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† Retired Professor.

Abstract

We show that the Zitterbewegung of the electron arises as a real internal motion when spin is treated
as a classical bivector rather than as a point-fermion of the Dirac equation. In the Bivector Standard
Model, physically meaningful dynamics reside in the body-fixed frame where two orthogonal internal
angular momentum vectors counter-precess about a torque axis. Their rigid rotation generates a
time-dependent chord whose magnitude oscillates at twice the Compton frequency, 2ωC, and whose
orientation precesses at ωC. When projected into the laboratory-fixed frame, this internal rotor
produces the characteristic trembling motion of the Zitterbewegung and traces a horn torus envelope
without additional assumptions. The internal clock defined by this cyclic bivector motion unifies the
origin of spin properties and the de Broglie modulation. It distinguishes complementary parity sectors
that cannot be related by Lorentz transformations. The Zitterbewegung is therefore not an interference
between positive- and negative-energy spinors, but the visible shadow of a real, energy-conserving
internal rotation inherent to the bivector structure.

Keywords: Zitterbewegun; ZBW; classical spin; geometric algebra; classical correspondence; coherence;
interference reflection; quantum theory; standard model; bivector standard model

MSC: 81-10

1. Introduction
In the standard formulation of relativistic quantum mechanics, the Zitterbewegung (ZBW) of

the electron is interpreted as a rapid trembling motion arising from interference between the positive-
and negative-energy components of the Dirac equation [1]. Because the Dirac velocity operator
has eigenvalues ±c, the position operator exhibits an oscillation at twice the Compton frequency,
2ωC = 2me/h̄, with amplitude on the order of the reduced Compton wavelength λ̄C/2. In this
conventional picture, the ZBW does not indicate internal geometry; it reflects algebraic mixing between
the two energy sectors of the Dirac spinor in the laboratory-fixed frame (LFF).

In this paper we adopt a geometrical interpretation. We show that the ZBW arises naturally from
internal dynamics when the electron is treated not as a point fermion but as a bivector, Figure 1, [2,3].
In the Bivector Standard Model (BiSM), the physical degrees-of-freedom reside in the body-fixed frame
(BFF). The ZBW is the projection into the LFF of this internal motion.

Motivation

The BiSM originates from the observation that the Klein–Gordon equation admits a second,
equally valid, linearization [3]. Dirac’s familiar linearization [4,5] leads to a matter–antimatter pair of
spinors interpreted as an electron and positron. The alternative linearization, not considered by Dirac
or others, produces a bivector representation in which a single electron carries two orthogonal internal
spin axes within the same geometrical object [2,3]. These constructions are contrasted in Figure 2.
Both contain a mirror plane dividing left- and right-handed components, but their meanings differ:
in Dirac’s model the halves represent a particle and antiparticle, whereas in the bivector model they
represent two internal blades of one electron.
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The Classical Bivector

Figure 1. Left: A bivector in the BFF. The rotating frame relative to the LFF freezes the bivector motion. Helicity
rotates the bivector about the 2-axis, perpendicular to the page. Shown is cw helicity on the left and ccw on the
right. The 1 and 3 axes counter-precess at twice the frequency of the external vector motion. Right: As the 2-axis
spins faster, cones develop about the 1 and 3 axes, which are mirror images and counter-precess in tandem. These
two axes of opposite chirality form the left and right “hands” of the electron.

Two Standard Models

Figure 2. Left: Dirac’s matter–antimatter pair of the SM. Right: The BiSM, showing two counter-precessing
angular momentum cones on a single particle forming a bivector.

Dirac’s formulation is expressed in Minkowski space in the LFF (β, X, Y, Z), and uses the Clifford
algebra Cl(1, 3) [6,7]. The bivector model instead corresponds to Cl(2, 2) with basis (βs, e1, e2, e3),
where βs labels the internal time coordinate of the BFF and subscript s for spin spacetime. In this
setting, the second time-like direction represents the intrinsic periodicity of the spin bivector.

Although too small to observe directly, the ZBW term plays a central role in Dirac theory where
it is attributed to destructive and constructive interference of energy components within the Dirac

equation, E± = ±
√

m2 + P2
k . The physical interpretation of the negative-energy states has long been

problematic. In the BiSM, the same ZBW frequency arises, instead from the internal bivector rotation.
The positive and negative contributions are not separate physical states but the two counter-precessing
blades of a single conservative system whose internal motions balance without invoking an infinite
negative-energy sea.

Thus the ZBW appears in both the SM and the BiSM, but for entirely different reasons: in the
Dirac theory it is an interference property of the spinor algebra, while in the BiSM it is the visible
projection of a real internal rotation.
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2. Zitterbewegung Formulation
In the conventional Dirac theory [4–6], the electron is treated as a structureless point particle

in Minkowski space. Its mass, spin, and magnetic moment are introduced algebraically from the
behaviour of a four-component Dirac spinor [6]. The ZBW is derived directly from this operator
structure; standard references include [8–11]. For completeness, we reproduce the conventional
derivation in Appendix A.

Schrödinger first observed that the position operator in Dirac theory contains an oscillatory
term [1,12]. This arises because the velocity operator does not commute with the free Hamiltonian,
Ĥ, generating both the expected center-of-mass drift and an interference term oscillating at the
frequency 2H/h̄, Equation (A10). Foldy and Wouthuysen [13] showed that this oscillatory component
is tied solely to the mixing between the opposite energy components of the Dirac spinor. In their
representation these components decouple, and the oscillation disappears. Thus, within the Dirac
theory the ZBW is a kinematic effect of the algebraic coupling, and not the result of any real internal
dynamics.

Several classical interpretations of Dirac’s theory have been proposed. Works by Barut and
Zanghi [14], Rodrigues et al. [15], and Hestenes [16,17] formulate the ZBW using classical trajectories
or geometric algebra, but they retain the same underlying point-particle ontology. None introduces
genuine internal geometrical degrees-of-freedom analogous to the bivector structure developed in the
BiSM.

Recent synthetic realizations reproduce ZBW-like interference patterns by implementing effective
Dirac Hamiltonians such as: trapped-ion analogues, [18–20]; photonic lattices [21,22]; graphene [23],
metamaterials [24,25]; and ultracold atomic systems [26]. These experiments validate the algebraic
structure of the Dirac operator but do not reveal the physical origin of ZBW or probe internal electron
geometry.

The bivector approach departs from these approaches by introducing genuine internal dynamics
in the BFF. The remainder of the paper develops this geometrical mechanism and its projection into
the laboratory frame.

3. Bivector Dynamics
3.1. Classical Bivector Geometry

The sole difference between the BiSM and the SM lies in the treatment of spin. In the BiSM, spin
is a bivector not a point. It is a genuine geometrical object whose dynamics are those of a classical
spin-1 boson, [3]. At a critical rotation rate, this classical object undergoes a parity bifurcation that
defines the quantum domain. In contrast, the SM assigns spin to a two-component chiral vector in a
Hilbert space, with no classical correspondence. Additionally the abstract mathematical, and largely
physically obscure, QFT of the SM is replaced by geometric algebra (GA) [7] which is simple, local and
physically transparent.

A bivector consists of two internal angular momentum vectors, S1 and S3, associated with
orthogonal axes e1 and e3, respectively. These vectors counter-precess about the torque axis e2 with
equal and opposite frequencies, forming two mirror-image cones. In GA, the classical spin bivector is
defined as the wedge product of the two blades [3],

B = S1 ∧ S3. (1)

For a rigid rotor with symmetry in the 13-plane, Euler’s equations [27] give the internal angular
momenta as, ]citesanctuary4,

S3 = e3 cos Θ + e1 sin Θ,

S1 = e1 cos Θ + e3 sin Θ, (2)
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where Θ is the cone half-angle determined by the torque magnitude about e2. As Θ increases, the
blades approach one another; when they meet, the system enters its even-parity quantum state. Define
the separation angle Φ between the two blades at closest approach,

Φ =
π

2
− 2Θ, (3)

so that the blades can be expressed in the bisector basis,

S3 = e+31 cos
Φ
2
+ e−31 sin

Φ
2

,

S1 = e+31 cos
Φ
2
− e−31 sin

Φ
2

, (4)

with
e±31 =

1√
2
(e3 ± e1). (5)

The scalar and bivector parts follow,

S1 ·S3 = sin 2Θ = cos Φ,

S1∧S3 = e2 cos 2Θ = e2 sin Φ. (6)

Thus the blades oscillate continuously between alignment along the even bisector e+31 and cancellation
along the odd bisector e−31, repeatedly entering and leaving coherence. Normalizing Si yields a unit
quaternion composed of a scalar and a bivector. The geometric product [7] gives,

RB(Φ) = S1S3 = S1 ·S3 + S1 ∧ S3

= cos Φ + e2 sin Φ = e e2Φ.
(7)

This internal rotor advances the internal phase in the 13-plane and determines the precession of both
blades. As Θ increases from 0 → π/4 (i.e., Φ decreases from π

2 → 0), the wedge term vanishes. Only
the scalar part then remains, which represents the mass term in Equation (7). When Φ → 0 the cones
meet and the blades intertwine in their reflection plane, forming a double helix of even parity [3]. This
is the quantum limit (m = 0), where the system becomes electromagnetically inert. The polarized
(m = ±1) states arise when an external field perturbs this equilibrium, separating the blades and
activating the two chiral components of the spin-1 boson. These axes are the two possible measured
spin states of 1

2 showing that fermions are not fundamental particles, as inferred from the SM, but
rather the polarized blades of bosons.

3.2. Parity

As independent fermions the SM, each particle carries a state with opposite reflection. The electron
is represented by the state, ψ−; and the positron by ψ+. In the BiSM the same states, also denoted by
ψ±, represent instead the two internal blades of a single bivector. Since e1 lies in a left-handed frame
(LHF) and e3 in a right-handed frame (RHF), the two blades are identical except for chirality. A frame
change interchanges these states by permuting the 1 and 3 labels, Equation (7). Using a permutation
operator, which is also the parity operator, changes frames as required,

P13ψ± = ψ∓. (8)

Thus the parity eigenstates are are superposition of reflection,

Ψ± =
1√
2
(ψ+ ± ψ−), P13Ψ± = ±Ψ±. (9)
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Because internal isotropy eliminates odd components, the BFF contains only even-parity combinations.
The external torque axis e2 is odd under parity and exists entirely in the LFF. Hence the LFF and BFF
correspond to complementary parity sectors of the spin, not to two coordinate frames on the same
Minkowski space manifold.

3.3. Internal Isotropy

We formulate the ZBW directly within the internal BFF. The LFF and BFF have different symmetry.
In the classical domain, the LFF allows for both symmetric and antisymmetric components. Matter
and torque are together in our domain. In contrast, a spinning bivector attains the quantum domain
when it reaches a state of even parity, Ψ+. Even parity is symmetric, whereas the antisymmetric parts
are moved to the odd parity sector in the LFF, Ψ−. This separates matter from force on the same
particle. Owing to its rapid internal rotation, the BFF is governed only by even parity as expressed in
Equation (9).

This motion renders the classical bivector a boson, [3]. The rapid counter-precession of the
internal blades averages out all anisotropic components, leaving the BFF internally isotropic. Any
linear-momentum contributions, such as the Pk appearing in Equation (A7), vanish when subjected to
the dynamics of the rotating BFF. Thus the BFF cannot support plane-wave momentum eigenstates;
only parity-even, isotropic components remain. This simplification makes the internal formulation
of ZBW far more transparent than the LFF treatment. In this subsection we adapt the usual ZBW
derivation from Appendix A to the internal conditions of the BFF. The resulting motion will then be
transformed to the LFF, where the trembling motion is present at twice the Compton frequency.

To emphasize the distinction from the LFF, we replace the velocity operator α of Equation (A3)
with its BFF analogue which generates rotation,

Γk
s ≡ γ0

s γk
s , (10)

where {γ
µ
s } is the internal Clifford basis of the BFF. Because the BFF has no translational degrees of

freedom, the LFF Hamiltonian reduces to

Ĥ0 = γ0 mec2 (11)

This does not describe internal dynamics. It merely restricts motion to the time-like direction in the LFF.
To obtain the internal ZBW we require a Hamiltonian that generates rotation of the internal 13-plane.
We denote this internal Hamiltonian by Ĥ2.

Then, starting from the standard Heisenberg solution for ZBW, Equation (A9), we replace the
usual position operator by the internal chord operator ĉ, and apply the substitutions

X̂(t) −→ ĉ(t),

αk −→ Γk
s , (12)

Ĥ0 −→ Ĥ2,

P̂k −→ 0.

All momentum terms drop out of Equation (A10), as required by BFF isotropy. Substituting the
Heisenberg solution gives

ĉ(t) =
ih̄

2Ĥ2
Γs e−2iĤ2t/h̄. (13)
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Time evolution in the BFF is generated differently than in the LFF. The bivector rotates rigidly
about the torque axis e2, causing the internal 13-plane to rotate at the Compton frequency. Thus the
generator of internal evolution is not iγ0 but the Clifford element that rotates the 13-plane,

iγ0 −→ iγ2
s , (14)

Ĥ0 = γ0mec2 −→ Ĥ2 = γ2
s mec2.

The parameter t remains the same coordinate time in both frames, but the generator differs: the LFF
uses iγ0 while the BFF uses iγ2

s . With these replacements, and identifying the reduced Compton
wavelength λ̄C = λC/(2π), the internal chord becomes,

ĉ(t) = i
λ̄C
2

γs e−2iγ2
s ωCt. (15)

The operator ĉ(t) is Hermitian, with eigenvalues ±λ̄C/2, and fixed magnitude |ĉ(t)| = λ̄C/2. The
exponential factor is a quaternionic rotor that spins the internal 13-plane. Equation (15) is therefore the
BiSM expression for the internal ZBW from the Dirac equation. In Section 5, we show that this internal
motion generates the full trembling trajectory.

4. The ZBW Chord
Like the standard expressions in Appendix A, Equation (15) provides the form of the ZBW motion

but not its geometrical mechanism. In the BiSM this mechanism is explicit. The ZBW arises from the
time-dependent separation of the two internal blades, S1 and S3, whose counter-precession generates
an oscillating internal chord. Because the two internal blades carry equal and opposite magnetic
moments arranged so that the external multipoles are stationary in the LFF, the ZBW motion does
not radiate and an electron does not lose energy. The internal motion can only be probed indirectly,
through anomalous observables such as the magnetic moment, the de Broglie modulation, and the
quadrupole structure of spin correlations. We now derive this, first in the BFF.

4.1. The ZBW Origin

The two internal blades S1 and S3 precess in the BFF with equal and opposite angular frequencies
±ωC about the torque axis e2, as illustrated in Figure 3. Their instantaneous separation defines the
internal ZBW chord,

cZBW(t) = S1(t)− S3(t). (16)

Let the azimuthal angles of the blades be ϕ1(t) and ϕ3(t). The BFF dynamics give,

ϕ̇1 = +ω, ϕ̇3 = −ω. (17)

The relative phase therefore advances as

∆ϕ(t) = ϕ1(t)− ϕ3(t) = ∆ϕ(0) + 2ωt, (18)

so any geometrical quantity depending on this separation, oscillates at the doubled frequency 2ω.
In the limit Φ → 0 (equivalently Θ → π/4), the two cones touch and the chord collapses to zero,

|cZBW(t)| → 0. (19)

This corresponds to the even-parity quantum limit, where only mass survives and no ZBW is possible.
This limit is not envisioned in Equation (A10). For any nonzero Φ, however, the blades remain
separated and the chord acquires a finite amplitude, producing the ZBW. In the regime of interest,
Φ → 0, we choose ω → ωC.
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The Dynamic Chord

Figure 3. The bivector as viewed down the torque axis, e2, showing the projection of the two precessing cones in
the BFF. The angular momentum, S1 and S3 reflect each other. At closest approach, the angle between them is Φ.
As they precess, their oscillation is expressed by a time dependent chord, cZBW(t).

4.2. Double Cover and Projection to the LFF

The BFF itself precesses in the LFF at the Compton frequency ωC about e2. The associated rotor is

RB

(
ϕ

2

)
, ϕ = ωCt. (20)

Because this rotor acts within the 13-plane, its physical period is 4π: after a 2π rotation the bivector
configuration is unchanged but the rotor changes sign, RB(2π) = −RB(0). Only a 4π rotation returns
both the configuration and the rotor to their initial values. This double cover is essential. The internal
motion advances at 2ωC, while the BFF precesses at ωC, maintaining a fixed 2 : 1 phase ratio. The
LFF therefore receives a stroboscopic projection of the doubled internal frequency, rather than an
averaged-out motion.

Using the bisector basis of Equation (5), consider the touching configuration Φ = 0. In this
case the blades oscillate between alignment along the even bisector e+13 and cancellation along the
odd bisector e−13. Thus the chord moves symmetrically from zero length to alignment along opposite
directions of ± e−13, with equal magnitude and opposite sign. Since it oscillates at 2ωC then the spatial
wavelength is λ̄C/2. The maximum displacement of each blade along e−13 is therefore ±λ̄C/4, giving a
chord amplitude,

|cZBW |max =

(
λ̄C
4

)
−

(
− λ̄C

4

)
=

λ̄C
2

. (21)

Thus the internal ZBW amplitude is identical to the result obtained from the Dirac analysis, Equa-
tion (15). The spin bivector γs lies along e−13, so the orientation and amplitude of the Compton-scale
chord follows from the bivector geometry. The resulting internal ZBW motion is therefore,

cZBW(t) =
λ̄C
2

cos(2ωCt) e−13. (22)
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4.3. Projection to the Laboratory Frame

Projection to the LFF requires rotating e−13 from the BFF basis into the laboratory basis using the
rotor RB(ϕ/2). Applying Equation (7) gives,

RB

(
ϕ

2

)
e−13R†

B

(
ϕ

2

)
= cos ϕ e−13 + sin ϕ e+13 = cos(ϕ − π

4 ) e1 + sin(ϕ − π
4 ) e3. (23)

Since the axis of linear momentum is e2 = Y, XZ and e1e3 are coplanar, we identify the LFF axes by
rotating the e1e3 plane by an angle χ,

e3 = cos χ Z + sin χ X, e1 = − sin χ Z + cos χ X. (24)

Substituting into Equation (23) yields the LFF form,

C0
ZBW(t) = RB

(
ϕ

2

)
cZBW(t)R†

B

(
ϕ

2

)
(25)

=
λ̄C
2

cos(2ωCt)
[
cos

(
ωCt − π

4 − χ
)

X + sin
(
ωCt − π

4 − χ
)

Z
]
.

The result is the characteristic trembling trajectory of the electron.

5. Toroidal Structure
The unit vector in Equation (25) is re-written as,

û(ϕ, χ) = cos(ϕ − π
4 − χ) X̂ + sin(ϕ − π

4 − χ) Ẑ, (26)

which gives the instantaneous direction in the XZ plane of the bisector e−13. In other words, û(ϕ, χ) is
the LFF image of this internal bisector axis. Thus, in the LFF the ZBW chord appears as a vector, û(ϕ, χ),
rotating in the XZ plane at the carrier frequency ωC. Simultaneously its magnitude is modulated by
2ωC. These combined rotations describe motion on a torus, [28]. Introducing a toroidal angle ϕ and a
poloidal angle θ by

ϕ = ωCt, θ = 2ωCt, (27)

the ZBW trajectory can be written in a standard torus parameterization as,

CZBW(ϕ, θ) =
(

R0 + r0 cos θ
)

û(ϕ, χ) + r0 sin θ e2. (28)

Here R0 is the major radius set by the carrier rotation of the chord centre about the torque axis e2, and
r0 is the minor radius describing the radial excursion of the chord tip. In the equatorial slice e2 = 0 one
has,

CZBW(ϕ, θ)
e2→0−−−→

(
R0 + r0 cos θ

)
û(ϕ, χ) (29)

so the radial breathing amplitude around the major circle is exactly r0. Comparing with Equation (25),
we identify the amplitude as,

r0 =
λ̄C
2

. (30)

The major radius, R0, is the distance from the centre of the torus to the equatorial circle at e2 = 0,
while the minor radius, r0, is the radius of the tube. Since the chord can shrink to zero length, we
choose R0 = r0. This gives a horn torus where the inner hole closes and the surface pinches on the e2

axis. There the chord has zero length. This geometry is illustrated in Figure 4. The torus represents all
values of ϕ and θ, but the ZBW coordinate moves on the surface with a definite trajectory required
by θ = 2ϕ, also shown in Figure 4. It circles around e2 at ωC, while its radial distance from the axis
oscillates at twice that rate. In particular, viewed down the e2 axis, the chord lies in the XZ plane that
rotates, while its length oscillates between 0 and λ̄C/2 with frequency 2ωC. It reaches its maximum,
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and breathes four times during each full 2π rotation, returning to zero in between, Figure 4. Smoothly
following the arrows of the center panel shows that for, say, left precession about the 2-axis, the petals
move in and out sequentially in the opposite, right, direction.

The horn torus of the electron

Figure 4. The projection of the bivector dynamics into the LFF, giving a horn torus. Left: The torus is centred on
the e2 axis, and the dashed curve on the torus shows how the length of the internal chord varies as it loops around
the torus. Right: View same along the e2 axis. Centre: The sequence of points represents the instantaneous chord
length plotted in polar coordinates. As the internal phase advances, the chord expands to the tip of a petal and
then contracts back to the origin before the next petal begins. Following the arrows shows that the four petals
correspond to four successive breathing cycles of the torus in one period.

From a multipole perspective, the four-petal rose is the natural symmetry once the rapid internal
precession has averaged away all vector components. This leaves the lowest non-vanishing moment as
a quadrupole. The four petals of the rose therefore represent the quadrupole projection of the dynamic
bivector: four successive phases in which the internal chord expands and contracts in a state of even
parity.

Toroidal Models

The geometrical picture that emerges from this analysis connects naturally with the long history of
toroidal electron models. The earliest proposals began in 1915 with Parson’s ring-electron model [29],
showing that circulating internal motion could account for its magnetic moment and angular mo-
mentum. Later ZBW-based approaches, especially the GA formulation of Hestenes [17], extended
this idea by identifying an intrinsic circular motion as the origin of spin. Other constructions, such as
helical-solenoid models of Consa’s [30] and EM-confined toroidal electrons proposed by Santos and
Fleury, [31], have shown success.

A toroidal electron was proposed by Williamson and van der Mark, [32], who model the electron
as a single photon confined on a double-loop torus of radius r0 = λ̄C/2, the same as we find here.
Their internal photon wavelength is equal to the Compton wavelength. They anticipate many features
of the BSM, including real ZBW. What they lack is the geometric algebra framework needed to express
their ideas consistently. The BiSM provides that missing structure. The torus becomes a bivector rotor;
the double-loop topology becomes parity splitting; the circulating photon becomes the internal clock;
and mass, spin, and interference emerge from a single confined bivector entity. The BiSM is not just
close to the toroidal model, it provides its complete mathematical and physical basis.

A review by Fleury’s [33] emphasizes both the appeal and the limitations of these approaches.
Across these areas, one sees the same underlying geometry: a two-dimensional internal plane support-
ing counter-rotating components whose projection into spacetime acquires a toroidal envelope. In the
BiSM, this structure is not introduced by assumption, but naturally falls out of the geometry. The torus
observed in the LFF does not require an extra hypothesis. The torus electron is not the starting point
of a model but rather the consequence of spin being a bivector. This suggests why many disparate
toroidal models have appeared over the past century and why the bivector offers the fundamental
mechanism on which those models implicitly rely.
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6. The Internal Clock
A clock is a physical system whose state evolves through a stable periodic cycle, allowing elapsed

time to be measured by counting its cycles or fractions. The ZBW is direct evidence for such a real
internal clock in the electron. In the BiSM this clock arises from the ontic cyclic motion of the bivector
blades: their counter–precession fixes a definite instantaneous orientation in the 13-plane, just as the
hands of a clock specify a moment of time. The dynamic chord then provides the projection of this
internal time into the LFF. The clock does not arise from a quantization rule or from a superposition of
energy eigenstates, but directly from the classical bivector structure.

de Broglie Wavelength

When the electron translates through space, the internal oscillation is carried forward with its
motion. The internal phase that advances at the Compton rate in the BFF now accumulates along the
electron’s trajectory in the LFF, giving the usual plane–wave form of the free electron,

Ψ(x, t) = A exp
[

i
h̄
(px − Et)

]
= Aeiα(x,t). (31)

Define the phase α(x, t) = kx − ωt with k = p/h̄ and ω = E/h̄. At fixed time t the phase advances by
2π when x increases by one de Broglie wavelength:

∆α = α(x + λdB, t)− α(x, t) = kλdB = 2π, (32)

so that
λdB =

2π

k
=

h
p
=

h
γmev

= λC
c

γv
. (33)

Thus the de Broglie wave is a modulation of the internal Compton periodicity when the electron is
transported through space. In this view, the de Broglie wavelength arises from the beat between the
internal clock and the external translational motion. The bivector clock is, therefore, the origin of
matter waves.

For reference, the de Broglie wavelength spans many orders of magnitude across common electron
energies. A thermal electron at room temperature has λdB ∼ 7 nm, large enough to diffract from
nanostructures, [34]. At 100 eV, typical of low-energy electron diffraction, the wavelength shortens
to about 0.12 nm, comparable to atomic spacings, [35]. In electron microscopy, a 10 keV beam has
λdB ∼ 0.012 nm, well below the size of an atom, [36]. At relativistic energies, such as 100 keV in
transmission electron microscopes, the wavelength reaches the picometer scale, λdB ∼ 1.1 pm, far
smaller than a Bohr radius, [37]. This rapid contraction of λdB with increasing momentum reflects the
geometrical modulation of the internal Compton clock that underlies matter-wave phenomena in the
BiSM framework.

Although the modulation produces the standard plane–wave form in the LFF, there is no inde-
pendent wave–particle duality in the BiSM. The internal rotor provides the localized, particle-like
structure in the BFF, while the spatially accumulated phase of that same clock appears as the de Broglie
wave in the LFF. The wave and particle descriptions are therefore complementary projections of a
single bivector object rather than distinct physical modes of existence. The observed coherence and
interference of matter waves arise directly from this geometrical structure and require no superposition
of multiple states.

In summary, the internal clock acts as the heart of the electron, providing a stable geometrical
rhythm inherent in the structure. It requires no external fields or adjustable parameters. It is the central
physical ingredient of the bivector model. It supplies the ZBW, the torus, the spin properties, [3], and
the de Broglie modulation. The clock emerges from the bivector and unifies the internal and external
dynamics of the electron.
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7. Discussion
In the BiSM, the LFF and the BFF are not two coordinate choices on a single spacetime manifold.

They correspond to complementary parity sectors of the bivector. The LFF carries the odd-parity
observable projection: an external rotating vector that couples to electromagnetic fields and enables
measurement. The BFF carries the even-parity internal rotor formed by the counter-precessing blades;
its dynamics result from conservative internal geometry of the electron.

A Lorentz transformation [6] acts entirely within Minkowski space. It preserves the metric, maps
four-vectors to four-vectors, and preserves intrinsic parity. It cannot transport degrees of freedom into
a different parity sector. Therefore no Lorentz boost or rotation can convert internal BFF variables (even
parity) into LFF observables (odd parity). The relation between the two frames is not a coordinate
transformation but a projection generated by the bivector rotor and its double cover. The BFF ↔ LFF
correspondence is a geometrical transformations, not a map between relativistic inertial frames. This
separation is not optional. The two frames possess distinct time generators: iγ0 in the LFF and iγ2

s in
the BFF. A Lorentz boost extended to the BFF would distort the internal clock, violating invariance of
the Compton period. Maintaining separate time generators is therefore essential for consistency of the
bivector structure.

Additional consequences follow from this complementarity. The EPR correlations [39,40] arise
naturally when both the vector and bivector dynamics are taken into account. Bell’s inequalities [41]
are violated not through nonlocality but through the presence of two distinct parity sectors, each of
which provides correlation. The double cover is preserved, chirality of the blades is maintained, and
spin acquires a dual structure consistent with the bivector geometry.

Within the BiSM, the ZBW is not an interference artifact but a real internal motion. Expressed in
the BFF, the separation of the blades generates the internal ZBW chord. When projected to the LFF,
this appears as a “twinkling” star. The resulting toroidal envelope follows directly from the geometry
of the bivector motion and requires no additional assumptions. The torus is therefore not a model
input but an unavoidable geometric consequence of the bivector dynamics. The ZBW emerges as
the visible projection of a real, energy-conserving internal rotation. This demonstrates the classical
correspondence between internal and external motion once the bivector structure is recognized.

We conclude that the point-particle electron of the SM must give way to a two dimensional
bivector with internal dynamics. The bivector is the simplest structure beyond a point, and the BiSM
provides a coherent replacement framework in which the internal and external dynamics of the electron
are not imposed but arise naturally from classical geometry. This viewpoint offers a unified basis for
reinterpreting spin, chirality, and charge within the bivector structure.

Appendix A. Derivation of the Zitterbewegung
This appendix summarizes the standard textbook derivation of ZBW for a free Dirac particle in

the LFF. No assumptions from the BiSM are used. The presentation follows Thaller [9] and Greiner [10].

Appendix A.1. Dirac Equation and Hamiltonian Form

We begin with the free Dirac equation,

(iγµ∂µ − me)Ψ = 0, (A1)

with metric signature (+,−,−,−) and coordinates (t, X1, X2, X3). Multiplying on the left by γ0 and
using {γ0, γk} = 0 gives the Schrödinger form

ih̄ ∂tΨ = ĤΨ, Ĥ = γ0(γk P̂k + me
)
, (A2)

where P̂k = −ih̄∂Xk . Define the standard velocity matrices

α̂k ≡ γ0γk (A3)
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so that α̂ = (α̂1, α̂2, α̂3).

Appendix A.2. Velocity Operator

In the Heisenberg picture, ˙̂A = i
h̄ [Ĥ, Â]. Using [X̂k, P̂ℓ] = ih̄δkℓ, we obtain

˙̂Xk =
i
h̄
[Ĥ, X̂k] =

i
h̄

γ0γj[P̂j, X̂k] = γ0γk = α̂k,

and therefore
V̂ = ˙̂X = α̂. (A4)

The operator α̂k has eigenvalues ±1 (i.e. ±c) which is a consequence of the anti-commutation, {α̂i, α̂j} =

2δij. These eigenvalues characterize the internal spinor structure of the Dirac field rather than the
classical velocity of a point particle.

Appendix A.3. Evolution of the Velocity Operator

We now compute ˙̂αk,

˙̂αk =
i
h̄
[Ĥ, α̂k] =

i
h̄
[
γ0(γj P̂j + me), γ0γk] = 2i

h̄
(

P̂k − Ĥα̂k
)
, (A5)

giving the standard Heisenberg equation for the Dirac velocity. Solve Equation (A5),

α̂k(t) = Ĥ−1P̂k +
(
α̂k(0)− Ĥ−1P̂k

)
e−2iĤt/h̄, (A6)

or in vector form,
α̂(t) = Ĥ−1P̂ +

(
α̂(0)− Ĥ−1P̂

)
e−2iĤt/h̄. (A7)

The second term in Eq. (A7) oscillates at frequency 2H/h̄ and is the origin of the ZBW.

Appendix A.4. Position Operator and the ZBW

Since ˙̂X(t) = α̂(t), integration gives

X̂(t) = X̂(0) +
∫ t

0
α̂(t′) dt′

= X̂(0) + Ĥ−1 P̂t +
ih̄

2Ĥ

(
α̂(0)− Ĥ−1 P̂

)(
e−2iĤt/h̄ − 1

)
. (A8)

The last term is time independent and absorbed into the constant, X̂(0),

X̂(0) → X̂(0)− ih̄
2Ĥ

(
α̂(0)− Ĥ−1 P̂

)
(A9)

yielding the standard form,

X̂(t) = X̂(0) + Ĥ−1 P̂t +
ih̄

2Ĥ

(
α̂ − Ĥ−1 P̂

)
e−2iĤt/h̄ (A10)

= X̂(0) + X̂drift(t) + X̂ZBW(t)

The first term is the initial position; the second gives the uniform drift of the center of mass; and the
third is the conventional expression for the ZBW term,

X̂ZBW(t) =
ih̄

2Ĥ

(
α̂ − Ĥ−1 P̂

)
e−2iĤt/h̄ (A11)
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