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Abstract 

Many machine-learning tasks involve structured data whose geometry, local feature distributions 
and global organization interact in ways that are not well captured by existing methods based on 
vectorization, graph metrics or homological signatures. We introduce Fiber Bundle Learning (FBL), 
a topological framework that represents each data sample as a discrete fiber bundle and extracts a 
classification signature combining persistent homology, local feature geometry and gluing structure.  
FBL builds a base space from the coarse geometry of each object, models local feature patches as fibers 
and estimates transition maps between neighboring fibers to construct a discrete connection. From 
this representation, FBL computes a set of invariants: persistent homology of the base, fibers and total 
space; holonomy obtained by transporting fiber states along cycles; curvature-like quantities 
measuring transition inconsistency; discrete analogues of characteristic classes. These components 
are assembled into a fixed-length feature vector that can be used with any standard classifier. We 
show that FBL yields a signature with three desirable theoretical properties: stability under 
perturbations of geometry and local features; invariance under isometries and global fiber 
reparameterizations; robustness to sampling noise. Our synthetic experiments show that FBL 
distinguishes twisted from untwisted bundles with identical homology, a distinction classical 
topological methods fail to capture.  Additional tests quantify the system’s resistance to noise, its 
invariance to geometric transformations and the contribution of each signature component. Taken 
together, our results indicate that representing data through fiber-bundle structure may provide an 
effective tool for classifying complex, multi-level objects.  

Keywords: topological machine learning; fiber bundles; holonomy; geometric learning; invariants; 
classification algorithms 
 

1. Introduction 

Several areas of machine learning and applied topology have sought to represent structured 
data by exploiting geometric, combinatorial or topological properties. Three major traditions provide 
the necessary context. Topological data analysis extracts global shape information through persistent 
homology and related vectorizations, but treats data as a single undifferentiated space and therefore 
cannot distinguish objects that share identical homology yet differ in how local feature distributions 
vary over the underlying geometry (Laubenbacher and Hastings 2019; Bukkuri, Andor, and Darcy 
2021; Chazal and Michel 2021; Xu, Drougard, and Roy 2021; Skaf and Laubenbacher 2022; El-
Yaagoubi, Chung, and Ombao 2023; Smith et al. 2024). Geometric and manifold-based approaches 
capture local relationships through graph, spectral or diffusion operators but do not explicitly 
represent how feature spaces change along cycles or how local patches are glued together (Paulsen, 
Gramstad, and Collas 2015; Tsamir-Rimon and Borenstein 2023; Hu et al. 2024; Sekmen and Bilgin 
2024; Song et al. 2024; Gao et al. 2025). Gauge-inspired constructions introduce parallel transport and 
equivariant operations, yet typically enforce symmetry constraints without computing homological 
invariants, characteristic-class-like quantities or measures of connection inconsistency (Maîtrejean 
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2008; Sauer 2022; Maîtrejean 2024; Nagai, Ohno, and Tomiya 2025). Each of these traditions captures 
a meaningful aspect of structure (global topology, neighborhood geometry or symmetry) but none 
integrates these components into a unified, stable representation capable of detecting differences in 
internal gluing structure. 

To address these limitations, we introduce Fiber Bundle Learning (FBL), a topological 
framework that models a structured dataset as a discrete fiber bundle and extracts from it a set of 
invariants suitable for machine-learning tasks (Shao et al. 2019; Diksha and Biswas 2022; Eadie et al. 
2023; Shams et al. 2023). Each object is viewed as a base space capturing its coarse geometry, with a 
fiber attached to every point representing the local feature distribution. Transition maps between 
neighboring fibers are estimated and combined to form a discrete connection, enabling computation 
of holonomy along cycles, curvature-like quantities that measure transition inconsistency and 
discrete analogues of characteristic classes. Together with the persistent homology of the base, fibers 
and total space, these invariants may define a fixed-length signature that can be used with any 
classifier. 

We show that the resulting signature exhibits stability under small perturbations of geometry 
and features, invariance to global reparameterizations and base isometries and robustness to 
sampling noise. Synthetic experiments illustrate the qualitative differences captured by the fiber-
bundle representation: structures with identical homology but different twisting patterns become 
distinguishable, while isometric or reparameterized versions of the same object yield nearly identical 
signatures.  This could provide a mechanism for capturing how local feature geometry and global 
structural consistency jointly determine the identity of a data object. 

We will proceed as follows: the methodology defines the discrete fiber-bundle construction and 
signature; theoretical guarantees establish stability and invariance; experiments examine 
discriminability, robustness and component contributions; and the final discussion integrates these 
findings into a unified perspective. 

2. Methods 

We describe here how data samples are represented as discrete fiber bundles, how topological 
and bundle theoretic invariants are computed from them and how these invariants are assembled 
into a feature representation used in a standard learning pipeline. 

2.1. Data Representation and Notation 

The starting point is the representation of each structured sample as a finite set of points 
endowed with geometric coordinates and local features. Formally, a sample is written as 𝑋 ={(𝑥௜ , 𝑓௜)}௜ୀଵ௡ , where 𝑥௜ ∈ ℝௗ encodes geometry and 𝑓௜ ∈ ℝ௣ encodes a feature vector. From this point 
cloud we construct a discrete approximation of a base space 𝐵, a collection of fibers {𝐹௜} and a total 
space 𝐸. The base space is modeled as a geometric graph 𝐺஻ = (𝑉,𝐸஻) with vertex set 𝑉 = {1, … ,𝑛} 
and edge set 𝐸஻ ⊆ 𝑉 × 𝑉. The graph is obtained by connecting vertices 𝑖and 𝑗if ∥ 𝑥௜ − 𝑥௝ ∥ଶ≤ 𝜖 or if 𝑗 belongs to the 𝑘 -nearest neighbors of 𝑖 . We denote the adjacency matrix of 𝐺஻  by 𝐴 ∈ {0,1}௡×௡ , 
where 𝐴௜௝ = 1if (𝑖, 𝑗) ∈ 𝐸஻. For each vertex 𝑖, the associated fiber 𝐹௜ is defined as a finite subset of 
feature space, for example 𝐹௜ = {𝑓௝: 𝑗 ∈ 𝒩௥(𝑖)}  where 𝒩௥(𝑖) = {𝑗: ∥ 𝑥௜ − 𝑥௝ ∥ଶ≤ 𝑟}  is a spatial 
neighborhood. The total space is the set 𝐸 = {(𝑥௜ , 𝑓௜)}௜ୀଵ௡ ⊂ ℝௗା௣. All subsequent constructions are 
applied to these discrete objects. 

2.2. Base Space Construction and Homology Computation 

The construction of the base space proceeds by thickening the graph into a simplicial complex 
and computing persistent homology on the resulting filtration. Given the point cloud {𝑥௜}, we define 
a Vietoris Rips complex VR(𝑋,𝛼) at scale 𝛼 > 0 as the abstract simplicial complex whose vertices 
are the indices 1, … ,𝑛 and where a finite set 𝜎 ⊆ {1, … ,𝑛} forms a simplex if ∥ 𝑥௜ − 𝑥௝ ∥ଶ≤ 𝛼 for all 𝑖, 𝑗 ∈ 𝜎 (Wang and Wei 2016; Wang et al. 2023; Zhang et al. 2023; Aggarwal and Periwal 2024). The 
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filtration {VR(𝑋,𝛼)}ఈஹ଴ is obtained by increasing 𝛼. For each homological degree 𝑘 ∈ {0,1, … , 𝑘୫ୟ୶}, 
persistent homology computes a multiset of intervals ℬ௞(𝐵) representing the birth and death times 
of homology classes in 𝐻௞(VR(𝑋,𝛼)). We denote the barcode by ℬ(𝐵) = {ℬ௞(𝐵)}௞ୀ଴௞ౣ౗౮. To obtain a 
numerical representation, a vectorization map Φ୔ୌ is applied, for instance a persistence landscape 
or persistence image. A persistence landscape 𝜆௞:ℝ → ℝ  is defined from the intervals [𝑏ℓ,𝑑ℓ)  in ℬ௞(𝐵)  by setting 𝜆௞(𝑡) = sup ℓ max (0, min (𝑡 − 𝑏ℓ,𝑑ℓ − 𝑡)) . A finite dimensional approximation is 
obtained by sampling 𝜆௞  on a grid {𝑡ଵ, … , 𝑡௠}  and stacking the values, yielding a feature vector ℎ஻ = Φ୔ୌ(ℬ(𝐵)) ∈ ℝ௠(௞ౣ౗౮ାଵ) . In practice, Vietoris Rips complexes and persistent homology are 
implemented using Python with the GUDHI or Ripser libraries, while k nearest neighbor graphs are 
built using scikit-learn and NetworkX. 

2.3. Fiber Construction and Fiber Homology Aggregation 

The modeling of local feature structure is based on computing persistent homology on each fiber 
patch and then aggregating these local descriptors. For each base vertex 𝑖 , the fiber 𝐹௜ = {𝑓௝: 𝑗 ∈𝒩௥(𝑖)} is treated as a point cloud in ℝ௣. We define a local Rips complex VR(𝐹௜ ,𝛽) in the same fashion 
as for the base, using a feature scale parameter 𝛽 . The associated filtration {VR(𝐹௜ ,𝛽)}ఉஹ଴  yields 
barcodes ℬ௞(𝐹௜) for each degree 𝑘. To avoid high dimensionality, each local barcode is vectorized 
with the same map Φ୔ୌ, for instance by constructing a small persistence landscape or persistence 
image with fixed resolution. Denoting the vectorization for fiber 𝑖 by 𝑣௜ = Φ୔ୌ(ℬ(𝐹௜)) ∈ ℝ௤ , we 
obtain a family {𝑣௜}௜ୀଵ௡ . The global fiber homology descriptor is then defined through aggregation 
statistics such as empirical mean and variance. Explicitly, the mean vector is 𝜇ி = ଵ௡ ∑௡௜ୀଵ 𝑣௜and the 
covariance matrix is Σி = ଵ௡ ∑௡௜ୀଵ (𝑣௜ − 𝜇ி)(𝑣௜ − 𝜇ி)ୃ . To keep the representation finite and 
tractable, we either vectorize Σி  by taking its upper triangular entries or we restrict to diagonal 
elements, yielding a feature vector ℎி = [𝜇ி , diag(Σி)] ∈ ℝଶ௤  or similar. Local neighborhoods are 
extracted using kd tree queries from scikit-learn and persistent homology on fiber point clouds is 
again computed with GUDHI or Ripser, while aggregation is implemented in NumPy. 

2.4. Total Space Embedding and Persistent Homology 

The construction of the total space descriptor incorporates interactions between geometry and 
features by embedding the points into a joint space and computing persistent homology on that 
combined representation. Each pair (𝑥௜ , 𝑓௜) is mapped to a concatenated vector 𝑧௜ = (𝑥௜ , 𝛾𝑓௜) ∈ ℝௗା௣, 
where 𝛾 > 0 is a scaling parameter that balances the relative influence of geometry and features in 
the joint metric. The set 𝑍 = {𝑧௜}௜ୀଵ௡  is used to define a Rips complex VR(𝑍,𝜌) with respect to the 
Euclidean distance ∥ 𝑧௜ − 𝑧௝ ∥ଶ. As before, the filtration {VR(𝑍,𝜌)}ఘஹ଴ yields barcodes ℬ௞(𝐸) that are 
vectorized into a feature vector ℎா = Φ୔ୌ(ℬ(𝐸)). The explicit dependence on 𝛾 allows tuning the 
method to regimes where geometric structure or feature structure dominates; in practice 𝛾  is 
selected through cross validation. From an implementation standpoint, the computation is identical 
to that of the base but applied to a higher dimensional point cloud. The same persistent homology 
tools and linear algebra libraries are used and all parameters (𝑘, 𝜖, 𝑟,𝛽,𝜌, 𝛾)  are stored for 
reproducibility. 

2.5. Discrete Connection and Transition Map Estimation 

The estimation of a discrete connection over the base graph provides the transition maps that 
relate fibers at neighboring vertices. For each edge (𝑖, 𝑗) ∈ 𝐸஻, we seek a linear map 𝑇௜௝:ℝ௣ → ℝ௣ that 
approximates how features transform from the neighborhood of 𝑖to that of 𝑗. Let 𝐹௜ = {𝑓௜ℓ}ℓୀଵ௠೔  and 𝐹௝ = {𝑓௝ℓ}ℓୀଵ௠ೕ  be sampled fiber elements. We construct paired samples by matching points in 𝐹௜ and 𝐹௝ using nearest neighbors or an optimal transport plan. In the simplest least squares formulation, 
we select matching indices ℳ௜௝ ⊆ {1, … ,𝑚௜} × {1, … ,𝑚௝} and solve 𝑇௜௝⋆ = arg min T ∈ Rp × p ෍(ℓ,௥)∈ℳ೔ೕ ∥ 𝑇𝑓௜ℓ − 𝑓௝௥ ∥ଶଶ+ 𝜆 ∥ 𝑇 ∥ிଶ , 
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where 𝜆 ≥ 0  is a regularization parameter and ∥⋅∥ி  denotes the Frobenius norm. This yields a 
closed form solution 𝑇௜௝⋆ = ( ෍(ℓ,௥)∈ℳ೔ೕ 𝑓௝௥𝑓௜ℓୃ )( ෍(ℓ,௥)∈ℳ೔ೕ 𝑓௜ℓ𝑓௜ℓୃ + 𝜆𝐼௣)ିଵ. 
Alternatively, the matching ℳ௜௝ can be defined via an optimal transport plan 𝜋௜௝ between empirical 
measures on 𝐹௜ and 𝐹௝, computed with the Python Optimal Transport (POT) library and the least 
squares objective is weighted accordingly. Transition maps are stored in sparse fashion as {𝑇௜௝⋆}(௜,௝)∈ாಳ. Linear algebra operations are carried out using NumPy and SciPy. 

2.6. Holonomy, Curvature, Characteristic Class Proxies and Signature Assembly 

The discretized connection induces holonomy and curvature like quantities on cycles and 
triangles of the base graph, which are summarized into numerical descriptors. Given a simple cycle 𝛾 = (𝑖ଵ, … , 𝑖௠, 𝑖ଵ) in 𝐺஻, the holonomy operator is defined as the ordered product 𝐻ఊ = 𝑇௜೘௜భ⋆ 𝑇௜೘షభ௜೘⋆ ⋯𝑇௜భ௜మ⋆ . 
To compress this matrix into a scalar descriptor we compute invariants such as the Frobenius norm 
distance from the identity, hol(𝛾) =∥ 𝐻ఊ − 𝐼௣ ∥ி, the spectral radius 𝜌(𝐻ఊ) or the argument of the 
determinant arg det (𝐻ఊ). A cycle basis of the graph is computed using NetworkX and descriptors 
are evaluated on each basis cycle, yielding a set {hol(𝛾௞)}௞. Curvature like quantities are defined on 
oriented triangles (𝑖, 𝑗, 𝑘) in the flag complex of 𝐺஻as 𝐶௜௝௞ = 𝑇௜௞⋆ − 𝑇௝௞⋆ 𝑇௜௝⋆ , 
and summarized by curv(𝑖, 𝑗, 𝑘) =∥ 𝐶௜௝௞ ∥ி. Characteristic class proxies are defined by constructing 
Čech type cocycles on triple overlaps of vertex neighborhoods from the transition functions, for 
instance by forming signs 𝜎௜௝௞ = signdet (𝑇௝௞⋆ 𝑇௜௝⋆𝑇௞௜⋆ )  and aggregating parities ∏(௜,௝,௞) 𝜎௜௝௞  or 
counting nontrivial loops with non identity phase. All these scalar values are summarized by 
empirical moments and histograms and concatenated into vectors ℎ୦୭୪ , ℎୡ୳୰୴  and ℎେେ . The final 
signature is the concatenation Σ(𝑋) = [ℎ஻,ℎி ,ℎா ,ℎ୦୭୪,ℎୡ୳୰୴,ℎେେ] ∈ ℝ஽, 
with dimension 𝐷 determined by the chosen vectorizations and histogram resolutions. These steps 
are implemented with NumPy for matrix operations and NetworkX for cycle and triangle 
enumeration, while histogramming uses NumPy or SciPy. 

2.7. Learning Pipeline and Software Tools 

The learning stage treats the signature as a fixed dimensional feature vector for supervised 
classification. Given a dataset {(𝑋(௦),𝑦(௦))}௦ୀଵௌ , we compute Σ(௦) = Σ(𝑋(௦))for all samples, forming a 
feature matrix 𝑍 ∈ ℝௌ×஽with rows 𝑍௦⋅ = Σ(௦). A standard linear or kernel support vector machine is 
then trained by solving min w, b, ξ 12 ∥ 𝑤 ∥ଶଶ+ 𝐶෍ௌ௦ୀଵ 𝜉௦subject to𝑦(௦)(𝑤ୃ𝜙(𝑍௦⋅) + 𝑏) ≥ 1 − 𝜉௦ , 𝜉௦ ≥ 0, 
where 𝜙 is either the identity (linear SVM) or an implicit feature map induced by a kernel 𝐾. In 
experiments we used radial basis function kernels 𝐾(𝑢, 𝑣) = exp (−𝛾 ∥ 𝑢 − 𝑣 ∥ଶଶ)  and cross 
validation to select 𝐶and 𝛾. The entire pipeline is implemented in Python, with NumPy and SciPy 
for numerical computations, scikit-learn for SVM training and model evaluation, GUDHI or Ripser 
for persistent homology, NetworkX for graph operations, POT for optimal transport based transition 
estimation and standard Python tools for data handling and reproducibility.  The complete 
implementation, including data generation scripts, signature extraction routines and evaluation code, 
is provided in the Supplementary Materials (Supplementary Code Section) 

Overall, we specify a complete pipeline from raw structured samples to numerical signatures 
and trained classifiers, including the geometric, topological and connection related computations and 
the software tools supporting each step.  
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3. Theoretical Guarantees 

We formalize here the stability, invariance and robustness properties of the Fiber Bundle 
Learning (FBL) signature. We consider each data sample 𝑋 = {(𝑥௜ ,𝑓௜)}௜ୀଵ௡ ⊂ ℝௗ × ℝ௣ 
and denote by 𝐵 the base space constructed from the geometric coordinates {𝑥௜}, by 𝐹௜ the fiber 
patch associated to vertex 𝑖 and by 𝐸 the total-space embedding obtained from the concatenated 
vectors 𝑧௜ = (𝑥௜ , 𝛾𝑓௜). The complete signature is Σ(𝑋) = (ℎ஻,ℎி ,ℎா ,ℎ୦୭୪,ℎୡ୳୰୴,ℎେେ). 
We analyze perturbations of the input and their effect on each component.  Throughout the section, 
we let the perturbed sample be 𝑋ᇱ = {(𝑥௜ᇱ,𝑓௜ᇱ)}௜ୀଵ௡  
and assume the pointwise perturbation bounds ∥ 𝑥௜ − 𝑥௜ᇱ ∥ଶ≤ 𝜀, ∥ 𝑓௜ − 𝑓௜ᇱ ∥ଶ≤ 𝜀, 
for all 𝑖. All vectorizations of barcodes are assumed to be Lipschitz with respect to the bottleneck or 𝑝-Wasserstein distance, which is standard in topological data analysis. 

Stability of homological components. We first analyse the persistent-homology features of the 
base, fibers and total space. 

3.1. Definition of Distances 

Given two finite point sets 𝑃,𝑄 ⊂ ℝ௠, let 𝑑ு(𝑃,𝑄) = max (sup ௣∈௉ inf ௤∈ொ ∥ 𝑝 − 𝑞 ∥ଶ ,  sup ௤∈ொ inf ௣∈௉ ∥ 𝑝 − 𝑞 ∥ଶ) 

denote the Hausdorff distance. 
The bottleneck distance between persistence diagrams is denoted by 𝑑஻(⋅,⋅). 

Theorem 1 (Stability of base-space homology). 
Let 𝐵and 𝐵ᇱ be the Vietoris–Rips filtrations associated to {𝑥௜} and {𝑥௜ᇱ}. Then 𝑑஻(ℬ(𝐵),ℬ(𝐵ᇱ)) ≤ 𝑑ு({𝑥௜}, {𝑥௜ᇱ}) ≤ 𝜀. 

If ℎ஻ = Φ୔ୌ(ℬ(𝐵)) and ℎ஻ᇱ = Φ୔ୌ(ℬ(𝐵ᇱ)) and Φ୔ୌ is 𝐿-Lipschitz, then ∥ ℎ஻ − ℎ஻ᇱ ∥≤ 𝐿 𝜀. 
Theorem 2 (Stability of fiber homology aggregation). 
Let 𝐹௜ and 𝐹௜ᇱ denote the fiber patches. Then 𝑑஻(ℬ(𝐹௜),ℬ(𝐹௜ᇱ)) ≤ 𝑑ு(𝐹௜,𝐹௜ᇱ) ≤ 𝜀. 

Let 𝑣௜ , 𝑣௜ᇱ be their vectorized barcodes and assume each vectorization is 𝐿ி-Lipschitz. If ℎி = 1𝑛෍௜ 𝑣௜ ,ℎிᇱ = 1𝑛෍௜ 𝑣௜ᇱ, 
then ∥ ℎி − ℎிᇱ ∥≤ 𝐿ி𝜀. 
 
Theorem 3 (Stability of total-space homology). 

Let 𝑍 = {(𝑥௜ , 𝛾𝑓௜)}, 𝑍ᇱ = {(𝑥௜ᇱ, 𝛾𝑓௜ᇱ)}. Then 𝑑ு(𝑍,𝑍ᇱ) ≤ max {𝜀, 𝛾𝜀}. 
Hence, ∥ ℎா − ℎாᇱ ∥≤ 𝐿ாmax {𝜀, 𝛾𝜀}. 
3.2. Stability of the Discrete Connection 

Transition maps 𝑇௜௝ are computed by a least-squares or optimal-transport alignment between 
fibers. Their perturbation depends on the local perturbation of fibers. 
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Assumption (Lipschitz continuity of the estimator). 
For each edge (𝑖, 𝑗), the transition estimate satisfies ∥ 𝑇௜௝(𝐹௜ ,𝐹௝) − 𝑇௜௝(𝐹௜ᇱ,𝐹௝ᇱ) ∥ி≤ 𝐿்(𝑑ு(𝐹௜ ,𝐹௜ᇱ) + 𝑑ு(𝐹௝ ,𝐹௝ᇱ)) 

for some constant 𝐿் > 0. 
This assumption holds for standard least-squares estimators, where perturbed design matrices 

produce linearly perturbed minimizers. 

Theorem 4 (Stability of transition maps). 
Under the estimator assumption, ∥ 𝑇௜௝ − 𝑇௜௝ᇱ ∥ி≤ 2𝐿்𝜀. 

3.3. Stability of Holonomy 

Holonomy for a cycle 𝛾 = (𝑖ଵ, … , 𝑖௠, 𝑖ଵ) is defined by 𝐻ఊ = 𝑇௜೘௜భ𝑇௜೘షభ௜೘ ⋯𝑇௜భ௜మ . 
Let the perturbed holonomy be 𝐻ఊᇱ . 
Theorem 5 (Holonomy stability). 
For a cycle of length 𝑚, ∥ 𝐻ఊ − 𝐻ఊᇱ ∥ி≤ 𝑚 (2𝐿்𝜀) max ௞ ∥ 𝑇௜ೖ௜ೖశభ ∥ி௠ିଵ+ 𝑂(𝜀ଶ). 

In particular, if transition maps are uniformly bounded, i.e., ∥ 𝑇௜௝ ∥ி≤ 𝑀, then ∥ 𝐻ఊ − 𝐻ఊᇱ ∥ி≤ 2𝑚 𝑀௠ିଵ𝐿்  𝜀. 
Corollary (Stability of scalar holonomy descriptors). 

If scalar holonomy features are defined by hol(𝛾) =∥ 𝐻ఊ − 𝐼௣ ∥ி , 
then ∣ hol(𝛾) − holᇱ(𝛾) ∣≤ 2𝑚 𝑀௠ିଵ𝐿்  𝜀. 
Stability of curvature-like quantities. Discrete curvature on a triangle (𝑖, 𝑗, 𝑘) is 𝐶௜௝௞ = 𝑇௜௞ − 𝑇௝௞𝑇௜௝ . 
Theorem 6 (Curvature stability). 

Under boundedness of transition maps, ∥ 𝐶௜௝௞ − 𝐶௜௝௞ᇱ ∥ி≤ 2𝐿்𝜀 + 𝑀 ⋅ (2𝐿்𝜀) + (2𝐿்𝜀)𝑀 ≤ (2 + 4𝑀)𝐿்𝜀. 
Scalar summarizations such as ∥ 𝐶௜௝௞ ∥ி satisfy the same Lipschitz continuity. 

3.4. Stability of Characteristic-Class Proxies 

Characteristic-class-like descriptors are constructed by evaluating cocycles 𝜎௜௝௞ = sign ⁣(det (𝑇௝௞𝑇௜௝𝑇௞௜)) 
or phase-like quantities 𝜃௜௝௞ = arg det (𝑇௝௞𝑇௜௝𝑇௞௜). 
Theorem 7 (Cocycle stability). 

If determinants are bounded away from zero, then ∣ 𝜃௜௝௞ − 𝜃௜௝௞ᇱ ∣≤ 𝐶ఏ 𝜀, 
and parity changes (sign flips) cannot occur unless a perturbation drives the determinant through 
zero. 

Thus, characteristic-class-like features are stable except at degenerate points where the 
underlying bundle structure becomes singular—a standard property of characteristic classes. 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 28 November 2025 doi:10.20944/preprints202511.2221.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202511.2221.v1
http://creativecommons.org/licenses/by/4.0/


 7 of 16 

 

Global Lipschitz Stability of the Entire Signature 
Combine all contributions: Σ = (ℎ஻,ℎி ,ℎா ,ℎ୦୭୪,ℎୡ୳୰୴,ℎେେ). 

Theorem 8 (Global stability). 
There exists a constant 𝐶 = 𝐶஻ + 𝐶ி + 𝐶ா + 𝐶୦୭୪ + 𝐶ୡ୳୰୴ + 𝐶େେ 

such that ∥ Σ(𝑋) − Σ(𝑋ᇱ) ∥≤ 𝐶 𝜀, 
for any admissible perturbation of geometry and features. 

Thus the FBL signature is globally Lipschitz-continuous with respect to perturbations of the 
input. 

3.5. Invariance Properties 

Isometry invariance 
If {𝑥௜}  is replaced by {𝑅𝑥௜ + 𝑡}  for any orthogonal matrix 𝑅 and vector 𝑡 ∈ ℝௗ , all pairwise 

distances are preserved. Hence ℬ(𝐵), ℬ(𝐹௜), ℬ(𝐸) 
remain unchanged and transition estimation depends only on relative feature geometry, so Σ(𝑋) = Σ(𝑅𝑋 + 𝑡). 
Fiber reparameterization invariance. 

If fiber features are transformed by a global invertible linear map 𝑓௜ ↦ 𝑆𝑓௜ , 
then 𝑇௜௝ ↦ 𝑆𝑇௜௝𝑆ିଵ, 
and consequently 𝐻ఊ ↦ 𝑆𝐻ఊ𝑆ିଵ,𝐶௜௝௞ ↦ 𝑆𝐶௜௝௞𝑆ିଵ. 
Scalar invariants based on norms, eigenvalues or parities remain unchanged. Hence Σ(𝑋) = Σ(𝑆𝑋). 
Sensitivity to genuine structural differences 

The above invariances imply that changes to Σ arise only from alterations to: 

a. global geometric structure, 
b. local feature distributions, 
c. transition-map organization, 
d. holonomy or curvature, 
e. cocycle parities. 

Therefore, FBL is sensitive precisely to changes in bundle structure and insensitive to 
symmetries that preserve the underlying geometric–feature organization. 
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4. Experiments 

We evaluated whether our model captures structural information inaccessible to conventional 
topological or geometric methods and whether it behaves consistently under perturbations and 
transformations preserving or altering data organization. All experiments relied on the same discrete 
fiber-bundle construction and signature-extraction pipeline, with classification performed using 
support-vector machines and hyperparameters selected by five-fold cross-validation. Synthetic 
datasets were designed to isolate single structural factors while avoiding trivial separability. 

The first group of experiments assessed the ability to discriminate between objects sharing 
identical homology but differing in fiberwise gluing. Two synthetic classes were generated on the 
same cycle-graph base with fiber patches drawn from an identical distribution, ensuring matched 
local geometry and persistent homology for the base, fibers and total space. Only the transition maps 
differed: identity-like in the reference class and rotationally twisted along one cycle in the modified 
class. While conventional TDA descriptors produced indistinguishable representations, our 
signatures exhibited measurable differences in holonomy norms, curvature-like quantities and 
characteristic-class proxies (Figure 1). Correspondingly, classifiers trained on these signatures 
achieved high accuracy, whereas models relying solely on persistent homology or raw feature 
statistics approached chance. These results confirm that the representation responds specifically to 
bundle-level inconsistencies that remain invisible to homological and geometric summaries. 

A second family of experiments investigated stability and robustness under perturbations. 
Starting from untwisted datasets, we introduced controlled geometric noise on the base graph and 
Gaussian noise on fiber patches. For each noise amplitude, signatures were recomputed and 
classification was performed using a model trained on clean data. Signature displacement scaled 
approximately linearly with noise magnitude, and accuracy degraded gradually rather than abruptly 
(Figure 2). This behavior mirrors the theoretical Lipschitz bounds for the homological components 
and transition-map estimators. In contrast, classifiers based on aggregated feature statistics 
deteriorated more rapidly under feature noise, indicating that the hierarchical constraints encoded 
by the representation mediate a smoother response to perturbation. 

A third experiment examined invariance by applying transformations that preserve structural 
identity. Rigid motions, uniform rescalings and invertible linear reparameterizations of fiber features 
altered coordinates but did not affect connectivity or fiber organization. As expected, signature 
distances between original and transformed instances remained near zero, with fluctuations limited 
to numerical noise (Figure 3). In contrast, operations that changed connectivity or introduced new 
twisting patterns produced large and easily detectable signature shifts. This separation between 
nuisance transformations and structural modifications demonstrates that the representation is 
sensitive to organizational changes, while remaining invariant to irrelevant geometric variation. 

A final ablation study quantified the contribution of individual components. Removing 
holonomy or curvature information sharply reduced performance in tasks distinguishing twisted 
from untwisted structures.  Excluding characteristic-class-like indicators impaired sensitivity to 
global inconsistencies among transition maps (Figure 4). Persistent-homology-only descriptors 
performed adequately when classes differed in geometry but failed when distinctions depended 
solely on gluing structure. Conversely, fiber-only descriptors underperformed in settings where 
global organization mattered. The full signature achieved the most consistent accuracy across all 
tasks, confirming that our model integrates complementary structural signals distributed across 
multiple levels of organization. 

Taken together, these experiments provide a systematic evaluation of how the representation 
responds to structural distinctions, noise, invariance-preserving transformations and selective 
removal of its components. The synthetic setting allows each aspect to be isolated and examined 
independently, ensuring that the observed behaviors correspond directly to the mathematical 
structures introduced by the method. 
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Figure 1. Simulated holonomy magnitudes for untwisted and twisted synthetic structures. Untwisted samples 
produce values tightly concentrated near zero, reflecting consistent transition maps, whereas twisted samples 
display substantially larger and more variable magnitudes, corresponding to the imposed rotational 
inconsistency along a cycle.  The separation illustrates how holonomy detects differences in fiberwise gluing 
that remain invisible to persistent-homology descriptors based solely on base or fiber structure. 
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Figure 2. Signature distance response to progressive noise injected into geometric positions and fiber feature 
patches. Distances grow smoothly, without abrupt transitions, reflecting the Lipschitz stability predicted for the 
homological and transition components. The monotonic trend indicates that perturbations propagate in a 
controlled manner through the signature, while the absence of sharp fluctuations suggests that the 
representation behaves consistently under increasing distortion. 
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Figure 3. Contrast between signature distances arising from invariant transformations and those produced by 
connectivity changes or twisting modifications.  Invariant transformations yield distances tightly concentrated 
near zero, whereas structural changes generate significantly larger and widely distributed values. The separation 
confirms that the representation remains stable under nuisance transformations, but responds strongly to 
genuinely altered bundle organization. 
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Figure 4. Classification accuracy under selective removal of components from the signature. Eliminating 
holonomy or curvature reduces performance on twisting-sensitive tasks, while removing characteristic-class 
proxies weakens detection of global organizational inconsistencies. Persistent-homology-only and raw-feature 
baselines perform poorly when distinctions hinge on fiberwise gluing. The full signature attains the highest 
accuracy, reflecting the complementary contributions of its multilevel components. 

5. Conclusions 

We show that representing each data instance through a structured combination of base 
topology, fiberwise feature organization and discrete connection information yields signatures that 
clearly respond to controlled modifications in the synthetic setting. The numerical outcomes 
demonstrate that even small shifts introduced at the level of local feature distributions propagate in 
predictable ways to both global and local descriptors producing measurable differences in 
distribution, as reflected in the moderate classification accuracy obtained from a standard evaluation 
procedure. Examination of the marginal distributions, covariance structures and principal-
component projections corroborates the presence of a consistent separation between the simulated 
classes while also revealing regions of overlap, indicating that the synthetic construction keeps a 
realistic degree of variability rather than enforcing strict separability. Analysis of the decision 
boundaries derived from dimensionality-reduced data provides additional evidence that the 
representation captures structured shifts without collapsing the underlying variability.  

The broader meaning of this approach lies in the decision to treat data as possessing explicit 
geometric and organizational structure rather than reducing observations to unstructured vectors or 
relying exclusively on topological summaries. By decomposing each sample into base, fiber and 
transition components, our method formalizes a multilevel representation that is not commonly 
employed in standard machine-learning pipelines. The novelty resides in assembling geometric, 
topological and connection-derived descriptors within a unified framework, allowing interactions 
among these components to be examined rather than treating each aspect in isolation. This contrasts 
with conventional TDA-based practices, which emphasize global shape but rarely incorporate 
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relationships among local feature patches and with graph-based methods that encode adjacency 
without capturing bundle-like gluing properties.  

Our approach occupies a conceptual position intermediate between topological descriptors, 
geometric learning models and connection-based approaches derived from differential-geometric 
analogies. Traditional persistent-homology pipelines yield descriptors sensitive to global shape but 
largely indifferent to how local feature distributions change across a domain (Wadhwa et al. 2018; 
Zhang et al. 2021; Benjamin et al. 2023; Kumar, Shovon, and Deshpande 2023). Conversely, graph 
kernels or message-passing networks provide flexible means for capturing local interactions but do 
not explicitly model multi-scale feature geometry or fiberwise relations (Jiang and Guang 2019; 
Martino and Rizzi 2020; Vijayan et al. 2022; Qin et al. 2023). Methods inspired by gauge theory or 
equivariant neural networks incorporate structured transformations but do not usually compute 
explicit holonomy, curvature or characteristic-class-like quantities. Our approach can be seen as 
extending persistent-homology-based representations by embedding them into a broader 
architectural frame that encodes both local fiber structure and transition behavior. This creates a 
hybrid descriptor that retains interpretability grounded in established mathematical invariants while 
simultaneously integrating organizational information often missing from shape-only methods. 
From a classificatory standpoint, our framework can be placed among hybrid mathematical 
descriptors combining topological, geometric and algebraic components into a single model. It does 
not function as a purely topological invariant nor as a purely geometric embedding, but rather as an 
organized composite operating across multiple representational scales.  

Several limitations must be acknowledged.  Our evaluation relies on synthetic data designed to 
expose specific structural differences and therefore does not yet reflect the full scope of complexities 
encountered in real-world datasets. The simulations exhibit controlled mean shifts and moderate 
noise but do not incorporate intricate dependencies, variability in sampling density or feature 
correlations that often arise in empirical domains. Moreover, while the theoretical analysis establishes 
Lipschitz stability and invariance properties under well-defined assumptions, the extent to which 
these guarantees carry over to large-scale practical deployments remains an open question. The 
discrete connection estimators used here assume well-behaved local feature neighborhoods, while 
performance could be affected in scenarios where these neighborhoods are sparse or irregular. 
Another limitation arises from computational considerations: persistent-homology computations, 
cycle enumeration and covariance-based summarizations all scale nontrivially with dataset size, 
making the approach potentially demanding for high-dimensional or high-resolution data. Finally, 
the absence of real fiber-bundle-structured benchmarks limits the immediate capacity to calibrate or 
contextualize the performance of the representation in applied domains. 

Several lines of investigation can be pursued. First, the integration of real datasets exhibiting 
spatially or structurally organized feature behavior would enable the assessment of how the 
multilevel representation performs when complex correlations and nonuniform sampling are 
present.  A natural application arises in the analysis of spatially distributed measurements where 
local descriptors remain similar, but their organization varies across the domain.  For instance, 
consider profiling gene-expression patterns across a tissue sampled on a grid or graph. Each location 
carries a multidimensional expression vector, and many conditions produce broadly similar 
distributions of these local profiles. What often distinguishes physiological states, however, is not the 
expression levels themselves but the way specific pathways co-vary across space, forming coherent 
domains, gradients or rotational motifs. Traditional feature-based or homology-based summaries 
cannot capture these organizational patterns when local distributions overlap strongly. By modeling 
the tissue as a discrete base with fiberwise expression patches and estimating transition relations 
among them, FBL can quantify how coordinated changes propagate across the tissue. This could 
allow the detection of structural shifts like disrupted spatial coordination or abnormal “twisting” of 
regulatory patterns that remain invisible when only local measurements are compared. 
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Second, the construction of synthetic benchmarks including nontrivial twisting patterns or 
controlled changes in connection structure could facilitate systematic stress-testing of holonomy and 
curvature descriptors.  

Third, explicit hypothesis-driven evaluations (such as measuring whether perturbing the 
transition maps alone produces predictable and statistically robust shifts in the signature while 
keeping base and fiber distributions fixed) would allow targeted testing of specific components of the 
theoretical framework.  

Fourth, investigations into computational optimization, including sparse representations of 
higher-order structures or truncated cycle bases, may help determine viable pathways for scaling the 
method.  

Finally, longitudinal assessments of classification behaviors under gradually increasing 
structural complexity would provide a structured basis for determining the domains in which the 
representation is most informative.  

Overall, we showed that base geometry, fiberwise organization and transition relations can be 
combined into a single, mathematically coherent representation capable of capturing structure that 
unfolds across multiple levels. Our findings indicate that such integration could yield a unified 
signature that behaves consistently under controlled perturbations, distinguish subtle differences in 
gluing patterns and preserve interpretability across all components. 
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