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Abstract

Theories of emergent gravity have established a deep connection between entropy and the geometry of
spacetime by looking at the latter through a thermodynamic lens. In this framework, the macroscopic
properties of gravity arise in a statistical way from an effective small scale discrete structure of
spacetime and its information content. In this review we begin by outlining how theories of quantum
gravity imply the existence of a minimum length of spacetime as a general feature. We then describe
how such a structure can be implemented in a way that is independent from the details of the
quantum fluctuations of spacetime via a bi-tensorial quantum metric g,4(x, x’) that yields a finite
geodesic distance in the coincidence limit x — x’. Finally, we discuss how the entropy encoded
by these microscopic degrees of freedom can give rise to the field equations for gravity through a
thermodynamic variational principle.

Keywords: minimum length; horizon thermodynamics; emergent gravity; quantum gravity

1. Introduction

General relativity and quantum mechanics are highly successful and extensively experimentally
tested in their respective domains. Trying to combine the two in a coherent framework, however,
results in unphysical divergences and paradoxes that highlight an underlying clash of principles, a
fundamental conflict between the way in which we describe the very small and the astronomical
scale. There are two hints that may help guide the search for a theory of quantum gravity. First,
quite general considerations suggest that considering gravitational effects modifies the Heisenberg
uncertainty principle adding a term that increases the indeterminacy on the position linearly with
that on the momentum. This would imply that, after a certain threshold, increasing the energy used
to probe the position of an object would not result in an higher resolution, therefore setting a lower
limit to the length that can be meaningfully measured. The second clue comes from black hole physics.
Considering quantum effects in curved spacetime leads to interpreting black holes as thermodynamic
systems, emitting a flux of particles according to a thermal spectrum. Further work suggests that
thermodynamic properties should not be exclusive of black holes, but are rather associated to horizons
and null surfaces in general.

The existence of a minimum length and the thermodynamics of spacetime come together in a
framework recently developed by Padmanabhan and colleagues: that of the g-metric. Rather than
attempting a fundamental theory of quantum gravity, this approach focuses on the phenomenology
of a minimum length scenario. It does so by constructing a semiclassical theory that still relies on
the structures of a continuous geometry but replaces the metric with a bitensor g,4(x, x') that has a
non-vanishing zero point length L. Employing this g-metric allows to perform calculations in the
familiar settings of a manifold with the tools of differential geometry while taking into account (at
least some) effects of quantum gravity. Computing the equivalent of the Ricci scalar Ry(x, x") in this
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framework gives a non trivial outcome: taking its coincidence limit x — x’ followed by the local
limit L — 0 does not result in the Ricci scalar of the usual metric theory, but rather in the entropy
functional used in thermodynamic emergent theories of gravity. This suggests that the existence of a
minimum length reflects a discrete, atomic-like structure of spacetime, with gravity being the result
of the collective behaviour of microscopic degrees of freedom that evolve to maximize some entropy
functional, instead of a fundamental force to be quantized.

The aim of this work is to provide an introduction to the g-metric framework by outlining its
motivations and consequences. Section 2 briefly reviews some of the arguments for the existence
of a minimum spacetime length from though experiments, entropy bounds and specific theories of
quantum gravity. Section 3 introduces the g-metric. Starting from bitensor theory, the section outlines
the steps required to compute it for space-like, time-like, and null separations. The resulting expression
is then used to explore some of its implications, including the calculation of the q-Ricci scalar. Section 4
ties this last result with the landscape of theories of thermodynamic emergent gravity. The review
ends with the conclusions of Section 5. In Section 2 Planck units are used, but G is kept explicit to
emphasize the role of gravity in the emergence of the minimum length. In Section 4 the constants 7,
c and kp are reinstated as well to highlight the interplay between gravity, quantum physics, special
relativity and thermodynamics.

2. Minimum Spacetime Length

The elusive quest for quantum gravity has produced a variety of theories, each with a different
viewpoint on the nature of spacetime, that lead to different predictions (see for example [1,2] on string
theory, [3,4] on loop quantum gravity, [5] on asymptotic safe gravity and [6,7] on non commutative
geometries as some of the main candidates). Even when working in such different frameworks,
however, a common feature emerges: the existence of a minimum length scale. Indeed, the need for an
extension of the Heisenberg uncertainty principle when considering both quantum and gravitational
effects can be inferred on fairly general grounds. In quantum physics, objects exchange sharply defined
position and momentum for conjugate probability clouds. On the other hand, the spacetime of general
relativity is a dynamical background, morphed by the matter in it: the fuzziness of quantum objects
translates to an uncertainty on the gravitational response to them, which in turn affects the position and
momentum of the objects themselves. The resulting limitations are ultimately due to the cohabitation
of the core principles of quantum mechanics, special relativity and general relativity: the Heisenberg
principle swaps definite quantities for probability clouds, the finiteness of the speed of light introduces
a lag in information gathering, and the equivalence principle provides an interplay between energy
and spacetime geometry that amplifies quantum uncertainties.

In this section, we shall outline some of the arguments that support this intuition in the form
of Gedankenexperimente that show unavoidable limitations in the precision of measurements, as
implied by entropy bounds and as results from specific quantum gravity frameworks. A more
thorough discussion on the motivations and implications of a minimum length can be found in the
well-recognised reviews by Garay [8] and by Hossenfelder [9], which focus exclusively on the topic.

2.1. Gedankenexperimente for Minimum Length
2.1.1. Heisenberg Microscope with Gravity

The Gedankenexperiment that introduced the uncertainty principle in physics is the Heisenberg
microscope. In it, an experimental setup is considered to measure the position of a particle on the
x-axis through scattering with a photon of energy v. The microscope that detects the photon after the
collision can only identify its direction within the opening angle €, which, according to classical optics,
translates into a limiting resolving power

c
>_ - 1
Yx 2ntvsine M
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The scattering used to locate the particle causes it to recoil, with a momentum transfer from the photon
along the x-axis

Apy 2 %v sine. )

Putting the two uncertainties together gives the Heisenberg principle

AxApy 3)

2 A
~2n

The nature of this equation is actually much deeper than a limitation for measurements on this
specific setup: the particle does not have a well-defined position or momentum. Nevertheless, the
capability of this intuitive picture to hint at the need for a profound modification of the underlying
mathematical theory (the non-commutativity of the position and momentum operators) makes it a
promising playground to explore the effects of gravity. Mead [10] does so by considering a sphere
of radius R centred on the particle as the region in which the gravitational pull of the photon is not
negligible. As long as the photon travels close enough to the particle, the latter will experience an
acceleration which, interpreting the photon energy as matter through hv = mc?, can be evaluated
simply with the Newtonian law as a ~ Ghv/c?R?. The particle will then gain an approximate velocity
v ~ aR/c ~ Ghv/c®R which results in a displacement L ~ vR/c ~ Ghv/c* along an unknown
direction. Projecting the latter on the x-axis gives

Ax 2 G—fv sine 4)
c

which using relation (2) to get an expression for sin € reads

| Gh

A slightly refined version of the argument takes into account momentum conservation. The photon
gains momentum in the interaction with the particle, which results in an increased uncertainty

hv GM
> P i
Apx 2 . (1 + c2R> sine, (6)

M being the mass of the particle. The extra velocity translates into an additional uncertainty on
the position

Ax 2

~ —

M c?

RApx W (R G
c M ct

— + C2> sine > h—Gvsine, (7)
from which the restriction (5) again follows.

This approach suffers from all the limitations of a non-relativistic approximation dealing with a
photon, but was chosen for its simplicity in arriving at a result which turns out to be quite general. A
full relativistic treatment of the same setup can be found in the same reference [10] and arrives at a
matching conclusion.

2.1.2. Resolution vs Black Holes

One can argue (see e.g., [11]) that general relativity puts an unavoidable limitation on the locali-
sation of a particle. An improved resolution comes at the expense of fluctuations in the momentum
according to relation (3). If one aims at a point-like localisation, eventually Ap will pass the threshold
for which Ax is the associated Schwarzschild radius and a black hole will form in the region. An
alternative viewpoint for the same argument can be given [9], noting that a particle with energy w
is associated with a Compton length R =~ 1/w, which marks the limit for its localisation in quantum
mechanics and general relativity because of pair production. Assuming that Thorne’s hoop conjecture
holds, an amount of energy w squeezed in a region that is smaller than the Schwarzschild horizon
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circumference 47Gw in any direction will develop a black hole. Then, the Compton length has a lower
limit when interpreted as the extension of a particle in the configuration

~ 4nGw 8)

which corresponds to w & 1/+/G. Instead of being point-like then the particle has a minimal extension

Ax>VG=Lp 9)

2.1.3. Limitations to the Measurement of Distances

Wigner and Salecker [12] consider a setup for the measurement of distances based on the constancy
of the speed of light. A non-relativistic clock of mass m is triggered by the emission of a photon, which
travels a distance d at the end of which it is reflected by a mirror back to the clock, which registers
the time at which the photon hits it. At time ¢t = 0 that marks the emission of the photon, the position
of the clock is known with an uncertainty Ax, which gives it a velocity within Av = 1/(2mAx). As
the photon returns to the clock after a time interval 24, the latter will have moved in an unknown
direction due to its velocity, which makes the updated uncertainty on its position, and therefore on the
measurement d, Ax + (d/mAx). The minimum value for this expression is for

d
Axmin = % (10)

and noting that we do not want the experiment to take place inside a black hole gives

sz,/z%”zﬁm@. 11)

Meade [10] considers a similar setup to highlight a limit to clocks synchronisation as done in special rel-
ativity fashion through the exchange of a photon. The Heisenberg principle introduces an uncertainty
on the time at which the photon interacts with the clock, related to the fluctuations in the energy of the
particle. The latter, however, is also responsible for the gravitational field of the photon, which both
accelerates the clock, introducing an additional uncertainty in its position and affects the flow of time.
These effects result in an unavoidable limitation to the synchronisation of the clocks of an interval

At > +/G =~ Lp. (12)

2.2. Minimum Length from Entropy Bounds

The generalised covariant entropy bound sets a limit to the entropy of a gravitational system
based on its geometric extension [13,14] and can be considered a general expression of the holographic
principle [15,16] in a semiclassical context. As it can be noted (see [17]), hidden in it is the fact that
taking into account gravitational effects enforces an additional constraint to quantum indeterminacy
that results in a lower extension limit that is independent from other variables. A 3-dimensional light
sheet is constructed from the light rays that emanate orthogonally from a 2-dimensional space-like
surface B in non-expanding directions. The sheet terminates at a second 2-dimensional space-like
surface B’, taken before any focal points occur. The generalised covariant entropy bound states that
the entropy of a system on L has to satisfy

< Ap—Ap

S(L) < 4G

(13)

Considering, for simplicity, some matter in the hydrodynamic regime in the configuration of a layer
of thickness I, [18] explores the limiting conditions that still conform to the bound. Choosing a

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202511.2253.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 November 2025 d0i:10.20944/preprints202511.2253.v1

5 of 41

homogeneous system of photons as a particularly entropic candidate while avoiding the complication
of allowing for multiple species, the bound (13) is satisfied as long as

1
> el (14)
This condition ties strongly with other thermodynamic bounds that do not consider gravity. It is the
same threshold enforced by the Hods’ bound to relaxation times, which sets a universal lower limit to
the time 7 that a perturbed thermodynamic system takes to return to equilibrium as 1/7T. The above
photon layer with ¢ = 1 translates this requirement back to relation (14) [19]. Limits of the same order
on the extension of a homogeneous system are also given by the Bekenstein bound S < 27ER for
spherically symmetric systems of energy E [17] and by the Kovtun-Son-Starinet bound to the viscosity
to entropy density ratio /s > 1/4r, when considering a layer of gluons (a better choice than photon
to attempt to saturate the bound, as they are strongly coupled) [20]. These restrictions are ultimately
protected by the Heisenberg indeterminacy principle (3), as the temperature is nothing but the average
energy of the particles that make up the system.

One can argue (see [17]) that the inclusion of gravity in the generalised covariant entropy
bound (13) gives rise to an additional restriction to (14). Consider the photon gas between B and B’ as
composed of a single layer of photons, such that/ = A = 1/7T, A being the photon wavelength. The
temperature T is then gradually increased, and the surface B’ is moved to the new allowed position.
This process increases the focusing of the light rays emanating from B and diminishes the area Ap:
it therefore has a natural stopping point as the latter vanishes. Such a limiting case corresponds to
the maximum entropy that the gas can have, all that is made available by Ap, which corresponds
to a temperature T and a related wavelength A. This bound S < Ap/4G in terms of the entropy
density reads

s < L, (15)
4GA
which, as for a thermal photon gas s = (472/45)T?, implies

4/G
V457

This limit to the extension of photons, once again, crucially arises when considering gravitational

A= ~0.3vVG = O(Lp). (16)

effects alongside quantum indeterminacy.

2.3. Minimum Length in Quantum Gravity Theories

The existence of a limit minimum length is a general feature of many different frameworks for
quantum gravity. It is, in fact, a natural way to introduce a cutoff for high energies that would help
regularize divergences. This motivation also lead several physicists to consider the same hypothesis
in the 1930s, with the hope that it would cure the infinities of quantum field theory, but the advent
of renormalization avoided its need. The same solution is however not applicable to gravity and the
possibility of a minimum length is gaining renewed attention. In this subsection we shall briefly point
out in which sense this is the case for some of the leading approaches.

One of the most well developed theories of quantum gravity is string theory. In it the funda-
mental entities are one-dimensional vibrating objects sweeping two-dimensional surfaces, known as
world sheets, in D dimensional spacetime. Upgrading from point-particles to strings introduces a
characteristic length, the string length I, that is related to the Planck length Lp through the string
coupling constant g;. The latter is fixed by the vacuum expectation value of the dilaton ®, one of the

many scalar fields of the theory, as gs = ¢(®). The extended nature of strings makes them unfit to probe
lengths shorter than their own. The study of high energy scattering of strings at a fixed angle, as done

by Amati, Ciafaloni and Veneziano in [21,22], suggests a modification to the Heisenberg uncertainty
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principle in this regime to account for the fact that, as the energy increases, more oscillatory modes are
activated and the string spreads out. This generalized uncertainty principle (GUP) takes the form

Ax > Alp +2Ap (17)
and has also been recovered with an approach based on path integrals and the renormalization group
in [23] and interpreted through T-duality, which connects small and large scales. The additional term
for Ax, growing linearly in Ap, sets a lower bound to lengths of the order of the Planck scale that is
independent from the energy.

Loop quantum gravity (LQG) tackles quantum gravity from a radically different approach and
yet it is compatible with expression (17) (obviously with the proportionality factor /s suitably redefined
for the new context, but still of order of the Planck length). It is a background independent, non-
perturbative, formulation of gravity as a gauge theory. The quantization is done in the basis of spin
networks, which are graphs constructed by the intersection of all possible closed loops. Closed graphs
correspond to gravitational states. Given a physical surface, as can be that identified by a matter field,
its area operator is diagonalized in the spin network basis and shows a discrete spectrum, which
implies a minimum area [24]

A =4V3myL3 (18)

where 1 is the Barbero-Immirzi constant, a dimensionless free parameter of the theory. Requiring
that the black hole entropy computed as the number of microstates in LQG is equal to the Bekenstein
entropy fixes <y to be of order 1, which makes the above expression compatible with the existence of
minimum length around the Planck scale.

Asymptotically safe gravity attempts to make gravity renormalizable by postulating a fixed point
for the renormalization group flow at the Planck scale. The theory is approached as an effective field
theory with an explicit UV cutoff k, the couplings are renormalized and the limit k — co is studied. The
value of the gravitational constant G then becomes energy dependent, resulting in weaker gravitational
attraction as one approaches the fixed point for the dimensionless coupling G = k?G. For a given
value of the cutoff, the renormalized theory in G(k) should describe well phenomena of energy scale k
and is capable of resolving lengths down to 1/k. The possibility of taking the k — co limit could hint
at a vanishing limit length, but the point is more subtle, as noted by Percacci and Vacca in [25]. k is a
dimensionful parameter, used as a unit of mass for the other dimensionful quantities of the theory. To
make physical sense of the limit k — oo, k must be measured in some other units: in Planck units for
example its value is k1/G(k). The latter however is equal to VG, which is required to be finite even in
the k — oo limit for the theory to be asymptotically safe.

Finally, a quite general mathematical framework for quantum gravity is represented by non-
commutative geometry. In it, the presence of a minimum length is explicit: it builds a generalization
of spacetime that accounts for its expected discretization around the Planck scale by promoting
coordinates to operators and imposing that they do not commute. This can be enforced via the
commutator [xA"‘, xﬁ] = —i0*P, where 6*P is a real valued, antisymmetric tensor to be interpreted as a
minimal area.

3. The q-Metric
3.1. Bitensors

Ordinary local tensors find a non-local generalisation in n-tensors, sets of functions of n points of
spacetime that under coordinate change transform in a way akin to tensors, with the difference that

each subset of indices refers to a different point. 2-tensors, also known as bitensors, in particular offer
an elegant way to perform non-local calculations while keeping general covariance manifest. DeWitt
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and Brehme in [26] develop bitensor theory starting from the simplest example: the product Cf, of

two local vectors A* and BY taken at two different points in spacetime, x and x’ respectively
Chy(x,x') = A%(x) By (). (19)

Following a common convention in the literature, we shall denote the indices that refer to x with

unprimed Greek letters and the indices that refer to x” with primed ones. Under a coordinate change
x — y this object transforms as

Ch(v,y) = - Ch(x,x). (20)

A bitensor can be covariantly differentiated with respect to either variable, taking care to ignore all the
indices that do not refer to the considered variable. Explicitly, for our test bitensor of Equation (19):

o _a o Y
Cuip = Cup+ TypC (21)

- C - FZ/V/ Cg/ (2.2)

o o
y/,.v/ y’,U’
where the indices clarify where the Christoffel symbol, a local quantity, should be evaluated.

The limit in which the point x approaches the point x” is known as the coincidence limit and is

commonly denoted by the square bracket notation:

[CY%] := lim C% (x,x'). (23)
# x—x H

The computation of the coincidence limit of primed derivatives can be significantly simplified using

Synge’s rule, which for a generic bitensor Cé‘, (x,x") reads

(Caplw = [CaBar] + [CaBal (24)

where A is a hyperindex that encases all unprimed indices, while B stands for the primed indices. To
prove the above statement, let us follow Poisson, Pound and Vega in [27] and consider two arbitrary
tensors PM(z) and QN(z) on the geodesic y that connects x and x’. M and N are hyperindices
containing as many indices as, respectively, A and B. We can use these objects to build a biscalar
defined on the geodesic

H(x,x') = Cap (x, )P4 (1) Q% (+') (25)

and consider its expansions for x and x’ being close to each other. Since the object we are considering
is defined on a specified geodesic, we can equally as well interpret it as a function of the variable A
that parametrises the geodesic itself and consider either x” := z(Ag) or x := z(A;) as the initial point
for the expansion:

oH
H(A1,A0) = H(Ao, Ao) + (M — /\0)87/\1 + .. (26)
A=Ao
oH
H(A],/\()) = H()\1, Al) — (/\1 — Ao)m +.... (27)
Ao=M

From these, we can compute the derivative of H(Ag, Ag) with respect to A¢ as

d - [H(AM, M) — H(Ag, Ao)] . [9H oH
—H(Ag,Ag) = lim = lim |— — . 28
If we assume that the tensors P4 and QP are parallel transported along the geodesic, so that
PAt" =0 (29)
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QB =0 (30)
where t* is the vector tangent to 7y, the above equation reduces to
!/ ! ! ! / /! !/ ! !
[Caplwt* PYQY = [Capw]t* PYQY + [Capra]t” PY QY. (31)

Since PA’, QF and the direction of the geodesic v are arbitrary, this proves Synge’s rule of Equation (24).

Before DeWitt and Brehme, Ruse [28] and Synge [29] independently studied the biscalar that will
later become known as Synge’s world function in Riemannian spaces. Their interest in such a quantity
stems from their effort to develop a Taylor expansion for tensorial quantities. The difficulties of the task
lie in the fact that tensors defined at different points of spacetime belong to different spaces. We can
try to avoid this issue by considering a bitensor instead. The most straightforward candidate would
be the geodesic distance o between two spacetime points x and x/, but computing its derivatives in
the coincidence limit we find that lim,_, % depends on the path on which we take the limit and
ol
dxi2
neighbourhood of X/, i.e. close enough so that the geodesic connecting the two points is unique. x’

lim,_, diverges. To build Synge’s world function ) let us take the point x in the normal convex
is called the base point, and is to be thought of as fixed, while x is denominated “field point” and is
the one approaching x’ in the coincidence limit [27]. The geodesic 1y linking the two is parametrized
through the variable A that runs from A (such that z(Ag) = x’) to A1 (such that z(A;) = x). Then, on
the geodesic, we define

im Lo a0) [ gt 2
O, ) 1= 5 (=) [ gqul2) G Gran (32)

This quantity is independent of the way in which we choose to parametrise <, since the above
expression is invariant under a transformation A — A = aA + b, a and b being constants. Given a
smooth metric g,,, (%, x) is an analytic function of the coordinates of the two points. The geodesic y
is defined by the equation for its tangent vector % =th

Dt — thv
e tyt' =0, (33)
which means that the integrand
dz! dz¥
€:= g,w(z)ﬁﬁ = guut!'t’ (34)

is actually constant in the domain of integration. Synge’s world function is therefore numerically equal
to half of the squared geodesic distance:

QX x) = %e(/\l —Ag)? = %Uz(x’,x). (35)

We can build additional bitensors starting from () and differentiating it. Since Synge’s world function
is a scalar both with respect to x and ¥/, first derivatives are simple partial ones:

0,0

wi= 5o Y= 5 (36)

so that it’s straightforward to claim

920

o' = v

= Q- (37)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202511.2253.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 November 2025 d0i:10.20944/preprints202511.2253.v1

9 of 41

To evaluate (), we shall consider the variation J() coming from a change of the field point x — x + dx
as in [27]. Q(x + éx, x) is then evaluated on the geodesic connecting x + éx and x” whose points are
identified by the relation z#(A) + 6z (A ), with the affine parameter A € [Ag, A1]. Then

30 :=Q(x +dx,x") — Q(x, %) (38)

which, expanding the first term and only considering the first order approximation, gives
A 1 M
50 = (A1 — ) / g 02 A+ 5 (A = Ao) /A Qo2 627dA. (39)
Ao 0
The first integral can be evaluated by parts as
s M M i 1 0 5oV
60 = (A1 — Ag)[guvz62"])! — (A1 — AO)/A (v + (guv.o — Eg,w,v)z 27)6z"dA. (40)
0

Writing 24,2¥ in terms of the metric allows us to recognize the integrand in brackets as gw(zﬁ‘/zﬂ,
which vanishes as z* obeys the geodesic equation. To instead evaluate the first term, note that the
change we are considering only affects the field point, so that 6z#(Ag) = 0 while 6z# (A1) = dx/:

00 = (A — Ao) g ()t (x)0x". (41)

The first derivative of the Synge’s world function with respect to the field point x can therefore be
understood as the tangent vector evaluated on the latter multiplied by the length of the geodesic itself
Q)
0, = = (A1 — Ag)ta. (42)
)y can obviously be evaluated via the same steps, with the difference that considering a change of the
base point x’ — x’' + dx’ gives an extra minus sign:

Qp = — (A — Ag)ty. (43)

Computing the norm of (),
80,05 = (A1 — Ag)e =20 (44)

allows us to interpret ) also as the solution to the above expression seen as a differential equation
for fixed x’. Q, and Q) are dual vectors as functions of their differentiated variable and scalars with
respect to the other point, therefore an additional derivative with respect to the same variable needs to
be a covariant one if we want to preserve the tensorial character of the quantity

Qup = VQ. (45)

Derivatives with respect to spacetime points are inherently local objects, so derivatives in unprimed
indices will act independently from those in primed ones. The two groups can, in fact, be inter-
changed, while taking care to keep the internal order of the indices, without altering the value of the
expression [30]

szﬁ...va’ﬁ’...’y’ = Qa’/}’...'y’oc/i...v- (46)

Another aspect of interest of Synge’s world function, and crucial for its originally intended purpose
of computing the Taylor expansion of tensorial objects, is the coincidence limit x — x" of () and
its derivatives. Because of the assumed analyticity of the function, we expect such a limit to be
independent of the path via which x approaches x’. Then, from the definition (32) [()] = 0 and
from relations (42) and (43) [Q)y] = 0 = [Qy]. Differentiating equations (42) and (43) also tells us
[Qupl = gwp = [Qup/]. The coincidence limit of derivatives up to the sixth order is computed in [29].
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Another biscalar of interest is the determinant introduced by Van Vleck in 1928 [31] and developed
by Morette [32]. It was first introduced to study the classical limit of quantum mechanics through the
WKB approximation and later used in the context of point splitting techniques to compute the vacuum
expectation value of the renormalised stress-energy tensor. For an arbitrary system with n degrees
of freedom, the Van Vleck determinant along a path < from the point (g;,t;) to the point (qy,tf) is
defined as
928, (qr, tr; qis ti)

9q£9q;

where S, is the action as computed along the mentioned path. For the specific case of a geodesic

A(qs ts;qiti) == (—1)" det | (47)

flow in a D-dimensional Lorentz space between the spacetime points x’ and x, the above relation

specialises as
D1 det[—Q,X/g/]

V=8V —¢

where ¢ and g’ are the determinant of the metric as evaluated respectively in x and in x’ [33].

Alx,x") == (=1) (43)

Definition (48) can also be written in another way, setting up a local frame of orthonormal basis
el (z) that is parallel transported along the geodesic. Latin letters in e} (z) indicate frame indices, which
are raised and lowered with the Minkowski metric #,, and are not to be confused with the Greek
tensorial indices, that instead interact with the metric g,5. Keeping the primed notation we used
earlier, we write the basis of the local frame in x as ¢¥ and that in x’ as e,”l‘/. The Van Vleck determinant
then takes the form

A(x, x') = det[—g§ Of (x,x')], (49)

where g‘;‘/ := ejet,, known as the parallel propagator, is an object that takes a vector in x” and parallel
transports it to x along the geodesic. The equivalence between expressions (48) and (49) can be proven
using the completeness relation in x and in x’ to infer the determinants e and ¢’ of the matrices made
up of el and eZ/:

g =ytese) 5 g = yted] (50)
from which we gete = 1/,/=g and ¢ = 1/,/—¢’. The determinant of the parallel propagator
Sy = 7 g B! ef,‘ef 'is then equal to \/—g’//—g, which proves the equivalence with expression (48).

3.2. The g-Metric for Space-Like and Time-Like Intervals

The bitensors introduced above turn out to be particularly useful in implementing a quite general
feature of quantum gravity theories: the existence of a minimal length in spacetime. As outlined
in Section 2 of this review, there are several arguments for non-locality coming from Gedankenex-
perimente considering gravitational effects in the quantum regime, from the constraints imposed by
entropy bounds and from a number of different theories of quantum gravity. Whichever its origin, this
zero point length is to be understood as the overall effect of all possible quantum fluctuations of the
background metric g,p averaged over with a suitable prescription. The details of the actual form or
nature of the fluctuations and how to perform the path integral to compute their expectation value are
unknown, as they can only be specified by a complete theory of quantum gravity, but can be foregone
for the time being in favour of a more practical approach that focuses on the phenomenology. To do so,
we can consider the space generated by a modified squared geodesic distance that in the coincidence
limit tends to a finite non-zero quantity Ly, which can possibly be of the order of the Planck length. The
corresponding spacetime will not be a metric space strictly speaking, as any statement on distances is
subject to the indeterminacy on the localisation of points; on the other hand, we have no clue how to
describe a geometry without the notion of point or even whether the concept of spacetime still holds a
physical meaning at the Planck length scale. In the spirit of practicality, what we can do is work in a
semiclassical approximation, keeping the usual notion of manifold and the useful tools of differential
geometry, but endowing spacetime with a metric-like bitensor g,5(x, x’) that gives us the desired
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finite geodesic distance in the coincidence limit. We can do so because the geodesic distance is able
to describe a manifold’s geometry equally as well as the metric tensor (that can in fact be recovered
as the coincidence limit of (2,4 as seen before); this fact enables us to exchange the local degrees of
freedom of g,4(x’) for the non local ones of 0?(x,x'). Padmanabhan in [34] argues that the geodesic
distance could actually be the more fundamental quantity in an emergent gravity framework, as it can
be seen as the correlator of a pregeometric density of spacetime events, a quantity essentially akin to
the density of molecules in a fluid.

We modify the geodesic distance through a function Sy (¢?(x,x’)) that provides the desired
limits: the usual squared geodesic distance 0> when the two points are far apart and a non-zero
length €L? in the coincidence limit x — x/, with € = +1 if the geodesic considered is space-like
and € = —1 when it’s time-like. We further require that under this modification equigeodesic
surfaces keep their nature, that is, time-like (space-like) geodesics under g,4 are mapped into time-like
(space-like) geodesics under the effective metric 4,5 associated to S L(c?). The function Sy could,
in principle, be of any form that satisfies these demands. The relaxation of the requirement that
the line element has to be just a quadratic function of the displacement dx (while keeping the first
degree homogeneity f(x, Adx) = Af(x,dx)) produces an extension of Riemmanian geometry known
as Finsler geometry, in which the properties of the space depend not only on the position x but also on
an additional direction called element of support that can be taken as the geodesic congruence along
which quantities evolve [35]. This geometry can be described by a metric-like tensor g;ﬁ that is related
to the Riemmanian metric g, in a non trivial way by a disformal transformation, i.e., a local rescaling
that depends on the direction identified by a scalar field ¢ defined on the manifold [36]: following
Kothawala [37] we can write

Sup = F(9)8up — €G(P)tutp (51)
with
.\ B— (52)
VESHVupVyg

We can write the inverse metric imposing gu.,¢7? = (5%, from which we compute

-1
ayp
G)t t (53)

. GF
ap _ p-1
8 8ap te ( [ —
where the indices of t* are raised with the usual metric g,p. The geometry induced on a level surface &
for the field ¢ turns out to be simply conformally related to its Riemannian counterpart, in fact, the

induced metric on it /1, reads
hap = gup — €TuTp = Fhyp (54)

where

T, = VF — Gtq (55)

is the vector tangent to ¢ normalized with respect to g, B-

Given these premises, we expect the metric-like bitensor g, to have a form akin to that of
Equation (51), with the role of the scalar field ¢ being played by the squared geodesic distance 2.
The non-conformal term will be responsible for the zero point length in the coincidence limit and
has to vanish in the large separation limit, where g,4(x, x") — gup(x’). We think of the bitensor
qap as metric-like in the sense that it satisfies the same relations for Sy that g, does for 02, so that

following [38] from g"‘ﬁQaQIg = () we can infer

q"P9,S105S1, =4Sy (56)
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In order to satisfy this relation, it is convenient to recast (51) as
Gup = ASup + e(% — A)tatg, (57)
and consequently (53) as
7 = %g“ﬁ +e(n— %)t“tﬂ (58)

so that (56) can be exploited to determine the a term. Writing the g-metric in terms of the transversal
metric h*F = g — et*tP as q*F = Lh*P + eat*tP in fact allows us to see the relation only depends on
such a term. Plugging expression (53) into (56) gives
n = ls—,L 59
25 (59)
where ’ indicates a differentiation with respect to o (S} := dS;. /d(c?)).

In order to fix A, we can consider another aspect of the minimal length from quantum gravity
theories, that is, we expect it to act as a regulating cut-off in quantum field theory. This leads [39] to
suggest that the g-metric equivalent of the Green function G, defined through the relation with the
g-metric d’Alambertian [J;G,(x, x") = 6(x — x’), should have the same form as the Green function G
for g4p, but with Sy in place of o2

Gy(0?) = G(S1(0?)). (60)

Imposing this condition in D-dimensional maximally symmetric spaces, where the Green function only
depends on the squared geodesic distance, allows Jaffino Stargen and Kothawala in [39] to deduce

Sp
A:ﬁ

A\

(Z) , (61)
where A is the Van Vleck determinant introduced in the previous section and A(x, x') = A(%, x) with
% such that 02(%, x') = Sg(c?(x, x')).

The resulting q-metric g,4 describes a spacetime which is essentially different from that of g,,
with different curvature invariants, as in general the two metrics are not related by a diffeomorphism
unless the original spacetime is flat [40]. The described approach moreover relies on geometrical
considerations which are covariant in nature: if we consider the two points x and x as being close
enough that they can be described by a single local Lorentz frame, then S; won’t depend on the frame
chosen [17].

3.3. The q-Metric for Null Intervals

The generalisation of the above construction to null intervals is not straightforward: even the first
relation (56) used in the space/time-like case here fails in giving any information about the g-metric.
This is due to the fact that the geodesic distance ¢(x, x’) (and therefore Sy ) is identically zero on the
light cone stemming from x” and therefore of no use in localising the point x. In order to solve this
issue, one needs to identify a parameter that measures the length of a null geodesic. To do so, we
can follow the construction that Visser uses in [33] and on the null geodesic v, affinely parametrised
by A, consider an observer with velocity V* that is defined in x” and then parallel transported. V* is
chosen such that V*/fg, p = —1, where [* = dx"/dA is the vector tangent to the geodesic. The affine
parameter A can then be interpreted as the distance along the geodesic from x’ (where A(x/,x") = 0) as
measured by the observer through

A
I(x,x") ::/ — V1P gupdA = A(x, x'). (62)
0

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202511.2253.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 November 2025 d0i:10.20944/preprints202511.2253.v1

13 of 41

Following [41,42], one can then impose the modification on distances as I> — S;(I?) and reason-
ably assume that this implies a mapping of the affine parameter A into a quantum version A, that
encompasses the effect in the q-metric description. For consistency, we expect

A _ s )

A2 2
and, similarly to the space-like and time-like case, we impose )\q(x, x") = A(x,x") for large separa-
tions, so that we recover the usual metric description in the regime where it is so well tested, and
Aq(x,x") = L in the coincidence limit to capture the effect of quantum fluctuations. Having identified
the appropriate distance parameter, we can now look for the effective g-metric that can describe the
desired geometry. The considerations outlined before on the connection with Finsler-like geometries
still apply, so we expect the g-metric g,4 to be related to g, with a disformal transformation akin
to (57). Since the vector tangent to the geodesic [* is null, however, we need an auxiliary null vector in
order to write the transverse part of the metric. We can define it as [33]

1
mt =V I (64)

so that it’s normalized as m*1P gup = —land m" % gup = 1/2holds. We can then guess [17]

1

af
=48

by (i — ar) (I%mP + m*1P) (65)
Ar

for some Ar and ar that depend on A(x, x’). The advantage of this form is in separating the contribu-

tions to the transverse and longitudinal part of the metric with respect to the direction identified by

the geodesic, i.e., that of the tangent vector [*. Separating the contribution of the transverse metric

hop = gup + lamp + mqlg in fact allows us to write [41]

1

q*f = A—h"‘ﬂ — ar(I%mP + m*1P). (66)
T

The inverse of the metric (65) satisfies 4"7q,5 = Jg, therefore [17]

1
Jap = Al"gucﬁ + (Ar — E) (lamﬁ + m,xl‘g>. (67)

As already noted, we cannot follow the same route as before and apply (56) expecting it to fix ar, as
it becomes a trivial identity in the null case. The physical sense of that equation was requiring that
S1(0?) can be interpreted as a squared geodesic distance with respect to qap in the same way in which

o2

is with respect to g,p. The spirit of this observation for the null case is requiring that the geodesic
7 of affine parameter A is mapped by Sy (1) into a null geodesic of affine parameter 7,, so that the

geodesic equation [43]

1PVl =0 (68)
translates to [41]
Vil =0, (69)

in the g-metric version, where the quantities are defined through the same relations as in the original
metric case. That is, [7 is the vector tangent to the new geodesic parametrised by A4

o dxt o dA

TN, dA, (70)
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whose index gets lowered by g,
dr 1
q _ o 7 =
1/5 = qzxﬁlq = d)\q ar Z,B (71)
and the covariant derivative with respect to the g-metric Vqﬁ acts on ] as
Vilt = 9pla — [Tglaly (72)
where the g-Christoffel symbol reads [37]
70 = L 009 @ugsp + 9505 — 5up)
B 2‘1 wqép B9us 5qxp 73

1
= Eq’w(_v&thﬁ + Vaqps + Vpdas) + TZ,S,

Fzﬁ being the Christoffel symbol of the usual metric g,5. Equation (69) can than be written in terms of
the usual metric as

dA d (dA 1 A\ (1
ax7919 — — _— & v =
lgValg = A, bax (qu oq-) (m) (oq— Ar)l pla =0 @4
by substituting the above expressions and exploiting equation (68). The term [*Vgl, can be recast as

1/2V g(1*1y), which vanishes since [* is null. What remains is an equation for ar up to a multiplicative
constant, which can be set considering that we want q,5 — g4p as A — co. Then [42]

dA

= dy (75)

ar

As in the time/space-like case, the requirement that Sy (1) maps geodesics into geodesics does not
affect the Ar. In order to fix it one can turn to the Green function, imposing that the g-metric version can
be obtained as G(Sy) if G(c?) is a solution for the ordinary metric. The application of this requirement
is however troublesome in the null case once again as on the lightcone the Green function diverges: to
obtain a relation functional to the definition of the g-metric, [42] considers the point x” laying slightly
off the null geodesic and then takes the limit bringing it back to x on . In order to describe the
position of this auxiliary point, we also need to consider the unique geodesic  of affine parameter
v that connects x (such that v(x) = 0) to x”; then, in x’, we can write the derivative of the squared
geodesic distance as

aa(TZ‘x// = ZAl“‘xu + 21/11’1“‘36// (76)

where the tangent vectors [* and m* are defined in x and then parallel transported along 5. We can
exploit this expression in maximally symmetric spaces, where the Green function G only depends on
02, taking the limit in which x” — x (and therefore v — 0) so that

dG d’G
_ 2\ w2\ 4 a2 2
0=0G(0") = (Voo )d¢72 + (0%07) (9x0 )d(UZ)z
dG
dG

where in the second line we used the fact that [* is a null vector to see that (0*¢?)(930?) vanishes
and in the last line we used (76) [42]. In the g-metric realm, the considered geodesic remains null, so,
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assuming that the q-Green function keeps the same form as its g,4 metric counterpart with Sy in place
of 02, all the calculations above are still valid, and one can write

daG
_ q1a q
0= 244Vl +4) 35,00 (78)

To satisty this equation, the operator in brackets needs to vanish. Writing it in terms of the metric g,p
thanks to relations (70) to (73) and the found value of ar (75) gives

dA‘i Q| ! « d _
—2ﬁ(val M”42V, l* + (D — 2)ﬁ In Ar = 0. (79)
The first and second terms of the left-hand side can be expressed in terms of the Van Vleck determinant
through [33]
D-2 d
® “ -1
Vol = — + T InA (80)
to obtain
dAg 1 2 dAg o d | . 2 2 d d
2 = T AT+ S S InAl 4+ —InAr = 1
AA, Dozaray, ™ Tatpoa; A tgndr=0 (®1)

where A stands for the Van Vleck determinant taken in the points x’ and % such that 0?(%,x') =
S1(0?(x,x")). The left-hand side can be recast as a total derivative with respect to A

2

; [Az <A> . ]
—In|—=|— Ar| =0 (82)
2
dA Az\A
from which is easy to read [42]
A2 /AN D2
Ar=3E (A) (83)

further requiring that for large intervals we want to recover the usual metric (so Ar — 1 as A — ).
The g-metric (58) is then completely defined.

The significant difference between the q-metric expression for the space-like and time-like case 58
and that for the null case (65) is the dependence in the latter on an observer through the auxiliary null
vector m*. The building block that allowed the whole null-case construction was the interpretation
of the affine parameter A as a measure of length of the geodesic through (62), which only acquires
meaning when an observer is set because otherwise an affine parameter could be arbitrarily rescaled
by a multiplicative constant. With such premises, this dependence cannot be avoided. Even if the
g-metric requires the definition of a specific frame, however, Lorentz invariance can be saved in the
sense that any local observer will see the same minimal-length structure in terms of their space and
time measurements [17].

3.4. Lorentzian vs Euclidean Metric

The effort just outlined obviously assumes that null intervals make sense in the region where the g-
metric would be useful, that is, when quantum gravity effects are sensible. This seems very reasonable,
since the observed metric for the world we live in is Lorentzian, and so far, there are no experimental
results that clearly point towards a Euclidean metric. There are, however, a few lines of research,
sparked by the papers of Hawking [44] and Sakharov [45], that consider the possibility of a signature
change at very small scales or even as the beginning of the Universe, which are worth mentioning.

The connection to the Euclidean realm can most immediately be made through the well-known
Wick rotation, which is naively presented as an analytic continuation of time into imaginary values.
Visser [46] argues that thinking of the Wick rotation as being just about time is actually a simplification
valid in flat spacetime, but that becomes ill-defined when generalised to arbitrary curvature, being
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coordinate dependent and not even always resulting in an Euclidean signature. This mapping can
be better defined as a complex deformation of the metric that leaves the coordinate charts invariant
and does not modify the topological structure of the manifold. The direct consequence is that, starting
from a Lorentzian metric, not all possible Euclidean geometries are reachable, and this should be
kept in consideration; first of all, when employing the Wick rotation as a mathematical tool to solve
path integrals, but also in any Euclidean quantum gravity program. Another approach is that by
Fernando Barbero [47]: starting from a modified action for Einstein’s field equation, he finds as a
solution a family of metrics whose signature is mediated by the value of two free parameters & and
B. This not only provides a method to derive the Euclidean geometries which are compatible with a
Lorentzian counterpart, but also opens the door to the possibility of endowing & and 8 with a dynamic
that would induce a change of signature. Greensite [48] goes a step further in applying this last idea
and considers a generalized spacetime metric g,y = € Hapel, where ey, are the usual tetrads but 77,
instead of being the local frame Minkowski metric is defined as #,;, = dia g{eie, 1,1, 1}. The Euclidean
theory can then be recovered for § = 0 and the Lorentzian theory for 8 = 7, but most importantly,
¢®¥) can be thought of as a dynamical field with an effective potential whose expectation value fixes
the signature. Considering a D-dimensional background populated by np massless bosonic fields and
nr massless fermionic fields, one can obtain a complex-valued effective V() by integrating out all the
fields’ contributions, imposing a cut-off to deal with the non-renormalizability of gravity. At one-loop
level, the minimisation of the real part of V(6) and the stationarity of its imaginary part involves
not only the value of 6, but also the dimension of spacetime D and the balance between the number
of bosonic and fermionic fields: a solution that fixes 8 (§ = %7 as expected) can only be achieved
if np > np and D = 4, meaning that, provided the field’s asymmetry, the dynamic of the 6(x) field
would not only select the Lorentzian signature, but the observed dimensionality of spacetime as well.
Expanding the analysis to include massive fields as in [49] separates the point of minimisation for
the real part and that of stationarity for the imaginary part, but allows an additional supersymmetric
solution in D = 6.

Whichever the specific mechanism, however, the actual physical meaning, in any case, of a
signature change event or of physics made in an Euclidean background is still controversial. Analogue
models of gravity based on Bose-Einstein condensates provide an interesting setting to explore signa-
ture change events, which can be provoked modifying the nature of atomic interactions from repulsive
to attractive through Feshbach resonance (see for example [50]); any experimental or simulation setting
though needs to be aware of the subtleties regarding time that come with modelling the possible
beginning of spacetime as we inhabit it. Before the signature change event that broke the symmetry
among the coordinates and sparked the emergence of time, there could not be a time evolution, strictly
speaking, only a foliation of spacetime in surfaces of constant . A laboratory setting, moreover,
introduces a background “real-world” time that breaks time parametrisation invariance; reintroducing
it in a theoretical approach shows that a signature change event would ignite the production of an
infinite number of particles with an infinite total energy [51], so a viable theory should also take care
of a regularization mechanism. Not being able to lean on a temporal structure also rules out the
applicability of semiclassical approximations that implicitly rely on it, hindering any program that
sees time as emerging in the larger scale limit of a timeless quantum gravity realm [52].

Despite the many aspects to be clarified, the possibility of interpreting euclideanization as more
than just a useful mathematical trick to compute lorentzian path integrals and the concept of time
as an emergent feature still provides an active ground for research. Even for the g-metric program,
one could find a hint towards that direction in the work of Padmanabhan in [53]. Constructing a
propagator that incorporates a minimal length, he shows that the evolution for time intervals under
such a scale would no longer be unitary. If one were to extend this result from the mesoscopic scale
to sub-Planckian lengths, this could point towards the emergence of time from a Euclidean effective
quantum gravity metric.
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3.5. The Effects of a Minimum Length: Minimum Area, Maximal Acceleration, Dimensional Reduction at
Small Scales and No Focal Points

The existence of a minimal length may naively lead to the conclusion that such a space should
also display a minimal area and volume. This is not necessarily the case, and the point becomes more
subtle when one realises that the g-metric identifies a direction along which it describes spacetime: the
geodesic connecting the two points to which it refers. When talking about an area, we therefore first
need to specify exactly what we are considering. Taking the field point p’ as fixed, let us consider the
equigeodesic surface formed by all the points p which are at a fixed geodesic distance from the former.
In Euclidean space, such a surface would obviously be a sphere centred in p’, while in Minkowski
space, as it’s well known, we would distinguish between the two sheet hyperboloid of constant proper
time for the time-like case, the one-sheet hyperboloid of constant proper space for the space-like
case and the light cone for the null case. When talking about an infinitesimal area, we shall mean
the equigeodesic surface element dX. around a point p. This quantity can be defined starting from
the volume element 4V = \/ng x in D dimensional spacetime, where g is the absolute value of the
metric determinant and x stands for the D coordinates that identify a point, and constraining it on
the one-dimensional equigeodesic surface to get for the non-null case 4% = vhd”~1y, where 1 is the
absolute value of the determinant of the induced metric /1,5 and y stands for the D — 1 coordinates on
the equigeodesic surface [43]. In the g-metric space, the same relations apply, with the effective g,
substituting g,. According to expression (57) the square root of the determinant of the q-metric g will
be related to g as [37]

A
VI= Ve (84)
giving an effective g-volume element
D 2
AV, = /qd"x = —dV. (85)
Since the g-metric is related to the usual metric g,p by a disformal transformation, we expect the
geometry on the equigeodesic surface to be related to the usual one in a particularly simple way,

through a conformal transformation of factor A [37]. In fact, through hz;; = qup — €T TP = Ahyg,
where T, is the unit vector tangent to the geodesic connecting p’ and p normalized with respect to the

Vo= A" Vi (86)

g-metric, one finds

and therefore
s, = \/hgdPly = A7 dx. (87)

Now one can substitute the expressions for A (61) and consider the coincidence limit p — p’. Sp
by construction takes a finite value =12, and since we expect that the usual area element scales like

(0?) P we are left with
LD—l
dPly (88)

lim d¥%,; =
p=p L
where A stands for A(p, p’) with o?(p, p') = €L? [17,54]. Doing the same for the g-volume element
with expression (59) for  and assuming that the usual volume elements shrink as (¢?) %, we instead
get an expression dominated by ¢ that vanishes in the coincidence limit.
The result is somewhat counterintuitive: a spacetime equipped with a minimum length provides
a finite non-zero minimum area but no minimum volume. This fact can be understood by noting that
you can recover the volume around p by integrating the area along the geodesic direction, say from

= p —dx to s = p + dx. The finite coincidence limit lim,_,,» c> = €L? prevents the equigeodesic

p—=p
surface from collapsing to a point, but along the geodesic direction an observer in p’ will see the

distance between s and g as vanishing, because both ¢?(p’,s) and ¢?(p’,q) will tend to eL?. One can
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convince oneself that this is indeed the case by computing explicitly the area and volume around p in
the simple case of 4-dimensional q-Minkowski spacetime as done in the thesis [55]. Setting p’ as the
origin and choosing, e.g., time-like separations, one can introduce the coordinates (7, B, 6, ¢) as

xY = tcosh
x!' = tsinh
x> = Tsinh
x3 = tsinh

~~

B)

£)sin(8) cos(9)

8) sin(6) sin(¢) (89)
)sin(6)

o~~~

with g € [0,00], 8 € [0, 7] and ¢ € [0, 27|, which are particularly convenient to identify points on the
upper sheet of the hyperboloid of constant proper time 7s. The line element then reads

dsf, = q,xﬁdx”‘dxﬁ

(90)
= —dt? + #2[sinh® B(d6? + sin? 0dp?)],
where % is proper time as modified through the g-metric prescription #> = —S;, and the line element
as constrained on the equigeodesic hyperboloid X of constant T = Ty is
ds?y, = T2[dB% + sinh? B(d6? + sin® Bd¢?)]. (91)

Then one can compute an area around p by integrating (87) over e.g., the whole solid angle and an
arbitrary finite range [, ] and obtain

B+
%,(p) = 4m7 /I3 sinh?(B)d. (92)
As p approaches 0 along the geodesic, the transversal coordinates on the equigeodesic hypersurface
remain constant, while the g-metric prescription bounds from below the value of T to L. Doing
the same for the gq-volume around p (85) also requires integrating over a finite range T_ < 7 < T
and yields
B+
Vip) = m(zt =24 [ sink?(p)dp. (93)

In the coincidence limit the range [T—, T, ] collapses to the point p, at a finite proper time L from 0, and
makes the volume vanish.

The discussion for the area and volume around points on null equigeodesic surfaces is very
similar and leads to the same conclusions in the coincidence limit, with the difference that the surface
transverse to the light cone is actually D — 2 dimensional, since a null vector is orthogonal also to itself.
As mentioned before, in this framework the spacetime volume scales as 2 as ¢ — 0. Such a feature
suggests an effective dimensional reduction of spacetime at the small scales. One can introduce the

following notion of effective dimension [56],

- d VD((T,L)
Py = D+ vz | (oo o)) .

where Vp(c, L) is the D-dimensional volume within a ordinary distance ¢ if a limit length L is
present and Vp(o, L = 0) is the same but for ordinary space, and where a correction is present,
D - ﬁ Vp(c, L = 0), to account for curvature effects (then assuring that D, = D for ordinary space
for finite o). Well it turns out that, at least in the Euclidean case [56], we have D,ss — 2 when o — 0.
The fact that a D-dimensional spacetime effectively reduces to a 2-dimensional one at the Planck scale
seems to be a quite general prediction of theories of quantum gravity: a version of this effect can
be recovered in the causal dynamical triangulation program, in asymptotically safe gravity, in loop
quantum gravity and in high temperature strings [57].
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The fact that the cross-sectional area of the geodesic congruence stemming from p’ does not collapse
to a point in the coincidence limit suggests considering the possibility that a minimal length could
prevent the formation of singularities and caustics in general, as has also been hinted at by specific
theories of quantum gravity. The presence of singularities, in particular, is a problematic aspect in
the description of spacetime, because it entails geodesic incompleteness. Geodesics are simply not
defined past a singularity, and one would ideally expect a complete gravitational theory to clarify this
disappearance. Caustics, while related to singularities, do not share this issue and simply signal the
focusing of a bundle of geodesics. A measure of the change in the cross-sectional areas of a bundle
of geodesics can be given by the trace of the deformation tensor B, p= Vv plas 0 = V4t*, which is also
known as the expansion scalar. A negative value of 0 is associated with converging geodesics, up
until the limit § — —oco, where caustics form. The evolution of 6 depends on the geometry of the
spacetime considered, with shearing and the attractive nature of gravity promoting geodesic focusing
and rotation opposing it, as is encapsulated by the Raychaudhuri equation, which for space-like and
time-like geodesics reads

do_ @
de~ D-1

- O'aﬁ(TlX‘B + waﬁw“ﬁ - R,X'Bi"xt‘g. (95)
The three terms reflect the decomposition of the deformation tensor

Ba/g = ﬁehaﬁ + Op + Wep (96)
where 0,4 is the symmetric, traceless part known as the shear tensor that represents volume preserving
deformations, and w,g is the antisymmetric component that encodes rigid rotation.

As 6 describes how the tangent vector field changes, it can also be easily expressed in terms of
the trace of the extrinsic curvature for the equigeodesic surface K5 = —hk hEVHtV, where h,4 is the
induced metric on said surface, as § = K = —h*FK, p- This construction cannot be formally extended to
the case of a null congruence and its equigeodesic surface, as the degeneracy induced by the light-like
character of the geodesics implies that the vector normal to the surface is also tangent to it. Even
though the extrinsic curvature of the latter cannot be properly defined, the expansion scalar can still be
expressed via the null tangent vector /* in analogy with the non-null case as 8 = V,I*.

Even though the expansion scalar is a local quantity, it can be expressed in a bitensorial frame-
work leveraging the connection of the extrinsic curvature with the geodesic distance and the Van
Vleck determinant A. K is a local quantity as well, defined on a point x of the equigeodesic surface:
considering x’ as a fixed point from which the geodesic vy through x originates, o(x,x’) = \/eo(x, x’)?
and A(x, x") while evaluated on 7y can be interpreted as functions of only the point of interest. In this
sense, the extrinsic curvature of the equigeodesic surface can be written as

K(x) = M _ % nA(x, %), ©97)
where A(x,x’) and o (x, x) are evaluated on the unique geodesic connecting x" and x and they are to be
interpreted as functions of x [39,58]. This expression allows us to evaluate K, and therefore the expan-
sion scalar, in the coincidence limit: as the geodesic distance approaches zero, K diverges, signalling the
convergence of the geodesics of the congruence, and the Raychaudhuri equation becomes ill-defined.

This geometric construction can be brought over to the spacetime described by the g-metric using
the relations elaborated by Kothawala in [37] that link two disformally coupled geometries. The
extrinsic curvature becomes

Kq:\/E[K+(D—1)£1n\/Z] (98)
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with a and A as defined by equation (59) and (61) respectively. Then the evolution of K; along the
geodesic can be evaluated as

(&), = e
do qid €S,

jeT da[fm( DV 1n V4] (99)
:aZ—I;+(D D 1nf+1d—“[1<+( D 1nf]

where in the second line expression (98) for the g-extrinsic curvature was used alongside a change
in differentiation variable, which could be expressed through « as definition (59) can be recast as

-2
X = (dvdffSL . These expressions can also be evaluated in terms of bitensors through (97), in order

to be able to evaluate the coincidence limit that was problematic earlier, as done in [59]. Substituting
in (98) K, « and A with respectively relations (97), (59) and (61) K; becomes

1

_ VeS [(D—-1) dInA d VESL [ A\ D1
Ky = oS o do +(Dil)alil [ o <A) ” (100)
:(D—l)i d InA
VeSy  dy/eSp

with S} := dS; /do?, where the second line was obtained by changing the differentiation variable from
0 to 0% and then to /(eSy) for the second term. Incidentally, this relation is the same as (97), but
extended to the g-metric space using the equivalent minimum length quantities. (dK/dc), can then be
readily obtained in terms of bitensors differentiating (100) by the modified geodesic distance /€S :

dK\  (D-1) d*>InA
(@), = Ve ~dtvesr o

A general evaluation of the above quantities presents significant obstacles due to the fact that the Van
Vleck determinant A is difficult to assess. In the coincidence limit x — x’, however, it has a known

expansion in /€Sy, as

) (espr+ 28 (yesp + o(vesoh (102)

with § = Rpt" tP and S = %9, S. Then, supposing that there isn’t an already formed singularity in
x’, this quantity remains finite thanks to the minimum length prescription that was at the basis of the
definition of S; . The coincidence limit of K; can then be evaluated as

(T -ives:)

lim K; = lim

x—x! x—x! (103)
_(Db-1) §, S, 3
=7 3 L 1 L+ 0(L°)
and its variation (dK/do), as
i, (2K < @) s )
x—x' \ do q x—x! ( GSL)Z d( GSL)Z (104)
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Both of these quantities, contrary to their usual spacetime counterparts, do not diverge, signalling the
possibility that a minimum spacetime length could, in fact, prevent the formation of caustics.

This construction cannot be directly applied to the congruence of null geodesics because, as was
briefly mentioned, the degeneracy of the space orthogonal to the equigeodesic surface prevents a
meaningful definition of the extrinsic curvature. Still, one can work on the original definition for the
expansion scalar § = V,I* as done in [60]. The null tangent vector [*, when defined in the q-metric
space, becomes

o _ 4 dA dxt

_ s ur ®
Tl vl wr et (105)

Assuming that the covariant derivative maintains the same relation to the g-metric q,p as it did to the
usual metric g,g, the g-Christoffel symbol reads

1
Bl _ Eqmv"‘q gy + Ti 5 (106)

ap

from which

1 dA

Lo (dA ) 1dA .
= V(1) + gt (Tuap )

_dfdA\ dA_ o, 1dAf o d o d 107
_d/\(d)\q)—i_d/\qv”‘l +2d/\q{(D Z)JII‘IAF ZMIHIXF} ( )

1 d

=ar {6 + (D - Z)ard‘i\ \/Air}

=arVuI* + (D - 2)

where the third line was obtained using expressions (65) and (67) for the null g-metric and the
fourth line was the result of expression (75) for ar. The variation of the expansion scalar can then be
computed as

o\ _ do, _ do,
ﬁ T A, AT

e 1 A2InAr  da dln A
2 2 T T T 108
= af -5 + (D = 2)ag T [ocr(H— Sar(D —2)—~ ] (108)
do ,d?In\/Ar 1d(1x ) dIn/Ar
_ .2 Ar T
= oty (0= 2e e [9 D-2)—— ]

It is worth noting that these last two expressions maintain the relations (98) and (99) found in the non
null case between the involved quantities: D — 2 substitutes D — 1 because of the degeneracy of the
space orthogonal to the null equigeodesic surface, \/ar takes the place of a (where the square root is
justified by the fact that we are working with A as a measure of the length of the geodesic instead of
0?) and Ar replaces A.

Following the same path as before to get to an assessment of the above quantities in the coincidence
limit, 6 can be written in terms of bitensors, exploiting relation (80) as was done in the evaluation of
the Ar term of the g-metric. The relation in terms of q-quantities reads

(D-2) d
A, dAg

0, = In (109)
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an expression that can also be confirmed by replacing Ar as (83) in the last line of equation (107). The
variation on the geodesic in terms of bitensors can then be readily obtained by differentiating by A,

(d@) do (D —-2) dzlnﬁ‘

), dy A A,

(110)
These equalities once again reflect the same relations as in the non-null case, with the replacements
(D—-1) = (D —2) and /€S — A;. The same expansion for the Van Vleck determinant in small
spacetime intervals can then be used to evaluate the coincidence limit of these expressions as

S(x')
1 12

AS+O(Ay), (111)

with § = R, ﬁl"‘lﬁ, resulting in equivalent results as those found in the non-null case:

~ _(b-=2) § S, 3

xlgl;/ 0, = T 3L 4L +0O(L°) (112)
. (d6,\  (D-2) S S 2
Jirm, <d/\q>q =TT T3 pLtol) (113)

3.6. The Ricci Scalar

Having an explicit form of the effective g-metric opens up the possibility to study quantum effects
on general relativity by rewriting the Einstein-Hilbert Lagrangian, and to do so, the g-metric equivalent
of the Ricci scalar must be computed. In general, the evaluation of curvature invariants in this setting is
not an easy task, as the extra terms of the q-Christoffel symbol in the covariant derivative significantly
complicate the calculations. However, the geometries induced on equigeodesic surfaces by g5 and gug
are simply conformally related as hZ g= Ahyp, so that, when constrained on them, the Ricci (bi)scalar
can be easily calculated as R = A~!Ry. The Ricci biscalar for the whole spacetime manifold can
then be reconstructed exploiting the Gauss-Codazzi equation as done by Padmanbhan and Kothawala
in [38]:

Ry = R — (K2 + K§PK1) — 2eT*VIK, + 2e VTPV

5 b
This relation can be recast in terms of quantities of the usual metric spacetime using the following
identities first laid out by Kothawala in [37]

To). (114)

KqPKly =a[K*PKyp + KV In A + (D = 1)2(#*Vy In A)?]

K7 =a[K*+ (D = 1)Kt*VaIn A + (D — 1)*(t* Vo In A)?]

T*VIK, =at* VoK + L (K + (D — 1)V, In vVA) AVt

2 (115)
+ (D = 1)at*V, (1*V, InVA)
1
VZ(TﬁVgT“) :ZW(tﬁvﬁt“}

F'VoK = — K*%Kyg — Rypt*tF + Vo (tFV5t%).

The induced Ricci scalar Ry, can then be written, exploiting the Gauss-Codazzi equation and the last
one of the above relations as

Ry = R+ €[—K*¥Kyp — 2Rupt"tF + K* + 2V, (tPV t*)] + 2 Vo (FV t%). (116)
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Putting everything together results in [37]
R
Ry = — 2D~ )ZOVA+ (D= 1)(D 4) 5 (VVAP
—ea[(K+ (D —1)t"VuIn VA)*V, In(aA)) (117)

1 2
+ e(zx — A) (2R pt"tP + K*PKyp — K* — 2V, (tPV 5t%)).

Using the explicit expressions (61) for A and (59) for « and the following identities for the Van Vleck

determinant D1
PVylnA=—— —K
g (118)
PV (Y InA) = — 21 | kbR 4 R g1t
af aln )—_60.2 + ap T Rap
the above relation can be further recast as
2
o2 (A\ D1 (D—-1)(D —2) dlnA
R, =|—| = Ry —~— 2~ 2 1+ 4(D-1
i {SL <A> > St +4( ) dSt ]
St 1
2L K gK¥ - — K2
GUZSE[ «p D_1 :| (119)

~ 2 2 ~

D [(dlnA d“InA

45| — =—— 2 ——

w57 () 2 (%)

which is still an exact expression, as done in [39]. Surprisingly, there is no dependence on higher
derivatives of Sy: such contributions from the conformal and disformal terms of the g-metric cancel out.
This quantity is obviously a biscalar, so in order to compare the outcome with classic general
relativity, the coincidence limit x — x’ of Ry(x’,x) should be considered. Assuming a smooth

background, the involved geometric quantities can be replaced by their Taylor expansions for small
geodesic distances, considering

1 0'2 wB
and the expansion
o? eo? o
Qaﬁ = VaVﬁ7 = 8up — Stx,B + t VuS wp T+ O(c ) (121)
where Sy = Ry pyt"'t". Then [39]
1 1
Kup = —hap — US,Xﬁ + €0 21V o Spp + O(07)
D-1 1 N
K:T*E oS + zeatV,XSJrO(Ug) (122)
Ry = W+R_ ge(D+1)3+@(g)

€o? 3

with S = ¢*fS, 5 = R,gt*tP. These relations, alongside the previously used
g p p & p y

1
A=1+ geazs +O(?)
1 (123)
A=1+258+ O(53/2)
allow an evaluation of the g-Ricci biscalar not only in the coincidence limit, but, once that has been
taken, in the L — 0 limit as well to assess any non-perturbative effect of the presence of a minimum
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spacetime length that could be sensible outside of the realm of quantum gravity measurements. This
limit must be taken rigorously after considering x — x/, as inverting the two would result in a levelling
of the hypothesised mesoscopic structure that would obliterate any quantum effect; much like a strict
i = 0 limit would make the atomic structure of solids a continuum that could no longer account for,
e.g, the Ohm law. Writing the g-Ricci biscalar as in equation (119) highlights how the L-independent
contributions that would survive the L — 0 limit can only come from the first term: the Sy, factors that
precede the second and third line result in contributions at least of order L?. The term that makes up the
second line could actually raise concerns about possible divergences, given the ¢ at the denominator,
but using the first two expansions of (122) it can be verified that it vanishes at order L. The last relation
of (122) alongside (123) can be used to compute the coincidence limits

2

[ o2 *% _ _ D-1
lim %L (g) Rz] - W (1 + ieLzR,Xﬁ(x’)t"‘(x’)t’g(x’)> +O(L)
hm'_(D—l)(D—Z)} _ (D-1(D-2) (124)
x—x | St el?
xh_r)r]} 4(D — 1)”[;;?} =4(D+1) [éeR,xﬁ(x’)t“(x’)tﬁ(x’)] +O(L).

To further proceed with the evaluation of the L — 0 limit, the de 1'Hopital’s rule can be exploited
to give

lim lim ["2(%)[’2%2 B B Ry (P )

L-0x—2 | S \ A ) St 3 (125)
L _ydnal 1 N (VB (!
%gr})xlgr;/ [4(D 1) is, ] _4(D+1)[66Ra5(x V(P (x) .

Putting these results and considerations together and recalling expression (119), the classical limit of
the Ricci scalar in the effective g-metric framework turns out to be [39]

lim lim Ry (x',x) = eDRyp(x")t*(x')tP (x') = eDS(x'). (126)
L—0x—x'
While this result could numerically be equal to the usual metric Ricci scalar R, it encodes additional
degrees of freedom through the normalised vectors ¥, which became arbitrary once the coincidence
limit was taken.

The motivation for computing the Ricci scalar arose from its significance not merely as a curvature
invariant, but as the quantity defining the Einstein-Hilbert Lagrangian: the semiclassical limit of R,
€DRyp(x")t* (x' )tB(x), then ought to be interpreted as the effective Einstein-Hilbert Lagrangian in the
g-metric framework. What in general relativity was a variational principle for the metric naturally
translates to a variational principle for the vectors t*, changing the interpretation of the metric from a
dynamical variable to an emergent quantity. Gravity in the g-metric framework, therefore, assumes a
thermodynamic interpretation as an emergent phenomenon that forces a reflection on the meaning of
its quantisation. Not only because there is no reason to believe that such a procedure would result
in anything meaningful, much like the quantisation of elasticity gives phonons instead of atoms or
molecules [38]; but also because gravity is now intrinsically quantum in nature, in the sense that its
manifestation relies on the atomic-like structure of spacetime. These observations place the g-metric
framework in a literature of theories of emergent gravity, with which the connection is indeed strong.
The functional identified with S is in fact well know in such a landscape as the entropy density of
spacetime; the idea being that null surfaces, like horizons, can be seen as one-way membranes for
information to which an entropy can be assigned, and that field equations for gravity can then be
recovered by extremizing such entropy. To be precise, S in this interpretation requires null vectors,
so it would read R,Xﬁl“lﬁ. The connection to this quantity, the computation of R;, should be carried
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out using the null g-metric (67). This is done in [61]. The calculation follows the same steps as the
space-like and time-like case, but with two additional complications. First of all, the light-like case
requires an auxiliary null vector m*, as was the case for the construction of the g-metric itself. Secondly,
what ensured the success of the previous approach was the fact that the D-dimensional non-null
congruence stemming from x’ does carry all the information to reconstruct the Ricci scalar in x’ via the
Gauss-Codazzi equation. In the null case, however, the congruence of geodesics is D — 1 dimensional,
and this is in general no longer true, even for the usual metric spacetime, meaning that one can’t avoid
the need to compute some components of the Riemann tensor to get R. One can solve this issue by
deforming the spacetime M outside of the null congruence into a spacetime M* where this useful
property is restored. The setup is the same built for the computation of the null g-metric: a congruence
of null geodesics stemming from x/, affinely parametrized by A, where a notion of distance can be
given by introducing an observer with velocity V* such that V*I, = —1 (that is defined in x" and then
parallel transported along the geodesic). The spacetime M* can then be constructed by replacing the
points arbitrarily close to the congruence with the congruence itself, parallel transported along V*.
The geometric structure of M* is inherited by that of the congruence, as parallel transport preserves
it, and the covariant derivative in this new space is given by that in M restricted to the congruence.
The Ricci scalar in M* can then be written in terms of the null congruence in M starting from the null
Gauss-Codazzi equation elaborated in [62] as

R* = Ry + KK + K"Ky + 19, (K — K) (127)

where K,5 = hZh‘;;Vn,l,g and K,Xﬁ = hZhgv7m5 are extrinsic curvature-like quantities with respect to
I* and m* , K = K{ and K = K}. This construction can then be moved to the g-metric spacetime and,
since both the deformation M — M?* and the disformal transformation g,s — q,p leave the null
congruence untouched, it can be exploited for the calculation of R,;. Writing the g-metric equivalent of
expression (127) and substituting the relations for the g-metric quantities detailed in [61], allows the
evaluation of R, in the coincidence limit and in the local limit in a way akin to what was done in the
non-null case. The outcome is

lim lim Ry(x',x) = (D — 1)Rep(x')1%(x") 1P (x'). (128)
L—=0x—x'
This result confirms the strong bond of the g-metric framework with the thermodynamic theories of
gravity, linking it to the heat density of horizons H = — L%R,,C,g,l"‘l p.
P

4. Thermodynamic Emergent Gravity
4.1. The Thermodynamics of Horizons

A first connection between gravity and thermodynamics famously arose with the 1974 paper
by Bardeen, Carter, and Hawking, which began to establish an analogy between the laws governing
black hole mechanics and the laws of thermodynamics for a system that includes a black hole. Indeed,
black holes present a feature that directly associates them with the realm of thermodynamics, even
at a classical level: the irreversibility of the path of the objects that fall into it, which introduces the
concept of hidden information for an observer in the system. Taking quantum effects into account
builds a more solid foundation for this connection, which shifts from being seen as a simple analogy to
becoming a window into a quantum theory of gravity.

The laws of black hole thermodynamics, as they came to be known, are articulated in
four statements. The zeroth law states that, given a stationary black hole, the surface gravity « is
uniform over the entire event horizon. For a black hole in asymptotically flat spacetime, stationar-
ity implies the existence of a Killing field normal ¢* to the event horizon, which makes the latter
a Killing horizon as well [63]. This ensures that the surface gravity, defined through the relation
V*(Pgp) = —2xE*, is well defined on it. Bardeen, Carter and Hawking in [64] exploit the Einstein
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equation and the dominant energy condition to prove that x is constant over the horizon. Another ver-
sion of the zeroth law is given by Carter in [65], in which he doesn’t make use of the Einstein equation
but assumes that the black hole under consideration is either static or stationary and axisymmetric
with the “t — ¢ orthogonality property. In a later paper, Rdcz and Wald generalise these conclusions
on purely geometrical grounds [66]. The first law relates the changes in mass M, area A and angular
momentum | of a stationary black hole that undergoes a quasi-static perturbation. The resulting state
is a stationary black hole of mass M + éM, area A + JA and angular momentum | 4 6] where the
perturbed quantities satisfy the relation
M = 8%514 +QyoJ, (129)
with QO as the angular velocity of the horizon. This result is proved in [64] by generalising the Smarr
equation. The second law requires that under the null energy condition, the area of the event horizon
of a black hole cannot decrease in time
6A > 0. (130)

Also known as the area theorem, it is a consequence of the fact that the generators of the event horizon
can never run into caustics, which implies that the expansion of the congruence of the generators must
be non-negative on the horizon. It was proven by Hawking in 1971 and used in his work [67] to deduce
that, when two black holes coalesce, the area of the resulting event horizon is greater than the sum
of the two initial ones. This implication of the theorem has been recently confirmed observationally
with an analysis of GW150914 [68]. The third law, postulated in [64] and precisely formulated by Israel
in [69], states that the surface gravity of a black hole cannot be reduced to zero in a finite advanced
time (or in other words a black hole cannot be made extremal), assuming that the stress energy tensor
of the accreted matter is bounded and satisfies the weak energy condition.

These relations bear a remarkable resemblance to the laws of thermodynamics, which prompts
the interpretation of the surface gravity as a temperature and of the horizon area as an entropy.
While there have been attempts to make sense of this picture in a classical framework [70], this
identification is problematic on general relativity grounds. Temperature separates thermodynamic
systems into equivalence classes based on thermal equilibrium. On the other hand, a black hole is
never in equilibrium with its surroundings, with everything flowing into it, so the only temperature
that could be assigned to it would be zero, if any. Consequently, the entropy assigned to this system
could not be finite. Indeed, an observer outside the black hole sees matter falling inside as deformed
by Lorentz contraction as it infinitely approaches the event horizon. To them, the black hole is a husk
of progressively thinner and thinner layers composed of everything that ever fell in that encompasses
the horizon. The resulting picture is very similar to the UV catastrophe of the black body problem:
without a physically well-motivated lower bound to the height of the inner layer, there is infinite room
to store information in the UV modes.

This conundrum is resolved by taking into consideration quantum effects. As Hawking first
proved in [71], black holes radiate particles with a blackbody spectrum at the well-defined temperature

Ik
N 27‘[ch.

(131)

Hawking’s original derivation uses the framework of quantum field theory in an asymptotically flat
curved spacetime. He considers a free quantum field propagating from past infinity to future infinity.
The lack of Poincaré symmetries in curved spacetime makes the concept of particle ill-defined and
the mode decomposition of the field ambiguous, so that a field initially in the vacuum state has a
non-zero particle content when probed at late times. These particles can be brought back to an energy
flux coming out across the event horizon, or, in other words, to the evaporation of the black hole.
The consequent decrease of the horizon area doesn’t constitute a violation of the area theorem, as the
assumption of the null energy condition no longer applies [71] and the second law of thermodynamics
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is restored when taking into consideration the entropy of the outgoing radiation. These results can
be obtained in a variety of frameworks. Wald [72], using the same scenario as Hawking, computes
the full density matrix of the radiation at infinity and confirms it to be identical to that of black body
emission. Gibbons and Hawking [73] consider the black hole geometry in Euclidean spacetime by
performing a Wick rotation. Smoothness on the horizon then requires periodicity in the imaginary
time, which corresponds to a thermal ensemble at a temperature equal to the inverse of the period.
Robinson and Wilczek [74] obtain the Hawking radiation assuming that the horizon as a dynamical
system captures all the relevant dynamics of the interior and requires the cancellation of gravitational
anomalies tied to the ambiguous definition of time across the horizon. Parikh and Wilczek [75] model
the Hawking radiation as the result of a quantum tunnelling process across the horizon. The need to
enforce the conservation of energy brings them to consider a dynamical geometry, which introduces
corrections that stir the resulting spectrum away from perfect thermality.

Having established that a black hole does have a non-zero temperature significantly strengthens
the possibility of going through with the thermodynamic interpretation and assigning a physical
entropy to it. The idea of the entropy being proportional to the area of the horizon, rather than to a
volume, is consistent with the picture of the black hole as an empty husk to the outside observer that
was briefly discussed before and holds the seed of the concept of holography, when compared to the
point of view of an observer that falls through. Bekenstein first proposed it in his PhD thesis and later
in [76,77], where he also determines the proportionality constant to be of order unity divided by 7. The
value of the coefficient is set after the computation of the Hawking temperature as

N Ak 363

S=Jer (132)

This result can be obtained in many frameworks, reflecting the variety of the derivations of the
Hawking radiation. Gibbons and Hawking [73], in the context of Euclidean black hole geometry cited
above, compute it from the partition function of the black hole as a canonical ensemble. Brown and
York [78] repeat the calculation considering a more appropriate microcanonical ensemble. Bombelli,
Koul, Lee and Sorkin [79] and Callan and Wilczek [80] introduce the picture of the Bekenstein entropy
as entanglement entropy, a measure of the correlations between the modes in the interior and those
in the exterior of the black hole, that at first order is proportional to the surface of the boundary
between the two regions. In the same vein, Srednicki [81] obtains an entropy proportional to the
boundary area by tracing out the modes inside the horizon in the ground state matrix for a massless
free field. A functionally equivalent interpretation is that of the Bekenstein entropy as that of the
thermal atmosphere surrounding the black hole, modelled as a free massless gas. Both calculations
require the introduction of a cutoff to avoid UV divergences. Wald [82] recovers the Bekenstein entropy
as a Nother charge associated with the diffeomorphism invariance of the gravitational Lagrangian.
Specific programs of quantum gravity attempt to trace back the Bekenstein entropy to an evaluation
of the logarithm of the number of microstates that correspond to a given macrostate of the black
hole. Strominger and Vafa [83] famously succeeded in doing so in string theory for extremal and
near-extremal black holes in five dimensions. Ashtekar, Baez, Corichi and Krasnov [84] and Rovelli [85]
(with later revisions by Domagala and Lewandoski [86] and Meissner [87]) perform the computation
in the context of Loop Quantum Gravity, getting a result that is proportional to the horizon area
without the need for a UV cutoff, but crucially depends on the free Immirzi-Barbero parameter. The
supergravity framework prompts Carlip [88-90] to exploit the AdS/CFT correspondence to get the
asymptotic density of states from the conformal structure of certain black holes. Having computed
the central charge of the associated Virasoro algebra, the density of states can be obtained via the
Cardy formula.

The plethora of models and frameworks that make up the landscape of black hole thermodynam-
ics is a testimony to the uncertainties that still govern its interpretation. The quantities involved are far
from being well understood in a definitive way and the forced cohabitation of general relativity and
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quantum field theory produces inconsistencies that hinder the construction of a complete picture (see
for example [91] for a review of black hole thermodynamics and some of the open issues, or [92] for an
overview of the subtleties in the definition of the information loss paradox). On the other hand, para-
doxes highlight the inconsistencies in the way in which we understand gravity and quantum physics,
providing a window towards a theory of quantum gravity. The fact that the thermodynamic features of
black holes can be recovered in a variety of frameworks (and agree even up to corrections [93]) seems to
indicate that they are quite a general feature of gravity when combined with the quantum world, or at
least of the way in which we model the two. Indeed, the laws of black hole thermodynamics have been
generalized since their first formulation to include black holes in non-asymptotically flat spacetime
using dynamical trapping horizons [94] and avoiding the need for a Killing field in the neighbourhood
of the horizon with isolated horizons [95-98]. They also have been shown to not be limited to black
holes and to also hold for cosmological de Sitter horizons [99] and Rindler horizons [100], where the
thermality can be recovered directly from the structure of the inertial propagator [101].

4.2. A Brief History of the Thermodynamic Nature of Gravity

While not clarified in many of its aspects (and far from any experimental feedback), the ther-
modynamics of causal horizons has gained broad acceptance. The discovery of Hawking radiation
and all the consequent derivations relying on the consideration of quantum effects have contributed
substantially to giving weight to horizon thermodynamics beyond the status of formal analogy. Still,
the laws of black hole mechanics were formulated in a classical framework [64] that couldn’t account
for a temperature or an entropy, but predicted the correct relations between the geometric quantities
in their thermodynamic interpretation. It is this surprising capability of general relativity that opens
the door to seeing the dynamics of the metric as being of a thermodynamic nature. The key is the
identification between the entropy and the horizon area that, through the laws of thermodynamics,
shapes spacetime and translates into the geometric constraints of general relativity.

The gateway paper that introduces the idea of gravity as an emergent force is by Sakharov [102].
He considers a spacetime manifold with a quantum field theory on it and argues that the dynamics
of the geometry is induced by field fluctuations, as the terms of the one-loop effective action bear
the same relation to the curvature as the Lagrangian of general relativity. The proposal of gravity as
something different from a fundamental force has been developed in many directions, some even
regarding spacetime and the metric itself as emergent [103,104]. Jacobson [105], inspired by the laws
of black hole mechanics, sees gravity specifically through a thermodynamic lens. Given an accelerated
observer, a local Rindler horizon can be seen as the boundary of a system at the Unruh temperature in
thermodynamic equilibrium with the environment. The passage of matter across the horizon can then
be interpreted as heat transferring energy from the degrees of freedom outside the horizon to those of
the system

50 = /H Typ(—kAI)BdAAA (133)

where « is the acceleration of the observer, [* = dx*/dA is the tangent vector to the horizon generators
for affine parameter A, Typ is the energy-momentum tensor, and the integral is taken over the horizon
‘H. This process is governed by the Clausius relation 6Q = TdS, which, upon request that the entropy
is proportional to the horizon area, translates to energy flux resulting in focusing of the horizon
generators. Using the Raychaudhuri equation to write the expansion 6 of the congruence of the
horizon generators in terms of the Ricci tensor, gives for small affine parameter A

ds = y6A = 1 / BdAdA = 1 /H ARy g1 IPAAdA, (134)
H
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where 77 is an undetermined proportionality constant. Given the Unruh temperature as T = fix /27 [100],
the thermodynamic equation 6Q = TdS alongside the request that T,z is free from divergences

then implies

1 2r
szﬁ - ERgDéﬁ + Agacﬁ - %TDC,B (135)

for some constant A, which is the Einstein equation for G = (4f157) ~!. The possibility of repeating
this construction for any point of spacetime makes general relativity nothing but the geometrical
counterpart of equilibrium thermodynamics for the specific choice dS = A of the entropy functional,
with G changing its status from fundamental constant to a quantity that has a non-trivial # — 0
limit. The passage of matter across the horizon is a one-way transfer of energy to the degrees of
freedom of the system, which therefore happens as heat rather than work and results in an increase in
entropy. What these degrees of freedom are remains unclear. Jacobson explicitly interprets the horizon
entropy as entanglement entropy, due to the correlations between the modes inside and outside of
the horizon. This forces the introduction of a minimum length cutoff to avoid divergences that enter
into the calculations through 5. Compatibility with Einstein’s equation hints at this minimum length
being of the order of the Planck length. The use of Rindler horizons makes the whole construction
heavily observer dependent, with irreversibility being introduced by the existence of a limiting velocity.
Jacobson’s setup has been generalised in [106] to non-equilibrium thermodynamics by introducing
corrections to the entropy functional that are polynomial in the Ricci scalar.

Verlinde in [107] takes the thermodynamic picture a step further. He proposes that spacetime and
the metric are themselves emergent objects and that gravity should be interpreted as an entropic force,
regarding as fundamental the information of the relative position and displacement of masses. This
information should be thought of as stored in discrete bits on surfaces between masses, enforcing the
holographic principle that is hinted at by black hole physics and by the AdS/CFT correspondence. The
holographic screen acts like a stretched horizon: it separates the emerged space from the pre-geometric
mere distribution of information and is endowed with an entropy and a temperature. Time is assumed
to be well defined in the underlying but unspecified microscopic theory, to allow for a definition
of energy and temperature. The idea is that the holographic screen encodes the information of the
pre-geometric side and that of the newly emerged space, so that a test mass m approaching it in the
latter will influence its entropy. In analogy with osmosis across a semipermeable membrane, the test
mass under a displacement Ax will experience an effective force due to the entropy gradient as

FAx = TAS. (136)

To see how the boundary gets a temperature, essential to get a non-vanishing force; T can be in-
terpreted as the Unruh temperature seen by the test mass as it is accelerated by the entropic force.
Assuming that the change in entropy AS is linear in m and in the displacement Ax with the appropriate
proportionality coefficient

AS = anB%Ax, (137)

one can then recover the second law of dynamics F = ma in the emergent space from the above relation.
The argument can be refined considering a closed, spherical holographic boundary. The number of
bits of information N it encodes is naturally assumed to be proportional to the area A of the boundary,
with dimensionality and the Bekenstein formula for entropy suggesting

N= 4, (138)
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where G is, at this stage, to be interpreted as a generic proportionality constant. Assuming that the
total energy of the system E is evenly divided over the N bits, the temperature is defined as the average

energy per bit by the equipartition rule

E= %NkBT. (139)
This energy would emerge as a mass M enclosed by the screen through E = Mc?. The temperature
T can then be expressed in terms of the emerged mass as T = (2MGh)/(Ackp). Substituting these
quantities and the area of the spherical boundary A = 471R?, the entropic force of equation (136)

reduces to Newton’s gravitational law
mM

F= GF' (140)
In this view, Newton’s potential ® acts as a coarse-grained descriptor of the information encoded
on the holographic screen. Equipotential surfaces provide a foliation of space that is to be seen as
nested holographic screens: as they shrink, the data encoded on them gets more coarse-grained and
the lost information is replaced by emergent space. The gradient V& therefore identifies the emerging
holographic direction. This picture can be translated into a relativistic scenario by considering a
static background with a global time-like Killing field {*. The generalisation of Newton’s potential
then reads ¢ = In(\/—{%C,) and allows a foliation of space based on surfaces of constant redshift.
In [108] expands his model by adding a volume term to the entropy functional that overtakes the
area dependence for large distances, claiming that this modification can account for the observed
cosmological constant in place of dark matter. Hossenfelder in [109] offers a Lagrangian, generally
covariant, version of Verlinde’s theory. The arguments presented by Verlinde propose a radical shift in
the modellization of gravity and spacetime and are, by the author’s own admission, quite heuristic.
He introduces the idea of gravity as an entropic force through an analogy with the elasticity of a
polymer chain immersed in a heat bath; however, it is not clear how exactly this example should
translate to a gravitational system [110]. The main criticality of Verlinde’s program lies in the fact
that gravity is a conservative force, an aspect which is very difficult to reconcile with an entropic
character [111]. Visser [112] in particular derives the constraints that such a requirement places on the
form of the entropy and the temperature functionals. He concludes that a consistent picture would
require multiple temperatures and entropies, one for each ordered pair of particles in the gravitational
system, whose physical interpretation is far from obvious. Several authors have also cast doubts on
the effectiveness of the modified MoND-like entropy functional in reproducing the observational data
attributed to dark matter effects [111,113]. Kobakhidze [114,115] points out that Verlinde’s description,
when applied to quantum mechanical systems, implies effects which are in contrast with experimental
results [116].

4.3. Padmanabhan’s Theory of Emergent Gravity

Together with Jacobson’s and Verlinde’s approaches, there is a third main line of research that
explores the thermodynamic nature of gravity: that of Padmanabhan. We shall outline it in this separate
section, as it is the one that bears the closest connection to the results of the g-metric paradigm.

Padmanabhan’s point of view first stemmed from seeing spacetime as the emergent, long-
wavelength description of a microscopic structure, akin to the continuum limit of a solid. Diffeomor-
phisms x* — x™ = x* 4+ v*(x) for some vector field v* are then the analogue of elastic deformations,
and it should be possible to obtain the field equations of general relativity from the maximisation of
an appropriate entropy functional [117]. The key observation to construct this functional comes once
again from horizons. In general relativity, different observers (defined by time-like congruences) have
access to different regions of spacetime. Each observer should provide a description based only on the
quantities they have access to, or, in other words, as if they lived in an effective manifold where the
region beyond the horizon is removed and encoded in the boundary. The gravitational action should
then be the result of a surface term and a bulk term, which also encapsulates the interplay between
the horizon and the rest of the accessible spacetime. Both of these depend on the chosen foliation,
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but their sum should be covariant. It turns out that relating the surface term to the entropy per unit
area completely fixes the gravitational dynamics in the bulk [118]. This is related to the fact that the
Ricci scalar, and therefore the Einstein-Hilbert Lagrangian, can be decomposed into terms that are
quadratic in the first derivative of the metric and contributions in the second derivative of the metric.
The first can always be made to vanish along a world line with the right choice of coordinate system.
This makes gravity intrinsically holographic, in the sense that the theory is completely determined by
the surface term.

Having assessed the central role of horizons in determining the gravitational physics of the bulk,
the next step is studying the thermodynamics of the system as matter crosses the horizon. This event
can be seen as a deformation of the horizon to swallow the matter as it gets close enough to it, and
the displacement associated can be evaluated in terms of an entropy functional. The evolution of
the system should then be governed by the maximisation of such a functional [119]. The studies
on the thermodynamics of Rindler horizons suggest that the resulting relation should hold for any
null surface, with the entropy functional being dependent on the observer. The total entropy should
consider both the degrees of freedom associated to the deformation of spacetime and those related
to the matter being engulfed. For the latter, the density of the energy flux T, 51“115 already used in
Jacobson’s work [105], suggests

Siatter = /Vde\/thxﬂllxlﬁ (141)

where ¢ is the absolute value of the determinant of the metric, T4 is the matter energy-momentum
tensor, and [* is the null vector to which the displacement field v* becomes proportional on the horizon.
The integral is taken over a small patch V of the stretched horizon interested by the displacement in
D-dimensional spacetime. The structure of this entropy functional is still that of an energy flux divided
by a temperature, but the latter is hidden in the integration in the time variable: by Wick rotating the
geometry to an Euclidean one, thermality translates into a periodicity in imaginary time, with period
B = T~1. This gives an overall factor T~! that multiplies the energy flux in D — 1 dimensional space.

The gravitational entropy is constructed following the analogy with the elasticity of a solid [120].
It should be a volume integral of a local entropy density to ensure extensivity, and it should only have
quadratic terms in the first derivatives of the displacement field to preserve translational invariance.
As the entropy is a scalar, balancing out tensorial indices requires the introduction of a tensor Pzg
to construct

Serap = —4 /V N S (142)

Following the elasticity analogy, Pyp,s can be thought of as representing the “elasticity constant’ of
spacetime. If P, is assumed to have the same symmetries as the Riemann tensor R,g,, it can be
written as
PP = a;f (143)
pro

for some scalar L. Mimicking the conservation law V,T* = 0 leads to also require

VP70 = 0. (144)

The total entropy to be extremised for variations of I is S = Syatter + Sgrav [119]. The resulting
equation of motion should shape the null surface that [* identifies without changing its causal character;
therefore, I* must remain null throughout the variation. This is achieved by imposing the broader
requirement of constancy of the norm of [* and enforcing it by introducing a Lagrangian multiplier A.
Then the entropy variation reads

55 =2 /v 4P Jg[—APIIV 1M (V361P) + Tygl®61P + A(x)gupl51F). (145)
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Integrating by parts and requiring that variations of I* vanish on the boundary of V leaves the equation
] 6
(Tup + Agup)I* = 2P, 7" (V4 V5 = VsV )I* = (Tup + Agap)l* — 2P,,7 R, 51F = 0. (146)

Multiplying the whole expression by the metric, exploiting the symmetries of Pyg,s5 and Ryp,s and
renaming dummy indices allows us to rearrange the above expression as

(2P MR e — T + ASR)le = 0 (147)
and calling G 5= [Pﬁ” I/(TR"‘FW —(1/ 2)L§g] with L being the scalar of definition (143) leads to
2G5 — Tg + (L + A)dg]la = 0. (148)

Rather than a relation that determines the dynamics of I, this equation of motion is to be interpreted
as holding for all the null vectors [* and therefore imposing a constraint on the geometry of spacetime.
Taking the covariant derivative of the above expression shows that (L + A) needs to be a constant,
which is renamed as A, as VG /‘g‘ =0= V,XTE. The equation of motion is therefore satisfied for all I,
if[119]

1
G = 3T + A, (149)

This expression is very familiar, and in fact reduces to the Einstein equation with a cosmologi-
cal constant if the scalar L used to define P,g,s is chosen to be the curvature R, which makes
Gup = Rap — (1/2)Rgup- The application is even broader when thinking of L as a generic gravita-
tional Lagrangian from which Pyg,s is constructed. Under condition (144), L is the Lagrangian for
Lanczos-Lovelock models, which are generalisations of general relativity that still yield second-order
field equations but where horizon entropy is not proportional to the area (see, for example [121] for a
review). Varying the associated action with respect to the metric results in an equation equal to (149),
without the cosmological constant term that still needs to be added by hand.

The conditions imposed on Pupys and the precise form of Sg,, were crucial in arriving at the
equations of (extended) general relativity (149). Their choice was guided by the known Lagrangian
counterpart of the theory. A peculiarity of the thermodynamic approach, focused on the variation of
the null vectors %, is that the requirement that [*], is fixed makes the cosmological constant emerge as
an integration variable, rather than an ad hoc parameter added to adhere to observations. Avoiding
treating g, as the dynamical variable also solves an asymmetry between the gravitational Lagrangian
and the Lagrangians that give rise to matter field equations that, according to Padmanabhan [122], is the
true core of the cosmological constant problem. Gravitational dynamics in the conventional approach
is sensitive to the addition of a constant to the Lagrangian, which instead leaves the matter equations
of motion unchanged. This additional term can be interpreted as a shift to the energy-momentum
tensor Tg — TE‘ + constég and results in the equation of motion gg = Tg + (const.)ég. This skewed
sensitivity questions the physical meaningfulness of the observed value of the cosmological constant,
which would be altered by any arbitrary choice of a zero-point energy in the matter sector. Avoiding
treating the metric as the dynamical variable in the variational principle fixes this issue, as the equation
6(Smatt + S gmv) = 0 interpreted as a variation in I* is not affected by a constant shift to T,Xﬁ: it would
only introduce a term proportional to [*l, = 0. The cosmological constant, therefore, cannot be
introduced as an ad hoc low-energy parameter, but has to emerge as an integration constant [119].

The introduction of the g-metric allowed Padmanabhan to clarify the meaning of the functional
used, changing the thermodynamic interpretation of the gravitational field equation as well. Consider-
ing for simplicity Einstein’s general relativity in four dimensions, the equation

—WRM,I“W + Topl*1P = 0 (150)
LD
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can be interpreted as requiring a balance on null surfaces between the heat density of spacetime due to
gravitational degrees of freedom and the heat density of matter [123]. This relation leads to considering

the functional
1

Qlla(x)] = / dVF <Tg(x)l,xlﬁ - Rg(x)l,xl/5>, (151)

where F is a scalar function and the integration is performed over a region of spacetime with the
covariant measure dV. This functional can be traced back to the attempt and the calculation discussed
before by noting that the expression

d4x
A= / L—%\/E(L%Talgl”‘lﬁ + PV, (152)

2
with P,D;f = é—f; (5;‘;(5(’53 — (55(53‘) for Einstein’s general relativity, is equivalent to (151) when considering a

variational principle, as the term in Pf;f can be split into an ignorable total divergence and a term in
Ryp as

12
VAl Vgl? = 6u(PEIV 1) + 2 Ropl 1P, (153)

Varying either functional with respect to [* and adding a Lagrangian multiplier to enforce the constraint
I*I, = 0 gives the gravitational field equation

Gy = 8mLpTf + Adp, (154)

where all the considerations for the previous setup apply. The functional (151) can be interpreted as the
total entropy on the null surface resulting from the mesoscopic density of states of spacetime pg;q, and
the density of states for matter patter [123] and can then be written as Sgrao + Smatter = IN(OgravP@matter)-
The density of states of spacetime at a given event P can be naturally assumed to be a function of the
area associated to that “point” X(P). As detailed in subsection 3.5, such an area is to be understood
as that of the equigeodesic surface constructed around P in the o — 0 limit and is non-vanishing in
the g-metric framework. Given two separate events P and Q, the fact that the degrees of freedom
should be multiplicative for the total system as pgrav(P)0gran(Q) While the areas are additive suggests
a logarithmic relation of the kind In pgqy (P) o< Z4(P). To obtain a dimensionless density of states, this
definition can be refined to consider the o — 0 limit of the area element on the equigeodesic surface

v/ hqu ~1x normalized by its value in flat spacetime W dP~1x as

hq(P, (T) LZ
In pgrao(P) o im —————= = [ — é’Raﬁnanﬁ}, (155)
c—0 h{;lut(P, (T)

where the last equality, valid at leading order, comes from the expansion in powers of Ly of the Van
Vleck determinant. The effective minimum spacetime length Ly can be expressed in terms of the
Planck length as L3 = 3L /47 in order to recover the known Newtonian limit. The overall expression
ends up depending on the vector normal to the equigeodesic surface, here named n, = V40, which
in the previous section entered the disformal term in the g-metric. In the ¢ — 0 limit, this vector
becomes arbitrary, with the sole requirement of having a fixed norm (equal to one in the Euclidean
case and null in Lorentzian spacetime). Such a degree of freedom is a relic of the effective discrete
small scale structure of spacetime, a fluctuating variable governed by some probability distribution
whose average (n*) corresponds to the vector [* of equation (148). In other words, each event P is
associated to both a set of coordinates and an internal degree of freedom: the quantum state of the
(so far unspecified) microscopic structure determines the mean value (n*), which in the continuum
limit acquires a geometrical interpretation as the normal *(x*) to the local Rindler horizon in P. The
thermodynamics of such null membranes then shapes the geometry through the extremization of the
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total entropy of the system, which arises from the degrees of freedom of spacetime and those of the
matter being engulfed. In the continuum limit, the first contribution reads
I pora (¥ ) o L1 B R 18 (156)
grav s o 4 27 «p ’
for each event while the latter can be inferred from the heat density of matter falling through a Rindler

horizon H as
<lnpmutter> e L%JH = L%Talglalﬁ. (157)

Both of these expressions then need to be integrated over the surface of the null membrane.

Padmanabhan also proposes a thermodynamic framework for cosmology, making a step towards
the interpretation of spacetime itself as being emergent, rather than being limited to the dynamics of an
assumed metric. He [124] argues that the expansion of our Universe, seen as the emergence of cosmic
spacetime, can be driven by a difference between its bulk degrees of freedom Nj,,;x and its surface
degrees of freedom N, r. The thermodynamics of spacetime suggests the existence of yet unknown,
microscopic degrees of freedom. Considering a spherical horizon, the Bekenstein formula for entropy
suggests that N, will be proportional to its area, while the law of equipartition hints that Ny, will
be fixed by the energy and temperature as E = (1/2)TNy,jx [125,126]. The time-independent metric
can then be fixed by requiring the holographic equipartition principle Ng,,f = Ny [127]. If our
Universe can be modelled as a spherical bubble of radius equal to the inverse of the Hubble parameter
H, the degrees of freedom of its surface can be written as

4n
N (158)
surf L%HZ
and the degrees of freedom of the bulk as
2|E
Npuie = % (159)

where E is the Komar energy E = (o + 3P)V inside the proper volume V = 47r/3H? and the absolute
value is required to deal with the negative contribution of dark energy. The expansion of the Universe
can then be interpreted as driven by the tendency towards the equilibrium condition Ny, = Ny«

and expressed by a law [127]
awv

= LB(Nowr — Nyui)- (160)
Substituting the expressions for V, Ny, s and Ny, x with the temperature of the Hubble horizon as
T = H/2m gives

(H+H?*) =13 [ — %”(p + 3P)} (161)

which, using (H + H?) = ii/a with a(t) being the scale factor of the FLRW metric, is the familiar
equation for the acceleration of the expansion in the Friedmann model.

5. Conclusions

In this review we have presented the g-metric framework as a phenomenological approach to
implement quantum effects in a semiclassical theory of gravity. The motivation for this construction
stems from noting that many quantum gravity frameworks share a common prediction: the existence
of a minimal spacetime length. Indeed, this feature can be inferred from fairly general grounds. It is
supported by thought experiments on the localization of a body [10], on distance measurement [12]
and on clock synchronization [10]: the main idea is that probes carry a momentum, which results in a
gravitational field that perturbs the system. Taking into account general relativity, not only increasing
the momentum won't result in an improved resolution after a certain threshold, but the concentration
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of energy could cause the formation of a black hole in the probed region [11]. The existence of a limit
length is also implied by the generalized covariant entropy bound. Other thermodynamic bounds
that do not necessarily demand the consideration of gravitational effects (like the Hod’s bound to
relaxation time, the Bekenstein bound to entropy or the Kovtun-Son-Starinet bound to the viscosity
to entropy density ratio) require a relation between the extension of a system and its temperature
to be satisfied and are ultimately protected by the Heisenberg uncertainty principle. Taking gravity
into account instead fixes a minimum extension for the system that is independent from its state [17].
Finally, the existence of a minimal length, generally thought to be of the order of the Planck length,
can also be obtained as an explicit result of specific theories of quantum gravity. In string theory it
arises as the outcome of a generalized uncertainty principle that emerges from the 1-dimensional
nature of strings, in loop quantum gravity it is compatible with the fact that the area operator for
physical systems has a discrete spectrum, in asymptotically safe gravity it is a direct consequence of the
gravitational coupling constant being asymptotically finite and it is at the basis of the non-commutative
geometry construction.

The effects of a minimal length can be implemented in a semiclassical theory that still makes use of
a continuous geometry, but substitutes the metric tensor with a quantum metric-like bitensor g, (x, x")
that has a zero point length L. This construction has the advantage of providing a phenomenological
approach that doesn’t depend on the details of a specific quantum gravity structure and that can
still be constructed on a manifold with the familiar tools of differential geometry. The fact that all
the information on the geometry of a given spacetime is encoded in the squared geodesic distance
allows to trade the degrees of freedom of the metric for those of a non-local object, on which then a
deformation can be imposed that requires it to be non vanishing in the coincidence limit [38,39,42]. The
resulting g-metric is tied to the original one by a disformal transformation, that reduces to a conformal
relation on equigeodesic surfaces [37]. Given the expression of the g-metric for space-like, time-like
and null intervals, its consequences can be explored. Most notably, the existence of a minimum length
results in a minimal area (but not a finite minimal spacetime volume) which avoids the formation
of caustics [59,60]. Another non-trivial result comes for the calculation of the equivalent of the Ricci
scalar in the g-metric framework. The computation can be carried out exploiting the simplified relation
between the g-metric and the original metric on equigeodesic surfaces and then reconstructing the full
g-Ricci biscalar via the Gauss-Codazzi equation [38,61]. Taking the coincidence limit x — x’ followed
by the local limit L — 0 one would expect to recover the usual Ricci scalar as the classical limit of
the g-metric theory. Instead, the resulting expression encodes additional degrees of freedom and is
proportional to the functional for the heat density of horizons.

This result connects the g-metric with the theories of thermodynamic emergent gravity like
those by Jacobson [105], Verlinde [107] and, more specifically, Padmanabhan [117]. The idea at the
core of these theories, inspired by black hole thermodynamics, is viewing null surfaces as one-way
membranes for information, to which an entropy can be assigned. The field equations for gravity then
emerge by extremizing such entropy. This is precisely what happens when writing the Einstein-Hilbert
Lagrangian as the classical limit of g-metric quantities: the minimization of the action, interpreted as a
variational principle for the metric in general relativity, naturally translates to a requirement for the
microscopic degrees of freedom that make up spacetime. The metric is no longer a dynamical variable
and gravity emerges as the collective behaviour of “atoms” of spacetime that evolve to maximize an
entropy. In this viewpoint, gravity is no longer a fundamental force, but rather akin to elasticity: a
non perturbative effect of the underlying small scale structure. This shift in perspective would have
profound implications on the problem of the quantization of gravity. The result of such procedure
would be like phonons for elasticity: pseudo-particles without a physical meaning that wouldn’t shed
light on the structure of spacetime. Furthermore, gravity should be thought as being quantum in
nature as it couldn’t emerge with a strictly continuous background.

Further work in this field is needed towards clarifying the details of the emergence of gravity
and perhaps of the metric itself. In particular, an expression for the momentum-energy tensor in the
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g-metric tensor has not yet been achieved. A natural application for the g-metric is on black holes
horizons, where quantum effects are significant and the thermodynamics well recognized. The work
of one of the authors is currently focused on this topic. An especially interesting result suggests that
the minimal length implies a quantization of the horizon area (as hinted to by the expression of the
Bekenstein entropy), which in turn sets a threshold energy for a particle to be absorbed by the black
hole. The effects of this reflectivity could be captured by gravitational waves, as they would fall within
the frequency range of the currently available interferometers even if the minimal step of the area were
of the order of the Planck length squared [128-134].
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