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Abstract

Determining the solution set of a system of linear interval equations is often a difficult task. Establishing
such a theory, which should include the theory of classical systems of linear equations in a special
case, opens the door to a very comprehensive and arduous work. In this study, we tried to develop
information about the solution sets of such equation systems by using the known quasilinear space
concept. First of all, we defined the determinant of an interval matrix as an interval and its rank as
a pair of natural numbers. Then, we introduced the quasi-inverse concept for interval matrices and
obtained some results based on this. With the help of our results, we proved a theorem that we call the
Interval-Cramer’s rule regarding the solution of some linear interval equation systems. In addition,
regarding the existence of solutions to this type of equations, we give a theorem regarding the rank of
the interval matrix that models the equation.
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1. Introduction

We describe some problems with limited uncertainty as problems with inexact data. We encounter
such situations in many scientific problems. These types of problems can sometimes be expressed with
a linear interval equation systems. Interval matrices play a vital role in developing solution methods
for these problems. For example, in neural networks, if the activation functions are not bounded, then
we cannot always guarantee the existence of an equilibrium point of a neural network. In [8] authors
investigate existence of a unique equilibrium point for neural networks, which is necessary for global
robust asymptotic stability of the neural network model which is a special sets of nonlinear differential
equations. Only when it is known that the terms of the parameter matrices must lie in certain closed
intervals can an estimate of the results be obtained. In this case we need to work with interval matrices.
In general, we need interval matrices in the solution methods for linear systems with inexact data. If
the missing data can be confined to the intervals, we can model the linear system with inexact data as
a linear interval equation. Let us look at Example 7.5., from [3]. The mesh equations for an electric

Ri+ Ry —R; L B i
—R, Ry +Rs3 I a2

with V; = 10, V, = 5, and R; = Ry, = R3 = 1000 4+ 10%. Here R; denotes resistances, I; denotes
currents and V; denotes voltages. Find enclosures for I; and I with the variation possibility 10% on

circuit are expressed as

resistances.
Let us consider interval matrix

- [ [1800,2200]  [~1100, ~900]
~ \ [~1100,—900]  [1800,2200]
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and (interval) vectors

Then Ax = b is the linear interval-equation that will serve the solution of the above linear interval
system. In this paper we will try to solve this problem using the quasi-inverse concept and using
Interval Cramer’s Rule, and we will see that our result is close to the results obtained in Example 7.5.
In general, it is highly difficult to determine whether a solution of a system of linear-interval equations
exists. The main reason for this is that the set of interval vectors that we will use to find the solution
of such equations is not a vector space. So it is hard to obtain a solution method just the same as in
classical linear algebra. However, fortunately, the set of all interval vectors has an algebraic structure
so-called quasilinear space which is a generalization of a linear spaces. For this reason, we have to
develop more general or newer concepts than classical linear algebra concepts. Further, they must
be consistent with classical linear algebra concepts. The concept was first introduced by S. M. Aseev
in [1]. However, some necessary concepts such as quasispan, quasilinear dependence-independence
and basis were not given in this work. These definitions and the definition of the dimension of a
quasilinear space are given in references [5,6]. However, we realized that we needed to change some
of the nomenclature in the definitions we gave in these works. For example, in a quasilinear space, we
called an element that has no inverse with respect to summation a singular element. Some interval
matrices may not have an inverse with respect to addition. When we call them singular elements, it is
confusing with the known definition of singularity in matrices. Because every classical real matrix is a
degenerate interval matrix.

Another important work on the algebraic structure of the class of intervals and more generally of
sets is given by S.Markov [18]. The study of parametric linear interval systems and the solution set
of parametric interval matrix equation systems belongs to the same class of problems, and for other
important works on them it is useful to refer to papers [19-22].

The concept of rank of an interval matrix has already been considered and defined in different
versions (See for example [17,24]). Unlike the other definitions, we first recognise that an interval
matrix defines a quasilinear operator between quasilinear spaces, so we define the rank of a quasilinear
operator here. In order to define it, we must first define the dimension of a quasilinear space. We
have already given this definition in ([5,6]), where the dimension of a quasilinear space was defined
as a pair of natural numbers. Using this definition, the rank of a quasilinear operator and hence of
an interval matrix will be defined as a pair of natural numbers. As known from Linear Algebra, the
range of a linear operator is a linear space. Thus the rank of an operator is defined as the dimension
of the range space. However, we know from our previous works on quasilinear operators that the
range of quasilinear operators may not be a subspace. But we know that the space quasi-spanned by
the range is a quasilinear space. Therefore, to define the rank of a quasilinear operator T we will use
the dimension of the space quasi-spanned by the range of T . Correspondingly, we define the row
and column ranks of an interval matrix as the dimension of the spaces quasi-spanned by the row and
column vectors. We will also give an example that the row and column ranks may not be the same if
the interval matrix is not degenerate, i.e. not a classical matrix. If the row rank is equal to the column
rank, we will call this value the rank of the interval matrix. When we consider these points, the concept
of rank we give is quite different from other rank definitions of an interval matrix. Since it can give
these details better, the definition of quasilinear space given by Aseev is more advantageous than the
definition given by Markov. Furthermore, interval matrices are quasilinear operators according to the
quasilinear operator conjecture given by Aseev. But such a correspondence is not given in Markow’s
work. This correspondence is fundamental in linear algebra and this is another factor that makes
Aseev’s definition of quasilinear spaces more advantageous. Continuing in this direction, we give
definitions such as the determinant and quasi-inverse of an interval matrix. Thanks to these definitions,
we obtain an envelope containing the solution of some linear interval equations. We call this result
Interval Cramer’s rule in this work. If the solution exists, it is easy to find an envelope containing the
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solution of the linear interval equations. The important thing is to find an acceptably narrow envelope
containing the solution set. In the important reference [3], for some simple equations of this type,
some authors have obtained reasonable envelopes containing the solution by their own methods. For
example, in [3], Example 7.5, a reasonable envelope containing the solution of a this type equation is
presented. We solved the same problem with the Interval Cramer’s rule developed in this study and
obtained an envelope as narrow (small enough margin of error) as in [3], Example 7.5. This gave us
the impression that our rule is functional in many cases, but not always

The basic studies on the solution of systems of linear interval equations given by square matrix
are given in references [2,14,15]. However, earlier studies on the subject were given by Farkas, [13],
and Oettli, [12]. Later, in [9,10], important contributions were made to the solution of linear systems of
interval equations. Mainly in this work we first try to define the determinant of an interval matrix as
an interval and its rank as a pair of natural numbers. Then, we introduce the notion of quasi-inverse of
an interval matrix and obtain some results based on this concept. Further we aim to prove a theorem
that we call Interval-Cramer’s rule regarding the solution of some linear interval equation systems. In
addition, regarding the existence of solutions to this type of equations, we give a theorem related to
the rank of an interval matrix that models the equation.

2. Interval Vectors and Matrices

An n-dimensional interval vector x = ([x1,%1], ..., [Xu, %] ) is a set in R" such that each compo-
nent x; = [ﬁ, Z] is a closed real interval for i = 1,2, ..., n. In some cites this equivalent notation can be
written as

= {x=(x):x<x<xie, x;<x <%, i=12,..,n}

We think that the first notation is more suitable in our works. We denote by I the set of all n-
dimensional interval vectors. Actually, saying I is n-dimensional a bit of a misnomer since II; is not a
vector space. It’s just a word-of-mouth concept. In order to properly understand the concept of the
dimension of I, we need to construct the concept of dimension for quasilinear spaces. We tried in
some former works to perform this aim. Let us give some former work about quasilinear algebra. Here
for any real scalar A

Ax = (A[x;, %] ) where

[Ax;, ATi], A>0

Alx;, x| = .
[2,%] (A%, Ax], A <0

A set X is called a quasilinear space, [1], on the field K of real or complex numbers, if it is a
partially ordered set by the relation "<", and an algebraic sum operation +, and a scalar product are
defined in it in such a way that the following conditions hold for all elements x,y,z,v € X and all
a, B € K: (X,+) is an abelian ordered monoid with the zero 6 € X and the following other conditions

a(px) = (ap)x, 2.1)
a(x+y) =ax+ay, (22)

1x = x, 2.3)

0x =6, 2.4)

(e + B)x = ax + Bx, (2.5)
x+z=y+vifx<yandz <o, (2.6)
ax < ayifx <. 2.7)
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Any element x of a quasilinear space (briefly QLS) is again called as "vector", just is the same as in
the linear spaces. Any linear space is a QLS with the partial order relation “=", but not conversely. In
a QLS X, the element @ is minimal, i.e., x = 0 if x < 8. An element x’ is called additive inverse of x € X
if x + x’ = 6. The inverse is unique whenever it exists. An element x possessing the inverse is called a
stone, otherwise is called a foam. We proved in [4] that each stone is a minimal element.

Lemma 1. [1]Suppose that each element x in QLS X has inverse element x' € X. Then the partial order in X
is determined by equality, the distributivity conditions hold, and consequently X is a linear space.

In any linear space, the equality is the only way to define a partial order such that conditions
(1)-(13) hold [1].

It will be assumed in what follows that —x = (—1)x. Note that x’ may not be exist but if it exist
then x’ = —x. For example, the interval [1,2] is a foam in Iy, a nonlinear QLS, since the additive
inverse of the element [1,2] does not exist. However —[1,2] = [—2, —1] € I. All degenerate intervals
are stones and all non-degenerate intervals are foams in Ig. Let us give an easy characterization of
stones. An element x is a stone in any QLS if and only if X’ = —x, or equivalently, x — x = 6. We
should note that in a linear QLS, briefly in a linear space, each element is a stone. Hence the notions
of stone and foam in linear spaces are redundant. An element x in a QLS X is said to be balanced
whenever —x = x, and X}, denotes the set of all such elements in X.

Suppose X isa QLS and Y C X. Then Y is said to be a subspace of X whenever Y is a QLS with the
same partial order and with the same algebraic operations on X. In [1] the concept of a subspace for a
QLS was not defined. After detailed investigations we saw that the characterization of the definition
must be the same as in linear subspaces: Y is a subspace of X if and only if for every x,y € Y and
a, B € R, ax + By € Y [4]. There exist three important subspaces of any QLS X. The space X which is
the class of all stones, X ¥ which is the class of all foams with the zero and X}, which is the class of all
balanced elements. We call X; and Xy as stone and foam subspace of X respectively. X, is known as
balanced subspace of X. Note that the quasilinear space X; is a linear space but X and X are not.
That is why we call X; as the linear part of X. Further, X; N Xy = {6}.

An m X n interval matrix A =[A, A] is defined as the set { A € M"*" : A < A < A} of all real-
term m x n matrices A such that A = (4;;) and A = (aj;) are fixed m x n-matrices and are lower and
upper bounds of A, respectively. Writing interval matrices with their rows and columns explicitly
shown will make our next results more understandable. Hence let us use the notation

A A - A [, @] - [a1n @10
A= An An - A | lap1,321] -+ [a20, T2n]
Amt Amz - Amn I:all/ M] te IMI M]

from now on, where .Aij = |:‘1ij/ aT]} Let us denote by TIM™ " the family of all m x n—interval

matrices. Thus by former notation ZM"™*" is just
IM™" = {A: A=[A A] where A, A are bounds}.

As a special case ZM" denotes briefly ZM"*". If a;; = a;;, for each i, j then A is called degenerate and
any degenerate interval matrix is a singleton including only one classical real-term matrix A. In this
case, we can write A ={A}, or sometimes A =A . For two elements A and B of ZM"™*", addition
operation is defined by

AeB

{A+B:A<A<AandB<B<B}
= {.Aij-i-Bij:Ai]‘ € Aand[)’ij GB}
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and by this operation ZM™*" is an abelian monoid with the identity interval matrix zero, which is a
degenerate (classical) m x n zero matrix. Obviously (ZM™ ", @) is not a group since some elements
have no additive inverses. Let’s call a degenerate (classical) interval matrix .4 as a stone since it has an
additive inverse, and call it as a foam since it has no additive inverse. Just like in classical matrices, we
use the term inverse only for the multiplicative inverse in interval matrices. While in classical matrices
the additive inverse is always exist but not in nondegenerate (pure) interval matrices. This is why we
introduced the concepts of stone and foam. It is easy to prove that any interval matrix is degenerate if
and only if it is a stone. Let us denote by ZM"*" the class of all degenerate elements (stones) and
denote by IM}”X” the class of all foams in ZM™*". The function f : ZM!"™*" — M™*" f({A}) = A
is a bijection and hence we can see that the set M *" of all classical real m x n-matrices are equivalent
to ZMJ" .
For two elements A and B of ZM™*"  the relation

A C Biff Ajj C Bjj for each A;; € Aand Bj; € B,

is a partial order and hence (ZM™ ", ®,C ) is a partially ordered monoid with the compatibility
condition:
AC Band C C Dimplies A®C C Bd D.

If Ais a stone and B is a foam then A C B means A € B. If A and B are both stones then they are
classical matrices and A C B means 4 = B . If Ais a foam, B is a stone then the assumption A4 C B
indicates that 3 also has to be a foam. We can summarize the last case as follows: "any foam cannot be
a subset of a stone". Following proposition states this assertion and it can easily be proved.

Proposition 1. The zero interval matrix 0 and moreover all stones are minimal elements in ordered monoid
(ZIM™ @, C).

For the field R the law - : RxZM™*" — TM™*" is known as the scalar product on ZM"™*" and
has the following properties: for all elements A, B,C,D € ZM™ " and for all a, B € R,

a-(B-A)=(ap)- A (28)

- (AoB)=a-Ada-B, (2.9)

1- A=A, (2.10)

0-A=6, (2.11)

(a+pB)- ACa-ABB- A (2.12)
A®CCBaDif ACBandC C D, (2.13)
x- ACua-Bif ACB. (2.14)

By this properties we construct an algebraic structure (ZM™*", @,., C ) . We will again write x.A
fora- A ={aA: A € A} in the sequel. In this respect, (ZM™*",®,., C ) is a quasilinear space on the
field R.

Example 1. Let A = [ A, Z} where A = ( _1 01 ) and A = ( 1 (1) ) . Alternatively, using interval
-11  [0,0]

-1,1] [-1,1]
the subspace ZM3 of TM?. It is also a subspace of IM]%. Furthermore, except for the zero, all balanced interval

notation, we write A = ) . This is a balanced interval matrix and hence it is an element of

matrices are foams. For n = 1, ZM" corresponds to g, the quasilinear space of all closed intervals of real
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numbers, and TM Y} corresponds to R. Further, B = ( [1.3] 2,2] E' g} ) is a foam and an element of

oo U222 py)_(1 2
“\ [-1,-1] [44] 33 ) \ -1

is a stone and C € IMfixg' = M2x3,

IM?XE’ while

N
W =
~—

3. Dimension and Basis in the space of Interval Vectors

Any x = ([x7,x1],..., [%n, xu] ) is known as n-dimensional interval vector, in fact, a set in R" such
that each component x; = [xT, ﬂ is a closed real interval for i = 1,2, ..., n. With an another notation
in interval analysis we can write x = [X, x| where X and x are bounds of x and they are n-tubles of
real numbers. But former notation is most useful in this work. Of course, each n-dimensional interval
vector can be seen as an interval (column) matrix and we denote by I the set of all n-dimensional
interval vectors instead of ZM"*! and for n = 1, [}, = Ig. By the algebraic operations and by the
partial order from the former section, I; is a quasilinear space on the field R. Actually, calling I is
n-dimensional is a bit of a misnomer since If; is not a vector space. It’s just a word-of-mouth concept.
In order to properly understand the concept of the dimension of I}, we need to construct the concept
of dimension for quasilinear spaces.

In this section, let us present some basic results which is obtained formerly in our works [5-7]
by slightly changing some notations. Any quasilinear combination of the set {x;}}_, in a QLS X is
an element z € X such that a1x; + asxp + ... + ayx, = z for some scalars a1, ay, ..., ;. But any linear
combination of the set {x;}}_, in X is an element z of X in the form a;x; 4 axxz + ... + a4y X, = 2z, just
the same as is in classical linear (vector) spaces. Hence a linear combination of the set {xk}z:l is an
element z of X such that

a1X] + aoXo + ... + ayxy = zand z < a1x7 + X2 + ... + Ay Xy

In a linear space, these two definitions are coincide since the relation "<" turns out to be the relation
"=". Clearly, a linear combination of {x;}}_;, is also a quasilinear combination of {x}}_,, but not
conversely. For any nonempty subset A of a QLS X, the quasi-span (g-span, for short) QspA of A, is

defined by the set of all possible quasilinear combinations of A, that is,

n
QspA = {xeX: thkxij,
k=1

for x1,%p,...,x, € A and for some scalars a1, ay, ..., 0, }.

Span of A, SpA, is also defined in quasilinear spaces, just the same as is in classical linear spaces and
obviously, SpA C QspA. Further SpA = QspA for some linear QLS (linear space), hence, the notion
of QspA is redundant in linear spaces. Moreover, we say A quasi-spans X whenever QspA = X. We
know from former works that QspA is a subspace of X but SpA may not be a subspace of X.

Definition 1. [7] (Quasilinear independence and dependence) A set
A ={x1,Xp, ..., X }
ina QLS X is called quasilinear independent (briefly ql-independent ) whenever the inequality
0 = A1x1 + Aoxo + ...+ Apxy (3.1)

holds if and only if Ay = Ay = ... = A, = 0. Otherwise, A is called quasilinear dependent (briefly
ql-dependent ).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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If we recall again that every linear space is a QLS with the relation "=", it can be seen that
the notions of quasilinear independence and dependence coincide with linear independence and
dependence in linear spaces.

Example 2. Consider A = {[1,2]}, a singleton in Ig. It is obvious that {0} = [0,0] C w.[1,2] if and only
if & = 0 where {0} is the zero’s of Ig. Therefore, A is ql-independent. However, the singleton B = {[—1,2]}
is gl-dependent since [0,0] C B.[—1,2] for B = 2 # 0. This is an unusual case since a non-zero singleton
is obviously linear independent in linear spaces. On the other hand, the set {[1,2],[—1,2|} is gl-dependent.
In general, the definition implies that any subset containing an element associated with zero is necessarily
ql-dependent in a QLS. This extends the well-known result in linear spaces that any subset containing zero must
be linearly dependent.

Example 3. In 12, let vi = ([—2,1],[0,0]) and v, = ([0,0], [—2,3]). Then the set {vy, vy} is gl-dependent
since
([0,0],10,0]) € A1.vqy 4+ Apvy = ([—2,1],[—2,3])

for A1 = Ay = 1 where ([0,0],[0,0]) is the zero’s of I3. However {uy,up} is gl-independent where u; =
([-2,—-1],[0,0]) and up = ([0,0], [2,3]). On the other hand, let u = ([—2,2],[—3,3]) then the singleton {u}
is ql-dependent in I3 since

(0,01, {0,0]) < u.

i-spans (Ig) s .

We now introduce the concept of dimension in a QLS. Our analysis indicates that it should be
divided into two distinct notions, namely the stone dimension and the foam dimension. Before doing
so, we first present a variation of a classical definition.

Definition 2. Let S be a ql-independent subset of the QLS X. S is called maximal ql-independent subset of
X whenever S is ql-independent, but any set icluding S is ql-dependent.

Definition 3. [5] Stone (Foam) dimension of any QLS X is the cardinality of any maximal gl-independent
subsets of X4(X¢). If this number is finite then X is said to be finite stone (foam)-dimensional, otherwise; is said
to be infinite stone (foam)-dimensional. Stone dimension is denoted by s-dim X and foam dimension is denoted

by f-dim X. If s-dim X = m and f-dim X = n then we say that X is an (ms, n f> -dimensional QLS where
m and n are natural numbers or oo.

The above definition means that s-dim X is classical definition of dimension of the linear space
X4. S0, s-dim X = dim Xj;. Notice that a non-trivial foam subspace of a QLS cannot be a linear space.

Further, we can easily see that any QLS is (ns, 0 f) -dimensional if and only if it is n-dimensional linear
space. In this respect, the trivial linear space {0} is a (Os, 0 f> -dimensional QLS. We known former

work [5] that there is an example of a (Os, 0 f> -dimensional QLS other than the trivial quasilinear space
{0}

Remark 1. We can easily see that any set including a balanced element must be ql-dependent in a QLS. Further
stone subspace of Iy, is (ns, 0 f) —dimensional while its foam subspace is (05, n f> —dimensional.

4. Rank and Determinant of an Interval Matrix

This section includes some new definition and results on interval matrices and on the solution of
some linear interval equations. We have been frequently benefited from the source [16] for classical
linear algebra facts. First of all let us fix some notation for an interval matrix .4 with columns and
rows. When we consider an interval matrix A :(AZ-]-) where A;; = {aij,af-j,} then we can write
A= (A1), (Azg), oo (A ))for k = 1,2, .., n. To get a solution of a system of linear interval equations
if it exists we think that we should first define linear algebra-like tools such as rank and inverse of an
interval matrix.

First of all let us give some concepts and results on quasilinear operators given by Aseev.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Definition 4. [1] Let X and Y be quasilinear spaces. A mapping T : X — Y is called a quasilinear operator
if it satisfies the following conditions:

T(x1+x2) = T(x1) + T(x2),
T(ax) = aT(x) foranya € R,
if x1 < xp, then T(x1) =< T(xp).

In this definition, the last two conditions remain the same, and if we tighten the first condition a little more so
that T(x1 + x2) = T(x1) + T(x2), we get the definition of a linear operator between quasilinear spaces.

Theorem 1. An m x n interval matrix A defines a quasilinear operator from Iy into I by the interval
matrix-product Ax = b, explicitly:

n

;1 I:ﬁ/ x]/:| |:a1]! al]:|
o, @] oo (a0 T S " .
] o o] || 2wl || Bl lem] )
(2w, @] - (A, Tonn] [, %] n -

£ 1,5, o]

~.

where x = ([x1,%7,],..., [Xn, %) and b = ([h,a},, [bﬂ,ﬂ}) such that
[@,bf} - Ji {ﬁ/x*j,} {@,Tﬁ],fori =1,2,..,m

and the product in the summation is the multiplication between intervals.

Proof. Only we are going to prove that A(x +z) C A(x) + A(z) since verifying the other conditions
are routine. But easily we can write from interval aritmetics (see [3, p.99]) that :

(ls5]+ sl )
] ] ) + (5 e i)

i J
+ A(z).

Alx+2) = ():

-t

= Alx

M:

1 i

~—

Now for such an interval matrix A and for any interval vectors b, by a system of linear interval
equation
Ax=Db

we mean a family of all linear equation systems Ax = b such that A € A, x € xand b € b.If (4.1) has
a solution then the solution set is written as

Y={xelp:Ax=bforsome A€ A x € xand b € b}.

However, determining the solution sets of such equations is an extremely difficult problem. In
fact, a much simpler form of such systems of equations arises when If; is replaced by its linear subspace
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R". In this case the interval matrix A again defines a quasilinear operator from R" into Ij{ and the
interval vector x becomes a classical real n-tuble x. Moreover, the solution set of the simpler case of
equation (4.1) is then expressed as

Y={xeR": Ax =bforsome A € Aand b € b}.

Even in this simple case the solution set is very difficult, in fact, it is an NP-hard problem. In the
literature, this simpler case known as the system of linear interval equation. An earlier and fundamental
results for description of the solution set of simpler case is given in [12]. Some further investigation in
this way are presented in ([9,10,13,15]). In fact we aim to develop solution techniques similar to the
classical case for the simpler case of (4.1). Hence in this work we consider the linear interval equation

Ax=b

where A is an interval matrix, x = (x1,x,...,x,) € R" and

b= ([byB1], ., b)) €T

Remark 2. In general, the solution set Y of Ax = b does not appear as an interval vector. A simple example of
the shape of such a set Y can be seen in [3, p.99]. In general, determining the exact solution set for this type
problems is an NP-hard problem. Instead, in general, we determine an envelope X containing the solution set Y.
Further a solution of Ax = b is not an element x satisfying the equality Ax = b, but an element x satisfying
the (classical) linear equation Ax = b for any A € A and for any b € b. Let us illustrate this with a simple
example. Consider the system of linear interval equations [1,2]x = 4. Here A = ([1,2]), x € Rand b = [4,4].
We know from interval arithmetic that there is no real number x satisfying this equality. If the solution set were
defined in this way, we would say that this equation has no solution. However, this is not the case. According
to the definition above, for A = (3/2) € A, the system Ax = 4 has a solution and x = 8/3 is the solution.
Similarly, for every A € A, there exists a solution of the system Ax = 4 and the solution set Y of [1,2]x = 4 is
just [2,4]. In this simple example, the solution set is a 1-dimensional interval vector.

Definition 5. Let A be an m x n interval matrix. Then (4.1) is called quasi-homogeneous whenever 0 C b.
The dimension of the solution space of such a quasi-homogeneous system is called the quasi-nullity of A.

Now since an interval matrix defines a quasilinear operator between quasilinear spaces, we will
first define the rank of a quasilinear operator. Firs of all, it should be noted that a quasilinear operator
may not be represented as an interval matrix even if its domain and range are finite dimensional.
Furthermore, although the domain and range of a linear operator are linear spaces, the range of a
quasilinear operator may not be a quasilinear spaces. For example, T : R — I, Tx = x[0,2] for
x € R, is a quasilinear operator but the range R(T) = {x[0,2] : x € R} is not a subspace of Iy since
[0,2] = [0,2] = [-2,2] ¢ R(T). Therefore, we will use the quasi-span of R(T) that is, Qsp(R(T)) for
the rank definition. If T were defined between linear spaces, in which case it would be a linear operator,
then R(T) would be a linear space and Qsp(R(T)) = Sp(R(T)) = R(T).

Since the notion of dimension is defined above as a pair of natural numbers, the notion of rank
will also appear as a pair of natural numbers.

Definition 6. Let X and Y be quasilinear spaces. Rank of a quasilinear operator T : X — Y is defined as the
dimension of quasi-span of the range of T in Y, that is, RankT = dim Qsp(R(T)).

Definition 7. A quasilinear space which is quasi-spanned by row (column) vectors of an interval matrix A is
called row (column) space of A. The dimension of the row (column) space of A is called the row (column)
rank of A. We denote row and column ranks of A by R — rank A and C — rank A, respectively. We will use the

symbol Rank A = (ms, nf> if R —rank A =C — rank A = (ms, nf) where m and n are natural numbers.

We will see in the sequel, unlike classical matrices, that the row and column ranks may not be
equal in interval matrices.
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Let us give first example from 1 X 1 interval matrices.

Example 4. Consider interval matrices A =([—1,2]), B =([1,2]) and C =([2,2]). Their row and column
vectors are the same. The row (column) vector of A is [—1,2|. First, we must find

Qsp{[—1,2]} ={[a,a] € I : A[-1,2] C [a,4], A € R}.

Obviously, Qsp{[—1,2]} never contains degenerate interval other than zero. Hence the stone subspace of
Qsp{[—1,2]} is {[0,0]}, the trivial subspace. So the stone dimension of Qsp{[—1,2|} is just the zero.
Moreover, the foam subspace of Qsp{[—1,2]} is itself, and every subset of Qsp{[—1,2]} is ql-dependent. This
assertion is clear from the definition of Qsp{[—1,2]} since [0,0] C [—1,2] and so [0,0] C A[—1,2] C [a,a]
for some A 0. This means foam dimension of Qsp{[—1,2]} is also zero. Eventually we conclude that
R —rank A =C — rank A = <OS, Of) s0 that Rank A = (03,0f).

Now the row and column spaces of B are the same and

Qsp{[1,2]} = {[d,a] € Ir : A[1,2] C [,4], A € R}.

The stone subspace of Qsp{[1,2]} is again the trivial subspace. Therefore, its stone dimension is zero. On
the other hand, the foam subspace of Qsp{[1,2|} is again equal to itself. {[1,2]} is ql-independent in this
space, which tells us that the foam dimension of Qsp{[1,2]} is 1 or a greater integer. Further, two elements in

Qsp{[1,2]} must be gl-dependent by the definition. So the row and column rank of B is (05, 1 f) and hence
RankB =(05,15).
Finally, let’s consider the interval matrix C. We know that Qsp{[2,2]} = Ig and we know that I}, is

(15, 1 f)—dimensional. So, RankC = (15, 1 f) . The matrix C is also a classical matrix and is a transformation
between linear spaces. From this point of view, its rank is 1. Every linear space is a quasilinear space and when

we consider C as a quasilinear operator from the quasilinear space R into itself, RankC = (15, 0 f>. When we

define C as a quasilinear operator from I into Iy as before, RankC = (15, 1 f).

Example 5. Now let us give examples from 2 x 2 interval matrices. Consider A —( 0.1] [-1,2] ),

5 _( L2 L3 ) I _( L1 [33] )
(—4,—-2] [1,1] [—2,-2] [2,2]
Rows of Aare vy = ([0,1],[—1,2]) and v = ([1,3],[1,2]). Now

QSP{V],Vz} = {u MV F+Avp Cu, A, Ay € ]R}

where w = ([a1,a1], [z, a2]) € I%. Again the Qsp{v1,vo} never contains any degenerate interval pairs other
than zero. Hence the stone subspace of Qsp{v1,va} is the trivial subspace of I,. So its stone dimension is the
zero. Moreover, its foam subspace is Qsp{v1, vy}, and every subset of Qsp{vy, v, } is gl-dependent. This is
clear since ([0,0],[0,0]) C 3vy — 2vy, for example. On the other hand, {v,} is a ql-independent set in 12, and
in Qsp{vy, vy }. This means foam dimension of Qsp{v1, v} is 1. Eventually we conclude that row rank of A
is (0s,1 7 that is, R — rank A = (Os, 1 f) . Let us now determine the column rank of A. Consider the column

vectors uy = ([0,1],[1,3]) and u, = ([—1,2],[1,2]) in %,
Qsp{ul,uz} = {W : /\1!11 + Au; Cw, /\1,)\2 c R}

Aguain the stone subspace of Qsp{uy, uy } is the trivial subspace and so its stone dimension is the zero. Let us now
determine foam dimension of Qsp{uy, uy }. Observe that {uy,u, } is gl-dependent since ([0, 0], [0,0]) C u;—uy.
This means foam dimension of Qsp{uy, up} cannot be 2. Further we cannot find any non-zero A such that
([0,0],[0,0]) C Auj. So {up} is gl-independent and this implies foam dimension of Qsp{uy,up} is 1. Asa
result we conclude that C — rank A = (05, 1f>. Then we can write Rank A = (05, 1f).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202512.2162.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 December 2025 d0i:10.20944/preprints202512.2162.v1

11 of 20

Similarly, we can show that RankB = (OS, 2 f).
C is in fact a classical matrix and we know that its rank is 2 as a mapping on (quasi) linear space R?. Now let

us see that its rank is (25, 2 f) as a mapping on quasilinear space I3,. Consider row vectors uy = ([1,1],[3,3])
and up, = ([-2,-2],(2,2]) in I3,

Qsp{uy, uz}
= {y:Aug+ Ayup Cy, for some Ay, Ay € R}
= {y tA1—2A2 €y1,3A1 + 245 €y, A, A € R}

wherey = (y1,y2) € I[HZQ. Hence for any (y1,y2) €y, there exists A1, Ay € R such that y; = Ay — 2, and
Y2 = 3A1 + 2A;. As the real numbers Ay and A, change, interval pairs (y1,y2) form H%R. Now let us see this.
Take an arbitrary (z1,2,) € ]I%R If (21,22) € (21,2) then (z1,22) € R? and so we can write

(z1,22) = M(L,3) +12(-2,2)
for some Ay, Ay € R since (1,3) and (—2,2) linearly independent in R?. This proves the assertion. Hence

Qsp{ull 112} = ]IIZR

An analogous conclusion can be derived from column vectors of C. As a result we conclude that the row and
column rank of C is (25,2f), that is RankC = (25,2f).

Definition 8. An interval vector whose each term consists of degenerate intervals is called a degenerate
interval vector.

Thus, an interval vector whose at least one term is not a degenerate interval is called a non-
degenerate interval vector. It can be easily shown that summation of a degenerate interval vector by a
non-degenerate interval vector is a non-degenerate interval vector.

Example 6. Consider A-( [_[1:1_]1] E:ﬂ E:g} ) = ( _11 i [1/33] ) Rows of A are vi =

(1,2,11,3]) and vo = (—1,4,3). Now

QSp{Vl,Vz} = {ll MV + Ay Cu, A, A € R}
= {u:hi—A2 € [a,7], 20+42; € [b,B], Aa[1,3]+32 [, ).

where u = ([a,7a], {b E}, [c,c]) € ]I%. For Ay = 0, (—A2,412,3A;) constitutes the stone subspace of
Qsp{v1,va} and it is just the span of vo. For Ay # 0, Qsp{vy,vp} never contains stones, that is, stone
subspace of Qsp{v1, vy} is span{vy}. Now let us look at the foam part of the row space of A. The foam part
is just Qsp{vy,va} as well, and thus R — rank A = (15,2f) since it contains maximum two ql-independent
vectors, namely, {v1,vy}. Let us now investigate columns wy = ([1,1], [—1, —1]), wo = ([2,2], [4,4]) and
ws = ([1,3],[3,3]) of A. Assume

([0, 0], [0, 0]) C Mwp + Aywyp + Azws.

This means
0 € M +2)\2+)L3[1,3],
0 = —A1+4A,+43A;.
Then, for Ay = 1, Ay = 1 and A3 = —1, the above inclusion system is satisfied. This shows

{w1,wo, w3} is gl-dependent in Qsp{w1, Wy, ws3}. On the other hand {wq,wy} is gl-independent in
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Qsp{wq, Wy, w3 }. Because,{ w1, Wy } is already linearly independent. The stone subspace of Qsp{w1, Wy, w3 }
is just span{w1, wy }. Hence the column rank of A is (25, Zf) , that is, C — rank A = (25, Zf). So we conclude
by this example that: unlike classical matrices, the row and column ranks in interval matrices may not be equal.
1 2

If we examine the rank of the (interval) matrix A = ( 1 4 3

) as a quasilinear operator from I3,

into ]I%g. Then Rank A = (25,2f).
Conclusion 1. Row and column ranks of an interval matrix including a non-degenerate term may not be equal.

Proposition 2. Any classical real m x n matrix A with rank r is also an interval matrix from I, into Ig for

which the (row and column) rank is (rs,r f).

The partial order in the n x n square-interval matrix space ZM" was just defined as
.A Q B lff .AZ] Q Bi]', fOT’ each l,]

Further let us say that the (interval) matrix

[1,1] [0,0] --- [0,0] 10 -0

L0 [1,1] 0,0 0 0
In: . . . -

0,0 0,0 - [11 00 - 1

is the multiplicative unit in ZM". Tt is not difficult to define the multiplication operation between two
interval matrices by using the multiplication between two intervals. Because the multiplication rule
here are the same as in classical matrices.

Definition 9. For any A =(A;;) € ZM", determinant of A is an interval-valued function such that
det A = Z(ﬂ:)Alh A2]'2""Aﬂjn
where the sum is taken on the all j1j...j, permutations of the set {1,2, ..., n}. If the jyjp...jn permutation is even

then (£) = +, if it is odd then (£) = —.

Example 7. For A € TM?,

detA = det( a1 [a12,715] )

(221, 721] 222, 722]
= [aw @] [an, 5] - [m2,712] (21, @21]
= [minSj, max S1] — [min Sy, max Sy]

= [minS; — max Sy, max S; — min Sy].

where Sy = {@11a2, 11422, 11822, 011825 } and Sy = {@1a12, 821812, A1221, T12421 § -

Example 8. Let A = ( E):ﬂ {:;3 ) € IM?,
detA = [1,3][-2,2] - [0,2][-1,2]

= [min{1(=2),3(~2),2,3(2)}, max{1(~2),3(—2),2,3(2)}]
—[min{0(~1),0(2),2(~1),2(2)}, max{0(—1),0(2),2(~1),2(2)}]
= [-6,6] — [~2,4] = [~6,6] + [4,2] = [-10,8].
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Theorem 2. For A € TM3,

(@, an]  [@12,012]  [@13, 013
det| [@m1an] [722,a2] [423, 2]
[@31,031]  [#32,0%]  [a33, 03]

= [@11,a11] [a22, ao| [@33, a3 + [A12, a12] [a23, a5 ] (@51, 221
+ @13, a15] (@21, 021 | (@32, a32] — (@13, 413 ] @22, 202 ] (31, 431 |

— @11, a11] [@23, a23 | (@32, 32| — [@12, a12] [@21, 421 ] (@33, s3]

The rule given in this theorem is called Interval Sarrus Rule.

Example 9.

[1,1] [2,3] [1,3]
det| [-1,1] [0,2] [-1,3]
[0,0] [-2,2] [-3,—1]
= [-6,0] +[—6,6] —[—6,6] —[—9,9]
= [-6,0] +[—6,6] +[6,6] + [—9,9] = [—27,21]

Remark 3. Since det A is an interval, we can write it with lower and upper bounds as det A = [det A, det A} .

If0 ¢ det A then ﬁ can be calculated as de% 1= [ dei T de} A

we can see that if 0 ¢ det A then det A#0 for each A € A.

} from the interval calculus (see [3]). Easily

Remark 4. Another important work on the determinant of square interval matrices is given in [23], where the
determinant of an interval matrix is also defined as an interval. In that work the important result characterising
the determinant calculus is presented as Proposition 3.1. With our definition, the determinant of an interval
matrix includes the determinant given by the other definition, but it is not the same.

We found that the interval-valued determinant has similar properties to the classical determinant.

Theorem 3. For a square-interval matrix A,

1. det A =det(AT) where AT denotes the transpose of the interval matrix A, and the transpoze is
defined as in classical matrices.

2. If a square-interval matrix B is obtained from A by interchanging two rows (columns) of A, then
det B = —det A.

3. If two rows (colummns) of A are equal then det A must be a symmetric interval.

4. If all the elements in a row (column) of A are zero, that is, the interval [0,0], then det A = [0, 0].

Proof. Only claim 3 seems different from similar results in classical matrices. Here we will only prove
claim 3. Other proofs are easily done similarly to classical matrices. But it is not very difficult to prove
this because we can easily reach the result det A = — det A from the 2nd claim. This means that det .4
is a symmetric interval. [

Remark 5. In classical matrices, det A = — det A implies det A =0. But for interval matrices the assumption
only can say det A is a symmetric interval. Any symmetric interval is a balanced element in Iy and also can be
seen as a balanced 1 x 1-interval matrix.

Definition 10. Let A :(Aij) be an n x n interval matrix. Let B;; be a sub-interval matrix of type (n — 1) X
(n — 1) obtained by deleting the elements in the j*" column and i*" row of A. Then det Bij is called the minor
of Ajj. Further, the cofactor of the A;; is again an interval C;; such that Cj; = (—1)""7 det B;j

We found that the interval valued determinant function has similar properties to the classical
determinant function.
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Theorem 4. Let A =(Aj;j) be an n x n square-interval matrix. Then
det A = A;1Cq + ApCip + ... + A;,Ciyy.
where each Ay Cyy is just interval multiplication.

This theorem is an interval generalization of the classical case and the proof can be derived from
the former theorem.

13 [-12] [0,2]
Example 10. By this theorem, for A = | [-2,2] [-1,2] 2 ,
-1 [-1,2] [-13]

detA = [1,3] det( {_ >+ )det< [__212] [—3,3] )

[—2,2] [-1,2]
+[0,2]det< ] 1,2]>

= [1,3][-7,8 + -2, [48]+[0,2 5,6
= [—21,24] + [-16,8] + [~10,12]
= [—47,44]

[a.4]

We know from interval calculus that if 0 ¢ [a,4] then T3l is an interval and always includes
1. Furthermore [g,a] — [4,7] is always balanced element that is a symmetric interval an so always
0 € [aa] —[aa]

Definition 11. Let A be an interval matrix in ZM". Any element B of ZM" is called a right quasi-inverse
of A if it satisfies the condition 1, C AB. Similarly, Any element B of ZM" is called a left quasi-inverse of
A if it satisfies the condition 1, < BA. An interval matrix B satisfying the condition 1,C AB = BA is called
a quasi-inverse of A. Any B satisfying the condition

AB = BA CI,C AB = BA, or equivalently, I, = AB = BA,

is called an inverse of A and then B is denoted by A~
Of course, any right (left) inverse of A is a right (left) quasi-inverse, but not conversely.

Remark 6. Here it is possible to give the definition of a right quasi-inverse as "...AB Cly...". But in this case
AB has to be a classical real-term matrix (stone), because 1,, is a minimal element in the partially ordered set
(ZM?", Q). Thus, as soon as we write AB CI,,, we get AB =1I,, immediately. In such a case, we arrive at the
definition of the concept of the right inverse of the interval matrix A. An interval matrix may have many (right
or left) quasi-inverses. If a quasi-inverse of an interval matrix is an inverse, then it must be a stone. Hence an
inverse of an (interval) matrix must be unique in this case. A foam cannot have an inverse element, it can only
have some quasi-inverses. Only stones may have inverses. If we want to introduce an inverse concept for all
interval matrices, we have to work with quasi-inverse concept.

Example 11. For A =[1, 3], the interval matrices % and 1 are both left and right quasi-inverses of A. Further,
{%, 1] is another right (left) quasi-inverses of A. Any closed interval (matrix) B for which B C [%,l] isa

quasi-inverse of A. If D =[3,3] = 3, then D~ exits and D~'=[1/3,1/3] = . However, the foam [%, 1} is
only a quasi-inverse of D.
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Definition 12. (Adjoint) Let A =(A;j) be an n x n square-interval matrix. Then the adjoint of A is written
as adj A and it is defined by

Ci Ca -+ Cn

, Co Cn -+ Cp2
adjA = ) ] ) )

Cln C2n o Cnn

where C;j = (1) det B;j, and B;; is a sub-interval matrix of type (n — 1) x (n — 1) obtained by deleting
the elements in the j*' column and i" row of A.

Just as we can multiply a real number by a matrix, we can similarly multiply an interval by an
interval matrix. Of course, this multiplication is performed by multiplying an interval by each term

of the interval matrix, i.e., [4,7] ( {Aﬂ, A; ] )ij = ([ a) [A]l, Aj } )z’j' By this multiplication let us now

give a main result.

Theorem 5. Let A =(Ayj) be an n x n square-interval matrix and let us assume that [0,0] € det A, that is,
0 ¢ det A. Then —.adjAis a quasi-inverse of A.

Proof. By the assumption ﬁ exists and

Ci Cun -+ Cn
1 - Cio Cn -+ Cp
oA = [1/det A,1/det A] C L
Cln C2n Cnn
= ([1/detA1/det | |c;, Gl ).
i,j

= ([minS, maxS]);

C]l C]z C7]l Cf

det A’ det A’ det A’ detA

where S = . Let us prove, 1 € [minS,maxS]A fori = jand 0 €

[min S, max S]A for i # j. It is sufficient to prove the assertion for n = 3. For n > 3, the proof
of the assertion is similar and it can be derived by the induction. For

An A Az
A= An Axn Ax |,
Az1 Az Aszs

det 811 — det 821 det 831
Eld].A = — det By det B> — det B3y
det B3 —detBy; detBs3

and
I tA.A(ad]A)
3 3 3
kgl(—1>k+1¢41kdet31k kgl(—l)kAlkdetBZk kgl(—l)k+l./41kdet83k
1 3 3 3
= ——| L(-D"AydetBy ¥ (-1 AydetBy Y (—1)" Ay det By
det A [ x5 k=1 k=1
3kl SR 3k
k;( 1)"" Ay det By k;( 1)" Ay det By k;( 1)"" Ay det By
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Observe that diagonal elements (intervals) in ﬁfl(ﬂd j.A) includes 1, and other elements includes 0.
Because each of the diagonal elements in interval matrix A (adj.A) is the determinant expansion of A.
That is,

3 3 3
Z(—l)k+l.¢41k det By = Z(—l)k/lzk det By, = Z(—l)k+1¢43k det By, = det A.
k=1 k=1 k=1

Hence each diagonal elements in ﬁA(adj.A) is % and since 0 ¢ det A, it exists and of course

3
includes 1. For non-diagonal elements in ﬁfl(ad jA), consider, for example, ) (71)k+1A3k det By

and observe that

3
Y (—1) Ay det By
k=1
= Az det By — Az det By + Aszz det B3

= Az1(AnAsz — Az Asp) — Az (Aa1Ass — Az Azs)
+Asz3 (A1 Az — Az A)

= AztAnAsz — A3z A Az — A An Asz + Asp Az A
+Ass A2 Az — Azz Az A

= (A3 AnAsz + Az Az A + Azz Az As)
—(As1AnAszz + Az Az1Azs + Asz Az Asp)

We obtain the last equality by changing the order of the multiplication since the interval multiplication

3
is commutative. Thatis Y (—1)k+1A3k det By has the form [g,a] — [4, 4] and so we can say
k=1
0e L i(—l)k—HA:;k det B3k'
det A/~

Similarly we can see other non-diagonal terms also includes 0. Hence we can deduce that

1

- (adjA) A = Aledj A)

det A
This means 53— adj.A is a quasi-inverse of A. [

Now let us give another important theorem that we will prove with the help of this theorem.

Theorem 6. (Interval-Cramer’s Rule) Let A be an n x n square interval matrix from R" into Iy, b be an
n-dimensional interval vector and let us assume that O ¢ det A. Then the system Ax = b has a solution set Y
such that

X =

1 .
detA(ad]A)b

is an envelope including Y.
Proof. Since any system of linear interval equation is a family of systems of linear equations and since

0 ¢ det A implies det A#0 for each A € A, we can guarantee the existence of solution set Y. Further
the assumption implies existence of

1 P
A= 1/detA,1/M]
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Let us consider adjA. Then ﬁad jAis a quasi-inverse of A from the Theorem 5. So we can conclude

that
Ing(d Aad]A>A .A< Aad]A>

and so forany x € Y

1
Lix C (d A d]A)A

1
= (d tAad].A>

Hence
( I Aad].A)
This means explicitly x = (x1,x3,...,x;) € R" must satisfy the condition
P y y
Alz AZZ Ani 7
%€ et A [bl'bl} det A [bz’ bz} det A [b”’b—"]

foreachi=1,2,...,n where b = ([E,bfd P {E,bl] ) . As a result

1

=% tA(ad].A)

is the desired set (envelope) containing the solution set Y. [

Remark 7. There may be many other interval matrices C satisfy the condition Y C Cb and it may be a
quasi-inverse of A. Already Flftadj/l is one of the C that meets this condition, and it is the one obtained with
the help of the Interval-Cramer’s rule. A narrower C that satisfies the condition Y C Cb is more valuable, and
the solution x obtained from it is a closer and better result. With this method, we do not determine the exact
solution set of the interval equation, but we determine an n-dimensional envelope containing the solution set.

Let us return problem given in introduction, which is given in Example 7.5 in [3] Which is the
mesh equation of an electrical circuit system. An envelope for solving this problem is given in [3]. By
the Interval Cramer’s method let us determine an envelope covering the solution and compare the
results with the results in Example 7.5, [3].

Example 12. ([3], Example 7.5.) The mesh equations for an electric circuit are expressed as

Ri+Ry R L) _ Vi
—R, Ry + Rj I %)

with V1 =10, V, = 5,and R; = Ry = R3 = 1000 =+ 10%. Here R; denotes resistances, I; denotes currents and
Vi denotes voltages. Find enclosures for Iy and Ip. In [3], Example 7.5., it is expressed that a pair of envelopes of

currents are given as
I; = [0.00433,0.00582] and I, = [—0.000419,0.000419].

Let us now give another envelope for this problem by using Interval Cramer’s rule. Let us consider the interval
matrix and vectors

[1800,2200]  [—1100, —900]
[—1100,—900]  [1800,2200] /’

e (n)ee()-
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respectively. First we will get an enclosure for the solution set Y of the linear interval equation
Ax=Db
where b is a model (interval) vector. First of all we must calculate det A. By using the interval calculus we get

det A

[(1800)2, (2200)2] - [(900)2, (1100)2]

[(1800)2 — (1100)2, (2200)> — (900)2]
2030000, 403000]

Since 0 ¢ det A, we can say Ax = b has a solution Y, and we can determine an envelope from the Interval-
Cramer’s Rule. By again this theorem

Ci Cxn

and so first we must calculate adj A =
Ciz C»

) . Using the interval calculus and by the definition of the

adjoint we get

. [1800, 2200] [900, 1100]
adjA = .
[900,1100]  [1800,2200]

Further
1 [ 1 1
det. A~ |4030000” 2030000
and
d adj.A
( 1800 2200 [ 900 1100 J )
B 2030000 2030000 1030000/ 2030000
- 900 1100 1800 2200
2030000 2030000 4030000/ 2030000
O 0004466501, 0. 0010837438] [0.0002233251, 0.0005418719]
O 0002233251, 0. 0005418719] [0.0004466501, 0.0010837438] '
Now

d ud].Ab
B ( 0.0004466501,0.0010837438]  [0.0002233251,0.0005418719)] )( 10 )
0.0002233251,0.0005418719]  [0.0004466501,0.0010837438] -5
(10.004466501, 0.010837438] + [—0.0027093595, —0.00116625]
,[0.002233251, 0.005418719] + [—0.005418719, —0.0022332505] )
= ([0.0017571415,0.009671188], [—0.003185468, 0.0031854685] )

We can conclude again from the theorem that

([ n 1
x( )C(thad]A>b
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for every x € Y. So this means

L € ]0.0017571415,0.009671188|
and I, € [—0.003185468,0.0031854685].

Compared to the other result, we can say that Interval-Cramer’s rule also gives a close and relatively good result.

Let us now give another main result.

Theorem 7. Let A be an m x n interval matrix and consider a system of linear interval equation Ax = b.

1) If Ax = b has a solution then C — rank A =C — rank[A : b]

2) If there exists an interval vector b such that b Cb and C — rank A =C — rank [A : E} . Then the system
Ax = b has at least one (possibly many) solution x = (x1,x2,...,X,) € R".

Proof. The proof of 1) is similar to classical case. Because if b is a linear combination of the column
vectors of A, it is of course a quasilinear combination. Therefore, let us just prove 2). Assume
C — rank A =C — rank [A : B} . In this case b is in the column space of .4 and so it is a ql-combination
of column vectors of 4. This means from gl-combination definition that there exist real numbers
X1, X3, ...Xy such that

(211, a1 (@1, 811]
(@21, 021 [T, 00 |
X1 : R e 47 Cb.

By writing
(@11, au1] (@1, 01
(21, 81] (@21, 024]

b=x; ) 4+ 4y,

(@t A1 | [@on, Ay

we get x = (x1,X2,...x,) € R" is the solution of Ax =b. O

Remark 8. According to this theorem, when we find an interval vector b with b 2 b and with the condition

C —rank A =C — rank [A : B} , we guarantee an envelope containing the solution of the system Ax = b.

Conclusion 2. There are different definitions of the rank of interval matrices than ours ([11,17]). In general,
these definitions are important definitions based on the ranks of classical matrices with real terms which are
elements of the interval matrix. Our definition of rank comes from the definition of the rank of a quasilinear
operator by first considering that an interval matrix is a quasilinear operator. We defined the rank of a quasilinear
operator as the dimension of the space quasi-spanned by the range of a quasilinear operator. Accordingly, we gave
the definition of the rank of the interval matrix. Classical definition of rank of a matrix is also defined depending
on linear operators. So we think that the definition of rank we give is more suitable for quasilinear algebra.
Furthermore, the notion of quasi-inverse is an extension of the notion of inverse and the Interval Cramer’s rule
is a result obtained with the help of this definition. We believe that the quasilinear algebra developed in this
way can give a linear algebra-like systematic approach to the solution of other problems related to the solution of
linear interval equations and further interval matrix problems.
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