Then

n
c(A)C U {zeK:|z—ajllz —api| < vj(A)or(A)}.
jk=1j#k

(ii) If B= [bjli<j<ni<k<n € My (K) satisfies

|bj il [bxi| > vj(B)vk(B), V1 <jk<mn,j#k,

then B is invertible.
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