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Abstract

Nica and Sprague [Am. Math. Mon., 2023] derived a non-Archimedean version of the Gershgorin disk
theorem. We derive a non-Archimedean version of the oval (of Cassini) theorem by Brauer [Duke Math.
J., 1947] which generalizes the Nica-Sprague disk theorem. We provide applications for bounding the
zeros of polynomials over non-Archimedean fields. We also show that our result is equivalent to the
non-Archimedean version of the Ostrowski nonsingularity theorem derived by Li and Li [J. Comput.
Appl. Math., 2025].
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1. Introduction
Let A = [aj,k]1≤j≤n,1≤k≤n ∈ Mn(C). For 1 ≤ j ≤ n, define

rj(A) :=
n

∑
k=1,k ̸=j

|aj,k|.

For 1 ≤ k ≤ n, define

ck(A) :=
n

∑
j=1,j ̸=k

|aj,k|.

Let σ(A) be the set of all eigenvalues of A. In 1931, Gershgorin proved the following breakthrough
result known as the Gershgorin circle/disk theorem which uses single row/column for determining
the radius of the disk.

Theorem 1. [1–4] (Gershgorin Eigenvalue Inclusion Theorem or Gershgorin Disk Theorem) For every
A = [aj,k]1≤j≤n,1≤k≤n ∈ Mn(C),

σ(A) ⊆
n⋃

j=1

{z ∈ C : |z − aj,j| ≤ rj(A)}

and

σ(A) ⊆
n⋃

k=1

{z ∈ C : |z − ak,k| ≤ ck(A)}.

A remarkable application of Theorem 1 is the following result of Frobenius (which advances
result of Browne).

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 4 January 2026 doi:10.20944/preprints202601.0108.v1

Disclaimer/Publisher’s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and
contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202601.0108.v1
http://creativecommons.org/licenses/by/4.0/


2 of 16

Theorem 2. [5–7] Let A = [aj,k]1≤j≤n,1≤k≤n ∈ Mn(C). For every λ ∈ σ(A),

|λ| ≤ min

{
max

1≤j≤n

n

∑
k=1

|aj,k|, max
1≤k≤n

n

∑
j=1

|aj,k|
}

≤ 1
2

(
max

1≤j≤n

n

∑
k=1

|aj,k|+ max
1≤k≤n

n

∑
j=1

|aj,k|
)

.

In particular,

|det(A)| ≤ min

{(
max

1≤j≤n

n

∑
k=1

|aj,k|
)n

,

(
max

1≤k≤n

n

∑
j=1

|aj,k|
)n}

≤ 1
2

((
max

1≤j≤n

n

∑
k=1

|aj,k|
)n

+

(
max

1≤k≤n

n

∑
j=1

|aj,k|
)n)

.

Another remarkable application of Theorem 1 is on the bounds for the zeros of polynomials. Let
p(z) := c0 + c1z + · · ·+ cn−1zn−1 + zn ∈ C[z]. A direct observation reveals that the zeros of p are the
eigenvalues of the Frobenius companion matrix

Cp :=



0 1 0 · · · 0 0 0
0 0 1 · · · 0 0 0
0 0 0 · · · 0 0 0
...

...
...

...
...

...
0 0 0 · · · 0 1 0
0 0 0 · · · 0 0 1

−c0 −c1 −c2 · · · −cn−3 −cn−2 −cn−1


∈ Mn(C)

and the eigenvalues of Cp are the same as the zeros of p [8,9]. In 1965, Bell derived following bounds
for the zeros of p using Theorem 1.

Theorem 3. [10] Let p(z) := c0 + c1z + · · ·+ cn−1zn−1 + zn ∈ C[z]. If λ is a zero of p, then

|λ| ≤ 1

or

|λ + cn−1| ≤ |c0|+ · · ·+ |cn−2|.

In particular,

(Lagrange bound) |λ| ≤ max{1, |c0|+ · · ·+ |cn−1|}. (1)

Note that Inequality (1) is a generalization of famous Montel bound [2] which says that

|λ| ≤ 1 + |c0|+ · · ·+ |cn−1|.

It is interesting to note that one can give a proof of Inequality (1) without using companion matrix [11].

Theorem 4. [10] Let p(z) := c0 + c1z + · · ·+ cn−1zn−1 + zn ∈ C[z]. If λ is a zero of p, then

|λ| ≤ |c0|

or

|λ| ≤ 1 + |cj|, for some 1 ≤ j ≤ n − 2
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or

|λ + cn−1| ≤ 1.

In particular,

(Bell bound) |λ| ≤ max{|c0|, 1 + |c1|, . . . , 1 + |cn−1|}. (2)

Note that Inequality (2) is a generalization of famous Cauchy bound [12] which says that

|λ| ≤ 1 + max{|c0|, . . . , |cn−1|}.

Let p(z) := c0 + c1z + · · ·+ cn−1zn−1 + zn ∈ C[z] with c0 ̸= 0. Define

q(z) :=
1
c0

zn p
(

1
z

)
=

1
c0

+
cn−1

c0
z + · · ·+ c1

c0
zn−1 + zn ∈ C[z].

We note that λ ∈ C \ {0} satisfies p(λ) = 0 if and only if q(1/λ) = 0. Frobenius companion matrix of
q is

Cq :=



0 1 0 · · · 0 0 0
0 0 1 · · · 0 0 0
0 0 0 · · · 0 0 0
...

...
...

...
...

...
0 0 0 · · · 0 1 0
0 0 0 · · · 0 0 1
−1
c0

−cn−1
c0

−cn−2
c0

· · · −c3
c0

−c2
c0

−c1
c0


∈ Mn(C).

Now by applying earlier two results to the polynomial q and rearranging, we get following results.

Theorem 5. [2,10] Let p(z) := c0 + c1z + · · ·+ cn−1zn−1 + zn ∈ C[z] with c0 ̸= 0. If λ is a zero of p, then

1
|λ| ≤ 1

or ∣∣∣∣ 1
λ
+

c1

c0

∣∣∣∣ ≤ 1
|c0|

+
|c2|
|c0|

+ · · ·+ |cn−1|
|c0|

.

In particular,

1
|λ| ≤ max

{
1,

1
|c0|

+
|c1|
|c0|

+
|c2|
|c0|

+ · · ·+ |cn−1|
|c0|

}
≤ 1 +

1
|c0|

+
|c1|
|c0|

+ · · ·+ |cn−1|
|c0|

and

(Lagrange lower bound) |λ| ≥ |c0|
max{|c0|, 1 + |c1|+ · · ·+ |cn−1|}

(Montel lower bound) ≥ |c0|
1 + |c0|+ |c1|+ · · ·+ |cn−1|

.

Theorem 6. [2,10] Let p(z) := c0 + c1z + · · ·+ cn−1zn−1 + zn ∈ C[z] with c0 ̸= 0. If λ is a zero of p, then

1
|λ| ≤

1
|c0|
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or

1
|λ| ≤ 1 +

|cj|
|c0|

, for some 2 ≤ j ≤ n − 1

or ∣∣∣∣ 1
λ
+

c1

c0

∣∣∣∣ ≤ 1.

In particular,

1
|λ| ≤ max

{
1
|c0|

, 1 +
|c1|
|c0|

, . . . , 1 +
|cn−1|
|c0|

}
≤ 1 + max

{
1
|c0|

,
|c1|
|c0|

, . . . ,
|cn−1|
|c0|

}
and

(Bell lower bound) |λ| ≥ |c0|
max{1, |c0|+ |c1|, . . . , |c0|+ |cn−1|}

(Cauchy lower bound) ≥ |c0|
|c0|+ max{1, |a1|, . . . , |an−1|}

.

A result much older than Gershgorin is the following.

Theorem 7. [2,3,13,14] (Strict Diagonal Dominance Theorem or Levy-Desplanques Theorem) If A =

[aj,k]1≤j≤n,1≤k≤n ∈ Mn(C) satisfies

|aj,j| > rj(A), ∀1 ≤ j ≤ n

or

|ak,k| > ck(A), ∀1 ≤ k ≤ n,

then A is invertible.

Following results say that Theorems 1 and 7 are equivalent.

Theorem 8. [3] Let n ∈ N. Following two statements are equivalent.

(i) Let A = [aj,k]1≤j≤n,1≤k≤n ∈ Mn(C). Then

σ(A) ⊆
n⋃

j=1

{z ∈ C : |z − aj,j| ≤ rj(A)}.

(ii) If B = [bj,k]1≤j≤n,1≤k≤n ∈ Mn(C) satisfies

|bj,j| > rj(B), ∀1 ≤ j ≤ n,

then B is invertible.

Theorem 9. [3] Let n ∈ N. Following two statements are equivalent.

(i) Let A = [aj,k]1≤j≤n,1≤k≤n ∈ Mn(C). Then

σ(A) ⊆
n⋃

k=1

{z ∈ C : |z − ak,k| ≤ ck(A)}.
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(ii) If B = [bj,k]1≤j≤n,1≤k≤n ∈ Mn(C) satisfies

|bk,k| > ck(B), ∀1 ≤ k ≤ n,

then B is invertible.

In 1947, Brauer derived following generalization of Theorem 1, known as the Brauer oval (of
Cassini) theorem which uses two rows/columns for determining the radius of the oval.

Theorem 10. [3,6,15] (Brauer Eigenvalue Inclusion Theorem or Brauer Oval (of Cassini) Theorem) For
every A = [aj,k]1≤j≤n,1≤k≤n ∈ Mn(C),

σ(A) ⊆
n⋃

j,k=1,j ̸=k

{z ∈ C : |z − aj,j||z − ak,k| ≤ rj(A)rk(A)}

and

σ(A) ⊆
n⋃

j,k=1,j ̸=k

{z ∈ C : |z − aj,j||z − ak,k| ≤ cj(A)ck(A)}.

By applying Brauer’s theorem, we get following results.

Theorem 11. Let p(z) := c0 + c1z + · · ·+ cn−1zn−1 + zn ∈ C[z]. If λ is a zero of p, then

|λ| ≤ 1

or

|λ||λ + cn−1| ≤ |c0|+ · · ·+ |cn−2|.

Theorem 12. Let p(z) := c0 + c1z + · · ·+ cn−1zn−1 + zn ∈ C[z]. If λ is a zero of p, then

|λ|2 ≤ |c0|(1 + |cj|), for some 1 ≤ j ≤ n − 2

or

|λ||λ + cn−1| ≤ |c0|

or

|λ|2 ≤ (1 + |cj|)(1 + |ck|), for some 1 ≤ j, k ≤ n − 2, j ̸= k

or

|λ||λ + cn−1| ≤ 1 + |cj|, for some 1 ≤ j ≤ n − 2.

It is known that Brauer theorem cannot be extended by considering three rows/columns [3]. In
1937, Ostrowski derived following generalization of Theorem 7.

Theorem 13. [3,16] (Ostrowski Nonsingularity Theorem) If A = [aj,k]1≤j≤n,1≤k≤n ∈ Mn(C) satisfies

|aj,j||ak,k| > rj(A)rk(A), ∀1 ≤ j, k ≤ n, j ̸= k
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or

|aj,j||ak,k| > cj(A)ck(A), ∀1 ≤ j, k ≤ n, j ̸= k,

then A is invertible.

It is known that Theorems 10 and 13 are again equivalent.

Theorem 14. [3] Let n ∈ N. Following two statements are equivalent.

(i) Let A = [aj,k]1≤j≤n,1≤k≤n ∈ Mn(C). Then

σ(A) ⊆
n⋃

j,k=1,j ̸=k

{z ∈ C : |z − aj,j||z − ak,k| ≤ rj(A)rk(A)}.

(ii) If B = [bj,k]1≤j≤n,1≤k≤n ∈ Mn(C) satisfies

|bj,j||bk,k| > rj(B)rk(B), ∀1 ≤ j, k ≤ n, j ̸= k,

then B is invertible.

Theorem 15. [3] Let n ∈ N. Following two statements are equivalent.

(i) Let A = [aj,k]1≤j≤n,1≤k≤n ∈ Mn(C). Then

σ(A) ⊆
n⋃

j,k=1,j ̸=k

{z ∈ C : |z − aj,j||z − ak,k| ≤ cj(A)ck(A)}.

(ii) If B = [bj,k]1≤j≤n,1≤k≤n ∈ Mn(C) satisfies

|bj,j||bk,k| > cj(B)ck(B), ∀1 ≤ j, k ≤ n, j ̸= k,

then B is invertible.

It is natural to ask what are versions of Theorems 1, 2, 7, 10 and 13 for matrices over non-
Archimedean fields? In the paper, K denotes a non-Archimedean valued field with valuation | · |. Let
A = [aj,k]1≤j≤n,1≤k≤n ∈ Mn(K). For 1 ≤ j ≤ n, define

hj(A) := max
1≤k≤n,k ̸=j

|aj,k|.

For 1 ≤ k ≤ n, define

vk(A) := max
1≤j≤n,j ̸=k

|aj,k|.

In 2023, Nica and Sprague derived the following non-Archimedean analogue of Theorems 1 and
7.

Theorem 16. [17] (Non-Archimedean Gershgorin Eigenvalue Inclusion Theorem or Nica-Sprague Disk
Theorem) For every A = [aj,k]1≤j≤n,1≤k≤n ∈ Mn(K),

σ(A) ⊆
n⋃

j=1

{z ∈ K : |z − aj,j| ≤ hj(A)}
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and

σ(A) ⊆
n⋃

k=1

{z ∈ K : |z − ak,k| ≤ vk(A)}.

Theorem 17. [17] (Non-Archimedean Strict Diagonal Dominance Theorem or Nica-Sprague Nonsingu-
larity Theorem) If A = [aj,k]1≤j≤n,1≤k≤n ∈ Mn(K) satisfies

|aj,j| > hj(A), ∀1 ≤ j ≤ n

or

|ak,k| > vk(A), ∀1 ≤ k ≤ n,

then A is invertible.

Nica and Sprague showed that Theorems 16 and 17 are equivalent.

Theorem 18. [17] Let n ∈ N. Following two statements are equivalent.

(i) Let A = [aj,k]1≤j≤n,1≤k≤n ∈ Mn(K). Then

σ(A) ⊆
n⋃

j=1

{z ∈ K : |z − aj,j| ≤ hj(A)}.

(ii) If B = [bj,k]1≤j≤n,1≤k≤n ∈ Mn(K) satisfies

|bj,j| > hj(B), ∀1 ≤ j ≤ n,

then B is invertible.

Theorem 19. [17] Let n ∈ N. Following two statements are equivalent.

(i) Let A = [aj,k]1≤j≤n,1≤k≤n ∈ Mn(K). Then

σ(A) ⊆
n⋃

k=1

{z ∈ K : |z − ak,k| ≤ vk(A)}.

(ii) If B = [bj,k]1≤j≤n,1≤k≤n ∈ Mn(K) satisfies

|bk,k| > vk(B), ∀1 ≤ k ≤ n,

then B is invertible.

Non-Archimedean version of Theorem 2 reads as follows.

Theorem 20. Let A = [aj,k]1≤j≤n,1≤k≤n ∈ Mn(K). For every λ ∈ σ(A),

|λ| ≤ min
{

max
1≤j≤n

max
1≤k≤n

|aj,k|, max
1≤k≤n

max
1≤j≤n

|aj,k|
}

≤ 1
2

(
max

1≤j≤n
max

1≤k≤n
|aj,k|+ max

1≤k≤n
max

1≤j≤n
|aj,k|

)
.
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In particular,

|det(A)| ≤ min
{(

max
1≤j≤n

max
1≤k≤n

|aj,k|
)n

,
(

max
1≤k≤n

max
1≤j≤n

|aj,k|
)n}

≤ 1
2

((
max

1≤j≤n
max

1≤k≤n
|aj,k|

)n
+

(
max

1≤k≤n
max

1≤j≤n
|aj,k|

)n)
.

Let p(z) := c0 + c1z + · · ·+ cn−1zn−1 + zn ∈ K[z]. Let

Cp :=



0 1 0 · · · 0 0 0
0 0 1 · · · 0 0 0
0 0 0 · · · 0 0 0
...

...
...

...
...

...
0 0 0 · · · 0 1 0
0 0 0 · · · 0 0 1

−c0 −c1 −c2 · · · −cn−3 −cn−2 −cn−1


∈ Mn(K)

be the companion matrix of p. By applying Theorem 16 Nica and Sprague obtained following results.

Theorem 21. [17] Let p(z) := c0 + c1z + · · ·+ cn−1zn−1 + zn ∈ K[z]. If λ is a zero of p, then

|λ| ≤ 1

or

|λ + cn−1| ≤ max{|c0|, |c1|, . . . , |cn−2|}.

In particular,

(Nica-Sprague bound) |λ| ≤ max{1, |c0|, |c1|, . . . , |cn−1|}.

Theorem 22. [17] Let p(z) := c0 + c1z + · · ·+ cn−1zn−1 + zn ∈ K[z]. If λ is a zero of p, then

|λ| ≤ |co|

or

|λ| ≤ max{1, |cj|}, for some 1 ≤ j ≤ n − 2

or

|λ + cn−1| ≤ 1.

In particular,

(Nica-Sprague bound) |λ| ≤ max{1, |c0|, |c1|, . . . , |cn−1|}. (3)

Theorem 23. [17] Let p(z) := c0 + c1z + · · ·+ cn−1zn−1 + zn ∈ K[z] with c0 ̸= 0. If λ is a zero of p, then

1
|λ| ≤ 1
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or ∣∣∣∣ 1
λ
+

c1

c0

∣∣∣∣ ≤ max
{

1
|c0|

,
|c2|
|c0|

, . . . ,
|cn−1|
|c0|

}
.

In particular,

(Nica-Sprague lower bound) |λ| ≥ |c0|
max{1, |c0|, |c1|, . . . , |cn−1|}

.

Theorem 24. [17] Let p(z) := c0 + c1z + · · ·+ cn−1zn−1 + zn ∈ K[z] with c0 ̸= 0. If λ is a zero of p, then

1
|λ| ≤

1
|c0|

or

1
|λ| ≤ max

{
1,

|cj|
|c0|

}
, for some 2 ≤ j ≤ n − 1

or ∣∣∣∣ 1
λ
+

c1

c0

∣∣∣∣ ≤ 1.

In particular,

(Nica-Sprague lower bound) |λ| ≥ |c0|
max{1, |c0|, |c1|, . . . , |cn−1|}

.

Before passing, we give a different and direct proof of Inequality (3). Let p(z) := c0 + c1z + · · ·+
cn−1zn−1 + zn ∈ K[z] and λ be a zero of p. If |λ| ≤ 1, then clearly we have Inequality (3). So we assume
that |λ| > 1. Since p(λ) = 0, we have( c0

λn +
c1

λn−1 + · · ·+ cn−1

λ
+ 1
)

λn = 0.

Since λ ̸= 0,

c0

λn +
c1

λn−1 + · · ·+ cn−1

λ
+ 1 = 0.

Rearranging,

−1 =
c0

λn +
c1

λn−1 + · · ·+ cn−1

λ
.

By taking absolute value and noticing |λ| > 1, we get

1 ≤
∣∣∣ c0

λn +
c1

λn−1 + · · ·+ cn−1

λ

∣∣∣ ≤ max
{
|c0|
|λ|n ,

|c1|
|λ|n−1 , . . . ,

|cn−1|
|λ|

}
≤ max

{
|c0|
|λ| ,

|c1|
|λ| , . . . ,

|cn−1|
|λ|

}
=

1
|λ| max{|c0|, |c1|, . . . , |cn−1|}.

Rearranging above inequality completes the argument.
In 2025, Li and Li derived the following non-Archimedean analogue of Theorem 13.
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Theorem 25. [18] (Non-Archimedean Ostrowski Nonsingularity Theorem or Li-Li Nonsingularity
Theorem) If A = [aj,k]1≤j≤n,1≤k≤n ∈ Mn(K) satisfies

|aj,j||ak,k| > hj(A)hk(A), ∀1 ≤ j, k ≤ n, j ̸= k

or

|aj,j||ak,k| > vj(A)vk(A), ∀1 ≤ j, k ≤ n, j ̸= k,

then A is invertible.

In this article, we derive non-Archimedean version of Theorem 10. We also show that our
result is equivalent to Theorem 25. We give applications for bounding the zeros of polynomials over
non-Archimedean fields.

2. Non-Archimedean Brauer Oval (of Cassini) Theorem
We start with non-Archimedean Brauer eigenvalue inclusion theorem. Our proof is motivated

from the proof of Brauer [15].

Theorem 26. (Non-Archimedean Brauer Oval (of Cassini) Theorem)
For every A = [aj,k]1≤j≤n,1≤k≤n ∈ Mn(K),

σ(A) ⊆
n⋃

j,k=1,j ̸=k

{z ∈ K : |z − aj,j||z − ak,k| ≤ hj(A)hk(A)}

and

σ(A) ⊆
n⋃

j,k=1,j ̸=k

{z ∈ K : |z − aj,j||z − ak,k| ≤ vj(A)vk(A)}.

Proof. Let λ ∈ σ(A). Then there exists a 0 ̸= x = (xj)
n
j=1 ∈ Kn such that

λx = Ax. (4)

Choose 1 ≤ j ≤ n such that

|xj| = max
1≤l≤n

|xl |.

Now choose 1 ≤ k ≤ n with k ̸= j such that

|xk| = max
1≤l≤n,l ̸=j

|xl |.

Then we have 1 ≤ j, k ≤ n with j ̸= k and

|xj| ≥ |xk| ≥ max
1≤l≤n,l ̸=j,l ̸=k

|xl |. (5)

We have two cases. Case (i): |xk| = 0. Considering the j-th coordinate in Equation (4) gives

λxj =
n

∑
p=1

aj,pxp.
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Rewriting previous equation gives

(λ − aj,j)xj =
n

∑
p=1,p ̸=j

aj,pxp.

Therefore using (5) we get

|(λ − aj,j)xj| =
∣∣∣∣∣ n

∑
p=1,p ̸=j

aj,pxp

∣∣∣∣∣ ≤ max
1≤p≤n,p ̸=j

|aj,pxp|

≤
(

max
1≤p≤n,p ̸=j

|aj,p|
)(

max
1≤p≤n,p ̸=j

|xp|
)
=

(
max

1≤p≤n,p ̸=j
|aj,p|

)
|xk|

= 0.

Since |xj| ≥ |xk| for all 1 ≤ k ≤ n, |xk| = 0 and x ̸= 0, we must have |xj| ̸= 0. Previous inequality then
gives |λ − aj,j| = 0. So

λ = aj,j ∈
n⋃

p,q=1,p ̸=q

{z ∈ K : |z − ap,p||z − aq,q| ≤ hp(A)hq(A)}.

Case (ii): |xk| > 0. Considering j-th and k-th coordinates in Equation (4) give

(λ − aj,j)xj =
n

∑
p=1,p ̸=j

aj,pxp (6)

and

(λ − ak,k)xk =
n

∑
q=1,q ̸=k

ak,qxq. (7)

Multiplying Equations (6) and (7) and taking non-Archimedean valuation gives

|(λ − aj,j)xj(λ − ak,k)xk| =
∣∣∣∣∣ n

∑
p=1,p ̸=j

aj,pxp

∣∣∣∣∣
∣∣∣∣∣ n

∑
q=1,q ̸=k

ak,qxq

∣∣∣∣∣
≤
(

max
1≤p≤n,p ̸=j

|aj,pxp|
)(

max
1≤q≤n,q ̸=k

|ak,pxq|
)

≤
(

max
1≤p≤n,p ̸=j

|aj,p|
)(

max
1≤p≤n,p ̸=j

|xp|
)(

max
1≤q≤n,q ̸=k

|ak,p|
)(

max
1≤q≤n,q ̸=k

|xq|
)

=

(
max

1≤p≤n,p ̸=j
|aj,p|

)
|xk|
(

max
1≤q≤n,q ̸=k

|ak,p|
)
|xj|

= hj(A)|xk|hk(A)|xj|.

Therefore

|(λ − aj,j)(λ − ak,k)||xjxk| ≤ hj(A)hk(A)|xj||xk|.

Since |xjxk| ̸= 0, we have

|(λ − aj,j)(λ − ak,k)| ≤ hj(A)hk(A).
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Previous inequality says that

λ ∈
n⋃

p,q=1,p ̸=q

{z ∈ K : |z − ap,p||z − aq,q| ≤ hp(A)hq(A)}.

Second inclusion in the statement follows by considering the transpose of A and noting that the
spectrum of a matrix and its transpose are equal.

By applying Theorem 26, we get following results.

Theorem 27. Let p(z) := c0 + c1z + · · ·+ cn−1zn−1 + zn ∈ K[z]. If λ is a zero of p, then

|λ| ≤ 1

or

|λ||λ + cn−1| ≤ max{|c0|, · · · , |cn−2|}.

Theorem 28. Let p(z) := c0 + c1z + · · ·+ cn−1zn−1 + zn ∈ K[z]. If λ is a zero of p, then

|λ|2 ≤ |c0|max{1, |cj|}, for some 1 ≤ j ≤ n − 2

or

|λ||λ + cn−1| ≤ |c0|

or

|λ|2 ≤
(
max{1, |cj|}

)
(max{1, |ck|}), for some 1 ≤ j, k ≤ n − 2, j ̸= k

or

|λ||λ + cn−1| ≤ max{1, |cj|}, for some 1 ≤ j ≤ n − 2.

Theorem 29. Let p(z) := c0 + c1z + · · ·+ cn−1zn−1 + zn ∈ K[z] with c0 ̸= 0. If λ is a zero of p, then

1
|λ| ≤ 1

or

1
|λ|

∣∣∣∣ 1
λ
+

c1

c0

∣∣∣∣ ≤ max
{

1
|c0|

,
|c2|
|c0|

, · · · ,
|cn−1|
|c0|

}
.

Theorem 30. Let p(z) := c0 + c1z + · · ·+ cn−1zn−1 + zn ∈ K[z] with c0 ̸= 0. If λ is a zero of p, then

1
|λ|2 ≤ 1

|c0|
max

{
1,

|cj|
|c0|

}
, for some 2 ≤ j ≤ n − 1

or

1
|λ|

∣∣∣∣ 1
λ
+

c1

c0

∣∣∣∣ ≤ 1
|c0|
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or

1
|λ|2 ≤

(
max

{
1,

|cj|
|c0|

})(
max

{
1,

|ck|
|c0|

})
, for some 2 ≤ j, k ≤ n − 1, j ̸= k

or

1
|λ|

∣∣∣∣ 1
λ
+

c1

c0

∣∣∣∣ ≤ max
{

1,
|cj|
|c0|

}
, for some 2 ≤ j ≤ n − 1.

Like the complex case, Theorem 26 cannot be extended by considering three rows/columns. An
example given for the scalar case in [3] (also see [19,20]) extends to non-Archimedean case. Consider
the following matrix over any non-Archimedean field K.

A :=


1 1 0 0
1 1 0 0
0 0 1 0
0 0 0 1

.

Then σ(A) = {0, 1, 1, 2} and h1(A) = 1, h2(A) = 1, h3(A) = 0, h4(A) = 0. Hence

σ(A) ⊈
4⋃

j,k,l=1,j ̸=k,j ̸=l,k ̸=l

{z ∈ K : |z − aj,j||z − ak,k||z − al,l | ≤ hj(A)hk(A)hl(A)} = {0}.

Next we show that Theorem 26 improves Theorem 16. Our proof is motivated from the complex case,
given in [3].

Theorem 31. For every A = [aj,k]1≤j≤n,1≤k≤n ∈ Mn(K),

n⋃
j,k=1,j ̸=k

{z ∈ K : |z − aj,j||z − ak,k| ≤ hj(A)hk(A)} ⊆
n⋃

j=1

{z ∈ K : |z − aj,j| ≤ hj(A)}

and

n⋃
j,k=1,j ̸=k

{z ∈ K : |z − aj,j||z − ak,k| ≤ vj(A)vk(A)} ⊆
n⋃

j=1

{z ∈ K : |z − aj,j| ≤ vj(A)}.

Proof. We prove the first inclusion, proof of second inclusion is similar. Set

Z :=
n⋃

j,k=1,j ̸=k

{z ∈ K : |z − aj,j||z − ak,k| ≤ hj(A)hk(A)}

and let z ∈ Z. Then there exist 1 ≤ j, k ≤ n with j ̸= k such that

|z − aj,j||z − ak,k| ≤ hj(A)hk(A).

We have to consider two cases. Case (i): hj(A)hk(A) = 0. Then z = aj,j or z = ak,k. Now clearly we
have

z ∈ {x ∈ K : |x − aj,j| ≤ hj(A)} ∪ {y ∈ K : |y − ak,k| ≤ hk(A)} ⊆
n⋃

l=1

{z ∈ K : |z − al,l | ≤ vl(A)}.
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Case(ii): hj(A)hk(A) > 0. Then

|z − aj,j| ≤ hj(A)

or

|z − ak,k| ≤ hk(A).

Now clearly we have

z ∈ {x ∈ K : |x − aj,j| ≤ hj(A)} ∪ {y ∈ K : |y − ak,k| ≤ hk(A)} ⊆
n⋃

l=1

{z ∈ K : |z − al,l | ≤ vl(A)}.

Now we show that Theorems 25 and 26 are equivalent.

Theorem 32. Let n ∈ N. Following two statements are equivalent.

(i) Let A = [aj,k]1≤j≤n,1≤k≤n ∈ Mn(K). Then

σ(A) ⊆
n⋃

j,k=1,j ̸=k

{z ∈ K : |z − aj,j||z − ak,k| ≤ hj(A)hk(A)}.

(ii) If B = [bj,k]1≤j≤n,1≤k≤n ∈ Mn(K) satisfies

|bj,j||bk,k| > hj(B)hk(B), ∀1 ≤ j, k ≤ n, j ̸= k,

then B is invertible.

Proof. (i) =⇒ (ii) Let B = [bj,k]1≤j≤n,1≤k≤n ∈ Mn(K) satisfies

|bj,j||bk,k| > hj(B)hk(B), ∀1 ≤ j, k ≤ n, j ̸= k. (8)

We need to show that B is invertible. Let us assume that B is not invertible. Then 0 ∈ σ(B). By
assumption (i), there exist 1 ≤ j, k ≤ n with j ̸= k such that

|0 − bj,j||0 − bk,k| ≤ hj(B)hk(B). (9)

Inequalities (8) and (9) contradict each other. Hence B is invertible.
(ii) =⇒ (i) Let A = [aj,k]1≤j≤n,1≤k≤n ∈ Mn(K) and λ ∈ σ(A). We claim that

|λ − aj,j||λ − ak,k| ≤ hj(A)hk(A), for some 1 ≤ j, k ≤ n, j ̸= k.

Let us suppose that claim fails. Then

|λ − aj,j||λ − ak,k| > hj(A)hk(A), ∀1 ≤ j, k ≤ n, j ̸= k. (10)

Let In be the identity matrix in Mn(K). Define B := λIn − A =: [bj,k]1≤j≤n,1≤k≤n. Then
0 ∈ σ(B), hence B is not invertible. Note that hj(A) = hj(B) for all 1 ≤ j ≤ n. But we also
have from (10)

|bj,j||bk,k| > hj(B)hk(B), ∀1 ≤ j, k ≤ n, j ̸= k.
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Assumption (ii) says that B is invertible which is not possible. Hence claim holds.

By considering the transpose of a matrix, we easily get following result.

Theorem 33. Let n ∈ N. Following two statements are equivalent.

(i) Let A = [aj,k]1≤j≤n,1≤k≤n ∈ Mn(K). Then

σ(A) ⊆
n⋃

j,k=1,j ̸=k

{z ∈ K : |z − aj,j||z − ak,k| ≤ vj(A)vk(A)}.

(ii) If B = [bj,k]1≤j≤n,1≤k≤n ∈ Mn(K) satisfies

|bj,j||bk,k| > vj(B)vk(B), ∀1 ≤ j, k ≤ n, j ̸= k,

then B is invertible.

Acknowledgments: This paper has been partly developed at the Lodha Mathematical Sciences Institute (LMSI),
Mumbai, India, where the author attended the “Educational Workshop on High Dimensional Expanders” from
23-25 December 2025. The author thanks the LMSI and its creators for the opportunity given to him. Author
thanks Chaitanya G. K. for making him aware of reference [18].

References
1. Gershgorin, S.A. Über die Abgrenzung der Eigenwerte einer Matrix. Bull. Acad. Sci. URSS 1931, 1931, 749–

754.
2. Horn, R.A.; Johnson, C.R. Matrix analysis, 2 ed.; Cambridge: Cambridge University Press, 2013.
3. Varga, R.S. Geršgorin and his circles; Vol. 36, Springer Ser. Comput. Math., Berlin: Springer, 2004.
4. Brualdi, R.A.; Mellendorf, S. Regions in the complex plane containing the eigenvalues of a matrix. Am.

Math. Mon. 1994, 101, 975–985. https://doi.org/10.2307/2975164.
5. Brauer, A. Limits for the characteristic roots of a matrix. Duke Math. J. 1946, 13, 387–395. https://doi.org/10

.1215/S0012-7094-46-01333-6.
6. Marcus, M.; Minc, H. A survey of matrix theory and matrix inequalities; Series in Advanced Mathematics.

Boston: Allyn and Bacon, Inc., 1964.
7. Browne, E.T. The characteristic roots of a matrix. Bull. Am. Math. Soc. 1930, 36, 705–710. https:

//doi.org/10.1090/S0002-9904-1930-05041-7.
8. Brand, L. The Companion Matrix and Its Properties. Am. Math. Mon. 1964, 71, 629–634. https://doi.org/10

.1080/00029890.1964.11992294.
9. Brand, L. Applications of the companion matrix. Am. Math. Mon. 1968, 75, 146–152. https://doi.org/10.230

7/2315886.
10. Bell, H.E. Gershgorin’s theorem and the zeros of polynomials. Am. Math. Mon. 1965, 72, 292–295.

https://doi.org/10.2307/2313703.
11. Hirst, H.P.; Macey, W.T. Bounding the Roots of Polynomials. The College Mathematics Journal, 1997, 28, 292–295.

https://doi.org/10.1080/07468342.1997.11973878.
12. Marden, M. Geometry of polynomials. 2nd ed.; Vol. 3, Math. Surv., American Mathematical Society (AMS),

Providence, RI, 1966.
13. Taussky, O. A recurring theorem on determinants. Am. Math. Mon. 1949, 56, 672–676. https://doi.org/10.2

307/2305561.
14. Schneider, H. Olga Taussky-Todd’s influence on matrix theory and matrix theorists. A discursive personal

tribute. Linear Multilinear Algebra 1977, 5, 197–224. https://doi.org/10.1080/03081087708817197.
15. Brauer, A. Limits for the characteristic roots of a matrix. II. Duke Math. J. 1947, 14, 21–26. https:

//doi.org/10.1215/S0012-7094-47-01403-8.
16. Ostrowski, A. Über die Determinanten mit überwiegender Hauptdiagonale. Comment. Math. Helv. 1937,

10, 69–96. https://doi.org/10.1007/BF01214284.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 4 January 2026 doi:10.20944/preprints202601.0108.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.2307/2975164
https://doi.org/10.1215/S0012-7094-46-01333-6
https://doi.org/10.1215/S0012-7094-46-01333-6
https://doi.org/10.1090/S0002-9904-1930-05041-7
https://doi.org/10.1090/S0002-9904-1930-05041-7
https://doi.org/10.1080/00029890.1964.11992294
https://doi.org/10.1080/00029890.1964.11992294
https://doi.org/10.2307/2315886
https://doi.org/10.2307/2315886
https://doi.org/10.2307/2313703
https://doi.org/10.1080/07468342.1997.11973878
https://doi.org/10.2307/2305561
https://doi.org/10.2307/2305561
https://doi.org/10.1080/03081087708817197
https://doi.org/10.1215/S0012-7094-47-01403-8
https://doi.org/10.1215/S0012-7094-47-01403-8
https://doi.org/10.1007/BF01214284
https://doi.org/10.20944/preprints202601.0108.v1
http://creativecommons.org/licenses/by/4.0/


16 of 16

17. Nica, B.; Sprague, D. Non-Archimedean views on Gershgorin’s theorem and diagonal dominance. Am.
Math. Mon. 2023, 130, 267–275. https://doi.org/10.1080/00029890.2022.2153558.

18. Li, S.; Li, C. Invertible matrices under non-Archimedean absolute value and its inverse. J. Comput. Appl.
Math. 2025, 470, 16. https://doi.org/10.1016/j.cam.2025.116700.

19. Newman, M.; Thompson, R.C. A counterexample connected with Geršgorin’s theorem. Linear Algebra Appl.
1994, 201, 165–169. https://doi.org/10.1016/0024-3795(94)90113-9.

20. Brualdi, R.A. Matrices, eigenvalues, and directed graphs. Linear Multilinear Algebra 1982, 11, 143–165.
https://doi.org/10.1080/03081088208817439.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 4 January 2026 doi:10.20944/preprints202601.0108.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.1080/00029890.2022.2153558
https://doi.org/10.1016/j.cam.2025.116700
https://doi.org/10.1016/0024-3795(94)90113-9
https://doi.org/10.1080/03081088208817439
https://doi.org/10.20944/preprints202601.0108.v1
http://creativecommons.org/licenses/by/4.0/

