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Abstract

This article investigates the trajectory-tracking control of a differential-drive two-wheeled mobile
robot (DDWMR) using its kinematic model. A nonlinear-to-linear transformation based on
differential flatness is employed to convert the original nonlinear system into two fully decoupled
linear subsystems, enabling a simple and robust controller design. Unlike conventional flatness-
based methods that rely on exact feedforward linearization around a reference trajectory, the
proposed approach performs plant linearization, ensuring reliable tracking across a wide range of
trajectories. The resulting two-loop architecture consists of an inner nonlinear loop implementing
state prolongation and static feedback, and an outer linear controller performing trajectory tracking
of the linearized system. Simulation results on a circular reference trajectory demonstrate high
tracking accuracy, with a maximum transient deviation of 0.28 m, a settling time of approximately
120 s, and a steady-state mean tracking error below 0.01 m. These results confirm that the plant-
linearization-based framework provides superior accuracy, robustness, and practical applicability
for DDWMR trajectory tracking.

Keywords: wheeled mobile robot (WMR); nonlinear control; trajectory tracking; differential
flatness; computed torque control (CTC); smart mobility programming

1. Introduction

Mobile robot control has been an active research topic over the past three decades due to its wide
range of practical applications, including mineral resource development, logistics and transportation,
planetary exploration, agriculture, and defense, among others [1-4]. Beyond core algorithms and
hardware, contemporary mobile robotics is increasingly shaped by sustainability and Environmental,
Social, and Governance (ESG) requirements at the application level. IEEE 7000:2022 provides process-
oriented guidance for value-based, ethically aligned engineering across the entire product lifecycle —
from stakeholder value elicitation through design requirements, verification, and field operation of
robotic systems [5]. In particular, the IEEE 7007:2021 provided and ontology based framework to
support the responsible and sustianable development of autonomous systems [6]. The contribution
of mobile robots has also been mapped to the United Nations Sustainable Development Goals (SDGs):
improving the efficiency and safety of work, logistics, and manufacturing (SDGs 8, 9, 11); energy-
efficient motion planning and resource-aware operation (battery usage, wear, maintenance) (SDGs 7,
12, 13); environmental and industrial safety monitoring (SDGs 3, 6, 13); and inclusive human-robot
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interaction and service accessibility (SDGs 10, 11) [7]. In this study, these considerations are
incorporated explicitly: the chosen speed-and-heading control scheme enables sustainability metrics
(cycle energy expenditure, braking/acceleration intensity, predicted actuator wear) to be embedded
in the objective functions and controller constraints, while preserving requirements’ traceability —
from value and risk levels to reference-signal filters and compensation channels. This strengthens the
rationale for the selected compensation algorithms and multi-channel control aimed at improving
the reliability and safety of WMR operation.

A distinctive feature of many mobile robotic systems is the presence of non-integrable (i.e.,
nonholonomic) kinematic constraints [8]. This, by itself, substantially complicates control synthesis;
moreover, for nonholonomic mobile robots the necessary condition for smooth stabilization
(Brockett’s condition) is often not satisfied [9], which makes trajectory-tracking and path-following
particularly challenging. In recent years, a wide range of methods has been proposed and applied to
nonholonomic mobile robots, including sliding-mode control [10-12], backstepping [13], and
nonlinear model predictive control (NMPC), as well as feedback-linearization and Lyapunov-based
designs.

1.1. Differential-Flatness—Based Trajectory Control

Among trajectory-tracking methods for nonlinear control systems, differential-flatness—based
approaches play a particularly important role. If the controlled plant is differentially flat, the
trajectory-tracking problem can be feed-back-linearized —that is, a difficult nonlinear design reduces
to a comparatively simple and well-studied linear control problem. Historically, flatness theory
emerged from trajectory planning and tracking; interest in flatness-based control persists because flat
systems possess properties that make trajectory generation and implementation especially effective.

Not every control system is flat. A flat system is characterized by the existence of a flat
(linearizing) output such that, at any instant, the full state vector and the control inputs are algebraic
functions of this output and a finite number of its time derivatives. Intuitively, by observing only the
flat output one can reconstruct the state and the input without direct measurement. The
corresponding mappings act as an inverse model of the nonlinear plant, which explains the affinity
between flatness-based controllers and inverse-model designs; more generally, flat systems are
dynamically equivalent to a trivial controllable linear system (e.g., Brunovsky form). In practice,
flatness is established constructively by exhibiting a suitable flat output as a function of the state, the
input, and finitely many input derivatives.

For wheeled mobile robots, several classes are known to be differentially flat under no-slip
assumptions [14], or under appropriate inertia distributions for certain underactuated mobile
manipulators [15]. In the differential-drive case, a common choice of flat output is the time trajectory
of the midpoint of the axle connecting the drive wheels.

1.2. Differential-Flatness—Based Trajectory Control for Wheeled Mobile Robots

A number of differential-flatness-based trajectory-tracking methods have been proposed and
experimentally validated for differential-drive wheeled mobile robots [16,17]. These methods share
a common controller-design paradigm known as exact feedforward linearization. The approach,
introduced by Hagenmeyer and Delaleau [18], rests on the following idea: for a flat system, there
exists a mapping that reconstructs the current control input from the flat output and a finite number
of its time derivatives. In practice, this mapping can be viewed as a physically realizable operator
acting on the flat-output signal. In case the desired trajectory of the flat output is applied to the input
of this operator, its output generates a control signal that under suitable regularity and invertibility
conditions, drives the plant to follow the prescribed trajectory.

Importantly, even in the absence of disturbances, the resulting motion is determined by both the
control signal and the initial state. When the plant’s initial condition exactly matches that implied by
the desired flat-output trajectory, the plant’s flat output coincides with the reference. In realistic
settings, initial conditions are only known within some tolerance; consequently, exact feedforward
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linearization requires the initial state to lie within a neighborhood of the nominal initial condition
associated with the designed reference trajectory.

The described feedforward trajectory controller can only maintain the plant’s state locally in the
vicinity of the desired trajectory. In the absence of a feedback loop, even arbitrarily small deviations
caused by mismatch between the actual initial state and the reference, or by external disturbances—
tend to grow over time, eventually reaching unacceptable levels; in other words, a purely
feedforward scheme is unstable. Consequently, the feedforward path is complemented with a linear
feedback structure (e.g., PD/PI/PID acting on tracking errors) to stabilize the closed loop and provide
robustness around the reference trajectory.

Despite its inherent limitations, this flatness-based trajectory-tracking approach remains
popular and often dominant in mobile robotics because it offers several practical advantages.
Notably, an open-loop linearizing feedforward input can render the closed-loop behavior equivalent
(locally) to a linear system in Brunovsky canonical form, thereby reducing control of a nonlinear plant
potentially with nonholonomic constraints to a standard linear design problem. In practice,
feedforward linearization yields effective local regulation and tracking across a broad class of
nonlinear plants; controllers devised in this framework typically maintain good performance even
for intricate reference paths [17].

At the same time, exact feedforward linearization is only one member of the flatness-based
toolkit, relying on a specific approximate linearization along the reference. In theory, any
differentially flat system admits (coordinate) transformation and dynamic state feedback that convert
it into an equivalent linear controllable system [19]; conversely, any nonlinear system that is
dynamically feedback-linearizable is flat [20]. Trajectory-tracking architectures built on such (global)
dynamic feedback linearization differ fundamentally from exact feedforward linearization: the
linearized plant remains linear regardless of the current state, so these controllers do not rely on the
actual trajectory staying arbitrarily close to the reference at all times, avoiding the principal drawback
of the pure feedforward design.

The differences between exact feedforward linearization and linearization methods that convert
a nonlinear flat plant into an equivalent linear controllable system stem from distinct underlying
concepts. The “flat-output” viewpoint defining flat systems via the existence of a flat (linearizing)
output—naturally aligns with exact feed-forward linearization, which reconstructs the input from
the reference flat output and its finite derivatives. By contrast, the system-equivalence viewpoint
central to flatness theory underpins dynamic feedback linearization, wherein a suitable change of
coordinates combined with dynamic state feedback renders the plant equivalent to a linear system
[19]. In fact, within this framework, the existence and properties of a flat output follow as
consequences of equivalence to a trivial linear system; thus, defining flatness primarily via a flat
output can be seen, theoretically, as Inverting cause and effect [20].

From a practical perspective, the equivalence-based theory of flat systems characterizes a class
of transformations between control systems whose associated mathematical operations correspond
to physically realizable signal processors. This perspective provides a constructive toolbox for
building implementable linearizing controllers, beyond the locality inherent in exact feedforward
designs.

Strikingly, although flatness theory for control systems crystallized in the 1990s (e.g., Fliess and
co-authors; see the foundational work on the geometric notion of system equivalence [21]), practical
trajectory-tracking methods for nonlinear flat systems predate these theoretical developments. A
prominent example is CTC, also known as inverse-dynamics control, originally developed for serial
robotic manipulators. As shown later in this paper, CTC realizes a static-feedback linearization that
maps a non-linear plant into a trivial linear controllable form (Brunovsky canonical form), thereby
enabling standard linear tracking design with excellent performance and comparatively simple
implementation. Notably, nonlinear flat systems such as the kinematic and dynamic models of a
differential-drive wheeled mobile robot share an important structural feature with serial
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manipulators: the flat output coincides with a component of the state vector, which makes the
linearizing construction particularly transparent.

Sun et al. conducted a comparative study of one of the most widely used mobile-robot control
techniques—Model Predictive Control (MPC)—and differential-flatness-based control for quadrotor
agile flight, demonstrating that flatness-based methods provide superior tracking performance
[18,22]. Ongoing research continues to explore various differential-flatness-based control techniques,
including MPC-based approaches [15,16], optimal control formulations [23], and hybrid
combinations of multiple techniques [24,25].

The trajectory-tracking method proposed in this paper is closely related to CTC. The
linearization procedure employed herein is conceptually analogous to static-feedback linearization
used in MPC and in modern robust and adaptive control frameworks for manipulators and
manipulator-like systems [26-28]. The authors have previously applied inversion-based modelling
techniques [29], as well as trajectory tracking based on endogenous linearization of the dynamic
differential-drive WMR model [30], and differential-geometric methods for manipulator control [31-
33]. Building on these results, the authors aim to generalize the CTC trajectory-control scheme so that
it can be applied to differentially flat systems such as wheeled mobile robots, while preserving its
simplicity and high-performance properties.

The goal of this study is to linearize the kinematic model of a DDWMR, where linearization is
understood as a physically realizable transformation of the nonlinear plant into an equivalent linear
controllable system (i.e., a trivial linear system), rather than an approximate linearization in a
neighborhood of a reference trajectory, as in exact feedforward linearization. Of particular interest is
assessing whether the CTC-inspired linearization enables DDWMR motion to be controlled
analogously to the motion of a point in the plane, which, in principle, allows achieving the maximal
theoretically attainable trajectory-tracking accuracy.

1.3. Relevance to Sustainable Development Goal 11 (Sustainable Cities and Communities)

Smart and sustainable urban mobility refers to “a modern approach to urban transport that aims
to improve the flow of people and goods, reduce congestion and environmental impact, while
increasing efficiency, accessibility, and user convenience”
(https://www .sciencedirect.com/topics/social-sciences/smart-urban-mobility). It builds on advanced
communication systems [36] and transparent and highly customizable control solution for the mobile
robots within the smart city ecosystem. Regarding the latter, the proposed linearization and
trajectory-control framework contributes to SDG 11 by advancing autonomous mobile robotic
systems that can support safer, more efficient, and more sustainable urban environments.
Differential-drive WMRs equipped with energy-aware control architectures are suitable for logistics,
inspection, mobility, and monitoring tasks in smart-city infrastructures. By improving motion
reliability, resource efficiency, and operational safety, the presented method aligns with the
development of resilient, technology-integrated, and sustainable cities. Similar approaches have been
developed for smart usrban aerial mobility systems [37].

2. Problem Statement

2.1. Hardware-Implementable Transformations of Control Systems and System Equivalence

The trajectory-tracking method proposed in this work for a differential-drive wheeled mobile
robot is based on a hardware-implementable transformation of the robot’s kinematic model that
converts it into an equivalent trivial linear control system. To clarify the precise meaning of the
terminology used, let us consider a simple example of a hardware-implementable transformation of
a control system B into an equivalent control system A.Let A be a control system with state space
X, control space U, and dynamics given by (1), and let B be a control system with state space Y,
control space W, and dynamics given by (2).
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Let the state spaces of systems A and B equivalent to each other in the geometric sense of the
term; that is, suppose there exists a continuous, invertible mapping u: X’ — Y, that establishes a one-
to-one correspondence between the points of the state spaces X and Y. The control spaces U and
W of these systems are likewise assumed to be mutually equivalent. Consider now the scheme of a
hardware-implementable transformation of system B, shown in Figure 1. The block p with inputs x
and u is a signal processor that physically implements a prescribed algebraic mapping p: X X U =
W, while the block ™! represents the hardware implementation of the inverse mapping u: X - Y.

(a) |[_ ——————————————————————— i
[ L .

{ g v B Y 4 u !

R P y=9w) |

| |

L |

(b) u 4 ¥
— I
x = f(x,u)

Figure 1. A hardware-implementable transformation of system B into an equivalent control system A via

static state feedback.

Under certain conditions (see Note 1) imposed on the mappings p and p, which define the
hardware-implementable transformation, as well as on the functions f and g, that specify the
dynamics of control systems A and B, the block diagram inside the “black box” with input u and
output x becomes equivalent (in the usual practical sense of the term) to control system A. More
precisely, if the initial state of control system B y, € Y related to the initial state xy € X by the
relation y, = u(xp), to to the system inputu(t) € U defined on the time interval I = [0,T],T >0, is
applied to the input of system A and to the input of the transformed system B, then the state
trajectories of the outputs of these systems, denoted in Figure 1 by x, will coincide at any moment of
time t € I. Thus, the object inside the “black box” behaves exactly as the control object described by
the mathematical model of system A, and we may say that such a hardware-implementable
transformation converts control systemB into control system A. Throughout the remainder of this
work, when referring to the equivalence of control systems, we shall mean a precisely defined
mathematical concept associated with the sets of trajectories of control systems. Recall that a
trajectory of a control system defined by the state space X, the control space U and the dynamical
Equation (1), is an application t = X x U, whose components satisfy the system’s dynamical
equation.

To denote trajectories of control systems and their components, we will use the notation y(t) =

(xy(t), yy(t)), implying that the components of the mapping y:I->XXxU x,:1>X and
u,: 1 = U, called respectively the state trajectory and the control-input trajectory, satisfy condition (3),
where [ is a finite or infinite time interval.

vt € Liey (6) = f (x,(0,1,(0)) @3)
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One may observe that when referring to the equivalence of two control systems, we are in fact
speaking about the equivalence of the corresponding sets of trajectories generated by these systems.

Note 1. Under Conditions 1 and 2, the control systems A and B introduced in the example at
the beginning of this section are equivalent.

Condition 1. For any point p € X the mapping p,:U - W defined by formula (4), is a
diffeomorphism. This requirement ensures the existence of a smooth, bijective correspondence
between the admissible control inputs of the two systems.

vgeUp,(q) =p((p.9) p.g) EX XU (4)

Condition 2. For the functions f(x,u) and g(y,w) and for the mappings under consideration,
relation (5) holds.

Vp = (xu) € X xU du(f(x,u) = g(p(x), p(x,u)) (5)

When these conditions are satisfied, the trajectories of control systems A and B are related by
the diffeomorphic mapping £ X x U - Y x W, defined by expression (6).

vp=(x,u) eXXU h(p)=(ux),pky) (6)

Moreover, y is an arbitrary trajectory of system A and o is the corresponding trajectory of
system B, then for any moment of time the equalities given in 4(y(t)) = o(t) and ﬁ_l(a(t)) =y(t)
(see Figure 2).

a(t)
0(0)/ —\\/v -

Yxw

SN
r© y(®)

X xU S~

Figure 2. Correspondence between the trajectories of equivalent control systems A and B, defined by the
diffeomorphic mapping h: X X U - Y x W.

There exist several different approaches defining the notion of equivalence between control
systems. In this article, we adopt the geometric approach first introduced in [21], which is based on
analogies between control systems and continuous dynamical systems. Both control systems and
continuous dynamical systems can be viewed as geometric objects of the same type—so-called
systems. A system is defined as a pair (X, F), where X - is a smooth manifold and F is a tangent
vector field on X. It is worth noting that the dynamical equation of system (1) corresponds to the
infinite system of differential equations given in (7).

y=F(), ?)
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where y = [x,u, 1,1, ..]7 and F®(y) = [f(x,w), i1, ...]7. Thus, F may be regarded as a tangent
vector field defined on the infinite-dimensional manifold associated with Z% = X x U X R™ X R™ x
..., and the control system under consideration may be viewed as the infinite-dimensional dynamical
system corresponding to (£%,F®).In [21], an approach was first introduced in which control systems
are defined as infinite-dimensional systems (£%,F %), equipped with a Fréchet topology, and a
definition was given for an endogenous transformation that relates equivalent control systems
represented as such infinite-dimensional systems. Naturally, from a practical standpoint, the cases of
greatest interest are those in which a nonlinear control system is equivalent to a linear one. A control
system that is equivalent to a so-called trivial linear control system (the definition of this class of
linear systems is given below) is referred to as a flat control system.

Definition 1. A linear control system with control space U =R" and state space X =

R™ X R" X ... X R" , whose state vector x € X is of the form x = (xy,%, .., %) Vj € {1,2,...,k} x; €
k
R", and whose dynamics are given by (8), where u € U is called a trivial linear control system.

X1=x2
Xy =X
2778 (8)
xk=u

We denote a trivial linear control system by T, j, where the integer index n = 1 represents
the dimension of the control space, and the index k = 1 denotes the number of components of the
trivial linear system X, X5, ..., Xy . In this article, we propose a linearisation procedure for the
kinematic model of a differential-drive wheeled mobile robot, by which the robot’s kinematic model
is transformed into the trivial control system T ,. The linear control system T , admits a
physical interpretation as the dynamics of a material point moving in the plane under the action of a
planar force vector. Thus, the linearisation method described in this work reduces the control
problem for a highly nonlinear plant to a simple linear control problem with an efficient solution. The
proposed linearisation approach is carried out in two stages, which are presented in Sections 3 and
4. Section 5 provides a description of the trajectory-tracking control system for the linearised
kinematic model of the DDWMR.

2.2. Kinematic Model of a Differential-Drive Wheeled Mobile Robot and Class I Transformations

Consider the kinematic model of a differential-drive wheeled mobile robot moving on a
horizontal plane. As state variables fully describing the robot’s position and orientation, it is
convenient to choose the coordinates (x..y,) of point C in a fixed “world” Cartesian coordinate
frame XY together with the robot’s heading angle 6 (see Figure 3). Let v, denote the velocity
vector of point € and let v, and v, denote the velocity vectors of the centers of the left wheel
(point L) and the right wheel (point R), respectively.

We may regard points L and R as the endpoints of a rigid, thin rod (the imaginary “rear axle”
of the robot), whose midpoint is point C. All three points therefore belong to the same rigid body —
the robot chassis. As is well known [34,35], for the velocity vectors v, and vy of any two points 4
and B of arigid body, the relation given in (9) holds, where £ is the angular velocity vector of the
body.

‘l7A—173=.Q><TAB (9)

The robot’s angular velocity vector () is perpendicular to the floor plane. Accordingly, if we
denote by p the unit vector normal to the plane, then the angular velocity vector may be written as
2 = wp. In what follows, when referring to the angular velocity of the robot, we shall mean the scalar
quantity w, whose sign determines the direction of rotation of the robot’s chassis in the horizontal
plane. In the absence of lateral slip of the drive wheels, the vectors v, and vy are perpendicular to
the axle LR. As follows from Equation (9), applied to points L and R, the projections of v, and
vg onto the axis Y* satisfy equality (10) at any moment of time.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 3. Geometric parameters of the robot and its kinematic variables. Point C (the nominal geometric
center of the robot) lies at the intersection of the robot’s longitudinal axis of symmetry and the axis connecting

the centers of the drive wheels.

v, —vp=dw (10)

Using Equation (10), it is straightforward to show that the vector v, is parallel to the vectors
v, and wvi. Consequently, the velocity of point C can be written as v, =vn , where n =
(cos8,sin @) is the unit vector aligned with the robot’s heading direction. Furthermore, from the
general relation (9) applied to points R and C equality (11) follows.

ve—vp = (3) @ (11)
Equations (10) and (11) together imply Equations (12).
w=—Ww,—vg) v =m (12)
VL~ VR c 2

The above statement regarding the direction of the vector v, together with the fact that the time
derivative of the heading angle, 6 is precisely the angular velocity of the robot’s chassis, leads to the
system of differential Equations (13).

X, =vccos0O (13)
Ve =VcSinb

Equations (13) can be regarded as the dynamical equations of a control system with state space
Y = R* x S* and control space W = R?, representing the simplest kinematic model of a differential-
drive wheeled mobile robot. The state vector of this model, g € Y, describing the robot’s position
and orientation on the plane, is given by g = ([x.,¥.]",0), and the control vector w € W is w =
[v., w]". In what follows, we refer to the above-defined control system as kinematic model 4. This
simplest DDWMR model is convenient for analytical manipulations; however, for computer
simulations we employed a more detailed and realistic kinematic model, denoted as model B, which
is described below. In the absence of longitudinal slip, the velocities of the wheel centers v, and vy
satisfy relations (14), where r is the radius of the robot’s wheels, and ¢ and ¢, are the angular
velocities of the right and left drive wheels, respectively (with ¢, and ¢, denoting the wheel shaft
rotation angles, which may be measured using incremental rotary encoders).

VL =TQ, Vp=T@p (14)

Taking Formulas (14) and (12) into account, system (13) can be rewritten in the form given by
(15).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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r
xc =5 (pL+ pr)cos
3 r . . -
Ye =75 (@ + pg)sinb (15)
M r . .
0 = d (@1 — ¢r)
We may regard system (15) as the representation of the coordinate-wise projections of the
general dynamical equation of a control system x = f(x,u) for the state vector x(t)=
[x.(t),v:(t), 8(t)]"and the control vector u(t) = [¢r(t), ¢, (t)]7. The kinematic model of the robot,

denoted as model A is transformed into the “advanced” robot model B by means of the control-
signal transformation specified by formulas (16).

. 1 1 . B 1 1 (16)
P10 w) = (ve+5d0) Gpow) =5 (ve -5 do)

The general scheme of the transformation from system A to system B is shown in Figure 4.

model B

model A
u ¢ | 0

DL
K || & e, yeI

w @R / -

Figure 4. Transformation of the differential-drive wheeled mobile robot kinematic model A into model B.

We transform the kinematic robot model A into a control system Q with state space X =
R*x M, where M =R xS' and control space U =R?* whose state vector has the form x =
(p, (W, 8)), and whose dynamics are given by (17).
Px =ucos0O
py=1usiné
iL=a, (17)

System Q is obtained by transforming the control signal u = [uy,u,]" € U of the robot’s
kinematic model (where uy,u, are aliases for v, w) into the control signal w = [wy, w,]" of
system Q (where wy,w, are aliases for a;, w), analytically defined by equations (18).

wqp = 'l:ll Wy = Uy (18)
This transformation is an example of a Class I control-system transformation, the definition of
which is given below. Recall that a control system x = f(x,u), (x,u) € X XU is equivalent to the
system x = f(x,u), u = v, since both systems are described by the same infinite-dimensional system
(X x U xRy, F), where the tangent vector field is defined by F(x,u,ut,...) = (f(x,w),ut,u?,...). Let

the control signal of a control system be m-dimensional and written as u = [uy, uy, ..., U, |7, and let
L; be a linear operator whose action on the signal u(t) is defined by equation (19).

Liu(t) = [ug(©), ..., (0, .., U] - (19)
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It is evident that the control system x = f(x,u), L;(u) = v is equivalent to the original control
system % = f(x,u), (x,u) € X X U. We shall refer to such transformations of control systems as
Class I transformations.

I
I
I
Il 0
_L_,j + u (£ / I —
+ eyl
|
I
I

Figure 5. Hardware-implementable scheme for transforming the DDWMR kinematic model A into the control

system Q.

As will be shown in the next section, the control system @ can be interpreted as a kinematic
control system governing the motion of a point in the plane. Accordingly, if we construct a physically
implementable transformation that maps this system into the trivial control system T,,, which
describes force-based control of a material point moving in the plane, then we will be able to control
the motion of the wheeled mobile robot in the same manner as controlling the motion of a point in
the plane.

2.3. Linearisation of the DDWMR Kinematic Model

The problem of linearising the control system Q, defined in the previous section, reduces—as
will be shown below —to the linearisation of a simple control system on the smooth manifold S* x R.
Interestingly, the solution to this problem, presented below, leads directly to a hardware-
implementable scheme for linearising the kinematic model of the wheeled mobile robot. First,
observe that the kinematic equation ¥ = a, which describes the motion of a point in the plane, may
be viewed as the dynamical equation of the trivial linear control system A with state space X = R?
and control space U = R% We assume that the linear space X is equipped with an orthonormal
basis {i,j}, 6 whose basis vectors correspond to the coordinate axes of the Cartesian frame XY in
which the point moves. Any nonzero vector v € X can be represented in the form (20).

v = un(0), (20)

where u€R, 6 €S’ and the mapping n:S' - X is defined for any 6 €S' by n(6) =
[cos6,sin 0], with 6 being the angle between the vector v and i. Clearly, for any nonzero vector
there exist two possible representations of this form, given by expressions (21) and (22).

u(vx, ”y) = [vi+vi 0= atanz(vx, vy) (21)

u(v,, vy) =— Iv?r +vi 6= atan2(v,, vy) +7 (22)

Formulas (21) and (22) can be viewed as two coordinate representations of mappings from the
Euclidean plane X onto the smooth manifold Y = S* x R, which we denote by u*:X - Y and
u~: X = Y. For the coordinates of a vector v = [vx, vy]T expressed in the form un(0), the identities
(4) clearly hold. These identities may be interpreted as defining the mapping n: Y — X, which serves
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as the inverse (on their respective domains of definition) to the mappings u*: X - Y and u=: X -
Y.

vy =ucos@ v,=usinb (23)

Note that the embedding of the smooth manifold S* x R into the three-dimensional Euclidean
space is represented by the lateral surface of an infinite cylinder, on which one can introduce
coordinates (u, #), as illustrated in Figure 6. By expressing vectors of the Euclidean plane in the form
(20), we effectively identify each nonzero vector with a point on the surface of this infinite cylinder.
Consequently, any state trajectory y of system A (with the exception of the degenerate trajectory of
a stationary point) corresponds to two curves p+ (y) and - (v) on the cylinder surface. Let us define
a control system B with state space Y = S* X R, control space W = R?, and dynamics y =w As
will be shown below, the geometric relationship between trajectories in the phase spaces X = R?
and Y = S' x R, determines a correspondence between the trajectories of systems A and B as a
whole, thereby inducing a transformation from system B to system A. This transformation is
precisely what we refer to as the linearisation of system B. Since system Q constructed on top of
system B the physically realisable hardware scheme that linearises system B simultaneously
linearises system Q. The smooth manifold S! x R is not homeomorphic to the plane R?, in
particular, the cylinder cannot be continuously deformed into the Euclidean plane. For this reason
alone, there cannot exist a one-to-one correspondence between the full trajectory sets of systems A
and B. However, under the kinematic interpretation of system B it becomes clear that not all
trajectories of system B are physically realisable. Therefore, it is meaningful to speak of an
equivalence between the trajectory set of system A and the set of physically realisable trajectories of
system B. To analyse the geometric relationship between the spaces X and Y, we use the
identification of vectors of X with points on the plane R? endowed with the Cartesian frame XY.
Define the region Y* by the condition p = (6,,u,) € Y* = u, > 0. The mapping m: Y - X may
then be visualised as the projection of an infinite cylindrical surface, cut by the plane XY,
perpendicular to the cylinder axis U, as shown in Figure 7. Each of the regions Y* and Y-,
corresponding respectively to the upper and lower halves of the cylinder, is mapped onto the plane
with the origin 0 with coordinates (0,0) removed. The intersection of the cylinder with the plane,
which forms a one-dimensional manifold N homeomorphic to S, is mapped to the single point 0.

. AU
d \
P N
D
0
14 u
L ]
d
——

p

Figure 6. Geometric interpretation of the coordinates (u, 8) on the manifold S* x R.

Thus, mapping m: Y — X ends each point of the manifold Y = Y*UNUY"~ to a corresponding
point on the Euclidean plane X = R% Let X* = X\{0} denote the subset of the plane that is the
image of regions Y* and Y~ under mapping m: Y — X. Then the mappings u*: X* - Y* and
U:X* > Y~ are defined by equations (1) and (2) respectively. Mapping u*:X* - Y* is a
diffeomorphism, and p*™" = T|y+, as T|y+ denotes the restriction of the mapping 7 to the region
Y*. Similarly, the mappings u~ and m|y- define a diffeomorphism between the regions X* and
Y~. Let y:I > X be a parametrically defined curve on the plane X, that does not pass through the
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point 0. Let us denote y*the image of the curve y under the diffeomorphism p*, this image is a
parametrically defined curve on the manifold Y given by relation y*:1 - Y . Likewise, let Vt €
Iy*(t) =pu*(t), and as y~:1 - Y denote the image pu~(y) of the curve y under the mapping
u": X" = Y. The images of the curves under the mapping m are curves on the plane X. Moreover,
these curves are related by a symmetry transformation defined by an automorphism ¢:Y - Y,
introduced below. Specifically, for every t €1 the following relations @(y*(t)) =y~ (t), and
@(y~(t)) =y*(t) hold (see Figure 7). The automorphism ¢ is defined by formulas (24), which
specify the correspondence between the coordinates (6,,u,) of an arbitrary point p € Y and the
coordinates (Hq, uq) of its symmetric point q = ¢(p).

0,=0,+m u;=-u, (24)

y
Q‘

A

Figure 7. The symmetry relation on the phase space Y induced by the automorphism ¢: Y — Y.

To establish the correspondence between the trajectories of control systems A and B, we
represent the trajectory in the state space of system A v, (t) in the form (25).

v,(®) = u(®n(0(1)) (25)
Differentiating both sides of equation (25) with respect to time yields Equation (26).
a,(®) = u@®n(0®) + u@®o(®p(6()), (26)

where a,(t) is the control-input trajectory generating the state-space trajectory v,(t), and the
function p:S* » R? is defined by Equation (27).

vO € S p(0) = [—sin(0), cos(0)]T (27)

Obviously, for any 6 € S* the vector p(#) is a unit vector orthogonal to the unit vector n(6)
n(\theta) n(6). By taking the scalar product of both sides of equation (26) with the vector n(8(t))
we obtain equation (28).

i(t) = a, (6(8), u(t), a, (1)) (28)

where a;:S* x R x R?* -» R? is defined by (29).
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a, =T(m(6,u),a) (29)

The function T:R?* x R? » R, defined by equation (31), computes the projection of a vector
v,a € R? onto the direction specified by a vector v. Accordingly, a, represents the tangential
component of the acceleration vector a,, and equation (29) admits the physical interpretation of
being the projection of the vector differential equation ¥, = a, onto the moving orthonormal basis
on the plane R?, generated by the vectors n(6(t)) and p(6(t)).

1 ,
Vv,a€ RET(v,a) = m(v-a),lflvl >0 (30)
0, otherwise

Similarly, by taking the scalar product of both sides of equation (30) p(8(t)) with the vector
u(t) = p(t) - a,(t) which can be conveniently rewritten in the form (31).

() = w (6(8), u(®), a, (1)), (31)

where the function w:S* x R X R? - R? is defined by equation (32).

w(0,u,a) = %(p(n(e, u))-a) (32)

The function w computes the instantaneous angular velocity of rotation of the velocity vector
v,. It is straightforward to show that w can equivalently be defined by expression (33), and this
alternative definition will be used throughout the remainder of the paper.

w(0,u,a) = 2(n(0,u),a), (33)

where the function 2:R?* x R? > R, defined by formulas (34), computes the instantaneous angular
velocity w of the velocity vector of a point moving in the plane, based on its instantaneous velocity
v and acceleration a.

1 -
vv,a € R2 2w, a) = | oz PN D 1V >0

0, otherwise

(34)

The two equations (28) and (30) are equivalent to the differential Equation (35) for the trajectory
Ys(t) of system B in the phase space Y.

Yo = p(ym ay): (35)
where the function p: S* X R X R? » R? is defined by equation (36).

p(ya': a‘) = [at(ei u, a)! w(G, u, a)]T (36)

For a control-input trajectory of system A prescribed on the time interval I differential
equation (26) constitutes an ordinary differential equation for which the corresponding initial value
problem y,(0) = y, admits a unique solution for any initial condition y, = (65, u,) € Y. This initial
value represents the state-space component of the trajectory o(t) = (ya(t), Wa(t)) of control
system B, while the associated control-input trajectory w,(t) is determined by equation Vt €
Tws(t) =p (y,,(t), ay(t)). Moreover, the differential equation (35), parameterized by the control-
input trajectory of system A, describes the operation of the hardware-implementable linearization
scheme for the plant represented by the control system B, shown in Figure 8. The relationship
between the output a; of block and the input signals v and a are given by formula (30), while the

functional dependence between the output signal w(t) and the input signals v and a —is defined by
Formula (34).
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Figure 8. Linearization scheme for the control system B on the smooth manifold S* X R.

As noted above, the control system Q can be viewed as a superstructure built on top of system
B or more precisely, system Q is structurally equivalent to the interconnection of system B with an
integrator (see Figure 9).

| control system Q

|
|
ﬂt I I u
— :
| B |
o | , | 8
W Jy=glyw) |_, —
: u |, : X, VelT
| e I T
| |
\-_- - - d

Figure 9. Structural block diagram of the control system Q.

It follows that the hardware-implementable linearisation scheme developed for the control
system B (see Figure 10) is also applicable to the control system Q. Since, after linearisation, system
B becomes equivalent to an integrator, the control system Q is a flat control system which flat
outputis p = [p,, py]T. It should be emphasised that not all trajectories of system B admita physical
interpretation as trajectories of a material point moving in the plane; only those trajectories for which
a corresponding trajectory of the control system A4, exists are physically realisable. Accordingly, the
trajectories of system B (and their counterparts in system Q) for which no corresponding trajectory
of system A exists will be referred to as physically unrealizable trajectories.

I— u
u a
o V v v Qe : Q 6
K w . T
a » y — g(y,W) [xmyc]
a

Figure 10. Linearisation of the kinematic control system governing the motion of a point in the plane Q via

static state feedback.

The corresponding linearisation scheme for the simplest kinematic model of the robot 4, as
follows from the results presented in the previous section, is shown in Figure 11.
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Figure 11. Linearisation scheme for the simplest kinematic model of the DDWMR.

=

The linearised kinematic model of the DDWMR is equivalent to the trivial linear control system
T,,, which can be interpreted as a force-control system governing the motion of a point in the plane.
Consequently, the problem of controlling a nonlinear system is reduced to a simple linear trajectory-
tracking problem with a clear physical interpretation. This linear problem admits a straightforward
and efficient solution, which is described in the following section.

2.4. Trajectory-Tracking Control System for the Linearised Kinematic Model of the DDWMR

The linearised kinematic model of the DDWMR is equivalent to the trivial linear control system
T,,. Recall that this linear system can be interpreted as a force-control system governing the motion
of a unit-mass point moving in the plane. Accordingly, the feedforward trajectory-tracking problem

for the DDWMR may be formulated as follows: given a reference signal py(t) = [pax(t), Pay (t)]T,
representing the desired time evolution of the point’s position in the plane, how can one transform it

into a control signal f(t) = [fx @®, fy (t)]T, that ensures that the linearised system (and therefore the
original DDWMR) follows the prescribed trajectory? Since for a unit-mass point the relation p = f,
holds at every instant of time, the answer becomes immediate. By setting f(t) = p,(t) we ensure
that, for any t > 0 along the trajectory, the actual acceleration p(t) coincides with the prescribed
reference signal p,(t). Thus, the point mass follows the desired trajectory exactly, provided that the
initial conditions match and no disturbances are present. Of course, the actual trajectory of the point
p(t) is determined not only by the control signal p,(t), but also by the initial position p, = p(0)
and the initial velocity v, = p(0). The relationship between the actual trajectory and the reference
signal of the trajectory-tracking control system is given by (37).

vt 2 0 p(t) = pa(t) + (Pa(0) —po) + (Pa — Vo)t 37)

In the ideal case, when the initial state of the system exactly matches the initial state implied by
the desired trajectory and when no disturbances are present, the actual trajectory coincides exactly
with the desired trajectory defined by the reference signal p,(t). However, in the presence of any
mismatch between the initial conditions of the plant and those associated with the reference
trajectory, the tracking error will inevitably grow over time. Likewise, the purely feedforward
trajectory-tracking scheme is highly sensitive to external disturbances and therefore unsuitable for
practical use due to its inherent open-loop instability.

To overcome these limitations, the trajectory-tracking system can be modified by introducing a
feedback loop with a linear controller that stabilises the closed-loop dynamics. The resulting structure
ensures robustness with respect to initial-condition mismatches and perturbations. Figure 12 shows
the block diagram of the modified trajectory-tracking system for the differential-drive mobile robot.

Disturbances are modelled by adding a noise term n(t) to the sum of the signals applied to the
input a of the linearising transformation block L. The linear signal transformer L consists of two
parallel, identical linear subsystems L, and L,. Consequently, the linear system equivalent to the
modified trajectory-tracking scheme of the mobile robot can be viewed as the combination of two
independent, identical one-dimensional linear subsystems. Figure 13 presents the block diagram of
the x-channel.
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(a)
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u ————————

(b) Vo Po

pddglijdf_}_-l_j_]_-l_p
—= | —

dt?

Figure 12. (a) Equivalent representation of the linearised kinematic model of the DDWMR in the form of a

chain of integrators. (b) Basic feedforward trajectory-tracking control scheme.

. - p=[papy]

dr?

Figure 13. Equivalent block diagram of thex-channel of the trajectory-tracking control system for the linearised
kinematic model of the DDWMR.

To analyse the behaviour of such a one-dimensional linear system, representing each channel of
the trajectory-tracking scheme, it is convenient to employ the Laplace transform. In this framework,
constant functions of the form f(t) =c € R are represented as cn(t), where n denotes the
Heaviside step function. We denote by G, the transfer function describing the linear signal
transformers L, and L,. In addition, we introduce the notationsP,(s) = L(px(t)) and Py(s) =
L(pdx(t)). Taking into account that L(i)’dx(t)) = 52P4,(s) — spax(0) — py, (0) and £(n(t)) =§ we
obtain, for the Laplace-domain representations of the signals, the block structure describing the
behaviour of each one-dimensional channel of the robot’s trajectory-tracking system, as shown in
Figure 14.

Pc(s)

—SPdx (0) - p:fx (0)

Szpd_r(s)

de(s)

Figure 14. Laplace-domain block diagram of the x —channel of the trajectory-tracking control system for the

differential-drive mobile robot.
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The analysis of the one—dimensional linear trajectory-tracking subsystem in the Laplace domain
leads to expression (38), which describes the relationship between the Laplace transform P,(s) of the
system output component p, and the transform P;,(s) of the corresponding reference component.

P(s) = Pax(s) + EX(s) + 750, (38)

where the complex-variable function EZ(s) is defined by expression (39).

S(I’Ox_pdx(o))+(p{)x_pqlix(0)) (39)

d —
Ex(s) - SZ—GX(S)

Naturally, the function EZ(s) can be interpreted as the Laplace transform of the time-domain
function el(t). As follows from the definition of EZ(s) in (39), the function eZ(t) is the solution of
the initial value problem for the differential equation (40) with the initial conditions given in (41).

éd—-Uel=0 (40)
eg(o) = Pox — pdx(o) eg(O) = p;)x - p:ix(o) (41)
In the differential equation (40), the symbol U denotes the linear operator representing the
Ny (s)

action of the linear signal transformer defined by the transfer function G,. Term in Equation

52—Gyx(s)
(38) represents the Laplace transform of the disturbance signal n,(t), passed through a linear filter

described by the transfer function W;(s), defined in expression (42).

Wy(s) = (42)

52 — Gi(s)

Thus, the output of the trajectory-tracking subsystem y,(t) is a linear superposition of the three
functions of the form (42).

Vt 2 0p,(t) = pay(t) + ed(t) + L71(W,N,) (43)

As follows from a straightforward analysis of expression (43), the stability of the trajectory-
tracking system is guaranteed provided that the linear signal transformers L, and L, satisfy
Criterion 1, formulated below. It is also evident that, in order to minimise the influence of
disturbances represented by the term L‘l(Wfo) the superposition (43)—the transfer function
G = G, = G, of the identical signal transformers L, and L, must satisfy Criterion 2.

Criterion 1. The linear operator U, corresponding to the identical linear signal transformers L,
and L, must stabilise the differential Equation (44).

e—Ue=0 (44)

Criterion 2. The transfer function G of the linear signal transformers L, and L, must satisfy
the disturbance-rejection condition (45).

Vw =0 |6(iw) + w?| > 1 (45)

As a result, the two linearisation criteria, achievability of the required dynamic form and
satisfaction of the disturbance-rejection condition, ensure the correctness of the constructed
transformation and form the foundation for designing the outer trajectory-tracking control loop, to
be presented in the next section.

3. Analysis of the Resulting Control System

To validate the effectiveness of the proposed plant-linearization-based trajectory tracking
controller, a set of simulations was conducted using a differential-drive two-wheeled mobile robot
following a circular reference trajectory of radius R = 1.5 m. The controller receives the desired
velocity and acceleration obtained from the flat output and generates the required wheel angular
velocities through the nonlinear to-linear transformation.
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3.1. Trajectory Tracking Performance

Figure 15 illustrates both the reference (desired) circular trajectory z4(t) and the actual robot
trajectory z(t) obtained from the simulation. The robot initially starts away from the reference curve,
after which the nonlinear inner loop drives the system toward the desired path. Following the
transient phase, the actual trajectory converges smoothly to the reference circle and remains closely
aligned with it throughout the remainder of the simulation. This combined figure highlights two
important effects of the proposed controller: (1) reliable convergence to the circular path, and (2) high-
precision steady-state tracking, where the deviation between the desired and the actual trajectories
becomes practically negligible.

Desired vs Actual

= = = +desired
——actual

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

Figure 15. Desired circular trajectory and actual robot trajectory during the simulation. The robot converges to

the reference path and maintains accurate tracking in steady state.

3.2. Angular Velocity and Heading Evolution

Figure 16 shows the evolution of the angular velocity ((t) and the heading angle O(t). During
the initial transient phase, the angular velocity exhibits expected oscillations as the controller brings
the system toward the desired motion regime. After approximately 120 seconds, €)(t) stabilizes near
the nominal value corresponding to circular motion, and the heading angle increases linearly,
confirming that the robot moves with a constant angular rate along the reference circle.

O(t)

20 T T
10 q

n

5 0f

(]

&0} 4
20 =
.30 1 I L 1 L
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t!
10 T T 9‘. )

6, rad
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Figure 16. Angular velocity and heading angle.
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These plots confirm stability of the internal nonlinear loop and proper functioning of the
linearized outer loop. The evolution of the position tracking errors is presented in Figure 17. The
maximum transient deviations occur at the beginning of the motion due to the initial misalignment
between the robot and the reference trajectory: maximum error in the x-direction: ef***= 0.22 m;
maximum error in the y-direction: ej***= (.25 m; maximum overall positional deviation: [e|™**~ (.28
m. These deviations decay rapidly, and by t = 120 s the tracking errors converge to zero. In the
steady-state phase, the robot maintains sub-centimeter accuracy: mean(Je(t)|) < 0.01 m.

0.2 1

-0.21 .

0 50 100 150 200 250 300
0.2 T T T T

C 80 100 180 200 250 300

0 L : L
C 50 100 160 200 250 30C

t,s
Figure 17. Position errors in x, y, and absolute error.

This figure clearly demonstrates the rapid error decay and excellent tracking precision achieved
after convergence.

4. Discussion

The proposed trajectory-tracking method is closely related to the well-known CTC technique for
serial manipulators, also referred to as inverse-dynamics control. At the conceptual level, both
approaches rely on transforming a nonlinear plant via static-feedback linearisation into an equivalent
trivial linear controllable system. As a result, the control problem for an nnn-dimensional nonlinear
system reduces to the control of nnn independent one-dimensional decoupled linear subsystems. The
resulting trajectory-tracking architectures are structurally identical: in both cases, a nonlinear inner
loop performs linearisation, while a linear outer loop implements standard tracking laws using
classical linear controllers. Consequently, together with the recognised advantages of CTC, which
remains a highly active research area due to its excellent performance characteristics [26-28] the
proposed method naturally inherits the limitations that are intrinsic to static-feedback linearisation.

A key drawback of CTC type methods is their limited robustness to model uncertainty: even
small discrepancies between the real plant and the mathematical model used inside the linearising
controller can lead to noticeable degradation of tracking performance. In this study, a simple
kinematic DDWMR model was deliberately chosen to ensure transparency of the approach and ease
of simulation. Nevertheless, our simulation experiments confirm the expected behaviour: the
performance of the proposed controller is sensitive to parameter mismatches, similarly to classical
CTC. This phenomenon is well-documented in the CTC literature, where modern research directions
focus on adaptive and robust extensions, including the use of machine-learning-based compensation
mechanisms [20].
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Since the trajectory-tracking architecture proposed in this paper consists of two nested loops—
a nonlinear inner loop that linearises the plant, and an outer loop that performs trajectory tracking of
the linearised system —the outer loop can incorporate a wide range of modern control techniques,
including robust, adaptive, optimal, or MPC-based controllers. This is a fundamental difference from
most existing flatness-based methods for DDWMRs, which rely on approximate linearisation in the
neighbourhood of a predefined reference trajectory (exact feedforward linearisation). Such schemes
require a sufficiently accurate match between the initial state of the robot and the nominal initial
condition of the reference trajectory, and they may exhibit performance loss or even instability in case
the robot starts significantly away from the desired path.

By contrast, the method proposed here avoids these limitations because it performs plant
linearisation, not trajectory linearisation. In other words, it is the nonlinear plant itself that is
converted into an equivalent linear controllable system, rather than the entire trajectory-tracking
closed loop. As highlighted earlier, current research trends increasingly focus on adaptive flatness-
based techniques and on the application of MPC, optimal control, and hybrid control methods to flat
systems [15,16,23-25]. Notably, many of these techniques become particularly effective and easier to
implement when applied to differentially flat systems [20], making the proposed architecture
compatible with a broad class of advanced control methods.

Another characteristic distinction of the proposed approach is that it yields a SISO (single-input-
single-output) control structure for the linearised system. In contrast, most existing DDWMR
trajectory-tracking methods rely on multivariable controllers with coupled control channels [25]. The
SISO nature of the resulting linear system significantly simplifies controller design, tuning, and
implementation, providing a conceptually straightforward yet highly effective solution.

5. Further Perspectives

Future research is expected to proceed in two directions. First, the proposed linearization-based
trajectory-tracking method can be extended from the kinematic DDWMR model to its full dynamic
model, as well as to other classes of mobile robots, including balancing robots, aerial vehicles, and
multi-degree-of-freedom robotic platforms. Such generalizations would enable a broader assessment
of the method’s applicability to complex nonlinear robotic systems. Second, an important avenue for
further work is the development of robust and adaptive extensions of the proposed controller. Given
its sensitivity to model uncertainties—an inherent limitation shared with classical computed torque
control—future research will focus on designing robust, adaptive, and learning-enhanced
compensation mechanisms that preserve the advantages of the linearized structure while improving
resilience to parameter variations and external disturbances.

6. Conclusions

This work has presented a linearisation-based trajectory-tracking framework for differential-
drive wheeled mobile robots, in which a nonlinear kinematic model is transformed via static-
feedback linearisation into an equivalent SISO linear system. This transformation allows the
nonlinear trajectory-tracking problem to be reformulated as a classical linear control task for two
decoupled first-order subsystems, greatly simplifying the controller design while maintaining strong
theoretical guarantees.

The proposed approach is conceptually related to com CTC and inherits its principal
advantages: transparency of design, explicit control of the closed-loop dynamics, and high tracking
accuracy for sufficiently well-modelled systems. Simulation results confirm these benefits: the robot
successfully converges to the desired circular trajectory, achieving a maximum transient deviation of
0.28 m, a settling time of approximately 120 s, and a steady-state mean tracking error below 0.01 m.
These results demonstrate that linearising the plant itself, rather than the trajectory-tracking loop,
provides a simple yet powerful mechanism for achieving high-precision tracking in nonlinear mobile
robots.
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At the same time, as with CTC, the method exhibits sensitivity to modelling inaccuracies,
highlighting the importance of further research into robustness and adaptation. Nevertheless, the
proposed framework establishes a general and extensible foundation for trajectory-tracking control
of differentially flat systems and demonstrates strong potential for both theoretical development and
practical deployment.
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