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Infinite Series

Yuanwen Zheng and Fang Gao *

School of Big Data and Artificial Intelligence, Chizhou University, Chizhou 247100, China
*  Correspondence: gaofang@czu.edu.cn

Abstract

Calculating finite sums and products of trigonometric functions is an important and fascinating
problem, a straightforward method is using infinite series or infinite product. In this paper, we
calculate four finite sums and a finite product of trigonometric functions using this method, which
contributes to a deeper understanding of this problem.

Keywords: trigonometric identity; finite sum; finite product; infinite series; infinite product

1. Introduction

Finite sums and products of trigonometric functions are emerged in various of disciplines such as
combinatorics, number theory (see [2? ,3]), and Fourier analysis. Due to its fascinating and technical
nature, it has been extensively studied. This problem has been particularly explored since the mid-19th
century, thanks to the development of complex analysis and the study of combinatorial identities (see
[4,5]).

Early on, people derived the closed forms by elementary transformations for two sums

n n
Y sin(kx) and ) cos(kx),
k=1 k=1

where 7 is a positive integer and x is a real number, which are very common in Fourier analysis (see
[6]). Later, people noticed the relationship between the values of trigonometric functions and the
roots of algebraic polynomials. Applying Vieta’s theorem and the properties of polynomials, they
derived a large number of trigonometric identities which contain %”, where 7 is a positive integer and
ke {0,1,...,n—1} (see [7-9]). In 1861, Stern proved that for odd number n with n > 1, the equation

Zgitanz (k:> =n(n—1)

holds (see [10]). In 1997, Byrne and Simth proved that for positive integers m and , the results of
following two sums

i(_l)kfl o1 <(2k - 1)”) and i cot2™ <(2k - 1)”)

k=1 4n k=1 4in
are positive integers (see [11]). In 1999, Chu and Marini applied generating functions, partial fraction
decomposition, and some combinatorial identities to derive the closed forms for 24 finite sums of
trigonometric functions (see [12]). In 2007, Wang expanded Chu and Marini’s results in 1999 by
adding parameters, and used partial fraction decomposition, hypergeometric series, and cyclotomic
polynomials to obtain the closed forms for some new finite sums of trigonometric functions (see [13]).
These two papers represent the most comprehensive and systematic research on this problem to date,
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and have contributed to substantial progress in this area. In recent years, this issue has continued to be
studied, and a large number of related results are still emerging (such as [2,3,9]).
In this paper, we will firstly use the fact that

1_2222", lz| <1,

to derive the trigonometric identity

n—1 2
1
" sin (na) # 0.

= sin® (a + )  sin? (na)”

Then, we will use this result to provide new proofs for the following two infinite series and an infinite
product (also see [14]). Specifically,

1 1 > 1 1
—= , S 0;
gy 2 L ((x+m7r)2 + (x—mn)2) sinx #

m=1

L —1-1— i(—l)m ! + L sinx # 0;
sinx  x = — x+mmr  x—mmr) ’

and
) x2
sinx = x 1-——= .

This method is very different from previous ones. Most of all, we will use the above results to provide
the closed forms for four finite sums and a finite product of trigonometric functions. Finally, we will
use our results to derive some equations in [12,13].

2. Main Results

In later chapters, we denote f(x) = ﬁ, g(x) = 5= And we denote f () (x) as the Ith derivative

of f(x), where [ is a nonnegative integer. The Riemann zeta function is defined as

=1
g(l) = mgl W/

where [ is a positive integer with [ > 2.
Now we present the main results through the following theorems.

Theorem 1. Let n be a positive integer and « be a real number such that sin (nw) # 0, then for nonnegative

integer I, we have
n—1

Y 0w E5) = 20 am),

k=0

Theorem 2. Let n be a positive integer with n > 2, then for nonnegative integer I, we have

¥ s ("”) @D 1) oy

2142
=1 n 7T
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Theorem 3. Let n be a positive odd number and « be a real number such that sin (na) # 0, then for nonnegative
integer I, we have

k) k7t 141,(1)
Y (=1 (“JF?) =n"Tg" (na).
=0

Theorem 4. Let n be an odd number with n > 3, then for nonnegative integer I, we have

’E(—l)kg(zl+1)<lz> _ )2 1) (1_ 1 )€(21+2)-

2042 2041
k=1 n T 2

Theorem 5 (also see [2]). Let n be a positive integer and « be a real number, then we have

e kr sin (na)
H sm|a+—| = Ton—1 "
k=0 n 2

3. Some Lemmas

Firstly, we introduce some lemmas as follows.

Lemma 1. Let n be a positive integer and « be a real number such that sin (na) # 0, then we have

n—1 1 2

n

— sin? (a + *7  sin? (na)’
k=0 n

Proof. Let a be a complex number with |a| < 1, then fork =0,1,...,n — 1, we have

j 2k
ae n

=la| <1

According to Taylor’s formula, we know that

holds fork =0,1,...,n — 1. Thus,

B le - E L) - £ (E) ) 0

01— aet™n m=0 \ k=0

It is easy to verify that

n=1, . k 0, ni{m
2mm 7 7
=0 n, n|m.
Substituting (2) into (1) we could obtain that
n—1
n
kol—aeIZkJ Zn T I-ar ©
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Letting a — e!?* in (3), we have

n—1
! - "__ (4)

i(21x+2k7”) 1— elZI’llX

k=01l—e
Calculating the derivative of (4) with respect to « yields

. 2k .
n—1 2iel(2a+57) 2in2ei2na

k=0 (1 - ei(2v¢+2"7”))2 (1 — ei2na)?’

namely
n—1 1 nZ

By Euler’s formula, we could get that

n—1 1 2

n

= sin® (a + ’%)  sin? (na)’
Lemma 1 is proved. [

Lemma 2. While x € (0, 1), the function ¢(x) = X is monotonically decreasing and the range of ¢(x) is

(n+1)m

T then we have

(0,1). Furthermore, let n be a positive integer and x be a real number such that |x| <

3f

1) < Jsing] < Jal.

Proof. The concavity of function h(x) = sinx while x € (0, 77) immediately yields that ¢(x) is
monotonically decreasing. Then we have

lim ¢(x) =1, lim ¢(x)=0.

x—0+t X—7

Therefore, the range of ¢(x) is (0,1). Now, we prove the last inequality. Because ¢(x) is an even
function and ¢(x) < 1 while x € (0, 71), we only need to show that

q)(x)z%g, O<x§%.
Using the monotonicity of ¢(x) and
we know that
(x) > qv(%”) = %3

Lemma 2 is proved. O

Lemma 3. Lef x be a real number with sin x # 0, then we have
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and
1

S VT -
sinx  x  — x+mn  x—mn)

Proof. Let n be a sufficiently large positive integer and a be a real number such that sin ((2n + 1)a) # 0,
then according to Lemma 1, we have
(en+1)2 & 1 B i 1
sin® (2 +1)a) {=psin? (a + 2n+1) Ky sin® (o + 2n+1)

Thus, if weleta = 505 and x € (0, ), we have

1 1 i
sinx  (2n+1)% & sin? (5247)
According to Lemma 2, we know that
1
> Y s b
sin? x 2n+1 2 =, 35:!{ W= (x—l—kn
Letting n — +4-00 in above inequality, we obtain
1 1 & 1 1
> = . 5
sinzx_x2+k_21<(x+k7r)2+(x—k7r)2> ®)

Now we fix x in (0, 71). From the convergence of the series

1 > 1 1
ﬁ—'—k;((x—i-krc)z - (x—krc)2>’

we could get that for arbitrary positive number ¢, there exists a positive integer K, such that

167{2i< 1 N 1 )<S
27 T\ (x+km)? o (x —km)? '

According to Lemma 2, for positive integers n and p, if n > p > K, we have

1 1
sinfx (2n+1)2 {kzz_p sin? (3£

1
+ ) }
T) ke p+1(sm (’éiff) sin’ (3 fﬂ)
1

1 P 1 162 & ( 1 >
< - + +
(2n+1)? k;p sin? (gﬂg) 27 k:%l (x+ k)2 (x—km)?
1 P 1
< +e. (6)
(2n+1)%, =, sin? (557

Due to the arbitrariness of 1, we could let n — +o0 in (6), and we obtain

1 4 1 1
sin? x Sk;p (x—i—krf) +Z< x + k)2 (x—kn)2)+8' @
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Letting ¢ — 07 in (7), we could get
siri2 x = % + k:il < (x -|-1k7-[)2 T (x —1k7r)2 > : (8)
Combining (5) and (8), we know that
sir?zx - %4—21((3( +1m7r)2 + (x_lmn)z) 9

holds for x € (0, 7). In fact, equation (9) has a period of 7z, so (9) holds for x with sin x # 0. Assuming
x € (0, 77) and integrating both sides of (9) yields

/Ox<51r11 t > / ( t+ mm)? 7t (t—;lnn)z)dt'

Namely
1 d 1
D) ( ) x € (0, 7). (10)
sinx x = x—i—mn X —mr
Using (10) and the fact that
1 X
— = C?S(,%) Y xe (o n);
sinx sin(3) sinx

we could get that
= 1
+Z<x+m7r x—mn))

1 > 1 1
sin x (g mZ_: X imnr 7—mn>>_<§ =
i (et
X +2m71 x—2m7'( +2m7'c X —2m7

m=1

+

m=1

- L X+ 2m—1) + —(2m—1)7‘f

1 1
(=1) (x+m7r+x—m7r)' (1)

=1
1 ¢}
== + Z
Because sin x is an odd function and equation (11) is periodic, we know that (11) holds for x with

m=1

sinx # 0. So far, Lemma 3 is proved. O

Lemma 4. Let x be a real number, then we have

2
SmX—XH( m2n2>

Proof. Firstly, we assume x € (0, 77). Integrating both sides of (10) yields

X (cost 1
/o<s1nt__> / Z(t+mn+t—mn)dt

sin x o x2
111( p ): len<1—m), XE(O,ﬂ').
m=

Namely
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Thus, 2
sinx = x H < m27'c2> x € (0, 7). (12)

Because sin x is an odd function and equation (12) is periodic, we know that (12) holds for all real
number x. So far, Lemma 4 is proved. [

4. Proofs of Main Results

Now, we use the above lemmas to prove our main results. The core idea of proving these theorems
is using infinite series or infinite product, and then appropriately combining them to obtain the target
results.

4.1. Proof of Theorem 1

Proof. Recalling Lemma 3, we have

1 1 > 1 1 .
fx)=—= :+Z((x+m7r)2+(x—m7r)2)' sinx # 0.

2
sm- x X m=1

Calculating the Ith order derivative of f(x) with respect to x, we get

(1+1)! °°< (1+1)! (1+1)!

fO(x) = (-1 o ! +m§'1 Grmn) 2t e mn)l+2>}’ sinx # 0. (13)

In (13), we take x = a + %ﬂ(k =0,1,...,n—1) in turn, and we get that

f(l) <¢x—|—kn>
(1+1) | & (1+1)! U+1)
:(_1)Z{W ' mzl<(tx + 52 Tt - m”wz)}

(14 1)l (14 1) (1+ 1)+ )}. a9

=(=1) {(mx + kmr)l+2 * Z:: ((mx + (nm+k)m)+2 - (na — (nm — k)m)!+2
Summing k from 0 to (n — 1) in (14) yields

Zf («x+)

—1 (14 1)ntt2 1

—1 o (I41)ntt2 (141)inl+2
Z (na + k)2 * k;),;l<(noc + (nm + k) r)i+2 * (ne — (nm — k)n)l+2> )
n—1

L (1+1)mh+?
(= (na+km)t+2 - = =

_|_
Mg

(141)nt+2 (141)In/+2
(na + (nm + k)7r)+2 * (na — (nm — k)m)l+2 '

—! (I+1)! o N (I+1)!
g (na + (nm + k) m)l+2 Z:: ; na(nmk)n)l+2>

1+ 1)! (I4+1)!
na + krr)!+2 mzlk n(mzl)ﬂ (na —kn)l+2)

:(1)’nl+2{(l+1)!+i<( (I+1)! N (1+1)! )}

na + k)42 (na — k)2

Theorem 1 is proved. O

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Remark 1. The proof of Theorem 1 shows that Lemma 1 and Lemma 3 are equivalent, and we also could calculate

the Ith order derivative of

n—1 1 1’12

— sin? a+ Kz  sin? (na
k=0 n

(where sin (na) # 0) with respect to a to get Theorem 1.

4.2. Proof of Theorem 2
Proof. In (13), we replace [ with 2/ and then take x = an (k=1,2,...,n—1)in turn, we could get that

k (21 +1)! ad 21+ 1)! (21 +1)!
s <7n) (ke +n§1<(’% T (kn —mrc)2l+2>

(@412 1 1 1
o 242 {kzl+2 + mZzl (nm +k)21+2 + (nm _ k)21+2 } (15)

Summing k from 1 to (n — 1) in (15) yields

nilf(ﬂ) (k_n>
k=1 n
@4 nmAer 1 e 1 1
B r2l+2 = K2l+2 + / Z (nm + k)21+2 t (nm — k)2+2 ¥
(214 1) 2l & 1 1
- 242 = K242 E Z’ (nm + k)21+2 t (nm — k)21+2 ¥

m:

(21+1)|n21+2 -1 o n(m+1)—1 1 nm—1 1
- 2l +2 2 k21+2 + 2 2 kzl+2 + Z 2 k21+2

m=1 k=nm+ m=1k=n(m—1)+1

(21 + 1) 122 [ &, nlmid) -1 =1
E—TE Y. L kzz+z t 2 Y @

m=0 k=nm+1 m=1k=n(m—1)+1

(21—|—1)!7121+2 00 nm—1 1

2142
T m=1k=n(m—1)+1
We notice that
nm—1 o nm
1 1 1
Z Z 22 = )y )y K22 (nm) 242
m=1k=n(m—-1)+1 m=1 \ k=n(m—1)+1

- 2042~ 2042 2142
=1k n m=1M

:(1 - #)g(zz +2). (17)

Therefore, substituting (17) into (16) yields

n—1 2142
Lo () 2
=1

Theorem 2 is proved. O
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4.3. Proof of Theorem 3

Proof. Recalling Lemma 3, we have

1 1 ad 1 1
= — == —-1)™ , sin 0.
8(x) 2 0 (s ) S

sin x X+mm  x—mrn

Calculating the Ith order derivative of g(x) with respect to x, we get

10 = (V¥ V" (o ey )b SnY A0 (9

= (x +mm)H1 - (x —mm)iHl

In (18), we take x = & + kn—”(k =0,1,...,n—1) in turn, and we get that

km
0 jasid
g (zx—l— " )

I = I I
=1 {(oc + ki Z=:1 <(1x + 5 fomm)+l (a4 AT mn)l+1>}

(e

(na + krr)l+1 (na+ (nm+k)m)+1 - (na — (nm — k) )+

Multiplying (19) by (—1)F and then summing k from 0 to (n — 1) yields

T 1 (a1

k=0
B n—1 ( )kl'nl‘H n—1 oo (_1)m+kl!nl+1 (_1)m+kl!nl+1
=L G+ Zl< (o R/ G — (o — k>ﬂ>’“>
BTN = G VL = B o Vi (=1)" i
_(_1)I{k:0 ("‘W g g ( (na + (nm + k)m)l+1 + (na — (nm — k)ﬂ)l+1>

1)l +1 o v (=1)m+h o v ( 1))
(; g (na + (nm + k)m)l+1 Z:: ; —k) )l+1>

o n(m+1)—1 ( 1)m+k nmjy ) nm (_1)m+nm—kl|
1)lnl+1 ~ 7 0
mz » (na + kerr) mzlk n(le)Jrl (nax — k) +1

It o I I
=(-1)'n l+1{( a)+l —i_k_z‘i(_l)k<(noc~|—k7t)l+1 + (noc—kn)l+1)}

We used the fact that for all positive integers m, both (m — nm) and (m + nm) are even. Theorem 3 is
proved. [

4.4. Proof of Theorem 4
Proof. In (18), we replace [ with (2] 4 1) and then take x = ’%T(k =1,2,...,n—1) in turn, we could

get that
km (2H—1) d
@r+1) ( KT\
g < n > B (kn)21+2 mzl(

RN (-1)m<zz+1)!>

)22 (A yry2i2

+mn
21+ 1)n?+2 1 > (—1)m (—1)m
2042 {k21+2 + m;l ( (nm + k)22 + (nm — k)zz+z)}- (20)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Multiplying (20) by (—1)* and then summing k from 1 to (n — 1) yields
nil(_l)kg(zlJrl)(k_n)
k=1 n
_(Zl+1)!n2l+2 n—1 (_1)k 1 n—1 oo 1)m+k 1 (_1)m+k—l
o 242 K22 Z mz:l nm+k a2+ (nm — k)21+2 1
_(21+1)!n2l+2 n—1 (_1)k 1 oo n—1 ( 1)m+k—l (_1)m+k—l
- 2042 = K2l+2 Z’ — nm+k)21+2 + (nm—k)2’+2 }
(21+1)!n21+2 1( 0 )m+k nm—1 nm—1 )m+nm k—1
T 2 ) k21+2 +2 Z 22 +) Z 2l+2
k=1 m=1k=nm+1 m=lk=n(m—1)+
(21+1)!n21+2 oo n(m+1)— 1( 1)k 1 0 nm—1 (_1)k—1
T 2 )y S )Y K2l+2
m=0 k=nm+1 m=1k=n(m—1)+1
(Zl+1)!n21+2 00 nm—1 (_1)k—1
2 — L. Y. @)
m=1k=n(m—1)+1

We used the fact that for all positive integers m, both (

—nm) and (m + nm) are even. We notice that

i anA (_1)k—1 _ i % (_1)k—1 B (_1)nm—1
o k(o) 41 K2+2 ) K2+2 (nm)2+2
N T )
- kzzl K2+2 242 2 22
1\ & (—1)F!
=1 n21+2> k—Zl K2z (22)
and (1)1
= (—1) =1 = 1 1
k; K2+2 K2l+2 2 ; (2k)2I+2 - (1 - 221+1)€(2Z +2). (23)
Therefore, substituting equations (22) and (23) into equation (21) yields
n-l kr\ _, (2 +1)! (n?+2 1) 1
k,(21+1 _
k;(—l) gl )<7> = 242 (1 - 221+1>€(21 +2).
Theorem 4 is proved. [
4.5. Proof of Theorem 5
Proof. Recalling Lemma 4, we have
) 2
smx—xl_:[( m27rz> —I\llggoxl_[< mznz) (24)
In (24), we take x = & + kn—"(k

=0,1,...,n—1) in turn, and we get that

) kr ) kr\ &Y (a + Em)2
sin (w+7) —I%:“;o(“*?)ﬂ(l‘w

! (kmr + na) P P 25

_N%WE((nm—i— )7t + na) ((nm — k) — na) (25)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license
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Taking the product of k from 0 to (n — 1) in (25) yields
-t ( kn)
H sin | & + —
k=0 n
n—1
(kl:[o(kn + noc)) N /n-1 n—1
~ lim nn+;nN S U (H nm + k) + nzx)) (g((nm —k)m— nzx))
n—
(kHO(kn + 110()) N /n(m+1)—1 nm
= lim (kn-l-mx)) H (krt — na)
N—oco nn+2nN N' 2n 72nN H ( kl—n[m T
1 na nN+n nN
= (k (km —
I\%Ego n 2N (N2 2nN (nN 4 n) 7t + na ki 7+ na) e o - )
{ +1+2nN nN+n
— lim (nN +n)!(nN)!m na ( ﬂ) (1_ﬂ)
N—ooo  ptt2eN(NN2ng2nN- (N + n)mw + na ke 3
! Pl nN+n
~ lim (nN +n)!(nN)!m nu B 1+ﬂ)
N—eo  n"T21N(ND2t  (nN +n)m + na k27-c2 P nN+1
. (nN+n)!(nN)!t" 1 .
= . 2
z%lgéo ntt2nN(ND2t - (nN + n)7w + na sin (ne) (26)
We used the fact that
nN+n nN 2
lim J] (1 + n_oc) =1 and lim (na) (1 — %) = sin (na).
N—oo k=nN+1 krm N—oo =1 k27
Thus, we only need to calculate
L - lim (nN 4 n)!(nN)!7t" 1
NDeo n 2N (N2 (nN 4 n)m+ na’
By Stirling’s formula, namely
Iim —— =1,
m—oo /2 ( )
where e is the base of the natural logarithm, we could obtain that
nN+ N
\/27r(nN+n)<”N+”) n\/2nnN(%)n T 1
L = lim
N—oo N\ 21 nN+n)m+na
n"+2”N< an(%) ) ( )
nN-+n
Cm L L1 /NN +1)
N—co @t 211 N (N+ 1)+«
1
=51 (27)

Therefore, substituting (27) into (26) yields

o kr sin (na)
H sm{a+ — | = Eev—"
iy n 2

Theorem 5 is proved. O
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Remark 2. According to Theorem 5, if n > 2 and sina # 0, then we have

H sin  « 4 ]ﬂ _ sinn) (1)
~ 2n-lging’

Letting o« — 0 in above equation, we could get that

n

ﬁsin kr =
i n T oon-1’

which is a classical result.
Furthermore, according to the fact that

sin? x — sin? y = (sin(x + y))(sin (x — y)),

where x and y are two real numbers, we could obtain a more general result. Let o and 0 be two real numbers and
n be a positive integer, then from Theorem 5, we have

E<5in2 (rx—kk?n)—sinzG) (Hs1n<oc+9 ))(Hsm( +’ﬂ)>
sin (na + n0) sin (na — nf)

o on—1 on—1
_sin? (na) — sin? (nf)
- 4n—1 ’

namely

sin? (10) — sin? () — (—4)"1 T (sin2 6 — sin? <o¢ + ’%) > .

k=0

Therefore, we proved that (sin? (nf) — sin® (na)) is a polynomial of degree n about sin®@ with roots
sin? (a+ an), wherek =0,1,...,n—1. And if @ = O, then the above result is Theorem 5.

5. Some Examples
As corollaries of our results, we introduce some examples. We will use the following facts.

1 2cosx 6 4
f(x):.zf f/(x):_.3 ’ f//x):.4 = T2
sin” x sin” x sin*x  sin“x
f(3)(x _ —24cosx+8cosx’ ) () — 120 120 n 16 ‘
sin® x sin® x sin® x sin4 x sin?x
1 r, _  COSX I 1
g) =4~ &)= o g'(x) = r  sinx
@) (y) — _bcosx  cosx @ () — 2420 1
g sinfx  sin?x’ § sinx sin®x  sinx’
120cosx  60cosx  cosx
g () = - e -
sin® x sin* x sin“ x
& s 770
2) = — 4) = =

Example 1 (see [13]). Let n be a positive integer and « be a real number such that sin (n«) # 0, then we have

n—1 1 1’12

= sin?(a + &2 sin? (na)’
k=0 n
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n—1 1 1’14 2 }’14 _ 1’12

1= sin* (o + £70)  sin? (na) ~ 3sin? (na)’

n-l 1 n® n® —nt 2 n® —5n% 4 4n?

)3

= sin®(a + £7)  sin® (na) ~ sin® (na) 15 sin? (na)

Proof. Taking ! = 0,2,4 in turn, we could get the following equations from Theorem 1.

n—1 1 2

n

= sin?(a + £7)  sin? (na)’

"il 6 B 4 _n4< 6 4 )
=0 sin4(oc+k7”) sinz(zx—i-’%) sin* (na)  sin® (na) )’

”il 120 B 120 N 16
=\ sin® (a + 57y sint (a + 57)  sin? (@ + K7)

of 120 120 16
=n - + .
sin® (na)  sin* (na)  sin? (na)

Combining the above three equations yields the desired results. O

Example 2 (see [12]). Let n be a positive integer with n > 2, then we have

o n?—1
i1 sin® (A1) 37
E( 6 4 )_2(114—1)
=1 sm4(l%) sinZ(kn—”) 15 7
120 120 16 ~16(n® —1)
k:Zl<sin6 (’%T) B sin4(’%7) + sinz(kn—")> B 63

By combining the above three equations, we immediately obtain the final results. [

Example 3 (see [13]). Let n be a positive odd number and « be a real number such that sin (na) # 0, then we
have
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n—1 (_1 3

)k n’ _§n5—n ln5—10n3—|—9n
(=) sin® (a+ K7y sin® (na)  6sin’ (na) 24 sin(na)

Proof. Taking ! = 0,2,4 in turn, we could get the following equations from Theorem 3.
k

n—1 _ n
Z sin(( ) kmy T s
k=0

a+ 5Ty sin (na)’

n—li % 2 B 1 5 2 1
kg()( Y <sin3(zx+k1f) sin(oc+kf)> - (sin3(noc) sin(na))'

n-l 24 20 1
Z(il) .5 kw3 kr + = kr
=0 sin® (a4 %) sin® (a + %) sin(a + 5F)

5 24 20 1
=n - + = .
sin® (na)  sin® (na)  sin (na)
Combining the above three equations immediately yields the results. O

Example 4 (see [12]). Let n be an odd number with n > 3, then we have
”*1( 1) 1cos(k77;) n2—1/
k=1 in* (X7) 6

i< e 1cos(k7”) _ 7n*+10n? —17

k=1 sin (47) 360 '
Hi(&)k—l cos (57) _ 31n® +147n* + 189n> — 367
= sin® (k) 15120 ‘

Proof. Taking ! = 0, 1,2 in turn, we could get the following equations from Theorem 4.

E(_l)k 1Cos(k—”) _ n?—1
k=1 sin” (£7) 6 '

E(—l)kil (120(105(7‘") B 60 cos (A7) N cos (k1) > _ 31(n® — 1)'

n
sin® (A7) sin® (KT)  sin? (A7) 126

n

Therefore, the final results follow directly from the combination of the above three equations. [

6. Conclusions and Discussions

In this paper, we used infinite series and infinite product to derive some trigonometric identities.
Their forms are concise and elegant. However, we did not discuss whether infinite series can be used
to derive identities for tangent or cotangent function. Some known results for tangent or cotangent
function are also very elegant, such as [10,12,13]. Therefore, we believe this is a question worth
exploring, and more interesting methods and results are sure to emerge.
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