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Abstract

A hypergraph replaces ordinary edges by hyperedges, where each hyperedge may connect an arbitrary
nonempty subset of the vertex set, thus encoding higher-order relations directly. Beyond this, a super-
hypergraph introduces explicit nesting by iterating the powerset operation; this produces multi-level
collections of vertex-sets and edge-sets and thereby allows one to represent hierarchical groupings and
multi-layer connectivity within a single combinatorial object. This paper extends several fundamen-
tal frameworks-including GCN, GraphRAG, causal graphs, graph embedding, graph-based natural
language processing, and graph generation-by incorporating the SuperHyperGraph viewpoint.

Keywords: SuperHyperGraph; HyperGraph; GCN; GraphRAG; causal graphs; graph embedding

1. Introduction
1.1. Graph, Hypergraph, and Superhypergraph Theory

Graph theory offers a rigorous framework for analyzing discrete relational systems: a set of
vertices is connected by edges, and the resulting structure naturally captures pairwise interactions [1,2].
Owing to the clarity and flexibility of this abstraction, graphs have become standard models in
many disciplines, including data mining, algorithm design, artificial intelligence, neural computation,
quantum information, and chemistry (see, e.g., [3,4]). However, requiring every edge to link exactly two
vertices may be inadequate when the underlying phenomenon involves genuine multiway relations
or layered (hierarchical) organization. This motivates the parallel development of hypergraph and
superhypergraph theories, which enlarge the classical setting in complementary directions.

A hypergraph replaces ordinary edges by hyperedges, where each hyperedge may connect an
arbitrary nonempty subset of the vertex set, thus encoding higher-order relations directly [5-7]. As
a strict generalization of graphs, hypergraph theory has grown into a mature area with substantial
structural and algorithmic results and with a wide range of applications (see, e.g., [8-10]). Beyond
this, a superhypergraph introduces explicit nesting by iterating the powerset operation; this produces
multi-level collections of vertex-sets and edge-sets and thereby allows one to represent hierarchical
groupings and multi-layer connectivity within a single combinatorial object [11-15]. Accordingly,
superhypergraphs extend hypergraphs and are particularly suitable for modeling complex systems
with several interacting layers [16-18].

Table 1 highlights the principal differences among graphs, hypergraphs, and superhypergraphs.
Throughout, n denotes a finite positive integer. We also emphasize that extensive algorithmic literature
exists for these models, ranging from classical graph algorithms to modern extensions and adaptations
(see, e.g., [19,20]).
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Table 1. Comparison of Graph, Hypergraph, and Superhypergraph.

Concept Notation Edge Type How it extends the model
Uses pairwise edges; each edge
= -
Graph G=(V.E) Ec{{uo}uveVv, uso} joins exactly two distinct vertices.
Uses hyperedges; each hyperedge
Hypergraph H=(V,E) ECPS(V)\{o} may join any nonempty subset of

vertices.

Introduces nested objects via an
n-fold iterated powerset, enabling
hierarchical (multi-level)
connectivity.

Superhypergraph  SHG = (V;, V, E) V CPS(Vy), E C PS(V)

(Here PS(V) denotes the powerset of V, i.e., the set of all subsets of V. The iterated powerset PS" (V) is defined recursively by
PSH(V) = PS(V) and PSK1(V) = PS(PSK(V)) for k > 1.)

Note that graphs, hypergraphs, and superhypergraphs admit natural directed counterparts—
Directed Graphs [21,22], Directed HyperGraphs [23,24], and Directed SuperHyperGraphs [25]—and
these directed models can be further extended to bidirected versions, namely Bidirected Graphs [26-28],
Bidirected HyperGraphs [22], and Bidirected SuperHyperGraphs [22]. Such directed and bidirected
variants enrich the theory by explicitly incorporating orientation information into the underlying
combinatorial structures.

1.2. HyperGraph and SuperHyperGraph for Artificial Intelligence

It is needless to say that research in machine learning and artificial intelligence has become
extremely active in recent years and now plays a very significant role in modern society. Graph,
HyperGraph, and SuperHyperGraph are also used in the field of Artificial Intelligence. Examples of
related concepts are presented in Table 2.

Table 2. Parallel terminology list: Graph vs. HyperGraph vs. SuperHyperGraph.

Category Graph HyperGraph SuperHyperGraph
Structure Graph [1] HyperGraph [29] [S%pze;flyper(}raph
HGNN (HyperGraph SHGNN
Neural-network family gﬁljvo(il‘)aph Neural Neural Network) (SuperHyperGraph
[5,30-32] Neural Network) [33]
Directed GNN (DGNN);  Directed HyperGraph Directed
. . . . SuperHyperGraph
Directed / multi-edge MultiGraph Neural Neural Network[37-39]; .
. . Neural Network; Multi-
variants (neural) Network (MGNN) MultiHyperGraph
[34-36] Neural Network[40] SuperHyperGraph
Neural Network[40]
. . - Probabilistic Probabilistic
Uncertainty modeling Probabilistic Graph [41] HyperGraph [42,43] SuperHyperGraph [43]
. Directed Acyclic Graph ~ Directed Acyclic Directed Acyclic
DAG modeling [44,45] HyperGraph [46] SuperHyperGraph [46]
Molecular HyperGraph Molecular
Molecular modeling Molecular Graph [47,48] yp p SuperHyperGraph
[49,50]
[51,52]
. . SuperHyperGraph
Attention models Graph Attention HyperGraph Attention Attention Network

Network (GAT) [53,54]

Network (HGAT) [55,56]

(SHGAT) [57]

RAG
(retrieval-augmented GraphRAG [58,59] HyperGraphRAG [60] SuperHyperGraphRAG
generation)
. . . HyperGraph Embedding  SuperHyperGraph
Representation learning ~ Graph Embedding [61] [61,62] Embedding
Generative modeling Graph Generation [63,64] HyperGraph Generation SuperHyperGraph
[65] Generation
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Table 2. Cont.
Category Graph HyperGraph SuperHyperGraph
. Graph Convolutional HyperGrz.iph SuperHy}?erGraph
Convolutional models Network (GCN) [66-68] Convolutional Network ~ Convolutional Network
etwo (HGCN) [69-71] (SHGCN)
. . Dynamic HyperGraph Dynamic
Dynamics (temporal) Dynamic Graph [72,73] [74-76] SuperHyperGraph [77]
Uncertain (Fuzzy/ . .
. . . . Uncertain HyperGraph Uncertain
I[\; gl]ltI'OSOphIC /Plithogenic) Uncertain Graph [79,80] [81] SuperHyperGraph [15]
. . . Weighted HyperGraph Weighted
Weights / attributes Weighted Graph [82,83] [70,84] SuperHyperGraph [85]

1.3. Our Contributions

From the above discussion, research based on SuperHyperGraphs is important and is expected to
play a major role in fields such as Al. Accordingly, this paper extends several fundamental frameworks-
including GCN, GraphRAG, causal graphs, graph embedding, graph-based natural kanguage process-
ing and graph generation-by incorporating the SuperHyperGraph viewpoint. Some of these parallel
notions are summarized in Table 2.

2. Preliminaries

This section introduces the notation and basic terminology used in the sequel. Unless explicitly
stated otherwise, all graphs and hypergraphs in this paper are assumed to be finite.

2.1. SuperHyperGraphs

A hypergraph generalizes an ordinary graph by allowing an edge to connect any nonempty subset
of the vertex set. Hence, hypergraphs provide a direct language for modeling multiway interactions
[5,6,86,87]. By iterating the powerset operation one step further, one obtains nested (higher-order)
vertex objects and, consequently, a finite SuperHyperGraph whose vertices and edges may themselves
be set-valued at multiple levels [16,18,40,88]. Such hierarchical representations are useful, for instance,
in molecular design, complex-network analysis, and related applications [57,89,90]. Throughout, the
index 1 in PS,,(-) and in an n-SuperHyperGraph is always taken to be a nonnegative integer.

Definition 1 (Base set). A base set S is the underlying universe of discourse:
S = { x| x is an admissible object in the context under consideration }.
All sets appearing in PS(S) and in the iterated powersets PS,, (S) are ultimately built from elements of S.
Definition 2 (Powerset). (see [91-93]) For a set S, the powerset of S is
PS(S) = {A|ACS}.
In particular, @ € PS(S) and S € PS(S).

Definition 3 (Hypergraph). [29,94] A hypergraph is a pair H = (V, E) such that:

. V is a finite set (the vertices), and
*  Eisafinite family of nonempty subsets of V (the hyperedges).

Thus, a hyperedge may involve more than two vertices, capturing genuinely multiway relations.
Definition 4 (n-th powerset). [95,96] Let X be a set. Define PS1(X) := PS(X) and, for every n > 1,

PS,1(X) = PS(PS,(X)).
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When it is convenient to exclude the empty set, we write
PS;(X) = PS,(X)\ {@}.
Definition 5 (n-SuperHyperGraph). (see [15,97]) Let Vy be a finite, nonempty base set. Define
P’ (Vo) := Vo,  PS*(Vp) :=PS(PSK(Vp)) (k € N).
For n > 0, an n-SuperHyperGraph on V; is a pair
SHG™ = (V, E)

satisfying
V CPS™(Vp) and E CPS(V)\{D}.

Elements of V are called n-supervertices, and elements of E are called n-superedges (i.e., each n-superedge is
a nonempty subset of V).

3. Review: SuperHyperGraph Neural Network

A HyperGraph Neural Network learns node representations by aggregating features through
hyperedges, capturing higher-order interactions among multiple vertices for prediction tasks [5]. A
SuperHyperGraph Neural Network learns base-vertex representations by aggregating through nested
hyperedges, capturing hierarchical hyperedge-of-hyperedge interactions for complex reasoning tasks
[33].

Definition 6 (HyperGraph Neural Network (HGNN)). [5] Let G = (V,E, W) be a finite undirected
hypergraph, where

V={vy,...,on}, E={e,.-.,em}, W = diag(wy, ..., wn),
with w; > 0 the (hyperedge) weight of e;. Let X € R"*? pe the input feature matrix whose i-th row x; € RY is

the feature vector of vertex v;.
Define the incidence matrix H € {0,1}"*™ by

1, v; € e,
Hij = )
0, otherwise.

Define the diagonal degree matrices Dy € R™*" and Dp € R™*™ by
m n

(Dv)i = 21 Hijwj,  (Dg)jj = 21 Hj;.
= i=

Let ® € RY*C be a learnable weight matrix and let () be a nonlinearity (e.g., ReLU). A single HGNN
convolutional layer is the map

_1 _1
HGNNp : R — R" ¢, Y = HGNNg(X) := a(sz HWD;'H'D,? X@).
By stacking L layers, one obtains embeddings X\©) = X and

_1 -3
x(+1) = a(DVZ HWD;'H' D2 X1 ®([)>, t=01,...,L -1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Definition 7 (n-SuperHyperGraph Neural Network (7-SHGNN)). Let H") = (V") EM) be an n-
SuperHyperGraph over a finite base vertex set Vj (so the ultimate objects of interest are the base vertices in V).
Define the expanded hypergraph H' = (Vy, E') by declaring that a subset ¢’ C Vy belongs to E if and only if
there exists a superhyperedge e € E™) such that

(Here each v € e is treated as a subset of V via the natural “flattening/union” operation.)
Let X € RIV0IX4 pe the input feature matrix whose i-th row x; € RY is the feature vector of base vertex
v; € Vo. Let E' = {e},... e, } and define the incidence matrix H' € {0, 1}Volxm” by

H — 1, U; € €],-,
ij — .
0, otherwise.

Let w(e;) > 0 be a learnable weight for ¢}, and set
W = diag(w(e}),...,w(e,)) € R" ™.

Define diagonal degree matrices Dy € RIVOI*IVol and Dy € R™ > py

m’ Vol
(Dv)ii = ;Hz{jw(e;‘)r (Dg)jj = ;Hz{j-
= i=

Let © € RY*€ be learnable and let o (-) be a nonlinearity. A single n-SHGNN convolutional layer is the map
VoI xd % —5 1T 2
n-SHGNNp : RIV0Ixd  RIVolx¢ vy — n SHGNNg(X) := 0<DV2 H'WD;'H'' D> X@),

where Y € RIVoIX is the updated base-vertex feature matrix.

4. Review and Results: HyperGraphRAG and SuperHyperGraphRAG

We examine HyperGraphRAG and SuperHyperGraphRAG. Retrieval-augmented generation
combines external knowledge retrieval with neural text generation, grounding model outputs in rele-
vant, up-to-date context for accurate responses[98-101]. GraphRAG is retrieval-augmented generation
using a graph linking context chunks or entities; retrieval seeds similar nodes, expands along edges to
gather connected evidence, serializes the subgraph, then an LLM generates answers [58,59,102-104].

Definition 8 (GraphRAG: graph-based retrieval-augmented generation). Let D be a finite corpus and let
C ={cy,...,cN} bea finite set of atomic contexts (e.g., chunks, passages, tables, fiqure captions) extracted
from D. Let Q be a set of queries.

A GraphRAG system is a tuple

GRAG = (C, ®, G, Scorey, Expand, Select, Serialize, /\/l),

where:

(i) ®:CUQ — R is an embedding map.

(ii) G = (V,E) is a finite graph whose vertex set V indexes retrievable units (e.g., V. =C,or V=CUE
with entities £). Each edge {u,v} € E encodes a binary relation between u and v (e.g., co-mention,
hyperlink, citation, temporal adjacency, or a knowledge-graph triple).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(ii) Scorey : V x Q — Ris a vertex scoring function; a typical choice is
(@(0), 2(q))
Scorey (v;g) = veV,ge Q),
D= ool -] 019
with the convention that ®(v) means the embedding of the context (or entity) represented by v.
(iv) Expand : P(V) x Q — P (V) is an expansion operator that enlarges a seed set of vertices using the

graph structure (e.g., k-hop neighborhood, weighted random walk, or personalized PageRank).
(v) Select : P(V) x Q — P(V) is a selection operator producing the final vertex set to be used as
evidence.
(vi) Serialize : (G, S) > a finite text string converts a vertex-induced subgraph G[S] (and optionally edge
labels) into an LLM-readable context (e.g., ordered passages, entity summaries, relation triples).
(vii) M is a conditional generator (LLM) that maps (q, context) to an answer.
Given q € Q, GraphRAG computes:
(1)  Seeding: choose So(q) C V (e.g., top-k vertices by Scorey (-;q)).
(b)  Graph expansion: set S1(q) = Expand(So(q); 7).
(c) Final selection: set S(g) = Select(S1(q); ).
(d)  Generation: output
GRAG(g) = M(qg,Serialize(G, S(q))).

Remark 1 (How GraphRAG differs from classical RAG). Classical RAG typically retrieves a set of contexts
by similarity alone. GraphRAG additionally uses E to expand and organize evidence, so that retrieved contexts
are not only similar to q, but also structurally connected via relations encoded in G.

HyperGraphRAG is retrieval-augmented generation using a hypergraph, where vertices are con-
text chunks and hyperedges encode multiway relations; retrieval expands through relevant hyperedges,
selects evidence, then an LLM generates grounded answers [60].

Definition 9 (HyperGraphRAG: hypergraph-based retrieval-augmented generation). [60]Let D,C, Q, P
be as in Definition 8. A HyperGraphRAG system is a tuple

HGRAG = (C, ®, H, Scorey, Scoreg, Expandy;, Selecty, Serialize, ./\/l),

where:

(i) H = (V,&) is a hypergraph (Definition 3) whose vertices V index retrievable units, and whose
hyperedges € C P (V) \ {@} encode multiway relations. A hyperedge e = {vy,...,vm} € €
represents that vy, ..., vy, participate in a shared interaction (e.g., same event, same topic, same table
row, same co-author group, or the same multi-entity mention).

(ii) Scorey : V x Q — Ris a vertex scoring function (e.g., cosine similarity as in Definition 8).

(iii) Scorer : £ x Q — Ris a hyperedge scoring function; one concrete choice is

Scoreg(e;q) = Agg({Scorey (v;q) | v € e}),

where Agg is a fixed aggregator such as max, mean, or a softmax-weighted mean.
(iv) Expandy; : P(V) x @ — P(V) is a hypergraph expansion operator. A canonical expansion is:

Expand(S;q) = S U U{e €& ‘ eNS # @ and Scoreg(e;q) > T(q)},

for some threshold T(q) € R (possibly query-dependent).

(v) Selecty : P(V) x Q — P(V) selects the final evidence vertices.

(vi) Serialize serializes the induced subhypergraph H[S] (optionally including hyperedge descriptions)
into a finite text context.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(vii) M is an LLM used for generation, as before.
Given q € Q, HyperGraphRAG computes:

(a)  Seeding: choose So(q) C V (e.g., top-k by Scorey (-;q)).
(h)  Hyperedge-aware expansion: set S1(q) = Expand;(So(4);q).
(c)  Final selection: set S(q) = Selecty(S1(9); q).
(d)  Generation: output
HGRAG(q) = M(q, Serializey(H, S(q))).

Proposition 1 (GraphRAG is a special case of HyperGraphRAG). Assume that every hyperedge of
H=(V,E) has size 2, i.e.,
Vee &, |el=2.

Define the graph G = (V,E) by
E={{uv} CV|{uv}ecl}

Then any HyperGraphRAG instance on H induces a GraphRAG instance on G that yields the same expanded
vertex sets, provided Expand uses the same threshold rule via Scoreg ({u,v}; q) and neighborhood expansion.

Proof. If [e| = 2 for all e € &, then each hyperedge is of the form e = {u, v} with u,v € V,so £ isin
bijection with the edge set E of a simple graph G = (V, E) defined above. For any seed set S C V,

{ec€lens#0} = J{{uwv} €cE|{uv}nS#0},

which is exactly the one-step graph-neighborhood expansion (up to the same score/threshold filter
applied to edges). Therefore the expanded vertex sets coincide, and hence the selected substructures
and serialized contexts can be chosen identical. [

SuperHyperGraphRAG is retrieval-augmented generation over an n-superhypergraph whose
supervertices are nested context-sets, expanded via superedges; it generalizes GraphRAG and Hyper-
GraphRAG by enabling hierarchical multiway retrieval and structured evidence serialization. As a
reference, the comparison of GraphRAG, HyperGraphRAG, and SuperHyperGraphRAG is presented
in Table 3.

Table 3. Concise comparison of GraphRAG, HyperGraphRAG, and SuperHyperGraphRAG.

What the structure

Concept Index structure Unit of retrieval
helps capture
Pairwise relations
Relevant subgraph (who-relates-to-
GraphRAG Graph G = (V,E) (nodes/edges) around whom), paths,
the query entities neighborhoods, and
evidence chains
Relevant Higher-order relations
sub-hypergraph among multiple
HyperGraphRAG Hypergraph (vertices and entities at once (group
H=(V,¢) h
yperedges matched  facts, co-occurrence,
to the query) multi-actor events)
Multi-level
Relevant nested higher-order structure
Superhvpereraph with substructure (hierarchical
SuperHyperGraphRAG periypergraph (hyperedges and groupings, topic —
nested hyperrelations h . .
yperedges-of- claim — evidence
hyperedges) layers, nested
interactions)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Definition 10 (Iterated powerset and flattening). Let Vj be a finite nonempty base set of atomic contexts
(chunks, passages, entity cards, etc.). Define PS°(Vy) := Vy and PS"1(Vy) := PS(PS"(V})) for n > 0.
For each n > 0, define a map

Flat, : PS"(Vp) \ {@} — PS(Vp) \ {@}
recursively by

Flaty(x) := {x} (x€Vp),  Flat,1(X):= |J Flat,(Y) (X €PS""(Vp)\{2}).
YeX

Thus, each n-level object v € PS" (Vy) is a nested set of depth n, and Flat, (v) C V) is the set of atomic contexts
contained in v after unnesting.

Remark 2 (Where the SuperHyperGraph idea enters). In SuperHyperGraphRAG, retrievable units are
allowed to be supervertices v € PS"(Vy), so a single retrieved unit can represent a multi-level group of atomic
contexts. Edges then connect these supervertices, enabling retrieval over nested (iterated-powerset) structures
rather than only flat units.

Definition 11 (SuperHyperGraphRAG). Fix a finite set Vyy of atomic contexts and a set Q of queries. Fix an
integer n > 0. Let SHG™ = (V,E ) be an n—-SuperHyperGraph on V; in the sense of Definition 5, and assume
V CPS*(Vp) \ {2}

A SuperHyperGraphRAG system of depth n is a tuple

SHGRAG™ = (Vo, Q, @y, SHG™, Scorey, Score, Expand,, Select,, Serialize,, M),

where:

(i) @) : Vo U Q — R? is an embedding map on atomic contexts and queries.
(ii) M is a conditional generator (LLM) that maps a pair (q, context) to an output string.
(iii) The induced embedding of a supervertex v € V. C PS"(V}) is defined by the explicit average

1

D) = = Y, Do(x)€ R,

| Flaty (0)] x€Flat, (v)
where Flaty, is from Definition 10.
(iv) The vertex score is the cosine similarity
(P(v), Po(q))
Scorey (v;g) := veV,ge Q),
VD ] eoq] © 1€

assuming ®(v) # 0and y(q) # 0.
(v) The superedge score uses a fixed aggregator Agg (already declared in the preamble):

Scoreg(¢;q) := Agg({Scorey(v;q) |ve€e}) (e€E, g€ Q).
(vi) The expansion operator is
Expand,,(S;q) :=S U U{e €E ) eNS # @ and Scoreg(e;q) > T(q)},

for a threshold function T : Q — R.

(vii)  The selection operator Select,, : PS(V) x Q — PS(V) returns the final evidence set.

(viii)  The serialization operator Serialize, converts the induced sub-superhypergraph SHG™ [S] (with
optional labels and summaries) into a finite text string.
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Given q € Q, the SuperHyperGraphRAG answer is computed by:

(a)  Seed So(q) C V (e.g., top-k supervertices by Scorey (+;q)).
(b)  Expand for T € N steps:

St+1(q) := Expand,,(S¢(q);9) (t=0,1,...,T—1).

(c) Select S(q) := Select, (S1(9);9)-
(d) Generate

SHGRAG™ (g) := M(q, Serialize, (SHG™, 5(g))).

Theorem 1 (HyperGraphRAG is a special case of SuperHyperGraphRAG). Let H = (V,E€) be a
hypergraph with V. = Vy (atomic contexts as vertices). Fix any HyperGraphRAG instance on H whose
expansion rule is

Expand(S;q) = S UU{e €& ‘ eNS # @ and Scoreg(e;q) > T(q)}.

Define an 0-SuperHyperGraph SHG®) = (V', E') by
V=1V, E:=E€.
Then the depth-0 SuperHyperGraphRAG system SHGRAG? built on SHG?), with the same
Dy, Agg, T, Select, Serialize, M

, produces exactly the same expanded sets and the same final generated output as the given HyperGraphRAG
system, for every query q € Q and every stept € {0,...,T}.

Proof. Since n = 0, we have PS’(Vj) = Vp, hence V' = Vy € PS°(V;). For any v € V/, Definition 10
gives Flaty(v) = {v}. Therefore the induced supervertex embedding in Definition 11 satisfies

1
= P~ 20 = oy

x€Flaty(v)

®(v)

Y. Po(x) =1-Do(v) = Dy(0).
xe{v}

Hence forallv € V' and g € Q,

(@), @) (®y(0),Do(9))
[ - T@o()] ~ T@a(o)ll- [@o(q)]’

which is exactly the vertex scoring used by the HyperGraphRAG instance (under the shared choice of

Scorey (v;9)

cosine scoring).
Now E’' = &, and for every hyperedge e € £ we also have e € E’ and the same aggregator Agg,
so the edge scores coincide:

Score?C (e;q) = Agg({Scorey (v;q) | v € e}) = ScoreH (e; 7).
Consequently, forany S C V' = Vandany g € Q,

Expand,(S;q) = SU U{ ecE

eNS #@ and Score?C(e;q) > T(q)}
=Su eef | eNS #Q and Scoref (e;q) > T
£\€4q q

= Expand;(S;9).
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By induction on ¢, starting from the same seed Sy(g), we obtain S?HS(q) = SH(q) for all t < T. Since
Select, Serialize, and M are assumed identical, the final output strings are identical as well. [

Theorem 2 (GraphRAG is a special case of SuperHyperGraphRAG). Let G = (V, Eg) be a (finite,
undirected) graph on atomic contexts V.= Vjy. Assume a GraphRAG instance whose expansion is realized by
iterating one-step neighbor expansion T times, i.e.,

Ng(S):=SuU{ueV|3veS: {uv}ekEs} St+1(q) == Ng(St(q)).
Define a depth-0 superhypergraph SHG®) = (V/, E') by
V=V,  E:={{uv} CVy|{uv}ekEs}.

Assume further that the SuperHyperGraphRAG expansion Expand,, uses T(q) = —oo (no threshold filtering),
so that every incident edge expands the set. Then, for every query q € Q and every t € {0,...,T}, the
SuperHyperGraphRAG iterates satisfy

SHC(q) = SF(q),

and hence the induced evidence substructures (and outputs, if Select, Serialize, M coincide) match the
GraphRAG instance.

Proof. Because E’ consists only of 2-element subsets, SHG® is a 2-uniform hypergraph on Vj, and by
construction it encodes exactly the same adjacencies as G.
Fix S C V. Since 7(g) = —oo, the expansion rule becomes

Expand,(S;q) = SU( J{e€ E' |enS £ D},

We prove the set equality
Expand (S;q) = Ng(S).

First, let x € Expand,,(S; g). Then either x € S, which implies x € N¢(S), or else
xe|J{eeE |ens#0},

so there exists ¢ € E' such that x € eand eN S # @. Because |e| = 2, we may write e = {u, v} with
{u,v} € Egand x € {u,v}. AlsoeNS # @ means either u € S or v € S. Hence x is either in S or
adjacent in G to a vertex in S, so x € Ng(S). Thus Expand,,(S;q) € Ng(S).

Conversely, let x € Ng(S). If x € S, then x € Expand,(S;q) holds immediately. Otherwise, by
definition of Ng(S), there exists v € S with {x,v} € Eg. Thene := {x,v} € E/,and eN S # @ since
veenS. Thereforex e e C J{e € E' | eNS # @} C Expand(S;q). So Ng(S) € Expand,(S;q).

Combining both inclusions gives Expand(S;q) = N¢(S). Starting from the same seed Sy(q),
induction on ¢ yields

S5 () = Expand,(S71€(9);9) = N (S£ (7)) = S541(q),

hence SPHS () = S¢(q) for all t < T. If Select, Serialize, M are shared between the two systems, the
final outputs coincide as well. [J

5. Review and Results: SuperHyperGraph Generation

Graph generation produces new graphs satisfying constraints by learning node—-edge patterns,
enabling molecule design, networks synthesis, and simulation [63-65,105,106]. Hypergraph generation
produces new hypergraphs by learning multi-vertex interaction patterns, enabling group-relation
synthesis in chemistry, text, and systems [107-110]. Superhypergraph generation produces nested
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higher-order hypergraphs by learning hyperedge-of-hyperedge patterns, enabling hierarchical inter-
action synthesis and complex structure design. The comparison of Graph Generation, HyperGraph
Generation, and SuperHyperGraph Generation is presented in Table 4.

Definition 12 (Graph Generation (probabilistic / model-based)). Fix a finite vertex set V and a measurable
condition space C (e.g., labels, text, constraints, statistics). A graph generator is a triple

Geng = (2,19, 86),

where

1.  Zisalatent (random-seed) space,
2. 1ty is a probability distribution on Z,
3. gp:ZxC— G(V)isameasurable map.

Given c € C, graph generation conditioned on c is the random output
G = g9(Z,c) where Z ~ .
Equivalently, Geng induces a conditional distribution Py( - |c) on G(V) by
P(GeAlc) = my({z€ Z: go(z,c) € A}) forall measurable A C G(V).

Table 4. Concise comparison of Graph Generation, HyperGraph Generation, and SuperHyperGraph Generation.

Core relations

Concept Generated object Typical outputs / uses

captured
. . Synthetic networks;
Pairwise relations molecule graphs;
Graph Generation A graph G = (V,E) (edges) between two link /structure
vertices ;
completion
. . Group interactions;
HyperGraph A h_ypergraph . Iilllgher—order relations co-author,/ topic
Generation H=(V, &) wit (hyperedges) among groups; multi-entity
ECPS(V)\ {2} multiple vertices L .
chemical interactions
A'superhypergraph Multi-level Hierarchical group
with nested . . systems; layered
SuperHyperGraph h ) higher-order relations )
4 yperrelations . . knowledge structures;
Generation (nested, hierarchical . .
(hyperedge-of- . . nested interaction
interactions) .
hyperedge structures) synthesis

Definition 13 (Hypergraph Generation (probabilistic / model-based)). Fix a finite vertex set V and a
measurable condition space C. A hypergraph generator is a triple

GenH = (Z, 7'[9,”19),

where Z is a latent space, 1ty is a probability distribution on Z, and hg : Z x C — H(V) is a measurable map.
Given c € C, hypergraph generation conditioned on c is the random output

H = hy(Z,c) where Z ~ mg,

which induces a conditional distribution on H (V') in the same way as above.
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Definition 14 (Constraint-based (deterministic) Generation). Let V be a finite vertex set and let O be a
predicate (constraint) on G(V). A constraint-based graph generation procedure is an algorithm Alg that,
given ®, outputs a graph G € G (V) such that

D(G) = true.
The enumerative variant outputs the entire solution set
Sol(®) = {G e G(V): ®(G) = true}.
Replacing G(V') by H (V') gives the corresponding notions for hypergraphs.

Definition 15 (n-SuperHypergraph generation (probabilistic / model-based)). Fix n > 0, a finite,
nonempty base set Vo, and a measurable condition space C. Let

SHM (V) = {SHG(”) = (V,E) ‘ VCPHV), EC ’P(V)\{Q)}}

denote the set of all n-SuperHypergraphs on V.
An n-SuperHypergraph generator is a triple

Gen}’l = (ZI nerg((;n)>/

where

(i) Z is a latent (random-seed) space,
(ii) 7ty is a probability distribution on Z,
(iii) g(g") : Z % C — SH(Vy) is a measurable map.

Given ¢ € C, generation conditioned on c is the random output
SHG" = gén)(Z,c) where 7 ~ .
Equivalently, Geny, induces a conditional distribution Pé")( “le) on SHM (Vy) by
PG(")(A lc) = mp({z € Z: g(g") (z,c) € A}) for all measurable A C SH™ (Vp).

Definition 16 (Constraint-based (deterministic) n-SuperHypergraph generation). Fix n > 0and V;. Let
¥ be a predicate (constraint) on SH"™ (Vy). A constraint-based n-SuperHypergraph generation procedure
is an algorithm Alg that outputs SHG™ e SH" (Vy) such that

¥ (SHG™) = true.
The enumerative variant outputs the entire solution set
Sol(¥) = {SHG™ e SH" (V) : ¥(SHG™) = true}.

Theorem 3 (Hypergraph generation is a special case of n-SuperHypergraph generation). Let V bea
finite vertex set, and let H(Vy) be the set of hypergraphs on Vy:

H(W) ={(Vo, &) | € S P(Vo) \ {D}}.

Then H(Vy) is naturally identified with the subset of SHO) (Vy) consisting of those 0-SuperHyperGraphs
SHG) = (V, E) with V = V,. Consequently, every hypergraph generator Genyy = (Z, 119, hg) on Vy is an
instance of a 0-SuperHypergraph generator Geny = (Z, 11y, géo)).
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Proof. By the Definition, P%(Vp) = V and P?(Vy) = Vp (since Vy # @). Thus, by the Definition, a
0-SuperHypergraph on Vj is a pair (V, E) with

VTV, ECPV)\{2}.

If we impose the additional condition V' = Vj, then the allowable edge families are exactly £ C
P(Vo) \ {D}. Hence the correspondence

(Vo,E) € H(Vy)  +— SHGO = (1, &) € SHO (W)

is a bijection onto the subset {SHG") € SHO)(Vy) | V = V).
Now let Genyy = (Z, 1y, hg) be a hypergraph generator, so hy : Z x C — H(Vp). Define géo) :

ZxC — SHO (V) by

(0) (

Sy (z,¢) :==he(z,¢),

viewing hy(z,c) = (Vp, £) as the 0-SuperHypergraph (V, £). Then g(go) is measurable whenever hy is

measurable, and the output distributions coincide. Therefore Geny is a special case of Geng. [

Theorem 4 (Graph generation is a special case of n-SuperHypergraph generation). Let V} be a finite
vertex set and let G(Vy) be the set of simple graphs on Vy:

6(%) = {(WEc) | Ec < (7))

Then G(Vy) is naturally identified with the subset of SH'Y) (Vy) consisting of those 0-SuperHyperGraphs
(V,E) withV = Vyand E C (‘20) Consequently, every graph generator is an instance of a 0-SuperHypergraph
generator.

Proof. As in the proof of Theorem 3, a 0-SuperHypergraph with V = V} is of the form (V}, E) where
E C P(Vp) \ {@}. If we additionally require E C (?), then each edge is a 2-element subset of Vp, so
(Vo, E) is precisely a simple undirected graph on V;. Thus the map

(Vo,Eg) € G(Vo) —  (Vo,Eg) € SHO (V)

is a bijection onto {SHG € SHO(Vy) |V =V, EC (‘20)}
Given any graph generator (Z, 11y, vg) with 79 : Z x C — G(Vp), define géo) by the same output
map viewed in SH( (V):

2

Then the induced output distributions coincide, so graph generation is a special case of O-

z,¢) = vg(z,¢).

SuperHypergraph generation. 0O

6. Review and Results: Causal SuperHyperGraph

A causal graph is a directed graph that represents direct causal dependencies among variables,
usually derived from structural equations and used to define do-interventions and identify causal
effects[111-115]. A causal hypergraph extends this idea by using directed hyperedges so that a set
of variables can jointly act as a single causal mechanism on a target variable[116-119]. A causal
superhypergraph further extends causal hypergraphs by allowing vertices to be nested set-objects
obtained via iterated powersets, enabling hierarchical multiway causal mechanisms across multiple
abstraction levels.
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Table 5. Concise comparison: causal graph vs. causal hypergraph vs. causal superhypergraph.
Aspect Causal Graph Causal HyperGraph Causal SuperHyperGraph
n-SuperHyperGraph
i = = (n) — i
Underlying object Directed graph G = (V, E) Hypergraph H = (V,€) SHG" = (V,E) with

Causal primitive

Structural equation form

Independence reading

What it represents

Reduction to simpler model

withECV xV

Edge j — i (direct cause)

Xi = fi((X))jepagi), Ui)

d-separation on G

Pairwise directed influence

with £ C P(V)\ {@}

Hyperedge e € £ (multiway
relation), optionally
oriented e = v

Xy = fv((Xu)ueNH(v)/UP)
or Xewp =

f€¢v((Xu )llEL’/ ueﬁv)

Separation via
hyperedge-based paths /
factorization over £
(model-dependent)

Multiway (group) influence
in one step

If all hyperedges have size 2
and are oriented, reduces to
a causal graph

V C P"(Vp) and
ECP(V)\{2}
Superedge ¢ € E among
supervertices (nested
groups), optionally oriented
across levels

Y = FS((Yt)teNSHG(s)f US)
for supervertices s € V

Separation on superpaths
and level-wise
neighborhoods; supports
hierarchical blocking
(model-dependent)
Multiway influence with
explicit nesting / hierarchy
of groups and relations

If n = 0 and supervertices
are singletons, reduces to a
causal hypergraph; if also
edges are size 2, reduces to a
causal graph

Definition 17 (Structural Causal Model (SCM)). Fix a finite index set of endogenous variables V. =
{1,...,n}. Foreachi € V, let X; be the state space of X;. Let U = {1, ..., n} index exogenous noises, with
spaces U;.

A structural causal model is a quadruple

M = (Z/[/X/F/PU)/

where

1. U=TlieyUjand X = [Ticy X
2. Py is a probability distribution on U;
3. F = {fi}tiev is a family of measurable maps

fz‘i( 11 Xj)XUi—>Xi,
jePal(i)
with some parent set Pa(i) C V' \ {i}.
The endogenous variables X = (X;);cy are determined by the structural equations
Xi = fi((Xj)jepaiyy i)  (P€V),
where U = (U;);cy ~ Py.

Definition 18 (Causal graph induced by an SCM). Let M = (U, X, F, P;) be an SCM with endogenous
index set V. The causal graph (also called the functional graph) of M is the directed graph

Gm = (V,E)

whose edge set is
E = {(ji)e VxV]jePa(i}.

We write j — i for (j,i) € E and interpret j — i as a direct causal dependence of X; on X; in the model M.
If Gy is acyclic, then M is called recursive (or acyclic).
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Definition 19 (Intervention (do-operator)). Let I C V and fix values x; € [;c; Xi. The intervention
do(X] = x1) produces the intervened SCM

MEU=x) = (1, X, F, Py),

where

, - ) =X, iel,
fi_{(> .
fi, i¢l

The corresponding interventional distribution P(X | do(X; = xy)) is the distribution of the unique solution X
(when it exists) under the modified equations and U ~ Py.

Definition 20 (Directed hypergraph). A directed hypergraph is a pair
H = (v,&),
where V is a finite node set and & is a finite family of directed hyperedges. Each e € £ is an ordered pair
e = (T(e) = h(e)),
where the tail T(e) C V' \ {h(e)} is nonempty and the head h(e) € V.

Definition 21 (Causal hypergraph model). Fix state spaces { X; };cy and noise spaces {U;};cy. A causal
hypergraph model is a tuple
m - (ul Xr H/ q)/ GI Pu)r

where

1. U=TlieyvUi, X =T1liey Xi, and Py is a distribution on U;
2. H=(V,E&) isadirected hypergraph;

3. @ = {@c}ece is a family of hyperedge mechanisms

pe: |] X, — 2,
jET(e)

for some intermediate spaces Z;
G = {gi}icv is a family of aggregation functions

s

gi:(HZe)XUi—>Xi, Si=1{ec&|he) =il

EES,'

The structural equations of 9 are

X; = gi(((PB(XT(e)))eegi’ Ui) (ieV),

where X1y = (Xj)jer(e) and U ~ Py. Intuitively, each hyperedge T(e) — i represents a joint causal
mechanism acting on the tuple Xt ).

Definition 22 (Graph induced by a causal hypergraph). Let H = (V, ) be a directed hypergraph. Its
2-section causal graph (edge-expansion) is the directed graph

I'(H) = (V,Er), Er = {(ji)|JecEst.i=h(e)andjec T(e) }.

Thus every hyperedge T — i is expanded into ordinary directed edges j — i forall j € T.
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Theorem 5 (Causal graphs are a special case of causal hypergraphs). Let G = (V, E) be a directed graph.
Define a directed hypergraph Hg = (V, Eg) by

& = {{it =G eE}

Then:

1. T(Hg)=G.

2. For any SCM M with causal graph Gy = G, there exists a causal hypergraph model 90t on Hg whose
induced edge-expansion graph equals G, and whose structural equations coincide with those of M.

Proof. (1) By construction, a directed edge (j,i) € E corresponds to the hyperedge {j} — i € &g.
Hence (j, i) € Er if and only if (j,i) € E,soT'(Hg) = G.
(2) Let M = (U, X, F, Py) be an SCM with

Xi = fi((Xj)jepan, Ui),  Pa(i) ={j | (ji) € E}.
Define 90 on Hg as follows. For each hyperedge e = ({j} — i), set Z, := &} and
iy (%) = %

For each i € V, list the incoming hyperedges as & = {({j} — i) | j € Pa(i)}, identify [T.cs, Ze =
[Tjepa(i) Xj, and set

Si ((ZE)EEEirui) = fi((z({jy=i))jepa(iy, ti)-
Then the structural equation of 9t becomes
Xi=gi ((fP({]}al)(X ))jePa(i)s ) Si (( j)jePa(i) i) = fi((X))jepaqi), Ui),

which is exactly the SCM equation. The induced graph statement follows from (1). O

Definition 23 (Granger-causal hypergraph (time-series causal hypergraph)). Let Y; = (Y(l) Yt(d))
be a multivariate time series and fix a maximum lag K € N. Form a node set of lagged variables

v={Y) |je{l,. . d}, ke{l,. . K}

For a target component Y

Y

is achievable without C; (e.g., via likelihood-ratio tests, information criteria, or out-of-sample error reduction).

, let C; C V be a nonempty set of lagged predictors. We say C; Granger-causes
(relative to the history V) if, in a chosen model class, using C; improves the prediction of Yt(z) beyond what

A Granger-causal hypergraph is a directed hypergraph H = (V, £) whose hyperedges are
e = (G — Yt(i))/

interpreted as a multi-source temporal influence relation. (Granger causality is predictive/temporal and does not,
by itself, assert interventional causality.)

Definition 24 (Directed n-SuperHyperGraph). Fix n > 0 and a finite, nonempty base set V. A directed
n-SuperHyperGraph on Vj is a pair
SHC™M = (v, &)

such that

VCPSY(Vy), EC (PS(V) \ {@}) <V
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Each directed superhyperedge e € £ is written as
e = (Tail(e) — Head(e)),

where Tail(e) C V' \ {Head(e)} is nonempty and Head(e) € V. Elements of V are n-supervertices. The
pair (Tail(e), Head(e)) encodes a multi-source directed relation.

Remark 3 (Use of the SuperHyperGraph idea). Definition 24 uses the SuperHyperGraph viewpoint by
allowing vertices to be nested objects v € PS" (Vp) (iterated powerset level n). For n = 0, one recovers ordinary
vertices V. C V.

Definition 25 (Causal n-SuperHyperGraph model). Fix n > 0 and a directed n-SuperHyperGraph
Sm(") = (V,&)on V. Foreachv € V, let X, be a measurable state space and U, a measurable noise space.
Set X :=[T,ey Xoand U := [Tyey Up.

A causal n-SuperHyperGraph model is a tuple

M = (U, x,SHG™, ®,G, Py),

where:

(i) Py is a probability distribution on U.
(ii) D = {@e}ecs is a family of superhyperedge mechanisms such that for each e = (Tail(e) —
Head(e)) € & there exists a measurable space Z, and a measurable map

Qe H Xy, — Ze.
ueTail(e)

(iii) G = {guv}vev is a family of aggregation functions where, for each v € V, letting
Ey:={ee & |Head(e) =0},

we require a measurable map

g0 (T1 2e) x ty — %o

ec&y

The endogenous variables X = (Xy)ev are determined by the structural equations

Xy = gv((q)e(XTail(e)))gegv/ Uv) (veV),
where Xryi(e) := (Xu) uetait(e) ad U = (Up)oev ~ Pu.

Definition 26 (Intervention (do-operator) on a causal n-SuperHyperGraph). Let ") be as in Defini-
tion 25. Fix a nonempty index set I C V and values x| € [[ye; Xo. The intervention do(X; = x) produces
the intervened model

(m(m)y®el==) _ q4 x,SHC, ®,G", Py),

where gl is defined by

g = ()= xp, vE
’ g'U/ ’Uél

The interventional distribution P(X | do(X| = x1)) is the distribution of the solution under G’ and U ~ Py,
when a (measurable) solution exists.
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Theorem 6 (Causal hypergraphs are a special case (n = 0)). Let H = (Vp, Ey) be a directed hypergraph
whose hyperedges are pairs (T — i) with T C Vo \ {i}, T # @, and i € V;. Consider any causal hypergraph
model on H given by structural equations

X, = gi((‘Pe(XTaﬂ(E)))eegH,i' Ui>, Eni={e € &y | Head(e) = i}.

Then it is a special case of a causal 0-SuperHyperGraph model (Definition 25) by taking V := Vo C PS2(Vp)
and € := Ey.

Proof. Since PS°(Vy) = Vy and V) # @, we have PS? (V) = V. Hence V := V] satisfies V C PS%(Vp),
so (V,&y) is a directed 0-SuperHyperGraph in the sense of Definition 24. Keeping the same state
spaces X, noise spaces U;, distribution P;, mechanisms ¢., and aggregators g;, the structural equations
in Definition 25 become

X; = gi((goe(xTaﬂ(e)))eegi, uz-) with & = {e € &y | Head(e) = i},

which is exactly the given causal hypergraph model. Therefore the causal hypergraph model is a
special case. [

Theorem 7 (Causal graphs (SCMs) are a special case (n = 0, singleton tails)). Let G = (Vy,Eg) bea
directed graph and let an SCM be given by

Xi = fi((X))jeraqi), Ui),  Pa(i):={j € Vo | (j,i) € Ec}-

Define a directed hypergraph Hg = (Vo, Eg) by

Ec:={{j} =) [(i)€Ec}
Then the SCM is a special case of a causal 0-SuperHyperGraph model on SH HGO) = (Vo,&c).

Proof. By PSY(Vy) = Vi, the pair (Vp, &g) is a directed 0-SuperHyperGraph. We now construct
® = {¢.} and G = {g;} so that the 0-SuperHyperGraph equations coincide with the SCM equations.
For each edge (j,i) € Eg, lete = ({j} — i) € & and set Z, := A} and

Pe(xj) := Xj (xj € &)).
For a fixed i € V), the incoming hyperedges are

& =A{{j} = i) [jePa(d)}.

Hence

[Tz= I] %

ecé; jePa(i)
Define g; by
gi((zf?)ee&-r“i> = fi((z(jy i) jepati) i) -

Then the structural equation in Definition 25 becomes
Xi=gi ((90({]}%1) (X ))]EPa( i) ui)

gl(( )]EPa(z) Ui)
—fz(( )ePa (i) U‘),
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which is exactly the SCM equation. Therefore the causal graph (SCM) is a special case of a causal
0-SuperHyperGraph model. O

7. Review and Results: SuperHyperGraph Convolutional Network

GCN aggregates each node’s features from its neighbors via normalized adjacency, then applies
a learnable linear transform and nonlinearity per layer [120-124]. HGCN aggregates vertex features
through hyperedges via an incidence-based diffusion operator, then applies learnable transformations
to model multiway interactions [69,71,76,125]. SHGCN propagates features on supervertices using
super-incidence across nested superedges, enabling hierarchical multiway diffusion and generalizing
both GCN and HGCN. Table 6 presents the comparison among GCN, HGCN, and SHGCN.

Table 6. Concise comparison: GCN vs. HGCN vs. SHGCN.
GCN

HGCN SHGCN
n-SuperHyperGraph
SHG™ = (V, E) with
vV C P (V)
Super-incidence

B € {0, 1}IVIXIEl petween

Aspect

Underlying structure Graph G = (V,E) Hypergraph H = (V,€)

Adjacency matrix Incidence matrix

Adjacency / incidence

A€ {0,1}1VIxIVI H e {0, 1}IVIxI] supervertices and
superedges
Propasation omerat A=D12ip, i = Bt =
ropagation operator A—Adl D;2HWD; 1 HT D; /2 A V2BWA; BT A, 12

One layer (typical) XD = U(EX([) wi) XD = o( M X W0) XD = o( M) x(O WO
Multiway aggregation
through superedges among
nested (multi-level)
supervertices

If n = 0, supervertices are

Pairwise message passing
along edges

Multiway aggregation

Interaction modeled through hyperedges

d0i:10.20944/preprints202512.2233.v1

Specialization / reduction

If every hyperedge has size
2, becomes a graph model
and aligns with GCN-style

singletons and SHGCN
reduces to an HGCN on a
hypergraph; if hyperedges

are size 2, further reduces to
GCN

propagation

Definition 27 (Graph and node features). Let G = (V, E) be a finite (undirected) graph with |V| = n. Let
A € {0, 1} be its adjacency matrix, and let X € R"*40 be a node-feature matrix whose ith row x| is the
feature vector of vertex v; € V. Define the self-loop augmented adjacency

A=A+]I,
and its degree matrix D € R"*" by
n
Di = Y Ajj.
j=1

Definition 28 (One GCN layer). Fix an activation function o : R — R applied entrywise. A graph
convolutional layer maps X(©) € R to X(+1) ¢ R"*dea by

x(+1) — 0(5—1/2 AD-1/2x(® W(f)),

where W) € RY*%+1 js q learnable weight matrix. A GCN is a composition of such layers (optionally followed
by task-specific readout).

Remark 4 (Interpretation). The operator D~'/2 AD~1/2 performs degree-normalized neighborhood averaging
(including self-loops), so each layer mixes information along edges and then applies a learnable linear map.

Definition 29 (Weighted hypergraph and incidence matrix). A (finite) weighted hypergraph is a triple H =
(V,E,w) where V= {vy,...,v,} is a finite vertex set, € = {eq,. .., en} is a finite family of nonempty subsets
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of V (hyperedges), and w : € — R assigns positive weights. The incidence matrix is Hine € {0, 1}"*™
defined by
1, Z)i 6 etX/
(Hinc)z'a =
0, v; ¢&e,.
Let W € R™ ™ be diagonal with Wy, = w(ey). Define the vertex-degree matrix D, € R"™" and the

hyperedge-degree matrix D, € R™ ™ by

(Hinc)ia = |ea |

™=

(Dv)ii = iwaa(Hinc)iw (De)m =

a=1 1

~.

Definition 30 (One HGCN layer (spectral /message-passing form)). Let X(©) € R"*% be vertex features
at layer £. A hypergraph convolutional layer maps X(*) to X(‘+1) py

X = (D52 Hie W D; * Hi\ D72 X0 00),

mc v

where @) € RAe*des1 js learnable and o is applied entrywise. An HGCN is a composition of such hypergraph
convolutional layers (optionally with readout).

Remark 5 (Two-stage aggregation: vertex—hyperedge—svertex). The matrix product H,] X () aggregates
vertex features to hyperedges, and then Hinc(+) propagates hyperedge information back to vertices. Thus one
layer performs a normalized diffusion through hyperedges, capturing multiway interactions.

Remark 6 (Row-normalized variant). A commonly used simplification replaces the symmetric normalization
by

mc

XD = a(D;1 Hine WD; 1 L X(0) @)(f)),
which still implements the vertex—hyperedge—vertex propagation with degree control.
Definition 31 (Iterated powersets and flattening). Let V; be a finite nonempty set. Define
PY(Vo) :=Vo, PV :=P(P*(Vo)) (k>0).
Define the flattening maps Flat,, : P"(Vy) — P(Vy) recursively by

Flaty(x) := {x} (x€Vp),  Flat,1(X):= (J Flat,(Y) (X € P"(V)).
YeX

Definition 32 (n-SuperHyperGraph and super-incidence). Fix n > 0 and a base set V. An n-
SuperHyperGraph is a pair

SHG™ = (V,E), VCP"V), ECP(V)\{2}.

Write V.= {vy,...,on}and E = {e1,...,epm}
The super-incidence matrix H®) € {0,1}N*M is defined by

(n) 1, V; € ey,
Hi:x =
{O, v; & ey.

Let W) = diag(wy, . .., war) be a diagonal matrix of positive superedge weights.
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Define degree matrices DY € RN*N aud DI € RM*M py

()i o= Zwa ) (D) e ::ZHl(;):|ea|.

Two canonical propagation operators on supervertices are:

(1) Superhypergraph diffusion operator (incidence-based):

S(”) -

G = (D02 H W (D)~ ()T (DY) 12

(2) Supervertex 2-section (clique-expansion) operator: Let A ) e {0, 1}N*N be the adjacency matrix
of the 2-section graph on 'V, i.e., for i # j,

1, dJae{l,...,M} suchthat v; € ey and v; € e,,
(A" = { I e
0, otherwise,
Define gg”) = Aé ) 4 In and D( ") by D( (i,i) := Z] 1A ( j). Then set
Syl = (D) 12 A <f>£”>>*1/2.
Definition 33 (Lifting base features to n-supervertices). Let SHG" = (V,E) be on base set Vy =

{x1,..., x4, }. Let X(0) ¢ R"0*do pe base vertex features, where row X](g,:) corresponds to x).
Define the support of a supervertex v € V by

B(v) := Flat,(v) C V.

(n,0)

Define lifted supervertex features X e RIVI*do by mean aggregation: for v; € V,

X0 Ly X0,

Definition 34 (One n-SuperHyperGraph convolutional layer). Let SHG = = (V,E) and let S be a

chosen propagation operator on 'V (e.g., Sgllf)f or SV from Definition 32). Let X\) € RIVI*4t pe supervertex

2-sec
features at layer £.

An n-SuperHyperGraph convolutional layer is the map
X+ — (7(5(71) x(©) @(f)),
where ) € Ré*de+1 js learnable and o is applied entrywise.

Definition 35 (n-SuperHyperGraph Convolutional Network (n-SHGCN)). Let SHG™) = (V, E) be
an n-SuperHyperGraph on base set Vy. Given base features X0 € RIVoI*do, form lifted features X("0) by
Definition 33. Fix a propagation operator S on V.

An L-layer n-SHGCN is a sequence

X(”ro) — X(nfl) [T X(n'L),

where each step is an n-SuperHyperGraph convolutional layer (Definition 34). Optionally, a readout map is
applied for downstream tasks.

Theorem 8 (n-SHGCN generalizes HGCN and GCN). Fix do,d; > 1.
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(i) (HGCN as a special case) Let H = (Vp, &, w) be a weighted hypergraph. Consider the 0-
SuperHyperGraph SHG®) = (V, E) defined by

V.=V, E:=¢&.

Choose S(0) := Séoizf. Then a one-layer n-SHGCN update on SHG) coincides exactly with a one-layer
HGCN update on H.

(ii) (GCN as a special case) Let G = (Vy, Eg) be a (simple) graph. Form the 2-uniform hypergraph
Hg = (Vo, &) where Eg := {{u,v} | {u,v} € Eg}, and view it as the 0-SuperHyperGraph
SHG) = (Vp, &g). Choose S(©) := Sg)s)ec' Then a one-layer n-SHGCN update on SHG®) coincides

exactly with a one-layer GCN update on G.

Proof. (i) Let H = (Vp, &, w) be given. Define SHG®) = (V,E) by V = Vy and E = £. Since n = 0, the
flattening satisfies Flaty(v) = {v} for v € Vp, hence Definition 33 gives X(00) = X(%) (no change of
features).

The super-incidence matrix H (©) (Definition 32) is precisely the usual hypergraph incidence
matrix, because its entries satisfy H l.(f) = 1iff v; € e4. The degree matrices DS,O) and D‘EO) also match
the standard hypergraph degrees:

(D) = LweHy,  (DM)e = LHY = el
[ i
Therefore the n-SHGCN diffusion operator

S0 = (DY) 2HOWO (D)= (HO)T (D) ~1/2

is exactly the HGCN propagation matrix. Substituting into the layer update

XM = (59, X0 @)

i
shows that the one-layer n-SHGCN update coincides with the one-layer HGCN update.

(ii) Let G = (Vp, E¢) be a simple graph and let &g = {{u, v} | {u,v} € Eg}. Consider SHG®) =
(Vo, &) and choose §(0) = s

2-sec”

We show that the 2-section adjacency matrix Ago) equals the usual adjacency matrix A of G. For

distinct u,v € V,
(Ago))m, =1 <= Jecégwithuceandvece <= {u,v} € Eg <= Aw =1
Thus Ago) = A. Consequently,
AV =a41=4a+1, D=0,
where D is the degree matrix of A = A + I. Hence

RO

~(0)y— 7(0) /5(0)y—= ~_ ~_
S (Dg )) 1/2A§ ) (Dé )) V2 _ p12(A 4 1) D712,
which is exactly the standard GCN propagation matrix. Substituting into the layer update yields
X0 = (D124 + B2 X0 00),

so the one-layer n-SHGCN update coincides with the one-layer GCN update.
This proves both claims. [
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8. SuperHyperGraph Embedding

Graph embedding maps nodes or graphs into low-dimensional vectors, preserving adjacency
and structural similarity for efficient prediction and retrieval tasks [126-129]. Hypergraph embed-
ding maps vertices and hyperedges into vectors, preserving higher-order relations among multiple
vertices for robust classification and link prediction [61,130-132]. Superhypergraph embedding maps
nested hyperedges into vectors, capturing hyperedge-of-hyperedge structure to support hierarchical
reasoning, representation learning, and prediction tasks efficiently. For reference, Table 7 presents a
comparison of Graph Embedding, HyperGraph Embedding, and SuperHyperGraph Embedding.

Table 7. Concise comparison: Graph Embedding vs. HyperGraph Embedding vs. SuperHyperGraph Embedding.

Aspect Graph Embedding HyperGraph Embedding %‘;f;éiﬁﬁ (;rGrap h
n-SuperHyperGraph

Underlying structure Graph G = (V. E) Hypergraph H = (V, £) SHG") = (V,E) with
VCP"(V)

Supervertex s € V and/or
superedge ¢ € E (possibly
multi-level)
(pV:V—HRd,(pE:E—)]Rd/
(with level-aware features)
Incidence between nested

Vertex v € V and/or
hyperedgee € €

Vertex v € V (and/or edge,

Object to embed whole-graph)

Embedding map (typical) oy :V = RA pv:V R, g € 5 RY

Pairwise adjacency / Incidence

Main signal used

Typical objective (example)

random-walk proximity /
neighborhoods

Preserve neighborhood
similarity:

min Z(u,v)eE ”(PV(M) -
ov(o)]?

(vertex-hyperedge) and
multiway co-occurrence

Preserve incidence:
min ZveV,eEE Woe

t({gv(v), 9E(e))

If every hyperedge has size

supervertices and
superedges; cross-level
co-membership

Preserve super-incidence:
min ZSEV,EEE Wse

(v (s), 9e(e)))

If n = 0, supervertices are
singletons and reduces to

hypergraph embedding; if
moreover every hyperedge
has size 2, reduces to graph
embedding

Reduction / specialization — 2, reduces to a graph

embedding setting

Definition 36 (Graph embedding in a vector space). [128,133,134] Let G = (V, E,w) be a (possibly
weighted) simple graph with vertex set V.= {vy,...,v,}, edge set E C (‘2/), and weight function w : E — Rx.
Fix an integer d > 1.

A d-dimensional graph embedding is a map

@:V—RY, equivalently 7 € R"™ with row Z;. = ¢(v;),

together with a prescribed graph proximity (or relation) function
s:VxV R,
and a prescribed embedding similarity function
sim: R? x RY — R,

such that sim(¢@(u), ¢(v)) approximates s(u,v) (or preserves its ordering) for relevant pairs (u,v).
Formally, one common way to specify this requirement is by defining ¢ as a minimizer of

min

i Y L(s(u,v), Sim((p(u),q)(v))) + AR(9),

u,v)eQ)

where Q) C V x V is the set of pairs used for learning/evaluation, L is a loss function, R is a regularizer, and
A>0.
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Definition 37 (Hypergraph and incidence representation). A (weighted) hypergraph is a triple H =
(V,E,W) where V. = {v1,...,0,} is a vertex set, E = {eq,...,em} is a set of hyperedges with e C V and
le] > 2, and W = diag(w,, . . ., we,,) is a positive diagonal matrix of hyperedge weights.

The vertex-hyperedge membership is represented by the incidence matrix H € {0, 1}"*™ defined by

1, veEe,
H(ve) = 0, vée

Define diagonal degree matrices D, € R**" and D, € R™ ™ by

Do(i,i) = ) weH(vie),  De(j,j) =Y, H(v.e)).

ec& veV
A normalized hypergraph operator and Laplacian can be defined by
©:=D,Y?HWD;'H'D; 2, A:=1-0.

Definition 38 (Hypergraph embedding in a vector space). Let H = (V,E, W) be a (weighted) hypergraph
with |V| = nand fixd > 1.
A d-dimensional (vertex) hypergraph embedding is a map

PV —RY, equivalently — Z € R™ with row Z;. = ¥(v;),
together with a prescribed hyperedge proximity functional
E: (RH SR (e€é),

such that the embedding preserves higher-order relations encoded by hyperedges.
A standard formal specification is to define { as a minimizer of

wg}g’id e;g We £e<Fe ((lp(v))vee)) + A R(IIJ),
where L, is a loss that enforces the desired within-hyperedge geometry (e.g., small dispersion, large n-wise
similarity, or consistency with observed hyperedge events), and R is a regularizer.
One concrete (spectral) instance uses the normalized hypergraph Laplacian A: choose U € R"*? whose
columns are eigenvectors corresponding to the d smallest nontrivial eigenvalues of A, and set (v;) = U; ..

Definition 39 (Hypergraph embedding for downstream tasks as a representation matrix). In many
learning settings, a hypergraph embedding is presented as a representation matrix

Z'H c ]R|V‘><C,

where each row represents the embedding of a vertex, and the representation is used for downstream tasks (e.g.,
node classification, graph classification) via a predictor built on Zy;.

Definition 40 (Nesting map and flattening map). Let Vj be a finite, nonempty set, and let PS°(Vy) := V
and PSFH1(Vy) :== PS(PS¥(Vy)) for k > 0.
Define the n-fold nesting map Nest, : Vo — PS"(Vp) by

Nesty(x) := x, Nest,11(x) := {Nest,(x)} (x € Vp, n>0).
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Define the n-level flattening map Flat, : PS" (V) — PS(V}) recursively as follows:

Flatg(x) := {x} (x€Vp),  Flat,1(X):= |J Flat,(Y) (XePS"" (), n>0).
YeX

Lemma 1 (Flattening a nested singleton). For every n > 0 and every x € Vj,

Flat, (Nest, (x)) = {x}.

Proof. We prove by induction on .
If n = 0, then Nestp(x) = x and Flaty(x) = {x} by definition, hence Flaty(Nesty(x)) = {x}.
Assume Flat, (Nest, (x)) = {x} holds for some # > 0. Then

Nest,11(x) = {Nest, (x)}.
Applying the recursive definition of Flat,; gives

Flat, 1 (Nest,+1(x)) = Flat, ;1 ({Nest,(x)}) = U Flat,(Y) = Flat, (Nest,(x)) = {x}.
Ye{Nest, (x)}

Thus the statement holds for # 4 1. This completes the induction. [J

Definition 41 (n-lift of a hypergraph). Let H = (Vp, &) be a hypergraph, i.e., € C PS(Vy) \ {@}. Fix
n > 0.
Define the n-lifted vertex set and hyperedge family by

V, := {Nest, (v) | v € Vo} C PS"(V), En:={Nest,(e) | e € £},
where for each hyperedge e C Vi we set
Nest, (e) := {Nest,(v) | v € e} C V.

Then
Lift,(H) := (Vi, &n)

is an n-SuperHyperGraph in the sense that V,, C PS"(Vy) and £, C PS(V,,) \ {@}.

Definition 42 (n-SuperHypergraph embedding). Let SHG = (V,E) be an n-SuperHyperGraph on a
base set Vyy, so V.C PS"(Vp) and E C PS(V) \ {@}. Fix an integer d > 1.
An n-SuperHypergraph embedding in R is a pair of maps

(p:VO—HRd, 1,[1:V—>Rd,

together with (i) an aggregation rule Agg for finite multisets of vectors and (ii) a family of hyperedge-coherence
losses (Le)ecg, where each L, maps the tuple ((v))oe. to a nonnegative real number.
A concrete (canonical) choice that is widely used is:

Agg({y1, - yk}) : =7 Eyu

and for each e € E,

ﬁe((lp( 068: |e|2”lp Vt?”zr He = MZ‘P

vee uee
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In addition, to reflect the SuperHyperGraph nesting, we enforce a hierarchical consistency term via Flat,: for
each v € V, define its base support B(v) := Flat, (v) C Vj and set

Anchory (0) := Agg({p(x) | x € B(v)}) € R

One standard way to specify that (¢, ) is an embedding is to require it to minimize an objective of the
form

) =Y we Le(((0))oee) + B Y, |¥(0) —Anchor(p(v)HZ + AR(9, ¥),

ecE veV

where w, > 0 are hyperedge weights, B, A > 0, and 'R is a regularizer.

Theorem 9 (SuperHypergraph embeddings generalize hypergraph and graph embeddings). Fixd > 1
andn > 0.

(i) (Hypergraph case) Let H = (Vy, £) be a hypergraph and let & : Vo — RY be any vertex embedding of
H (e.g., specified by minimizing a hyperedge-coherence objective over £). Then Lift, (H) admits an
n-SuperHypergraph embedding (¢, ) such that

¢ (Nest, (v)) = ®(v) forallv € Vp,

and for the canonical loss L. in Definition 42, the hyperedge terms on H and on Lift, (H) coincide
under this identification.

(ii) (Graph case) Let G = (Vo, Eg) be a (simple) graph and regard it as the 2-uniform hypergraph
Hg = (Vo, &g) with & = {{u,v} | {u,v} € Eg}. Then every graph embedding ® : Vo — R?
induces an n-SuperHypergraph embedding of Lift,(Hg) via the same rule {(Nest,(v)) = ®(v).
Thus graph embeddings are contained as a special case of n-SuperHypergraph embeddings.

Proof. (i) Consider the lifted n-SuperHyperGraph Lift,(H) = (V;, £,) from Definition 41. Define
¢ :=donVp, ¢V, = R7by (Nest,(v)) := ®(v).

This is well-defined because each element of V;, is uniquely of the form Nest, (v).
Lete € € be a hyperedge, and let e, := Nest, (e) € &, be its lifted hyperedge. Using the canonical
coherence loss from Definition 42, we compute explicitly:

Z 1,0 Z 1,[7 (Nest, (u Z = Ue,

u' ey uece HEE

en

IenI el

where p, := ﬁ Y uce (1) is the corresponding mean for the hyperedge e under ®. Therefore,
Lo, ($(¥))vree,) = ZHI/J Nest (0)) — pie, I = 1 L2 [0(0) — pel> = Lo((9(2))ce).
vee |e| vee

Hence the sum of hyperedge-coherence terms is preserved by the lift.
Moreover, the hierarchical consistency term is compatible with the lift. For any v € Vj, Lemma 1
yields
Flat, (Nest,(v)) = {v}.

With mean aggregation,

Anchor, (Nest, (v)) = Agg({¢(x) | x € Flat,(Nest, (0))}) = Agg({9(0)}) = ¢(0) = (o).

Therefore,
Hlp(Nestn(v)) Anchor,(Nest, (v H = ||®(v) — D(v )||2 =0,
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so the hierarchical term vanishes on lifted vertices. This shows that (¢, ¢) is an n-SuperHypergraph
embedding of Lift, (H) and that the lifted model recovers the original hypergraph embedding behavior.

(ii) A graph G = (V, Eg) is a special case of a hypergraph by taking only 2-element hyperedges.
Applying part (i) to Hg = (Vp, £g) produces an n-SuperHypergraph embedding of Lift, (Hg) with
¢ (Nest, (v)) = ®(v). Thus graph embeddings are included as a special case. [

9. Result and Reviews: SuperHyperGraph-Based Natural Language Processing

Natural language processing (NLP) studies learning algorithms that map text to structured repre-
sentations, meanings, or decisions using corpora, representations, and task-specific objective functions
[135-139]. Related notions such as Fuzzy Natural Language [140-142] and Natural HyperLanguage
[143,144] are also known in the literature. Graph-based NLP encodes text as a graph of tokens, entities,
or relations and learns predictors on vertices and edges via message passing and attention mechanisms
[145-149]. Hypergraph-based NLP encodes text as a hypergraph whose hyperedges connect multiple
items simultaneously, learning representations that capture higher-order, multiway linguistic inter-
actions. Superhypergraph-based NLP encodes text as an n-level superhypergraph through iterated
powerset constructions, enabling nested linguistic groupings and learning predictors that generalize
both graph and hypergraph pipelines. The comparison of Graph-Based NLP, HyperGraph-Based NLP,
and SuperHyperGraph-Based NLP is presented in Table 8.

Table 8. Concise comparison: Graph-Based NLP vs. HyperGraph-Based NLP vs. SuperHyperGraph-Based NLP.

Category Graph-Based NLP HyperGraph-Based NLP SuperHyperGraph-Based NLP
Encoder Tg: X—g Ty: X—H rgQ:X%S(")

(n) — n
Structure G = (V,E),EC (¥) H=(V,8),&CPV)\ {0} SHG™ = (Vo, V. E), V € P"(V0),

ECPV)\{2}

Relations Pairwise Multiway (hyperedges) Nested multiway (multi-level)
Nested discourse units (token C
phrase C sentence C doc)

Typical units Tokens, entities, dependency edges Phrases, co-reference sets, events

Learner fo:G—=)Y forH—=Y gng(”)—>y
Benefit Local syntax/semantics Higher-order semantics Hlerarc.h ical, multi-resolution
semantics

Definition 43 (Graph-Based Natural Language Processing (Graph-NLP)). Fix a finite alphabet ¥ and let
X C Z* be a set of text objects (e.g., tokens, sentences, documents, dialogue threads), and let ) be an output
space (e.g., labels, rankings, structured outputs).

A graph construction (encoder) is a mapping

I x —g,
where G is a class of attributed graphs, and for each x € X,
F(x) = Gx = (Vx, Ex,fv,fg,w)

with

eV, afinite vertex set (representing linguistic units such as tokens, entities, sentences, posts),

e E, C Vi x Vyan edge set (representing relations such as adjacency, dependency, coreference, reply-to,
semantic links),

o Uy :Vy— Ayand lg : Ex — Af vertex/edge attributes (discrete or continuous),

e w optional weights on vertices/edges.

A graph-based NLP model family is a set of measurable maps

F={fe:G—=Y]|0€0},
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where each fy is allowed to use the graph structure (e.g., paths, neighborhoods, walks, cuts, centrality, or message
passing) in computing the output.

Given a distribution P over pairs (x,y) € X x Y andaloss L : Y x Y — Rx(, Graph-NLP is the
learning/optimization problem

min E(ey)p[L((T(x)), y)].

Any pipeline x — T'(x) — fo(T'(x)) that is designed and evaluated for NLP tasks (e.g., classification, extraction,
retrieval, summarization, entailment) is called a graph-based NLP method.

Definition 44 (HyperGraph-Based Natural Language Processing (HyperGraph-NLP)). Fix a finite
alphabet %, a set of text objects X C X*, and an output space Y.
A hypergraph construction (encoder) is a mapping

l'y: X - H,
where ‘H is a class of finite attributed hypergraphs. For each x € X,
FH(x) = Hx = (VX/ 8}(/ EV/ ES/ w)/

where Vy is a finite vertex set, Ex C P (Vy) \ {@} is a family of hyperedges, Ly : Vy — Ay and lg : Ex — Ag
are attribute maps, and w denotes optional weights (on vertices and/or hyperedges).
A hypergraph-based NLP model family is a set of (measurable) maps

fHI{fQZ’H—)y|9€®}.

Given a distribution P on X x Y and aloss L : Y x Y — R, HyperGraph-NLP is the learning problem

min By )z [ £(fo(T(x)),v) |

Definition 45 (SuperHyperGraph-Based Natural Language Processing (SuperHyperGraph-NLP)). Fix
X, X, as above and fix an integer n > 0.
An n-SuperHyperGraph construction (encoder) is a mapping

F(SQ L X — 80,
where S\ is a class of finite attributed n-SuperHyperGraphs. For each x € X,
rgn}}(x) = SHGJ((n) = (VO,XI VX/ EXI er gEr w)r

such that
Vox # @ is finite, Ve CP"(Vox), E, CP(Vy)\ {2}

Elements of Vy are n—supervertices and elements of Ey are n—superedges. The maps ly : Vy — Ay and
lg : Ex — Af assign attributes, and w denotes optional weights.
A superhypergraph-based NLP model family is

Fi) = {g:8M sy |oco}.

Given P and L as above, SuperHyperGraph-NLP is

lggél IE(x,y)w]l]’ [E (g9 (rg}}(x))’y)] :
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Definition 46 (Graph-to-hypergraph inclusion). Let G = (V,E) be a (simple, undirected) graph with
E C {{u,v} C V| u # v}. Define the associated 2-uniform hypergraph

(G) = (V,€) by €={{uv}|{u0}ecE}CP(V)\{0).

Theorem 10 (HyperGraph-NLP generalizes Graph-NLP). Every instance of Graph-Based Natural Lan-
guage Processing is a special case of HyperGraph-Based Natural Language Processing.

Proof. Consider any Graph-NLP pipeline consisting of a graph encoder I' : X — G and a model
family Fg = {fp : G — Y}, where G is a class of finite attributed graphs.
Define a hypergraph encoder by composition:

I'y=10lg: X = H,

where H contains (at least) all 2-uniform attributed hypergraphs obtained from graphs in G. Define a
hypergraph model family on this subclass by

R ((G)) = fo(G) forevery G € G.

Then for every (x,v),

L(f3'Tr(x)),y) = L(f3'((Tc(x))),y) = L(fo(Tc(x)),y).

Taking expectation over (x,y) ~ P shows that the optimization objective of the constructed
HyperGraph-NLP instance is identical to the original Graph-NLP objective. Hence Graph-NLP
is a special case of HyperGraph-NLP. []

Definition 47 (Hypergraph-to-superhypergraph inclusion at level n = 0). Let H = (V, &) be a hyper-
graph with € C P(V) \ {@}. Define

jo(H) =SHG = (Vy, V,E) by Vo=V, V=V, CPUV), E=E.

Definition 48 (Singleton lifting of graphs/hypergraphs to level n). For n > 0, define 0, : Vo — P" (V)
recursively by
() =v,  Ga(0) ={ox(v)} (k=0).

Given a hypergraph H = (Vjy, £), define its n-lift
n(H) = SHG! = (vo, V"), E™),

where
v = {0,(v) |0 € o} CPM(Vp), EM = { {ou(0) | v € e} ) ecé }

(Attributes and weights are transported along oy, in the obvious way.)
Theorem 11 (SuperHyperGraph-NLP generalizes Graph-NLP and HyperGraph-NLP). For every n > 0,

every instance of HyperGraph-NLP is a special case of SuperHyperGraph-NLP at level n. Consequently, every
instance of Graph-NLP is also a special case of SuperHyperGraph-NLP.

Proof. Fixn > 0.
Step 1 (HyperGraph-NLP = SuperHyperGraph-NLP). Take any HyperGraph-NLP pipeline with
encoder I'yy : X — H and model family Fy = {fy : # — V}. Define a superhypergraph encoder by

Té’g:]noI’H:X—)S(").
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Define a superhypergraph model family on the image of j, by
go(n(H)) = fo(H) forevery H € H.

Then for every (x,v),

L(g0(T(x)),y) = L£(86(n(Tu(2))),y) = L(fo(Tu(x)),y).

Thus the expected risk objective is preserved, and HyperGraph-NLP is a special case of SuperHyperGraph-
NLP.

Step 2 (Graph-NLP = SuperHyperGraph-NLP). By Theorem above, Graph-NLP is a special
case of HyperGraph-NLP via the inclusion ¢ into 2-uniform hypergraphs. Composing with Step 1
yields a SuperHyperGraph-NLP instance (at level n1) with identical objective value for all 6. Therefore
SuperHyperGraph-NLP generalizes both Graph-NLP and HyperGraph-NLP. O

10. Conclusion

This paper extended several core frameworks—including GCN, GraphRAG, causal graphs, graph
embedding, and graph generation—by integrating the SuperHyperGraph perspective. Future work
will include computational experiments and quantitative evaluation on real-world datasets. We also
hope that further research will explore extensions of the concepts presented here using Fuzzy Sets [150],
Rough Sets [151,152], Neutrosophic Sets [79,153,154], Uncertain Sets[78,155], and Plithogenic Sets
[156,157].
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