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Abstract

A central goal of neuroeconomics is to understand how humans make decisions and how their
neural processes interact during strategic situations. Game theory provides mathematical tools for
modeling such interactions, with equilibrium concepts, most notably the Nash equilibrium, predicting
stable patterns of behavior. Classical equilibrium analysis, however, treats cognition as a black
box and assumes fully rational agents, whereas human decision making is shaped by bounded
rationality, heuristics, and neural constraints. To bridge this gap, we investigate equilibrium behavior
directly in the space of neurocognitive activity. Electroencephalogram (EEG) signals provide a high-
resolution measurement of neural dynamics underlying attention, conflict monitoring, and evidence
accumulation. In this work, we introduce a neuronic Nash equilibrium, an equilibrium concept defined
not in the action space but in the EEG-derived neural representation space. We develop a framework for
analyzing two-player turn-based games in EEG space by constructing DMD-based neural embeddings
and associated directed network representations. Dynamic Mode Decomposition (DMD) reveals
statistically significant differences between the neural dynamics associated with distinct strategic
actions, demonstrating that EEG-derived features preserve behaviorally meaningful cognitive structure.
The resulting neuronic network representation enables equilibrium analysis directly at the neural level
and provides a principled method for linking strategic behavior with stable patterns of neural activity.
Our findings suggest that neural-state equilibrium concepts can capture the cognitive foundations of
strategic interaction and offer a pathway toward characterizing cognitive equilibrium outcomes in
multi-agent settings.

Keywords: game theory; cognitive equilibrium; EEG-driven strategy analysis; Nash equilibrium;
DMD modes; behavioral game modeling

1. Introduction

Human behavior is notoriously difficult to model because it often departs from full rationality [1],
particularly in strategic environments where multiple forms of bounded or systematically biased
decision-making may arise simultaneously. They play central roles in AI-human interaction [2,3], cy-
bersecurity decision-making [4—6], and the functioning of modern socio-technical systems [7-9]. Game
theory provides a rigorous mathematical foundation for analyzing such multi-agent interactions [10].
A central concept is the Nash equilibrium, a strategy configuration from which no player can profitably
deviate given the strategies of others; such equilibria represent stable and self-consistent patterns of
strategic behavior.

Classical equilibrium analysis assumes that players make rational choices based on well-behaved
utility functions. Under this framework, equilibrium predictions operate as a behavioral black box:
incentives map to actions without explicitly modeling the neural computations that generate those
actions. Yet human cognition is shaped by biases, heuristics, limited attention, and heterogeneous
attitudes toward risk [9,11]. These factors cause systematic departures from rational-choice predictions
and limit the explanatory power of purely behavioral models.
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Several extensions incorporate bounded rationality, including quantal response equilibrium [12]
and cognitive hierarchy theory [13]. However, these approaches still treat cognition implicitly. They
adjust equilibrium conditions without revealing the neurocognitive dynamics that shape decisions. To
open this black box, we seek a representation of equilibrium grounded not only in observed behavior
but also in the neural processes that generate it.

A large body of cognitive science and neuroscience research shows that sensation, attention,
working memory, conflict monitoring, valuation, and learning shape how agents perceive and respond
to information [14]. These cognitive operations are reflected in electrical brain activity, which can be
captured noninvasively using electroencephalography (EEG) [15]. EEG therefore provides a principled
basis for integrating internal neurocognitive states into equilibrium reasoning.

In this work, we introduce a new class of equilibrium concepts defined directly in EEG space,
which we call neuronic equilibria. These equilibria formalize stability of strategic behavior in the
underlying neural representation space rather than only at the level of actions. The central object of
analysis is the Neuronic Nash Equilibrium, which captures self-consistency of neural trajectories across
interacting agents. This formulation allows us to ask whether stable patterns of strategic behavior
correspond to stable patterns of neural activity, and whether deviations in strategic decisions can be
interpreted as deviations in neural dynamics.

To study this question empirically, we construct a two-player strategic system in EEG space.
The experimental setup is shown in Figure 1. Players engage in a modified version of the classical
game of chicken, a canonical model of conflict escalation with applications ranging from nuclear
brinkmanship [16] to competitive pricing [17] and interference management [18-20]. In our implemen-
tation, players choose among center, swerve left, and swerve right, and actions are selected through a
BCl interface.

BClI BCI

[“j = T .

Player 1 Player 2

Figure 1. Overview of the experimental setup. Each player produces EEG signals that are decoded by a brain-
computer interface (BCI), which selects the player’s action in the game. The resulting game visualization is
observed by both players, creating a closed perception-action loop.

To represent neural dynamics, we apply Dynamic Mode Decomposition (DMD) to the multichan-
nel EEG signal. DMD produces linear operators whose eigenmodes encode the dominant coherent
patterns of neural activity over time. These operators define a low-dimensional neural state embedding
that supports the construction of the neuronic game and its equilibria.

Our empirical analysis reveals several findings. First, the DMD modes exhibit statistically
significant separation between center-action and swerve-action trials. The average Euclidean dis-
tance to the center-action mean is deenter = 7.048 x 10%, whereas swerve-action modes yield
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dswerve = 8.340 x 1074, with a two-tailed ¢-test giving p = 0.0467 < 0.05. These differences arise
from coordinated multicomponent shifts across modes, demonstrating that strategic decisions have
detectable neural signatures in the DMD embedding.

Second, thresholded DMD operators produce directed graphs capturing dynamical influence
among EEG channels. Although players are physically separated, their neural networks exhibit
structurally correlated patterns driven by the shared visual stimulus and the reciprocal nature of the
game. This reveals a form of neural interdependence: each player’s neural trajectory reflects, in part,
the evolving behavior of the other.

Third, these empirical findings motivate and validate the construction of the Neuronic Game, a
state-based game defined in the EEG-derived representation space. Static and dynamic Neuronic Nash
Equilibria characterize neural self-consistency and stability over time, extending classical equilibrium
concepts into the cognitive domain.

1.1. Contributions

The contributions of this work are threefold. We develop the formal framework of neuronic games
and neuronic equilibria, which link strategic stability to neural stability. We introduce a DMD-based
pipeline for extracting neural state embeddings and directed cognitive networks from EEG data. We
empirically demonstrate that neural representations encode systematic differences between strategic
decisions and that cross-player neural networks capture inter-brain coupling induced by the game.

By integrating game theory, cognitive neuroscience, and data-driven modeling of neural dynamics,
the neuronic equilibrium framework provides a principled approach to understanding how brains
implement strategic reasoning. It highlights that equilibrium is not only a behavioral-level construct
but also a neural-level phenomenon, capable of describing the interdependent neural interactions that
arise when multiple agents engage in strategic decision making.

1.2. Organization of the Paper

Section 2 introduces the behavioral game and its equilibrium structure, including the refinement
of the action space for EEG compatibility. Section 3 presents the full experimental game setup and
the integration of EEG measurements into the perception-cognition-action loop. Section 4 formalizes
the Neuronic Game and defines both static and dynamic neuronic equilibria. Section 4 discusses the
connections between behavioral and neuronic Nash equilibria. Section 6 applies the framework to
experimental EEG data, including DMD mode analysis and network extraction, demonstrating neural
separation between strategic actions. Section 7 discusses implications for neuroscience, neuroeco-
nomics, and strategic decision modeling. Section 8 concludes with future directions for neuronic
equilibrium theory and EEG-based game analysis.

2. Related Work

This work builds on research spanning game theory, neuroeconomics, and computational neu-
roscience. In neuroeconomics, a substantial body of work demonstrates that neural signals encode
subjective value, risk attitudes, reward anticipation, and strategic reasoning [1,11]. Seminal studies
show that cortical and subcortical activity supports valuation processes [21], prediction error computa-
tion [22], and intertemporal choice [23], providing evidence that economic decision rules are grounded
in identifiable neural substrates. Additional EEG research demonstrates that oscillatory patterns track
moment-to-moment fluctuations in valuation, conflict, and choice difficulty, with theta- and beta-band
activities serving as reliable markers of cognitive control and reward sensitivity [24].

Parallel work in social and interactive neuroeconomics has analyzed neural activity during
competitive and cooperative decision making. Hyperscanning studies report inter-brain synchrony
during strategic exchange, coordination, and communication [25], while fMRI findings indicate that
mentalizing regions, such as the temporoparietal junction and medial prefrontal cortex, encode
beliefs about others’ intentions and predict deviations from equilibrium play [26]. Work in this
domain has also revealed that strategic uncertainty, deception, and reciprocity have measurable neural
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signatures [27]. Collectively, these results show that strategic behavior is deeply intertwined with
neurocognitive mechanisms.

Computational neuroscience contributes additional tools for interpreting neural data. Dynamic
mode decomposition (DMD) and other operator-theoretic methods have been used to extract coher-
ent spatial-temporal patterns from large-scale neural recordings [28]. Meanwhile, graph-theoretic
models of brain connectivity, such as functional connectomes, Granger-causal networks, and spectral
embeddings, offer representations of neural interactions that can be linked to cognitive or behavioral
states [29]. These methods provide structured ways to characterize high-dimensional neural activity
but have not typically been integrated with equilibrium analysis.

Despite the breadth of neuroeconomic research, existing work shares a common assumption:
neural signals are used as predictors of behavior, not as objects in which strategic equilibria are defined. Most
neuroeconomic models map brain activity to latent value functions, choice probabilities, or deviations
from rationality; they do not treat the neural state space itself as a domain for equilibrium computa-
tion. For example, neural measurements are leveraged to explain risk aversion, delay discounting,
social fairness, or belief updating, but equilibrium concepts remain defined exclusively in action or
payoff space.

Our contribution differs fundamentally from this paradigm. We formulate an equilibrium concept
directly within the neural representation space, treating EEG-derived dynamic states as the variables
in which equilibrium is defined. Rather than predicting equilibrium behavior from neural activity,
we seek neural patterns that satisfy equilibrium-like Nash conditions in the cognitive domain. By
integrating DMD-based neural state embeddings, network-level connectivity analysis, and game-
theoretic reasoning, we establish a framework in which equilibrium behavior corresponds to stable
configurations of neural activity. This provides a bridge between strategic interaction models and
underlying cognitive processes, laying the groundwork for a new class of neuro-level equilibrium
models that unify decision theory, neural dynamics, and multi-agent interaction.

3. BCI-Enabled Multi-Agent Systems
3.1. Game Setup and BCl-in-the-Loop System Architecture

We introduce the experimental setup in which a multiplayer strategic game is embedded inside
a closed perception-cognition-action loop mediated by a brain-computer interface (BCI). As shown
in Figure 1, each player continuously generates EEG signals while interacting with the game. These
neural signals are recorded in real time and passed through a trained BCI classifier that decodes the
EEG patterns into one of the available game actions. The selected actions are executed immediately
in the environment, and the resulting visual stimulus is fed back to both players. This creates a fully
endogenous loop: the game controls what the players perceive, the players’ neural activity controls
the actions, and the actions control how the game evolves.

Figure 2 illustrates this information flow more precisely. At each time step ¢, the game displays the
public stimulus 6;, which is observed simultaneously by both players. Upon viewing this stimulus, each
player undergoes internal cognitive processing. This internal activity is represented mathematically
by an unobservable cognitive state Xi’l , which reflects processes such as attention, evaluation of risk,
motor planning, and response anticipation. The cognitive state generates a measurable EEG signal X'
through a neurophysiological mapping Gi. The BCI then maps the EEG signal into an action 4 in the
game. The joint action (a},a?) determines the next visual stimulus ;1 through the game’s transition
rule I'l;, and the game then presents this updated stimulus to both players, initiating the next cycle of
neural processing and decision formation.

A distinctive feature of this setup is that the BCI acts solely on the basis of human neural activity.
The players do not select their actions by motor movements; the BCI infers their intentions directly
from EEG patterns. Thus, cognition is situated inside the control loop: neural activity influences
actions, actions influence future visual states, and these states in turn shape subsequent neural activity.
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The equilibrium behavior observed in this experiment therefore arises from the joint evolution of
neural processes, BCI decoding, and strategic interaction.

Player 2’s Action

Game Visualization

9t+1 = H(Hp a%. a?) % Player 1’s Action
Outcome Player 1 EEG Signals BCI'1
Xt =p(6) al = BCI'(XY)
Outcome Player 2 EEG Signals BCI 2
—

X* = i2(6) > &2 = BcrP(x?)

Figure 2. Dynamical structure of the EEG-driven game interaction. The game visualization produces a stimulus 6;
observed by both players. This induces cognitive responses Xi’l (latent) and EEG signals X! (observable). Each
player’s BCI converts X! into an action 4, which jointly determines the next stimulus 6; 1.

3.2. Game of Chicken

The strategic environment embedded in the perception-cognition-action loop is a modified
version of the classical game of chicken. This game is particularly suitable for studying neurocognitive
processes because it naturally involves tension, uncertainty, and risk. In its traditional form, two drivers
accelerate toward one another and must choose whether to continue straight or to swerve. Continuing
straight yields a high payoff if the opponent swerves, but if both continue straight they collide and
incur the lowest payoff. This creates a conflict between individual incentives and mutual safety. The
classical game admits two asymmetric pure Nash equilibria, in which one player continues straight
and the other swerves, and also a symmetric mixed strategy Nash equilibrium that typically emerges
only through repeated interaction, learning, or iterative reasoning rather than through dominance
arguments [17]. These properties make the chicken game an ideal platform for linking strategic
behavior to time-varying neural activity.

To enable EEG-based analysis of directional decision making, we refine the classical two-action
game by distinguishing between swerve left and swerve right. For each player i € {1,2}, the action
set becomes A = {C,L,R}, where C denotes continuing straight, L denotes swerving left, and R
denotes swerving right. This refinement preserves the incentive structure of the original game while
supporting left-right distinctions in EEG patterns.

Formally, the refined chicken game is the finite normal-form game G = ({1,2}, Al x A2, (ul, uz) ),
where the payoff function u' : A' x A> — R assigns to (a',4?) the value listed in Table 1. A
mixed strategy for player i is a probability distribution ¢/ = (c(C),c’(L),c'(R)) on A’ with
c'(C)+ (L) +0(R) = 1and ¢'(a') > O foralla’ € A'.

Table 1. Payoff matrix for the refined three-action chicken game. Entries (U, U?) denote payoffs to Players 1

and 2.
C L R
C (—10, —10) (5,0) (5,0)
L (0,5) (3,3) (—10, —10)
R (0,5) (—10, —10) (3,3)
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Given a mixed strategy profile (¢!, 0?), the expected payoff to player i is

u'(et,o?) = Y Y ol(aV)o?(a®) u'(a', a?).
aleAl i2€ A2

Definition 1 (Mixed strategy Nash equilibrium). A pair (c'*,0%*) € A(A') x A(A?) is a mixed strategy
Nash equilibrium if each o* is a best response to o—'*, that is,

Ui(c™,0™) > Ul(c!,c™™) forallo' € A(AY), i € {1,2}.

The structure of Table 1 implies that mutual straight (C,C) produces the collision payoff
(—10, —10), that a straight-versus-swerve pair such as (C, L) or (C,R) awards the straight-moving
player 5 and the swerver 0, and that coordinated swerves (L, L) or (R, R) avoid collision but incur
the evasive-maneuver cost (3,3). These incentives generate four asymmetric pure Nash equilibria,
namely (C,R), (C,L), (R,C), and (L, C), each corresponding to one player committing to straight
while the other yields. Solving the indifference conditions for a symmetric mixed strategy Nash
equilibrium yields

U*(C) _ , U*(L) _ 10 U*(R) _ 10

— 37 — 37/

w\»-
NIN

which preserves the risk-dominant tension of the classical game while enabling directional EEG-based
analysis of left-right decision dynamics.

3.3. Dynamics of the BCI-Controlled Game

We introduce the experimental and mathematical setup of the BCI-in-the-loop strategic interaction
shown in Figures 1 and 2. Each human participant is embedded in a closed perception-cognition-action
loop linking (i) the public visual stimulus, (ii) internal neurocognitive processing, (iii) observable EEG
activity, (iv) BCl-mediated action selection, and (v) the strategic evolution of the multiplayer game.
This loop evolves across discrete action epochs and forms the foundation of the neuronic equilibrium
studied later.

The underlying strategic task is a refined version of the classical chicken game. Each player
i € {1,2} chooses an action from the finite action set A’ = {C, L, R}, where C denotes going straight
(center), and L, R represent swerving left or right. The payoff matrix is given in Table 1. Players wish
to avoid mutual crashes, avoid unilateral yielding, and prefer inducing the opponent to swerve. This
anti-coordination structure produces multiple Nash equilibria and makes the game ideal for studying
how neural activity shapes strategic behavior.

The game proceeds in discrete action epochs indexed by t = 0,1,2,..., T. At the beginning of epoch
t, the game presents a public visual stimulus 6; € ©, representing the current configuration of the cars.
This stimulus is simultaneously observed by both players. During epoch ¢, each player’s EEG headset
records a multichannel time series

X;,T € RMI T= 0/ 1/ crcy Te/ (1)

where M is the number of electrodes and T, is the number of EEG samples within the epoch. The full
within-epoch EEG signal is
Xj = {Xirhelo )

Each player possesses an unobservable latent neurocognitive state Zi € X, representing atten-
tional allocation, motor imagery, anticipation, memory updates, and other cognitive processes shaping
strategic decisions. Its evolution is governed by the controlled dynamical system

Zi = F;’(z;'_l, 0, ai_l), FliXx0x A — X. 3)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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The internal state produces measurable EEG activity via
Xj=Gi(Zi), Gi:X —RMTe (4)

where G! maps latent cognitive processes to the spatiotemporal EEG voltage field. For analysis, it is
useful to work directly with observable EEG dynamics. Under (3)—(4), the EEG process satisfies the
implicit state-transition relation

X =Ti(Xi 0,0 ,), Tl GioFo(G ), ®)

whenever G!_, is locally invertible. This representation allows dynamical-systems tools such as DMD
to be applied directly to the sequence of EEG epochs.
The BCI converts within-epoch EEG data into strategic actions. First, EEG features are extracted as

Zi=®i(Xj) eR?, @} :RM*Te 5 RY, 6)

where ®! may include spatial filtering, frequency-band selection, spectral decomposition, or dynamic
mode decomposition. A trained classifier Ci : R? — A interprets these features as the intended action:

af = BCL(X)) = Ci(@i(X])),  af € A" (7)

Once both players’ BCl-mediated actions are selected, the environment updates the public
state through
01 =T11(6,af,a7),  TI: O x A; x Ay — ©. (8)

The updated state 61 is displayed to both players, closing the loop:
0 — Xi — al — 6,41

At the end of each epoch, each player receives a stage payoff determined by the underlying static
payoff function u! specified in Table 1. We denote the realized payoff at time t by

ul = ul(al,a?), ut: Al x A2 S5 R, )
which is a time-indexed evaluation of the fixed normal-form payoff function.

3.4. Information Structure and Behaviors

After the state transition (8) and the stage payoff (9) are realized at epoch ¢, each player observes
only a subset of the variables driving the BCI-controlled game dynamics. Player i’s information at
epoch t consists of the tuple

Ii,t = {901' . -rgtr Xl%)r . 'IX:;r aé)r- . '/ai—l}l Ii,t g ®t+1 X (RMXTe)t+1 X (Ai)tl (10)

which contains three components:

e the public stimulus history (6, .. .,0;) generated by the state transitions (8);
o the player’s own EEG history (X}, ..., X!) derived from the observable neural mapping (4);
o theplayer’s past actions (ai), ..., al_,), which constitute the player’s own output to the environment.

Crucially, the information structure is asymmetric and partial. Neither player observes the oppo-
nent’s EEG signals (X, ", ..., X; '), nor the opponent’s latent internal cognitive state (X, WX,
nor their opponent’s features Z; ' used inside the BCI classifier. Likewise, the internal cognitive
states (Xi’l ) of both players are always unobserved. This partial observability is intrinsic to human

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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neurocognitive interaction and mirrors standard assumptions in partially observed dynamic games,
except here the unobserved states correspond to neural processes rather than physical variables.

Although the information structure (10) contains the entire public and private histories available
to Player 7, it is not necessary that players (or the BCI system acting on their behalf) use the full history
in decision making. Two important subclasses of strategies arise:

(i) Markov strategies, which depend only on the current public state and the current EEG signal,
n}\’/tlarkov — ni,t(et/ X;)

These strategies arise naturally if the BCI classifier BCI is trained to map only the current epoch’s
EEG features Z! to an action.

(ii) History-dependent strategies, which depend on the full information set I; ;, allowing dependence on
long-term patterns, temporal context, and learning effects. Such strategies are relevant if players
adapt across trials or if BCI performance and neural responses evolve across epochs.

Both categories are relevant in our experimental setting: the BCI implements a Markov mapping
from current EEG features to actions, but the player’s underlying neural dynamics X;T may depend on
prior stimuli, expectations, or cognitive states. Thus, the effective strategy may be history-dependent
even when the BCI logic is not. This distinction is essential for interpreting equilibrium behavior at the
neural level.

Our experimental setup records several key observable variables. First, the system captures
the public stimulus trajectory (6;), representing the sequence of visual game states presented to both
players. Second, during each epoch, the setup collects the within-epoch EEG time series X;;T for each
player, providing a multichannel record of neural activity over time. Third, these raw EEG sequences
are processed into feature vectors Zi = ®(X?), which form lower-dimensional neural representations
used by the BCI for intention decoding. Fourth, the BCI converts these features into decoded actions at,
corresponding to each player’s intended strategic choice. Finally, the system records the realized payoffs
generated by these actions according to Table 1.

Despite this rich observational structure, several components of the interaction remain fundamen-
tally unobserved. The internal cognitive states X;"I that give rise to the observable EEG signals are not
directly measurable. Similarly, each player lacks access to the opponent’s EEG signals and feature
representations, as well as to the opponent’s internal decision processes prior to BCI decoding. Thus,
even though strategic behavior is mediated by neural activity, each player operates under significant
informational constraints.

This combination of recorded observables and latent unobserved variables implies that the BCI-
controlled environment constitutes a partially observed dynamic game in which both players possess
private, unobservable neurocognitive states that influence the strategic evolution of the system. The
unique feature of this setup is that we can observe neural activity in real time while players interact in a
strategic game. This enables us to address research questions unavailable in classical game theory or
behavioral experiments:

*  Behavioral equilibrium: Do the actions (a},a?) converge to Nash or correlated equilibrium patterns

expected from the payoff matrix?

»  Neuronic equilibrium: Are there stable patterns in the EEG representation (X}, X?) or their embed-
dings (X}, X?) that consistently lead to equilibrium behavior through the BCI mapping?

*  Neuro-strategic coupling: How do brain signals evolve when players approach equilibrium, coordi-
nate, or miscoordinate, and how do these signals differ across equilibrium types?

These questions motivate the introduction of a neuronic equilibrium, which characterizes equilib-
rium not at the level of actions or utilities alone, but at the level of persistent, self-consistent neural
activity patterns that induce equilibrium behavior through the BCI classifier.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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4. Equilibrium Concepts for BCI-Enabled Strategic Interaction

In this section, we develop the equilibrium concepts that guide our analysis of strategic behavior
and its neural correlates. Classical equilibrium notions provide the behavioral reference points against
which we compare stability and structure in the EEG-derived representation space introduced later.

4.1. Static Games and Classical Equilibrium Concepts

A central question in studying strategic decision making, whether behaviorally or neurally, is:
What constitutes a stable pattern of interaction between strategic agents? When players repeatedly face the
same incentives, one seeks to understand when their decisions converge to a predictable, self-consistent
pattern. Classical game theory addresses precisely this question. In a static two-player game with
finite action sets A!, A2 and payoff functions U’ : A x A> — R, a mixed strategy is a probability
distribution over actions, and expected utilities are defined in the usual way.

The Nash equilibrium identifies joint behavior that is stable when each player acts independently:
no player can profitably deviate from their strategy given the strategy of the other. In this sense,
it provides the baseline notion of a self-enforcing behavioral configuration. In our context, this
raises the corresponding neural question: if behavior stabilizes at equilibrium, do underlying EEG
representations exhibit an analogous stability?

While Nash equilibrium assumes independent randomization, human players seldom choose
actions independently. When players share contextual signals, perceptual cues, or cognitive framing,
their strategies naturally become statistically dependent. Aumann’s correlated equilibrium captures
precisely such situations by allowing players’ actions to be coordinated through a shared signal.

Definition 2 (Correlated Equilibrium [30]). A joint distribution ¢ € A(A x A?) is a correlated equilibrium
if, for each player i and each pair of actions a',4' € Al

Y g(a',a™) Ui (a0 ™) — Ui(a,a )] > 0.

Receiving the recommendation a', the player does at least as well by following it as by deviating to '

Correlated equilibrium is especially natural in our BCl-enabled setting for two reasons.
First, every Nash equilibrium is a correlated equilibrium, so CE retains all classical solution con-
cepts while enlarging the space of stable behavioral patterns. Second, and more importantly for our
purposes, the experimental setup embeds players in a shared perceptual environment: both players
observe the same visual stimulus 6;, process it through their own cognitive and neural pathways,
and may respond in systematically correlated ways. The shared stimulus itself is a public signal in
Aumann’s sense and thus provides a natural mechanism for correlation in players’ actions.

Correlated equilibrium therefore better captures the structure of human strategic interaction in this
task. It accommodates the possibility that the players’ EEG-derived internal states and their resulting
decisions are statistically coupled through common perceptual or attentional processes. As we move
toward defining the Neuronic Nash Equilibrium, CE serves as an intermediate conceptual bridge: it
generalizes Nash equilibrium while highlighting the role of shared signals, making it particularly well
suited for analyzing EEG-driven strategic behavior.

4.2. Dynamic Correlated Equilibrium

In the dynamic BClI-controlled game, players repeatedly observe the same public stimulus 6;,
process it through their internal cognitive and neural systems, and generate actions (a},4?) via the
BClI interface. Because 0; is a publicly observed signal and the EEG activity of each player is driven
in part by this shared perceptual stream, the players’ decisions at time t need not be statistically
independent. The shared stimulus naturally induces correlation in their neural responses and therefore
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in their resulting actions. In this sense, correlated behavior is not an artifact of coordination but rather
an intrinsic feature of the perception-cognition-action loop.

This observation motivates the introduction of a dynamic counterpart to Aumann'’s correlated
equilibrium. In static games, correlated equilibrium includes all Nash equilibria as special cases while
allowing richer patterns of dependence, arising from shared signals or environmental cues. In our
dynamic EEG-driven setting, such dependence is even more pronounced, since each player reacts not
only to their own neural representation but also to the same evolving public stimulus 6;. Dynamic
Correlated Equilibrium (DCE) formalizes precisely this enriched notion of stability.

A public correlation device at time ¢ specifies a joint distribution ¢;(- | h;) € A(A! x A?), condi-
tional on the public history h; = (6, aé, a%, ..., 0¢). Atepoch t, the device draws a recommendation
(a},a?) according to ¢¢(- | ht) and privately communicates a! to player i. The players then decide
whether to follow their recommendations.

Definition 3 (Dynamic Correlated Equilibrium). A sequence of joint recommendation distributions
{@:(- | he) YL, where i(- | hy) € A(A! x A?) and h; denotes the public history at time t, is a Dynamic
Correlated Equilibrium (DCE) if, for every player i € {1,2}, every time t, and all actions a',a' € Al,

. . T . . .
Elu'(ap,a;")+ Y ul|hy, af = all
s=t+1
T (11)
>E ui(ﬁi,afi) + Z ug hy, ai = al},
s=t+1

where (a},a;") is drawn from @ (- | ht), and expectations are taken with respect to the probability measure
induced by {@;}[_, and the state, neural, and action transitions of the dynamic game.

If the dynamic game is Markov in the sense that the public state 6; is a sufficient statistic for the
public history #;, then the correlation device may be taken to depend only on 6; rather than on ;. In
this case,

@t(- | ) =e(- | 0), t=0,...,T,

and the Dynamic Correlated Equilibrium conditions (11) hold with conditioning on 6; in place of condi-
tioning on ;. Thus a Markov DCE is fully described by a sequence of state-dependent recommendation
kernels {@¢(- | 6¢)}.

Proposition 1. Every dynamic Nash equilibrium induces a Dynamic Correlated Equilibrium. More precisely,
let (7t'*, 712*) be a dynamic Nash equilibrium of the BCI-controlled game. Define, for each time t and public
history hy, the joint recommendation distribution

yE

(Pt(al/ aZ | ht) =P" 4o (61} = al/ El% = a2 | hi)r (al/az) € Al X Az/

where P s the probability measure induced by (7t'*, ©2*) on actions and states. Then the sequence

{o:(- | he)}L is a Dynamic Correlated Equilibrium in the sense of (11).

Proof. Fix a player i, a time ¢, and a public history h;. Under the policy profile (7'[1*, 7'[2*), the
recommended action 4! is distributed according to the conditional law induced by 7r'* given h;. By
dynamic Nash optimality, player i cannot increase their expected total payoff by unilaterally deviating
from 7t at time t, holding 77~* fixed and taking into account the induced evolution of future states
and actions. In particular, conditional on i and on being assigned a recommendation al, following
that recommendation yields expected cumulative payoff at least as large as any deviation that replaces
ai by some alternative @' € A’ while leaving future behavior otherwise unchanged.

This conditional optimality is exactly the obedience condition in (11): the left-hand side corre-

sponds to following the recommendation 4, and the right-hand side corresponds to deviating to 4/,
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with expectations taken under the same conditional law induced by (7t'*, 72*) and the resulting state
transitions. Since this holds for all 7, all ¢, all ;, and all a’, 4 € A’, the sequence { @ (- | ht)}tT:O satisfies
the Dynamic Correlated Equilibrium conditions. [J

4.2.1. Dynamic Mode Decomposition (DMD)

Dynamic Mode Decomposition (DMD) provides a principled data-driven method for extracting
coherent spatiotemporal patterns from high-dimensional time-series data. In our context, DMD
maps raw EEG signals to a low-dimensional state space that captures the dominant neural dynamics
associated with strategic decision-making. Unlike simple dimensionality-reduction methods such as
PCA, DMD explicitly incorporates the temporal evolution of the data, identifying modes that describe
both spatial structure and temporal oscillation/decay patterns.

Given an EEG sequence for player i, X(i), Xi, s, X}, where each X;‘ is a multi-channel EEG
measurement vector, we form the time-shifted data matrices

Xo=[xh xi o X xe=[xpoxg o X

The goal is to find a linear operator A’ such that X4 ~ A’X_, meaning that A’ advances the EEG signal
forward by one time step.

The best-fit operator in the least-squares sense is A’ = X, X!, with + denoting the Moore-Penrose
pseudoinverse. This makes DMD an operator-theoretic variant of regression over time-lagged data,
producing an approximation of the form

i Al
Xi,, ~ AXL

The eigen-decomposition of Al, AW’ = WA/, yields (i) eigenvectors W' (the dynamic modes)
representing coherent spatial patterns across EEG electrodes, and (ii) eigenvalues A’ that describe the
temporal behavior of each mode (oscillation frequencies, damping rates, or growth rates).

The embedded neural state is defined by X! = (W)* X!, which represents the projection of the
EEG signal onto the DMD modal coordinates. This projection yields a low-dimensional vector X! € X;
that captures the most dynamically relevant information in the EEG signal. It filters out noise, removes
redundancies, and retains structure aligned with the system’s temporal evolution.

DMD decomposes the EEG into a sum of spatiotemporal components of the form

;
Xj~ Y blwiAf,
k=1
where w}c is a spatial EEG pattern (the k-th mode), A; determines how the pattern evolves in time
(periodic, damped, etc.), and b;( encodes its initial strength.
Thus, DMD supplies a natural mathematical representation of neural dynamics that is both
low-dimensional and faithful to the physiological temporal evolution captured by EEG. The resulting
embedding )N(; becomes the operational neural state used in our dynamic equilibrium analysis.

4.2.2. Coupled Neural Dynamics

Neural dynamics in our experimental setting are shaped jointly by intrinsic processing within
each player’s brain and by extrinsic factors such as the shared visual stimulus 6;, the temporal
evolution of the task, and the opponent’s actions. Because both players are embedded in the same
perception-cognition-action loop, their EEG-derived embeddings evolve in an interdependent manner
across time.

To represent this interdependence formally, we define the joint embedded neural state at time ¢ as
the stacked vector

D¢
Nt € X x A. (12)
X
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Dynamic Mode Decomposition provides a time-varying linear operator 3 that approximates the
evolution of this state according to
Xy =24 Xt—l' (13)

The operator %; naturally decomposes into a 2 x 2 block matrix,

Al Al
All,t A12,t
A2 22

21,t A22,t

Yy = , (14)

where the diagonal blocks gil ; encode intrinsic neural transitions of player i from X! | to Xi, while
the off-diagonal blocks Ai_ ; 1 quantify the cross-player influence of the opponent’s embedded neural
state on player i. Expanding (13) yields the individual player-level dynamics
Xp=A, X+ A X7, ie{12}. (15)
This formulation indicates that the embedded neural activity of each player is driven not only by
their own prior cognitive state but also by the opponent’s neural state via the shared environment and
the reciprocal structure of the task. The operator X; may therefore be viewed as an effective linearization
of the underlying nonlinear neuronal computations that incorporate both intra-brain processing and
inter-brain coupling. Such coupling is essential for defining the Neuronic Game: equilibrium must
be understood in the joint neural representation space, where each player’s neural trajectory is both
individually evolving and mutually dependent through shared stimuli and action-driven feedback.

4.3. The Neuronic Game

We now define the strategic interaction that takes place in the neural domain. At each time ¢,
the embedded neural state of the system is the pair (X}, X?), which evolves according to the coupled
dynamics (13). To evaluate the strategic significance of neural configurations, we introduce neuronic
utility functions U; : Xy x X3 — R, which quantify the cognitive desirability or strategic consistency of
neural state pairs. These utilities are grounded in empirical findings from neuroeconomics showing
that EEG activity reflects reward sensitivity, conflict monitoring, anticipation, and decision confidence.

The resulting construct is the Neuronic Game: a state-based game played over the neural rep-
resentation space A?l X /'?2, with utilities (L~11, L~Iz) and state transitions governed by the neural
dynamics (13). Behavioral actions executed through the BCI arise as downstream consequences of
these neuronic states.

4.3.1. Mapping From Latent Cognition to Neuronic Game

The overall transformation from latent cognitive state to neuronic state to action can be summa-
rized in Figure 3. This mapping makes explicit how the internal neurocognitive processes of each
player give rise to the neuronic states used in equilibrium analysis, and how those states ultimately
determine observable strategic behavior.

0

public
stimulus

4 Gi Xj
latent EEG
cognitive state signal

Figure 3. Mapping from latent cognitive dynamics to observable EEG signals, DMD-based neural embeddings,
and BCI-driven actions. The public stimulus 6; influences all stages of neural processing and induces correlation

Xi
DMD-based
embedding

Ili

t
BClI-derived
action

across players’ neurocognitive states.
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In this sense, the Neuronic Game provides the conceptual and mathematical bridge between
equilibrium behavior and equilibrium neural dynamics in EEG-driven strategic interaction.

4.3.2. Static and Dynamic Neuronic Games

The Neuronic Game formalizes strategic interaction in the neural domain by treating the em-
bedded neural states (X}, X?) as the effective state variables underlying behavior. We now introduce
both the static and dynamic formulations of this game, paralleling the distinction between static
normal-form 1 games and dynamic stochastic games at the behavioral level. At a fixed time ¢, the pair
(Xt, Xt) € Xl X Xz constitutes a point in the neural state space. The neural utilities l,I X1 X Xz — R
assign a valuation to such neural configurations, analogous to how u/(a',a?) assigns valuation to

behavioral action profiles.

Definition 4 (Static Neuronic Game). The Static Neuronic Game at time t is the tuple G, =
(X, X, u,, ﬁz), in which each player’s “strategy” is their instantaneous neural state Xi and payoffs are
given by U;.

Neural activity and the corresponding neural embeddings evolve in time according to the coupled
dynamics (13). This evolution is shaped by the shared visual stimulus, the opponent’s actions, and
intrinsic neural processes. To evaluate stability over the entire duration of the task, we treat the
sequence of neural embeddings as a trajectory.

Definition 5 (Dynamic Neuronic Game). The Dynamic Neuronic Game over horizon T is the tuple G .1 :=
(XY, {UYe,, {Zi},, T), in which each player’s “strategy” is their full neural tmjectory {XirL,,
state transitions follow the neural dynamics above, and cumulative utilities are given by Y. U;(X}, X?).

4.4. Equilibrium Concepts for the Neuronic Game

Given the static and dynamic formulations of the Neuronic Game, we now develop the corre-
sponding equilibrium concepts. These equilibria parallel classical behavioral notions but operate
directly in the neural representation space X; x Xj. Their purpose is to determine whether behavioral
stability, traditionally captured by Nash equilibrium, is accompanied by a stable configuration in the
neural states that generate behavior. This question resonates with long-standing themes in neuro-
science and neuroeconomics concerning the stability of value signals, conflict processing, predictive
coding, and neural correlates of decision policies [22,23,31-33].

4.4.1. Static Neuronic Nash Equilibrium

At any fixed time ¢, the embedded neural state ()Aftl, th) acts as a “neural strategy profile”. We
therefore define a neural analogue of the classical static Nash equilibrium.

Definition 6 (Static Neuronic Nash Equilibrium). A pair of neural states (X'*, X?*) € X} x X, is a Static
Neuronic Nash Equilibrium if, for each player i,

(X", X¥) > (X, X™)—¢e, VX' eAX. (16)

This equilibrium embodies a notion of neural-level local optimality: no player can improve their
instantaneous neural utility by making a unilateral small perturbation in their neural representation.

Static Neuronic Nash Equilibrium bridges neural processing and strategic behavior. It is motivated
by empirical findings that specific cortical patterns encode value, anticipation, and conflict [32,34]. If
behavior stabilizes at a Nash equilibrium, we ask whether the associated neural states, captured by the
DMD-based embeddings, also stabilize at a configuration consistent with stable value representation
and conflict resolution. This parallels central questions in neuroeconomics, where one seeks a mapping
between stable choice patterns and stable neural signatures [31].
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4.4.2. Dynamic Neuronic Nash Equilibrium

Because neural activity unfolds over time, stability of instantaneous neural states is insufficient.
A complete equilibrium concept must capture stability across entire neural trajectories. Neural
trajectories {)N(i}tT:O evolve according to the coupled dynamics (13), influenced jointly by the shared
visual stimulus, the opponent’s neural state, and the task structure. This is consistent with evidence
that neural valuation and cognitive control signals exhibit temporal dynamics shaped by sequential
decision contexts [33,35,36].

Definition 7 (Dynamic Neuronic Nash Equilibrium). Neural trajectories {X}* Y, {X?*}1_,, constitute
a Dynamic Neuronic Nash Equilibrium if, for each i,

T T .
Y WX, X)) > Y WX, X7™) —e, (17)
t=0 t=0

for all unilateral neural deviations {}A(i}tT:O obeying the dynamics (13).

4.5. Interpretation and Significance of Neuronic Equilibria

Dynamic Neuronic Nash Equilibrium formalizes when neural trajectories {Xg*}tTZO satisfy the
optimality condition in (17) while evolving according to the coupled neural dynamics (13). Crucially,
because each player’s neural state depends not only on their own past neural activity but also on their
opponent’s (via the shared stimulus and task structure), neuronic equilibrium characterizes a form of
neural interdependence that arises between physically separated individuals during strategic interaction.
This provides a mathematical foundation for analyzing coordinated or correlated neural activity across
interacting brains.

4.5.1. Neural Interdependence in Multi-Agent Systems

Although the two players are physically separated, the embedded neural states X} and X? evolve
jointly through the transition mappings in (13). Thus each brain’s dynamics contain the opponent’s
neural state as a functional argument. This reflects a phenomenon widely reported in hyperscanning
neuroscience: inter-brain coupling, where interacting participants exhibit coordinated neural oscillations,
correlated prediction errors, or synchronized decision signals. The neuronic equilibrium formalizes this
by characterizing when such coupled neural trajectories reach a stable, self-consistent configuration in
which neither brain can unilaterally alter its neural trajectory to improve its own neural utility.

4.5.2. Predictive Processing and Stability of Multi-Brain Models

Predictive processing theory posits that cortical systems minimize prediction error to maintain
stable internal models [37]. In a multi-agent setting, however, the prediction target is not just the
environment but also the opponent’s behavior and internal state. The equilibrium trajectory {X/*}
therefore represents a multi-brain predictive equilibrium: each brain’s internal model of the other
brain becomes self-consistent under the dynamics (13). This offers a principled formalization of how
predictive mechanisms extend beyond an individual brain to a joint predictive system spread across two
interacting agents.

4.5.3. Sequential Valuation, Joint Anticipation, and Evidence Integration

Neuroeconomic findings show that valuation, belief updating, and evidence accumulation unfold
through sequential update rules [33,38]. In strategic interaction, these updates depend critically on
expectations about the opponent. Because neural utilities U; depend jointly on (X}, X?), equilibrium
requires that each player’s valuation process stabilizes while taking the other player’s neural trajectory
as given. Dynamic neuronic equilibrium thus identifies stable patterns of joint valuation, where
interdependent neural signals encode consistent strategic expectations across the two brains.
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4.5.4. Conflict Monitoring and Interdependent Control Signals

The ACC and PFC encode conflict-monitoring and control signals that adjust behavior in anticipa-
tory fashion [32,36]. In a multi-agent game, these control signals become interdependent: each agent’s
cognitive control policies depend on predictions about the opponent’s neural and behavioral responses.
Equation (17) therefore characterizes when the joint system of neural control signals has reached a
fixed point, no brain can improve its long-run neural utility via a unilateral change in neural trajectory.
This offers a rigorous way to study inter-brain control equilibria, a concept of increasing interest in social
and interactive neuroscience.

5. Connection Between Behavioral and Neuronic Equilibria

The neuronic game and the behavioral (normal-form) game describe the same strategic interaction
in two different coordinate systems. The behavioral game lives in the space of mixed strategies
over actions; the neuronic game lives in the space of embedded EEG states that are decoded into
actions by the BCI. In this section we formalize the connection between behavioral equilibria and
neuronic equilibria.

5.1. Behavioral and Neuronic Spaces

Let G := ({1,2}, A1, Ay, U3, Uy) be the finite normal-form game induced by the BCI task, with
mixed strategies A(A;) and expected utilities U; : A(A1) x A(Az) — R. For each player i € {1,2}, the
neuronic state space is a low-dimensional embedding X; C R% obtained from the EEG time series via
DMD. The BCI decoding map ¥; : X; — A(A;) assigns to each neuronic state X; a mixed action ¥;(X;).
The image %; := Im(¥;) C A(A;) collects all mixed strategies that are actually implementable through
the neuronic manifold and the trained BCI.

Neuronic utilities U; : X; x X, — R are defined so as to preserve the underlying structure of the
behavioral game. This is captured by the following modeling assumption.

Assumption 1 (Utility compatibility). Forall (X1, X;) € Xy X Xp and all i € {1,2},
U; (X1, X2) = Ui (Y1(X4), ¥2(X2)). (18)

5.2. Connection of the Nash Equilibrium

The BCI induces a constrained behavioral game GBCl .— ({1,2},%4,%,, Uy, Up) in which players
are restricted to BCI-feasible strategies ;.

Theorem 1 (Static correspondence between behavioral and neuronic equilibria). Suppose Assumption 1
holds. Then:

(i)  (Neuronic NE = BCl-constrained NE). If (X}, X) is a static neuronic Nash equilibrium and o :=
¥, (X7) € %, then (07, 03) is a Nash equilibrium of the BCI-constrained game GBCL.

(ii)  (BCl-constrained NE = neuronic NE). Conversely, let (0},05) be a Nash equilibrium of GB! and
suppose that for each i the implementation set

&ilof) = {Xi € X : ¥i(X;) = 0}'}
is nonempty. Then any pair (X;,X3) € E1(07) x E2(03) is a static neuronic Nash equilibrium.

Proof. The argument is a direct formalization of the decomposability from Assumption 1.

(i) Neuronic NE = BCl-constrained NE. Fix a neuronic Nash equilibrium (X{ ,X3) and define o=
‘I’l(}?l* ) € %;. By neuronic optimality, for every player i and every neuronic deviation X; € X;,

(X7, X)) > Ui(X;, X5)).
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Using Assumption 1, this is equivalent to
U; (¥i(X7), ¥-i(X%5)) = Ui(Yi(Xi), Y-i(X7))),

that is,
Ui(ai*, O'ii) > lll-(ai,afz-) for all ; € ¥; with o; = Yz(iz)

Since X; = Im('¥;), this inequality holds for all feasible 0; € ¥;, so 0} is a best response to ¢*; in the
BCI-constrained game. As this is true for each player i, the profile (¢}, 07 ) is a Nash equilibrium
of GBCL,

(ii) BCI-constrained NE = neuronic NE. Conversely, let (0,05 ) be a Nash equilibrium of GB! and
assume that for each i there exists at least one implementing neuronic state )~(Z* € &i(o}) with ¥ ( )N(I* ) =
0. Take any such pair (X}, X3).

Because (07,073 ) is a Nash equilibrium in GBC for every 0; € %,

U(of,c*;) > U(o;,0";).

For any neuronic deviation X; € X; we have 0; = ¥;(X;) € ¥;, and Assumption 1 gives

Ui(XF, X2) = Uilo7, o) > Ui(Yi(X),0%5) = Ui(X;, X5)).
Thus no player can profitably deviate in neuronic space from X} given X* ;, so (X}, X3) is a static
neuronic Nash equilibrium.

This establishes the two directions claimed in the Interpretation paragraph: under the decom-
posability U; = U; o (¥1,¥2), every neuronic equilibrium induces a BCI-constrained behavioral
equilibrium, and every such behavioral equilibrium can be lifted to a neuronic equilibrium whenever
an implementing neuronic state exists. [

6. Network Representation and DMD-Based Neural Analysis

The DMD-based embedding introduced in Section 4.2.1 provides a low-dimensional dynamical
model of the EEG signals for each player. Because DMD yields a linear approximation of the form

Xt~ A'XE (19)

the matrix A’ encodes directed influence relationships between EEG channels. This section formalizes
how we convert these linear operators into directed neural networks, and how we analyze the DMD
modes to detect systematic neural differences across behavioral outcomes. The resulting methodology
ensures that the EEG-derived neural state space used in the Neuronic Game preserves behaviorally
meaningful cognitive structure.

6.1. Network Representation via Thresholded DMD Operators

For each player i, the DMD matrix A’ € R?*? summarizes the one-step linearized influence
of EEG channel n on channel m. To construct a network representation, we first collect the set of
magnitudes |Al,, | and compute their empirical 0.9-quantile, denoted 7. A directed edge n — m is
included in the graph if |Al,,| > 7'. Thus the edge set is

E'={(n—m):|AL,| >} (20)

The node set V/ = {1,...,d} corresponds to EEG electrodes. This quantile-based thresholding is scale-
invariant and highlights the most influential neural connections without requiring arbitrary tuning.
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To visualize cross-player cognitive structure, we unify the graphs G! = (V!, E!) and G? = (V?,E?)
into a combined representation G = G! U G?, where each node is colored by the magnitude of its
outgoing influence,

a'(m) = || A [l2- (21)

Figure 4 shows a representative example. Dominant intra-brain and cross-player patterns reveal that
although subjects are physically separated, their neural responses evolve in structurally correlated
manners due to the shared environment and reciprocal decisions. This cross-brain structural similarity
is consistent with empirical findings in hyperscanning studies of joint decision making.

Figure 4. Directed neural network extracted from thresholded DMD matrices. Nodes are EEG channels for
Players 1 and 2; edges represent the strongest inferred dynamical influences. Color intensity reflects outgoing
influence magnitude a’(m).

6.2. Analysis of DMD Modes
Each DMD mode ¢} is an eigenvector of A’ satisfying

A'fk = A (22)
where /\}; encodes the temporal frequency and stability of that mode. For each action class, center
versus swerve, we obtain sets of modes M, ... and M ..o Let

@éenter = # Z ¢, (23)

1 .
|Mcenter| PEM enter

denote the center-mode mean. For any mode ¢, we define the Euclidean deviation

d((P/ @éenter) = H‘P - ‘i_)éenter ”2 (24)

Across trials, the averages are
deenter = 7.048 x 107, dowerve = 8.340 x 107*. (25)

A two-tailed t-test comparing these distributions yields p = 0.0467 < 0.05, indicating a statistically
significant separation between the action-conditioned DMD modes.
For each mode ([7};, the normalized energy contribution in the beta band (12-35 Hz) is

i2
- H(PkHizZ' (26)
X llgjll2
Aggregated energies across trials reveal consistent differences between center and swerve actions
across many modes in the beta range. Figure 5 displays these aggregated energies. The differences
are not due to any single dominating component, but arise from distributed shifts in the neural
representation space.
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Figure 5. Average DMD mode energies in the beta band for Player 1. Top: center-action trials. Bottom: swerve-
action trials. Color intensity indicates normalized energy contribution E,ic. Distributed differences across modes
indicate action-dependent neural structure.

6.3. Methodological Significance

The statistical separation of center- and swerve-induced DMD modes demonstrates that the
DMD embedding preserves behaviorally relevant neural information. Thus the embedded states X!
derived from these modes provide a meaningful cognitive representation for the Neuronic Game.
The associated directed networks G’ justify interpreting interactions between EEG components, and
indirectly, between players’ neural systems, as part of the equilibrium structure.

Consequently, the DMD representation supports the analysis of both Static and Dynamic Neuronic
Nash Equilibria by ensuring that the neural state space X; x X, captures the cognitive interdependence
required for multi-agent neural equilibrium analysis.

7. Results and Discussion

In this section, we demonstrate that the EEG-derived neural representations introduced earlier
contain reliable and behaviorally meaningful structure. Our analysis proceeds along two comple-
mentary avenues: the spectral-dynamical structure encoded in the DMD modes, and the structural
connectivity revealed by the network representations extracted from the DMD operators. Together,
these analyses provide empirical justification for the use of the embedded neural states X! as the
state space of the Neuronic Game, and they establish that equilibrium concepts defined in this space
correspond to observable patterns in the neural data.

7.1. Analysis of DMD Modes

The DMD embedding for player i arises from the least-squares approximation X! & AiXi,
where the eigenvectors of A’ form the DMD modes ¢;. Each mode captures a coherent spatiotemporal
pattern of neural activity associated with a characteristic frequency and growth rate. Accordingly, the
set of modes from a trial may be interpreted as the coordinates of the neuronic state X! used in the
neural-level game.

To quantify the behavioral relevance of these representations, we compare the DMD modes gener-
ated during trials in which a player executed the center action versus those in which the player swerved.
Let M center and Msyerve be the respective sets of mode vectors, and define the mean center-action
mode by (23). For each mode ¢ in either class, consider the Euclidean deviation d(¢) = ||¢ — Peenter||2-

Across trials, the mean deviations satisfy

deenter = 7.048 x 1074, dewerve = 8.340 x 1074,
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A two-tailed Student’s ¢-test comparing these distributions yields p = 0.0467 < 0.05, thus rejecting
the null hypothesis that the two sets of modes arise from the same distribution. A comparison of
normalized mode energies in the beta range (12-35 Hz), displayed in Figure 5, further shows that the
differences between the two action classes are not attributable to a single dominant mode, but rather
emerge from coordinated variation across multiple components of the neural representation.

These results have direct theoretical significance for the neuronic game framework. The statistical
separation between the two classes of DMD modes demonstrates that the embedded neural states X;
encode behaviorally relevant features. In particular, the mapping

(X}, X}) > (af, af)

supported by the BCI interface is non-degenerate in the sense that distinct regions of the neuronic
representation space correspond to distinct behavioral outcomes. This justifies the interpretation of
X! as the effective cognitive state of player i and confirms that equilibrium concepts defined over the
neuronic state space are grounded in empirically detectable neural structure.

7.1.1. Network Representations From DMD Operators

The DMD operator A’ for each player also provides a structural view of inferred neural interac-
tions. Since the entry A’,,, quantifies the linearized influence of channel n on channel 1, the matrix
Al encodes a directed interaction graph. To extract the most influential connections, we compute
the 0.9-quantile of the magnitudes | Al,, |, denoted 7/, and declare a directed edge n — m whenever
|Ai,,| > T'. The resulting graph G' = (V/, E'), with V' equal to the electrode indices, yields a directed
network representation of the neural interactions for player i.

An example of the combined graphs for both players appears in Figure 4. Despite participants
being physically separated, the derived networks exhibit consistent structural patterns associated
with the shared visual stimulus 6; and the interactive nature of the task. This observation aligns with
empirical evidence from hyperscanning experiments showing that synchronized task engagement
induces cross-brain correlations in neural dynamics, providing further support for the neuronic
interdependence modeled in our dynamic equilibrium framework.

The structural analysis also suggests a route toward identifying equilibrium signals directly in the
neural domain. If a network statistic S(G') converges across trials conditioned on a given behavioral
outcome, such a statistic could serve as a neural marker of equilibrium behavior. Possible candidates
include network density, clustering structure, graph transitivity, or spectral characteristics of the
adjacency matrix. The existence of such neural markers would imply that behavioral equilibrium can
be detected, and perhaps predicted, through stable patterns of neural connectivity alone, providing a
bridge between equilibrium theory and neural measurement.

7.1.2. Theoretical Implications

The combined dynamical and structural analyses confirm that the embedded neural states X! € X;
carry rich and reliable information about players’ strategic behavior. This provides empirical validation
for the Neuronic Game model and for the Static and Dynamic Neuronic Nash Equilibria developed ear-
lier. In particular, the results show that neural interdependence, mediated by the shared environment
and expressed through DMD dynamics and connectivity patterns, is a measurable and functionally
significant aspect of interactive decision making. Neuronic equilibrium thus captures not only stability
of behavior but also stability of the underlying neural processes through which agents respond to one
another across time.

8. Conclusions

This work introduced the Neuronic Nash Equilibrium, a new equilibrium concept defined directly
in the EEG-derived neural representation space. By integrating Dynamic Mode Decomposition
(DMD), network extraction, and game-theoretic analysis, we provided a principled framework for
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linking strategic behavior with the underlying neurocognitive dynamics that generate it. Applying
the framework to a modified version of the classical game of chicken, we demonstrated that EEG
embeddings exhibit statistically significant differences across strategic actions and that the resulting
neural state representations preserve behaviorally relevant structure. These findings validate the
feasibility of defining equilibrium reasoning not only in action space but also in neural space, revealing
how cognitively stable patterns correspond to strategically stable outcomes.

The neuronic equilibrium framework opens several promising directions for future research.
One avenue is to apply the method to additional classes of games, such as coordination games,
bargaining problems, or iterated social dilemmas. Doing so would allow systematic investigation
of how neural equilibria vary across strategic contexts and would provide new insights into human
bounded rationality. Another direction concerns neuronic nudging control: since neuronic equilibrium is
governed by the neural dynamics estimated from EEG, one may design exogenous signals or stimuli
that shift the neural trajectory toward more desirable cognitive states. Such nudging mechanisms
could help characterize the controllability of human neural decision systems and illuminate how
external interventions shape cognitive biases and strategic reasoning.

A further extension involves integrating large language models (LLMs) into the game. In a Neu-
ronic—-LLM Equilibrium, a human player governed by neuronic dynamics interacts with an LLM-based
agent whose strategy arises from its internal representation space. This hybrid setting would enable the
study of cross-modal equilibria, comparing biological neural computation with artificial representation
learning. Such analysis may deepen our understanding of how cognitive and algorithmic agents
coordinate, compete, and adapt, and may yield foundational insights for human—AI interaction and
collaborative decision systems.

This work provides a new bridge between neuroscience, game theory, and artificial intelligence.
It offers a structured path toward understanding strategic behavior through its neural foundations,
while enabling the design of cognitive interventions and mixed human—AlI decision architectures. As
EEG-based and Al-based systems continue to develop, the neuronic equilibrium framework provides
a powerful conceptual and computational tool for analyzing multi-agent behavior across biological
and artificial domains.
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Abbreviations

The following abbreviations are used in this manuscript:

EEG  Electroencephalography

BCI Brain-Computer Interface
DMD  Dynamic Mode Decomposition
DCE  Dynamic Correlated Equilibrium
NNE  Neuronic Nash Equilibrium
NE Nash Equilibrium

CE Correlated Equilibrium

SNG  Static Neuronic Game

DNG Dynamic Neuronic Game

PDF  Probability Density Function
SNR  Signal-to-Noise Ratio
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