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Abstract

The first aim of this study is to point out new aspects of approximation theory applied to a few classes
of holomorphic functions, via Vitali's theorem. The approximation is made with the aid of the
complex moments of the involved functions, that are defined similarly to the moments of a real
valued continuous function. Applying uniform approximation of continuous functions on compact
intervals via Korovkin’s theorem, the hard part concerning uniform approximation on compact
subsets of the complex plane follows according to Vitali’s theorem. The theorem on the set of zeros
of a holomorphic function is also applied. In the end, existence and uniqueness of solution for a
multidimensional moment problem is characterized in terms of limits of sums of quadratic
expressions. This is an application appearing at the end of the title. Consequences resulting from the
first part of the paper are pointed out with the aid of functional calculus for self-adjoint operators.

Keywords: continuous function; holomorphic function; removable singularity; uniform
approximation; nonnegative polynomials; compact subsets; moment problem; existence of a solution;
uniqueness; functional calculus

MSC: 30E10; 41A30; 46A22

1. Introduction

The purpose of this work is to prove new results and to complete the proof of a recently
published result from [40]. Approximation of positive functions by positive polynomials is very
important in both existence and uniqueness of the solution for the full moment problem. General
knowledge in Analysis and Functional Analysis applied in this paper is contained in the references
[1-10]. Main results on the Lambert W function have been published in [11]. The study [12] continues
the results first published in [9]. The monograph [13] covers a large spectrum of functional analysis,
including that of ordered and topological ordered vector spaces. Important cases are those of ordered
Banach spaces and Banach lattices. The article [14] refers to the Hamburger and Stieltjes moment
problems in several dimensions. For classical results in approximation of continuous functions of one
real variable see Korovkin’s theorem [15]. The monograph [16] provides basic information in
Analysis, starting from results for functions of one real variable, but also considering notions and
theorems working in a much more general setting. The article [17] contains interesting, applied
approximation type results. In [18], we find Vitali’s theorem, which is directly applied in the present
paper, to approximate complex analytic functions of one complex variable. The basis of functional
calculus is resumed in [19]. Main earlier and new information on the Moment Problem are pointed
out in [20]. Basic results bon convex functions and their applications are recalled and completed in
[21]. The article [22] refers to the Lambert W function, deep approximation results in complex
analysis. In the monograph [23], the main goal consists in uniform approximation of continuous real
valued functions. Article [24] provides a nonlinear extension of Korovkin’s theorem. In [25], among
other results, the isotonicity (increasing monotonicity) of a convex operator is characterized and
discussed. Inequalities applied to approximation of functions and operators have been proved in [26]
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and in [27]. In the articles [28] and [29], optimization applied in Computer Science is the main
purpose. The articles [30] and [31] are devoted to the Moment Problem, namely to the determinacy
of the representing measure. Recent approximation methods involving positive linear operators have
been applied in [32] and [33]. Refinements of important inequalities have been pointed out in [34].
In [35], stability results are discussed in a general modern framework. The articles [36-41] are directly
or entirely motivated by the moment problem. Namely, according to [37] and [39], concerning the
multidimensional moment problem, any nonnegative functions from L}L (RY),d > 2, where u is
the product of determinate measures on R, can be approximated in L}l (R%) by sums of products
of polynomials p;(t;) - pa(ts), i € Rlt;], p;(t;) = 0,Vt; € R. Since each p; is a sum of
squares, we infer that any nonnegative element from L}l (R%) is the limit of polynomials which are
sums of squares of the form H?=1 qiz (ti), q; € R[t;]. Following the same idea, in [38], the author
proved that a nonnegative continuous real function on the Cartesian product § = §; X =-- X §; C
R¢, d=>=1, where S;c[0,+),i=1,..,d, are compact subsets, can be uniformly
approximated on S by nonnegative polynomials of the form p;(ty) - pq(ts), pi €
R[t;], pi(t;) = 0,Vt; € [0, 4+00). This result is applied in the last theorem of the present work as
well. Since each p; is a sum of special polynomials having the explicit form tis iql-z (t),q; € R[¢t;]
and s; € {0,1}, we infer that any nonnegative continuous function on S is a limit in C(S) of
sums of polynomials of the form [[%, tisiqi2 (ti), q; € R[t;]. Thus, if T:C(S) — Y is a linear

bounded operator with codomain an ordered Banach space Y, such that T (Hfl:l tl-s iq? (ti)) eY,

forall q; € R[t;] ,s; € {0,1}, wehavethat T(f) € Y, forany f € C(S),. Inother words, any
such continuous linear operator on C(S) is positive. By using the above discussion on

approximation of elements from (Llll (]Rd))Jr with sums of special squares of polynomials

?:1 CIiZ (t;), we infer that any linear continuous operator T mapping each such square

4 q? (t;) into the positive cone Y, is positive on the positive cone (L‘ll (Rd))+. The converse

works in a more general setting: any linear positive operator acting between two ordered Banach
spaces X, Y is continuous (see [25]). The reason for recalling these results is that of applying them
to prove the existence and mainly the uniqueness of the solution to the full-moment problem. With
the notations from above, this problem consists in characterizing the existence and uniqueness of a
linear positive operator solution T mapping X = Lj, (RY) or X = C(S) into an order complete

Banach space Y, which verifies the conditions
T(Pj) =Y j € N%, €Y)

Here p;(t) =t]* -t} t = (&g, ., tg) €ERYj = (jy, oo, jg) € NG, N =
{0,1,2,...}, yj € Y,vj€ N<. The elements y; € Y are called the moments of the linear positive
operator T and conditions (1) are named the moment conditions. Such a moment problem is called
a full moment problem, since all the values T(p j) of the operator T at basic polynomials p; are
prescribed, as being equal to y;, j € N4 1f d=>2, the moment problem is called
multidimensional. When d = 1, we have a one-dimensional moment problem. If the polynomials
are dense in the function space X, and Y is an ordered Banach space, then the linear positive
solution of the full moment problem (1) is also continuous, hence it is unique. Another method is to
define the linear operator firstly on subspace of polynomials, such that T(p) =0 for all
polynomials p taking nonnegative values at each point of the positive cone X, of the domain
space. If the subspace P of polynomials is a majorizing subspace of the domain space X, (that is:
Vx € X,3p € P,x < p), then any positive linear operator from P into an order complete Banach
space Y has a linear positive extension mapping X into Y. This result holds true for any
majorizing subspace in the order vector space X, not only for the subspace of polynomials (see [2],
or/and [13]). However, in applications the subspace P of polynomials is the most important and
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often used. The convex generated by all squares of polynomials is also important, since these sums

of squares are dense in the usual function spaces (L}t (F )) , U being a moment determinate
+

measure on a closed unbounded subset F € R¢ (see [41]). Namely, for such a measure i on F,
any nonnegative continuous compactly supported function can be approximated by dominating
polynomials, in the norm of the space L}L (F). On the other hand, according to [37], for any compact
subset S C [0, 40), the convex cone of restrictions to S of all polynomials p, with p(t) = 0
for all t € [0,4), is dense in the convex cone (C (S))+ of all functions ¢ € C(S), with
@(t) = 0Vt € S. Part of these remarks and comments are motivated by the results proved or
recalled in Section 3, concerning the moment problem. When the codomain Y is the real line, we
have a scalar moment problem. If Y is an ordered Banach space of self-adjoint operators, we have
an operator-valued moment problem. On the other hand, the problem of uniform approximating
continuous real- valued functions defined on [0, b] by means of functions defined in terms of
antiderivatives of the moments and the corresponding problem of approximating complex analytic
functions are also under attention. Approximation of the limit of the sequence by estimating each
term, then passing to the limit, is pointed out in [41]. All the studies appearing in the References list
are related to theoretical results mentioned above and in the next sections or contain applications in
these areas. The rest of the article is organized as follows. In Section 2, we point out the methods
applied in what follows. The first part of Section 3 is devoted to elements of approximation by means
of nonnegative polynomials. In the second part, we recall, state and solve scalar and operator valued
moment problems. Here approximation of classes of nonnegative real valued functions by positive
polynomials in several dimensions is applied. For example, if ¢: K = K; X -+ X K; € R§ — R,
is continuous, then there exists a sequence (Pp)m of polynomials, P,(tq,...,t5) =
P, (t1) =+ D, (Ea), pmi(ti) > 0 Vt; € R,, such that p,,|x — @ uniformly on K, p,,(t) =
@(t) Vt € K, Vm € N. For d = 1, this result can be deduced from Lemma 2 of [38]. For d =
2, weapply  Theorem 2 of [40]. It seems that the general case d = 2 can be proved by induction
upon d.

2. Methods
Here are the basic methods applied in this paper.

1. First, we prove uniform approximation results of real valued continuous functions on compact
intervals [0.b], by using Korovkin’s theorem. Uniform approximating on compact subsets of
C or of the open unit disk U, of complex analytic functions, by special analytic functions
involving the antiderivatives of the complex moments. To prove such results, mainly Vitali’s
theorem is applied.

2. Approximation of classes of nonnegative functions from L\ (R%),u being the product of d
M —determinate measures on R, by special products of nonnegative polynomials on R,
which are sums of squares (see [37,39]). Uniform approximation of nonnegative functions
from C(S; X+ xS,), S; compact subsets of R, = [0,400),i =1,...,d, by sums of special

Siq2(t), q; € Rlt],, s €{0,1}, i = 1,...,d. (see [38]).

positive polynomials of the form [[Z,¢;

For applied approximation type results related to the moment problem and its relationship
with probabilities see [9,12]. For connections with neural networks and positive linear
operators see [31,32].

3. Applying the results mentioned in point 2 to the characterization of the existence and

uniqueness of the solution of the moment problem, in terms of sums of quadratic expressions.
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3. Results
3.1. Approximation of Continuous Real Valued Functions and of Complex Analytic Functions

Theorem 1. Let f € C([0,b]),0< b <1 and

)t (®at

L) = x € 00, Ly(D(O) = f(0). Then

f(x)=1lim L,(f)(x), x€[0,b]c[01).
n—oo
The convergence holds uniformly with respect to x € [0,b], and w, r_r(6,) < 2ws(8,) N 0. Consequently,

under the same assumptions on b, for any f € c'([o,b]), lim fox t"1f (H)dt = 0, uniform convergence on
n—eo

[0, b].

Proof. Due to Korovkin’s theorem [15], it is sufficient (and necessary) to prove the convergence
L,(f) — f foreach f € {1,t,t%}. Indeed, for f = py = 1 we obtain

Jythat
T tnat

L,(D)(x): =1 forall x € (0,1], L,(1)(0):=1, ne

max|L,(pp)(x) — 1| = max0 = 0;

For p;(x) = x,x € [0,b], it results:

0
max |L x) — x| = max |—=——
Osxsbl n(P1) () ! 0<x<b fox th dt

|_ b
X=X T n+42

n+1
n+2

= maX
0sx<b

- X

<——2x<g, vn>1/e - 2.
n+2 /

In this case, the desired inequality 5na>§|Ln(p1)(x) — x| < € holds for all n greater than the entire
<x<

part of %— 2.1f p,(x) = x?, then:

fox "2t
Jytrdt

2b? 2
<
n+3 n+3

n+1
n+3

2 = max
Osxs<b

L x) —x’| =
max|L, () () - 7| = max

- X

xz—x2|= <e,

2
n>--—3.
£

Hence for p, the required convergence holds uniformly on [0,1], for all entire n greater than % -

3. Hence, the conclusion of Korovkin’s theorem holds. Namely, we have:
L,(f) — f,n — oo, uniformly on [0,b]. Moreover, if we denote by w(5,) the modulus of
continuity of the continuous function f on the interval [0,58],0 < §,, <&, then for

0<x,y <6, N0, wehave: [f(t) — f(x)| < wp(5,) VO forall t inthe closed interval of ends 0, &,.
These yields:

ILnf () = () = Lnf ) = FONI < |Luf ) = FOOI + I Lnf ) — FOII <
e (F© - fE)de| |7 e (F© - FG)de
Jy erde | J) e de
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This can be written aw;, r_f(8,) < 2w;(8,),n € /. Due to the uniform continuity of f on [0,4],
also using our assumption &, N0 , we infer that w;, r_((6,) < 2w;(6,) N 0 follows consequently.

Moreover, if f € C1([0,b]), is not constant, the following equalities hold true

LFG) = lim Lf(e) = lim 20 0T % _
n—eo n—oo fo tn dt
(e D) S/ e+ DY G /n o+ 1) — (G = Dx)/(n+ 1))

lim 1 )
o X/ (n+1)

lim LZ” G/(n+D)ntif (9) 0 G-Dx jx

noe \ N+ 14aj-g i) | ) — ),

j=1,..,n+1.

Hence,
Lf(x) = lim jxt"”f'(t)dt = lim (x"”f(x) —(n+1 fxt"f(t)dt> =0,
n-e o n—oo 0

0<x<bhb<l],
Lf=0= fel {0}, vfeclob].o
Remark 1. Theorem 1 proves that for any nonconstant function f € C([0,b}),0 < b <1, we have Lf =

limL,f = 0 uniformly with respect to x € [0,b], and for f = al we infer easily that L,(al) = al forall
n

n. The following question arises naturally: are the constants the only continuous functions on [0,b] which are

ixed points for all operators L, ? According to the next proposition, the answer seems to be affirmative.
p p g prop

Theorem 2. With the notations and under the hypothesis from Theorem 1, the sequence (Ly), is uniformly
bounded, and we have ||L,|| = 1 for all n. The convergence L,f — f holds for each f € C([0,b}), and the
constant functions f = f(0)1 are the only functions f € C([0,b]), verifying the conditions L,f = f Vn €
M

Proof. For an arbitrary function f € C([0,b]), assuming that L,f = f Vn € £] then the following

consequence holds true:

ef@d o eCO-f@)

_ _ _J
0= 1nf )= £ =2 P e ned
x € [0, b],
|Lnf(x) = fO| < Su[})ﬂb]lf(t) — f()] = ws (D).

Obviously, this leads to: 0= fox t"(f(t) - f(x)) dt =:(t", f(t) — f(x)), n€ A] x € [0,b]. In other
words, for any fixed x € [0,b], and any n € /] the continuous function ¢(t) := f(t) — f(x) is
orthogonal to the basic monomials t™, on the interval [0, b]. By the linearity in the first variable of
the product ( , ), we infer that ¢(t) = f(t) — f(x) is orthogonal to any polynomial P on
[0,b]: (@, P) = 0 VP € [t]. On the other hand, by Weierstrass approximation theorem, there exists a

sequence (P,,),, of polynomials such that ¢ = lim P,,, the convergence holding uniformly on [0, b].
m

Using the above reasoning, we have: (¢, ) = <<p,lim Pm> = lim(g, B,,) = 0, that is fob @’ (t)dt = 0.
m m

Since ¢ is real valued and continuous, its square @’ is nonnegative valued and continuous. So, by

the properties of the open nonempty set {t € [0,b]; ¢?(t) > 0} as a union of open intervals, the

integral fob @*(t)dt vanishes if and only if ¢(t) =0 for all t € [0,b], that is f(t) — f(x) =
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0 Vt,x € [0,b]. For x =0, it results in f(t) = f(0) Vvt € [0,b], that is f is constant on [0, b], and
f=rO1.

On the other hand, each linear operator L, is positive on the Banach lattice C([0,b]), so that for any
@ € C([0,p]), with |lpll <1, and all n, it results: |L,(@)| < Lp(lp]) < Ln(llpll1) = ll@llL, (1) <
L,(1) = 1. The conclusion is that ||[L,|| =1 Vn € &/ Thus, the family of the terms of this sequence is

equicontinuous (and the least upper bound for {||L,|[},sp equals 1.) o

Theorem 3. Let U be the open unit disk in the complex plane and f:U — © be the function defined by

f(2) = w ,  z#0, f(0) =1 1)

Then f has a removable singularity at zero and the following approximation holds uniform on compact subsets
of U

o Lurfde my(H)(2)
f@ = v D i m, (@) @

We have denoted: m,,(f)(z) = fOZ u"f(w)du. With these notations, returning to the restrictions of
our functions to the interval [0,x), x € (—1,1), we have:
e - r@)de
x"1/(n+1) ’

Theorem 1 gives a method of approximating the distribution function f in terms of its normalized

n — oo, x € (-1,1).

complex moment - functions %,n € 4] for n large enough
Jy w'f (ydu Jy wf (du
f(Z)—m—f(Z)—j;)Zu—ndu—)O, as n — oo, z€eU. (3)

The convergence result (2) stays valid for any holomorphic function f defined on U\{0}, having a
removable singularity at zero. We proved this assertion in [42]. Now our purpose is to point out
properties that are specific to the functions defined by (1) and to other related analytic functions, also
using a more general and improved method of the author’s results from [42].

The sketch of the proof for Theorem 3. From Theorem 1, we know that L,(f) — f,n — oo,
uniformly on [0, b]. The hard partis to infer the uniform convergence on compact subsets of U. This

will be proved below using Vitali’s theorem. To do this, it is sufficient (and necessary) to show that
the sequence (L,(f ))n is bounded in the space of analytic functions, that is it is uniformly bounded
on compact subsets of U. Since any compact subset of the open unit disk is contained in closed disk

of radius R < 1, centered at the origin, we have to prove the uniform boundedness of the sequence
(Ln (f ))n on the closed disk D(0,R) for any 0 < R < 1. The following estimates hold true:

. zn+l fI t"log(1+tz)dt
lzZI<R<Lnel imply IL,(f)(2)| = I z0n+1/(n+1)

1
f |log(1+ tz)|dt =
0

[ =

tz
J (I-w+w?+ -+ (=D"wh)dw
0

dt =

dt =

[

WZ Wn+1
—— e (=D )2t
(W g Pt D )0

dt =

[
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| |2 | |n+1
f(|z|t+—t2+---+ tt 4 )dts
0

2 +1
R Rz Rn+1
1 1
PR e T R

1+(1_1)+ +(L_ L )+...=1
2 \2 3 n+l1 n+2 '
According to Vitali’s theorem [19], also using the theorem on the zeros of an analytic function,
the conclusion will follow. Namely, for a line segment [0, b] c [0,1),0 < b, the convergence
L,(f) — f holds uniformly on [0, b], 4)
due to Theorem 1. Since [0,b] has accumulation points in U, and the sequence (Ln(f))n is
uniformly bounded on any closed disk, application of Vitali’s theorem leads to the uniform

convergence of a subsequence (denoted by abuse of notation (L,(f)),), of (g,(f))n, on compact
subsets, to a holomorphic function 2 on U. For x € [0,b], we know that f(x) =limL,(f)(x).
n

Hence the holomorphic function £—limL,(f) has as zeros all points x of the interval [0, b]. From
n

the theorem on zeros of the holomorphic function, we infer that

A(z) — 1i1r1n L,(f)(2) =0, vz € U. 5)

Now Equations (4) and (5) provide the conclusion that
kz) =limL,(f)(2) = f(2), z€U,
n

uniformly on any compact subset of U. O

Theorem 4. If x € [0,1] and m € ljm > 2, then the following inequalities hold true:

xr X3 1 x 1 x

s R
log(1+x) <S,(x)=x +3 173 N\ T I (6)

x2 x3 xt [x® «x° 1 X

> = _ I, o e 2m+1( _ )
log(1+x) = sp(x)=x 2+3 4+(5 6>+ + x mtl Imi2 N
2m+2

()SSm(x)—log(1+x)S2m+2—>0, m — oo, (8

z"

If z€ Glz| <1, then the expansion: log(1 + z) = z——+ + 4 (= 1)"

+ --holds true for all z #
—1.

Proof. Let z € U. The simplest path of ends zero and z is the line segment joining these points. The
parametric equation of this path is w = zt, t € [0,1]. This implies dw = zdt. According to the

integration term by term theorem for the absolute convergent geometric series Y.;,_, (—w)™ on the

path of ends zero and z recalled above, we are led to the next result

z ] 2
log(1+ z =f—dW:f—dW
sl+ta) =] 7y ) T—(—w)

z
f A-w+w?+- (=D"W" + - )dw =
0

2,3 S+l
Lty (=D
z->+5+ +(1)n+1+ : ()]
If z=x € (0,1), then from (3) and using that all the expressions —x’™ (ﬁ - 21:;1) have negative

signature, we derive that:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202512.0970.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 December 2025 d0i:10.20944/preprints202512.0970.v1

8 of 14

log(1+x) = x 2+ % 4(1 ) Zm(l ") s

R R R T VI Y om T am 1 =
x* X8 1 x 1 x

—_y a4 Y2 T >

Sm¥) =x =5+ 7 =x (4 5) x (2m 2m+1)' m=2.

For the converse type inequality, one observes that x € (0,1) implies all the expressions in the

parentheses appearing below and their coefficients x*™*! have positive signature, hence we can

write:
x> x3 xt (x5 «x 1 x
_ - - _ 2m+1 _ >
log(I+x) =x =747 4+(5 6>+ i (2m+1 2m+2)+ =
2 xd xt (xd x® 1 X
4 - = 2m+1 —
Sm(®) =x =743 4+<5 6>+ i <2m+1 2m+2)’ "
=2
2m+2
0<Sp(x) —log(1+x) <S8, (x) —sp,(x) = i x € [0,1], m € f

On the other hand, the last expansion of the function z + log (1 + z) appearing in the statement of

the theorem and its convergence set is known, because of Dirichlet test. 0

Theorem 5. Let H be a Hilbert space and A a bounded linear operator acting on H, with the spectrum o(A)
contained in the unit interval [0,1]. Then A is self-adjoint and for any m € Ajm = 2, the following operator

inequalities hold:

logU+A)<S.(a) = a4 & A4(1 A) AZm(I A )
°9 =omA) = AT i 5 om 2m+1)

log(I + A) = s,,(4)

ST/ WORTUREL UL

2 3 4 5 6
1 A
2m+1 _
+4 (2m+ 1 2m+2)'
2m+2 1

< — < < .
0<S,(4) lOg(I+A)_2m+2_2m+2 I —0, (10)
|Sm(A) —log (I + A)|| S5=570 moe (1)

Proof. Since the linear operator A is continuous, having its spectrum contained in /& it results that
A is self-adjoint. Moreover, because of the hypothesis a(4) S [0,1], we infer that 0 < A </, thatis
0 < (Ah, &) < (% &) = (Ih, ) for all elements 4 € H. This means that with respect to the order relation
in the ordered Banach space of all self-adjoint operators acting on H, we have: 0 < A < I. On the
other hand, from (6) and (7), the first two inequalities in the statement follow via functional calculus
for continuous functions defined on the spectrum of A. To prove (10), we apply the increasing
monotonicity of the operatorial norm on the positive cone of all self-adjoint operators. Proceeding
this way, from (8), (10) and (11) follow as well. o

Corollary 1. Theorem 4 holds true for any symmetric nXn matrix A with real entries, whose all

eigenvalues are in the unit interval [0,1].

Theorem 6. For any x € (0,1] and any positive integer m, the following estimates hold true:
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arctan(x) < Z ) =1 ,(1 x?2 o 1 x2
x L, T T3S *\om+1 2m+3)
arctan(x) x? 1 x? 1 x?
aretanx) e (2 4 o _ .
x 2 om) 3T (5 7 )Pt a3 T 2mts

0< @ arctan(x) - 1 0
—_ —_— —> oo
_Zm x x T 2m+5 » ’

The convergence is uniform with respect to x € [0,1].

Proof. For any x € (0,1] and any positive integer m, the following estimates hold true:

arctan(x) 1 x2 1 x?
- < =1 —x2 2= —... = 42m _ )
x zm(x) T=x (s 5 ) * (Zm T1 2m+3

arctg(x x2 1 x? 1 x2
#de(x) = (1——>+x4<——_>+...+x2m+2< >

3 5 7 2m+3 2m+5
arctan(x) xZm+d
0= Zm(x) T = Zm(x) —om@ =570 mo e
For x =0, we have: },,(0)=1= 1%1%@ = 0,,(0), for all m, so that the assertion of the
X

theorem holds uniformly on the closed interval [0,1].0

Corollary 2. The following estimates hold true:

13
<—.
1

Proof. One applies the estimates proved in Theorem 4 to x =1, taking only the expressions

<

W N
N

appearing in the first parenthesis of };(x), g;(x).o
Corollary 3. If A is aself-adjoint operator acting on a Hilbert space H, and the spectrum o(A) satisfies the

inclusion relation, o(A) < (0,1], then the following estimates hold true:

1 A I A?
Al A <Z A)=1—A(z—=)— .o pm - ,
arctan(4) < p, (4) (3 5 ) Im+1 2m+3

A? I A I A?
A—l t A) > =[] —— A4 o A2m+2 _ ,
arctan(4) = om(x) ( 3)+ (5 7>+ * <2m+3 2m+5)

2m+4
< — A1 < Z - = oo,
0< Zm(A) A tarctan(4) < m(A) o (4) g — 0, m—

Proof. Due to the hypothesis d(4) c (0,1], wehave 0 & o(4), so that A is self-adjoint, positive and
invertible. Application Theorem 4 accompanied by functional calculus, lead to the desired estimates.
o

Theorem 7. Let us consider the function

f(Z)==w, z€U, z#0, f(0)=1

Then f has a removable singularity at zero, it is holomorphic in the open unit disk U centered at the origin,
and so are all the functions L, (f),n € 4] defined by

) wfwd
L)) = % ,

Moreover, the following asymptotic behavior of the sequence (L, (f ))n holds true:
f@@) =limL,(f)(z), z€U. (12)
n

The convergence (12) holds uniformly on compact subsets of U.

z#0, L,(H0):=Ff0), ned] zeU.
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Proof. The proof of Theorem 6 is quite like that of Theorem 2. The main part of the proof is that of
showing the uniform bondedness of the sequence (L,(f))ss0 on any closed disk centered at the
origin, of radius R € (0,1). As in the proof of Theorem 2, If |z| <R, then, from u = tz,t € [0,1],
du = zdt, we infer:

o (1 t”(arctan(tz))

dt
0 (tz)
L = <
1L, (N) @) T <
arctan(tz)
max |———| =
Osts<1 tz
2,2 gt m,,om
L s (=" .
x|l -3t et |—

R2 R2n
<1+_+...+ - +~~>=:M(R)<+°°.

Since the upper bound M(R) does not depend on n or on z with |z| <R, the desired uniform
boundedness follows. The act that M(R) is finite is obvious, since 0 < R < 1. The conclusion is a

consequence of Vitali’s theorem. This ends the proof. o

3.2. Polynomial Approximation by Nonnegative-Valued Polynomials and the Moment Problem

In the Stieltjes moment problem, a sequence of real numbers (y;)x»o is given and one looks for
a nondecreasing real function ¢(t) (t = 0), which verifies the moment conditions:

Jy t¥do =y, (k=012,..).

This is a one-dimensional moment problem, on an unbounded interval. Namely, is an
interpolation problem with the constraint on the positivity of the measure do. The numbers y,, k €
WM=1{0,1,2,..} are called the moments of the measure do. Existence, uniqueness and construction of
the solution ¢ are studied. The moment problem is an inverse problem: we are looking for an
unknown measure, starting from its given moments. The direct problem might be: being given the
measure dg, compute its moments [“t*do.k =012,.. The connection with the positive
polynomials and extensions of linear positive functional and operators is quite clear. Namely, if one
denotes by ¢;,¢;(t) :=t/,j € it € [0,%0), P the vector space of polynomials with real coefficients
and

Tolfp d ETO Z a;Q; | = Z a;Yj, (13)

Jj€Jo J€Jo

where J, ¢ #/is a finite subset, then the moment conditions To((p j) =y;,j €I/ are clearly satisfied.
It remains to check whether the linear form T, defined by (3) has nonnegative value at each
nonnegative polynomial. If this condition is also accomplished, then one looks for the existence of a
linear positive extension T of T, to a larger ordered function space X which contains both P and
the space of continuous compactly supported functions, then representing T by means of a positive
regular Borel measure y on [0,%), via Riesz representation theorem or applying Haviland
theorem. Usually, the positive linear extension is defined on a Banach function space. For deep results
on the theory of Banach spaces see [21,25]. If an interval (for example [a, b], R, or [0,)) is replaced
by a closed subset F of o ,d = 2, we have a multidimensional moment problem. Passing to an
example of the multidimensional real classical moment problem, let denote
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@) =t =t/ t) = (g, ja) €Mt = (ty, o ty) € B e lld > 2.
If a sequence (yj)je A s given, one studies the existence, uniqueness and construction of a linear

positive form T defined on a function space containing polynomials and continuous compactly
supported real functions, such that the moment conditions

(o) =y Jjelf (14)
are satisfied. Usually, the positive linear form T (that is called a solution for the moment problem
defined by (14)), can be represented by means of a positive regular Borel measure 4 on /. In this
case, we say that 4 is a representing measure for the sequence y = (y]-)]_e s and this sequence is

called a moment sequence. Similar definitions and terminology are valid when we replace Ve by an
arbitrary closed subset F of & . We start by recalling the solution for the constrained moment

problem on £ In what follows, for i = (iy,...,ig),j = (1, .., ja) € M and te€ , we denote t/ =
e da g = et glatia
1 da’ =1 a -

On the solution to the multidimensional moment problem

Theorem 8. (see [40], Theorem 1, pp. 3-5). Let uy,u, be positive reqular Borel moment determinate

measures on R, with finite absolute moments fm{ [t/ du;(t) of all natural orders, jEN, i=12. In
addition, assume that p = p, X y, is their product measure on R%. Also assume that du; = p;(t;)dt;, p;

continuous and positive on R,i = 1,2. Then the following approximations hold true. Any function ¢ from

1

byxu, (R?) by polynomials from the sub cone C c

(L}tlxuz(Rz))er” be approximated in the norm of L
(L}l1X s (]RZ))+ generated by special polynomials

n®r, 1 €R[t], (n @nr)(ty,ty) = r(t)r,(ty), ri(t) =0 forall t; €R,
i=12.
Hence, ¢ can be approximated by sums of squares whose terms have the following form

q(ts, t;) = qi(t) - q3(t2) = (g7 ® q3)(t1, 1), (t1,t,) ER?, q; € R[¢y],
i=12. (15)

Lemma 1. (Lemma 2 from [37], p. 5). Let K c [0,+00) be a compact subset, and f:K — R, be a
continuous function. Then there exists a sequence (Guy)m of polynomials, qn,(t) =0 for all t € [0, +o0),
such that limq,, = f, and the convergence holds uniformly on K.

m

Theorem 9. Let H be a Hilbert space, and A, i = 1,2 commuting positive self-adjoint operators acting on H,
with their spectrums o(4;), i = 1,2. Let Y = cl(span{A,, A;)) € SA(H), where SA(H) is the ordered
Banach space of all self-adjoint operators acting on H. Let S := c(A;) X (4,), and T,:P — Y be the linear
operator defined by T,(t) := T,(t]'t)?) = Al*Al?, t € S,j € N2 Being given a sequence (Uf)jeNZ inY,
the following statements are equivalent.
(a) There exists a unique linear operator L: C(S) = Y, with the properties
L) =U; j € N?,
0<Lp) <Tu(p), ¢€(CH),.

() 0<L (tflrf(tl)t?r;(tz)) < ASrE(ADASTE(AL), €, €{0,1}, 1y €R[t], i=1,2.

Proof. We may apply Lemma 1, followed by functional calculus for continuous functions defined
on the Cartesian product S = d(4,) X 0(4;). Indeed, let us denote by W the convex cone generated
by all the polynomials of the form q,®q,, q;(t;) = 0 for all t; € [0,+00). Clearly, W is the convex
cone generated by all polynomials t;'17(t,)ts2r3(te),€; € {0,1}, 1; € R[t;], i=1,2 (see [20]).
Assuming that (b) holds, adding a finite number of inequalities of the same sense, we have 0 <
L(r) £T,(r) for all reW. If ¢ € (C(S));, according to Lemma 1, there exists a sequence of
polynomials
Srdms Sm EW vm, |s,, —¢| < el — 0, m > oo.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202512.0970.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 December 2025 d0i:10.20944/preprints202512.0970.v1

12 of 14

This is equivalent to s, —&,1 < @ < s, +&,1. On the other hand, since s, — ¢, (sp)m is a
Cauchy sequence in W, hence —2&,1 < Sy4p — Sy < 26, 1. Due to positivity and property 0 <
L(r) < T,(r)Vr e W, we infer that

—2e,] < L(sm+p) — L(sy) < 26, T,(1) = 2&,1, m > N(e), p €N.
This implies that the sequence (L(s;;))m is Cauchy in the ordered Banach space Y, hence there exists
L(p) = lim L(sm) €Yy, p€(C (S))+. It is easy to prove that the definition does not depend on the
sequence S, — @, S, €W for all m. Indeed, if w,, — ¢, u,, €W for all m, then |u, —s,;| — 0
in C(S), that is —&,1 < uy — sy, < e,1 — 0. Using the positivity of the linear operator T,, this
implies

|T2(um - Sm)l < Tz(lum - Sml) < ngZ(l) = ng — 0.

The preceding conclusion further yields: ||T,u,;;, — T2S, |l — 0, hence, also using the last inequality
from point (a) of the statement, we conclude that the definition of L(¢) is correct. Moreover, one can
write:

0 < L(p) =lim L(sy) < imT,(s) = To(), Yo €(C(S)),.

On the other hand, by the same method, it follows that for an arbitrary sequence ¢, — 0, ¢, €
(C (S))+ , we infer that L(¢,) — 0. If ¢, € C(S), ¥, — 0, then both sequences ¥, and ¥,
converge to zero, their terms are in (C s ))+ and ¥, = Y — ¢, forall n. By the above reason, we
conclude that L(3,) = L(Y; ) — L(¥;;) — 0. Thus, L is continuous at zero and is linear, so that L is
continuous everywhere in C(S). It has been proved that for ¢ € (C (S))+, L(¢) is an element of Y,
as being limit of elements L(s,,) € Y,. Thus L is positive on the positive cone (C s ))+. Assume that

(b) holds. Then 0 < L(s,,) < Ty(sp,) for all m. Passing to the limit and using the above notations, we
obtain:

0 <limL(sp) =:L(p) SUmTy(sp) = To(@), ¢ € (C(S)),-
Thus, the assertions stated at point (a) are proved. The implication (a) implies (b) is obvious, by our
notations and the definition of the operator L. o

4. Discussion

In the first subsection of Section 3, the hard part is the approximation of complex analytic
functions by special such functions. In the second subsection, approximation of real valued
nonnegative functions by positive polynomials on unbounded subsets is the main goal. A main
remark is that for any moment determinate positive regular Borel measure [ on an arbitrary closed
unbounded subset F of R%, and any nonnegative function f from L}L (F), there exists a sequence
(Pm)ms with P (t) = f(t) forall t € F, py, — f as m — oo, in the norm of Lj,(F). Of a
note, from this statement it follows that all the dominating polynomials p,, take nonnegative
values. Here F is not necessarily the Cartesian product of special subsets of R. Even in the case of
positive functions on a compact subset K of [0, +00), the approximation can be made uniformly
on K, by nonnegative polynomials on the entire semiaxes [0, 400). The corresponding result for
compact subsets S = S; X -+ X §5,d = 2, is discussed and applied to the multidimensional
moment problem. This is the point of the latest part of this study. The constant function 1 is the order
unitin C(S) and make the proof easier and natural. In the cases of special compact subsets in R¢,
that are not Cartesian products of compacts contained in R, the moment problem and related
consequences are discussed in the references recalled in the Introduction and in other works. For the
multidimensional Hamburger and Stieltjes moment problems see [14].
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