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Article

On Quantum Gravity of Space-Time with Horizon
Alexander Shalyt-Margolin

Research Institute for Nuclear Problems,Belarusian State University, 11 Bobruiskaya str., Minsk 220040, Belarus;
a.shalyt@mail.ru or alexm@hep.by

Abstract

In the present work the high-energy deformation at Planck’s scale for space-time with horizon is
suggested on condition that the Generalized Uncertainty Principle is fulfilled. The deformation is
understood as an extension of a particular theory by inclusion of one or several additional parameters in
such a way that the initial theory appears in the limiting transition. In the beginning, this deformation
is considered for black holes with Schwarzschild’s metric. Then the obtained results are generalized
for the De Sitter space and black holes with Schwarzschild-De Sitter Metrics. In the concluding section,
the problems for further studies are put forward and the applications of the results are shown.

Keywords: generalized uncertainty principle; spacetimes with horizons; quantum gravity

PACS: 11.10.-z, 11.15.Ha, 12.38.Bx

1. Introduction
The quantum gravity problem still remains basic in fundamental physics, despite the availability

of such powerful approaches to its solution as superstring theory [1,2], loop quantum gravity [3],causal
dynamical triangulations [4] and some others. Very important for this problem is quantization
of the particular definite classical metric (or geometry) ds2 understood as finding of its high-energy
deformation ds2

q (valid at Planck’s scale) that on going to low energies represents ds2 to a high accuracy:

ds2
q

low energies−−−−−−→ ds2. (1)

In this work the author suggests an approach to obtain such a deformation, referred to as q-
deformation, for horizon spaces, specifically for Schwarzschild’s black holes, De Sitter space and black
holes with the De Sitter-Schwarzschild metric, on condition that the Generalized Uncertainty Principle
(GUP) [5]–[8]is fulfilled. The work is based on the results in [8]. It is demonstrated that, with the use of
these results interpreted differently in [9],one can construct a deformation of the Schwarzschild metric
at Planck’s scale and study its properties. Next, the obtained results are generalized for the De Sitter
space and black holes with Schwarzschild-De Sitter Metrics.

2. Preliminary Information
2.1. The Schwarzschild Metric and GUP

First, let us consider the metric of an arbitrary static, spherically symmetric space-time (formulae
(6.1.5) in [10])

ds2
sym = − f (r)dt2 + h(r)dr2 + r2(dθ2 + sin2 θdϕ2), (2)

and the adequate general solution of the vacuum Einstein equation – Schwarzschild’s black hole (BH)
with the metric [10,11]

ds2
M = −

(
1 − 2MG

c2r

)
c2dt2 +

(
1 − 2MG

c2r

)−1
dr2 + r2(dθ2 + sin2 θdϕ2), (3)
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where dθ2 + sin2 θdϕ2 = dΩ2 and M is a black hole mass.
For c = 1, the Schwarzschild radius is as follows:

rM = 2MG/c2 = 2MG. (4)

Then (3) has the form

ds2
M = −

(
1 − 2MG

r

)
dt2 +

(
1 − 2MG

r

)−1
dr2 + r2(dθ2 + sin2 θdϕ2), (5)

Specifically, for the energies on the order of Plank energies (quantum gravity scales) E ≃ Ep, the
Heisenberg Uncertainty Principle [12]

(δX)(δP) ≥ h̄
2

, (6)

may be replaced by the Generalized Uncertainty Principle (GUP) [8]

[X, P] = ih̄ exp

(
α2l2

p

h̄2 p2

)
, (δX)(δP) ≥ h̄

2

〈
exp

(
α2l2

p

h̄2 p2

)〉
. (7)

Then for saturate (GUP*), (δP)2 =
〈

P2〉− ⟨P⟩2 and in virtue of formula (8) in [8]

(δX)(δP) =
h̄
2

exp

(
α2L2

Pl

h̄2

(
(δP)2 + ⟨P⟩2

))
. (8)

It is further assumed that the holds true (GUP*) i.e., (8). Then there is a Planck Schwarzschild black
(further referred to as ”minimal”) with the minimal mass M0 and the minimal radius rmin (formula
(20) in [8]) that is a theoretical minimal length rmin = rM0

.
= r0:

r0 = lmin = (δX)0 =

√
e
2

αlp
.
= ℓ, M0 =

α
√

e
2
√

2
mp, (9)

where α - model-dependent parameters on the order of 1, e - base of natural logarithms, and r0 ∝
lp, M0 ∝ mp.
For a black hole of the mass M, the formula giving temperature TM = 1/(8πGM), with regard to the
quantum-gravitational corrections within the scope of (GUP),(GUP*), takes the form [8]

TM,q =
1

8πMG
exp

(
−1

2
W

(
−1

e

(
M0

M

)2
))

=

=
1

8πMG

(
1 +

1
2e

(
M0

M

)2
+

5
8e2

(
M0

M

)4
+

49
48e3

(
M0

M

)6
+ . . .

)
. (10)

Here
a)the Lambert W-function W(u) satisfying the equation (formulae (1.5) in [13] and (9) in [8])

W(u)eW(u) = u. (11)

W(u) is the multifunction for complex variable u = x + yi. However, for real u = x,−1/e ≤ u <

0,W(u) is the single-valued continuous function having two branches denoted by W0(u) and W−1(u) ,
and for real u = x, u ≥ 0 there is only one branch W0(u) [13].
a) From (11) obviously:
W(0) = 0; if (u ≈ 0) 7→ W(0) ≈ 0, eW(u) ≈ 1
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(u > 0) ≡ W(u) > 0; (u < 0) ≡ W(u) < 0.

b)For large (classical BH) M, rM = ℵr0,ℵ ≫ 1, exp
(

1
2 W
(
− 1

e αrM

))
≈ 1

For small (Planck BH or quantum BH) M, rM = ℘r0,℘ ∝ 1,
exp

(
1
2 W
(
− 1

e αrM

))
< 1

c)We have the following expression (formula (25) in [8]):

exp

(
−1

2
W

(
−1

e

(
M0

M

)2
))

= exp

(
−1

2
W

(
−1

e

(
r0

rM

)2
))

=

exp
(
−1

2
W
(
−1

e
αrM

))
=

(
1 +

1
2e

αrM +
5

8e2 α2
rM

+
49

48e3 α3
rM

+ . . .
)

(12)

As noted in [9], (10) may be interpreted in the following way:

TM,q =
1

8πMqG
(13)

where Mq, rMq BH mass M and its event horizon radius rM taking into account quantum-gravity
corrections

Mq = M exp
(

1
2

W
(
−1

e
αrM

))
;

rMq = 2MqG = rM exp
(

1
2

W
(
−1

e
αrM

))
, (14)

where [14,15]

αrM
.
=

l2
min
r2

M
=

M2
0

M2 ==
r2

0
r2

M
. (15)

The quantities Mq, rMq are called the ”quantum deformations” (or q-deformation) of mass and radius
M, rM.

3. The q-Deformed Schwarzschild Metric
3.1 Returning to the Schwarzschild metric (3),(5), due to the formula (14), we introduce its

(q-deformation) ds2
Mq

:

r 7→ rq = r exp
(

1
2

W
(
−1

e
αr

))
≥ r0

ds2
M 7→ ds2

Mq
= −

(
1 −

rMq

rq

)
dt2 +

(
1 −

rMq

rq

)−1
dr2

q + r2
qdΩ2, (16)

where r is the radial coordinate in formula (5) and αr = r2
0/r2.

It is clear that ds2
Mq

is also the Schwarzschild metric with the radial coordinate rq and the Schwarzschild
radius rMq . On the condition (low-energy domain)

r ≥ rM > rMq ≫ r0, (17)

because of point b) in Section 2, we have

rq ≈ r, rMq ≈ rM. (18)
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In this case ds2
Mq

is coincident with ds2
M (3) to a high accuracy. But we are interested in their high-energy

domain too:

r ≥ rMq
∼= r0, (19)

where fomula (18) is invalid.
Remark 3.1
3.1.1 The black holes meeting the condition (19) are called the quantum black holes (qbhs) in accordance
with the terminology in [16]–[18] .
3.1.2 Note that, since we have exp

(
1
2 W
(
− 1

e αr

))
< 1, by virtue of the first line of (16) r > rq, rM > rMq .

For the metric in (16) we can easily find the q-deformed Christoffel symbols

Γσ
µλ,q =

1
2

gνσ
q (

∂gµν,q

∂xλ
+

∂gλν,q

∂xµ −
∂gµλ,q

∂xν
), (20)

where gβγ,q, gβγ
q are the metric’s components ds2

Mq
(16).

In particular, nonzero components of the Christoffel symbols q-deformedin Schwarzschild’s Metric
ds2

Mq
(16) (for G = 1)are of the form:

Γr
tt,q =

rMq(rq − rMq)

2rq
, Γr

rr,q = −
rMq

2rq(rq − rMq)
, Γr

θθ,q = −(rq − rMq);

Γr
ϕϕ,q = −(rq − rMq) sin2 θ, Γt

rt,q =
rMq

2rq(rq − rMq)
, Γθ

rθ,q = r−1
q ;

Γθ
ϕϕ,q = − sin θ cos θ, Γϕ

rϕ,q = r−1
q , Γϕ

θϕ,q =
cos θ

sin θ
. (21)

From the last formula we can derive the q-deformed Riemann tensor

Rµ
ναβ,q ≡ ∂αΓµ

νβ,q − ∂βΓµ
να,q + Γµ

γα,q Γγ
νβ,q − Γµ

γβ,q Γγ
να,q; (22)

the q-deformed Ricci tensor:
Rµν,q ≡ Rα

µαν,q;

and the q-deformed Ricci scalar:
Rq ≡ Rµν,q gµν,q.

For these quantities we can have in the explicit form the q-deformation of Einstein equations in the
q-deformed Schwarzschild Metric(16)in the vacuum:

Rµν,q −
1
2

Rq gµν,q = 0. (23)

It is obvious that, on the condition (17) (and hence (refCond-Exter1)), the last equation agrees with
Einstein equations for the Schwarzschild Metric (3),(5) in the vacuum to a high accuracy

Rµν −
1
2

R gµν = 0. (24)

Remark 3.2
3.2.1 As noted in ([9] Remark 2.3), knowing the expansion exp

(
− 1

2 W
(
− 1

e αr

))
in terms of the small

parameter αr, in formula (12) one can, by the method of undetermined Coefficients, easily obtain the
small-parameter expansion of the inverse number exp

(
1
2 W
(
− 1

e αr

))
, and also of all the integer powers
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for this exponent. Specifically, with formula (12)we can verify that in this case in exp
(

1
2 W
(
− 1

e αr

))
the factor of αr is −1/(2e) and of α2

r it is, respectively, −3/(8e2), and so on.
3.2.2 It is clear, that, when the condition (17)is valid, the value of rq is, to a high accuracy, equal to
the leading term of its series expansion in terms of the small parameter αr that is equal to r. Because
of this, we can use the approximation rq ≈ r. However, this is not the case for the condition (19). r
becomes small but contributions made by the expansion terms in rq according to αr, containing αn

r for
the integer n ≥ 1, are growing. There is no approximation rq ≈ r in this pattern. To calculate rq, in a
series expansion in terms of αr we should use the terms involving αn

r , n ≥ 1 integer.
Remark 3.2 remains valid on the substitution r → rM.
Using the substitution r 7→ rq = r exp

(
1
2 W
(
− 1

e αr

))
from (16), we can derive a q-deformation for the

metric of an arbitrary static, spherically symmetric space-time ds2
sym in formulae (2) in a similar way:

ds2
sym,q = − f (rq)dt2 + h(rq)dr2

q + r2
q(dθ2 + sin2 θdϕ2). (25)

On the validity of (17),(18), to a high accuracy, we have

ds2
sym,q = ds2

sym. (26)

As follows from formulae (7)–(9), in the metric (16) there is no central singularity r = 0 as it ”closed”by
a minimal sphere with the radius r0 = lmin = ℓ from (9). Consequently, the Kretschmann scalar
(formula (31.7) in [19]) for the metric (16), as distinct from the metric (5), has a finite maximum Kmax

Mq
:

KMq = Rabcd,qRabcd,q =
48GM2

q

r6
q

=
24r2

Mq

r6
q

,

lim
rq→r0

KMq = lim
rq→r0

24r2
Mq

r6
q

=
24r2

Mq

r6
0

.
= Kmax

Mq
. (27)

In this q-deformed pattern let us briefly recall the formulae required for the interior solution in
the case of a Schwarzschild black hole with the metric (3), taking due regard for the substitutions
rM → rMq , r → rq from formula (16).
Then, within this black hole, the matter energy-momentum tensor takes the form corresponding to the
perfect fluid

Tab,q = ρqua,qub,q + Pq(gab,q + ua,qub,q), (28)

where ρq and Pq are the density and the pressure, respectively. Note that in the suggested pattern the
four-velocity ua [10] is also q-deformed. Indeed, as in the classical consideration we use formula (6.2.2)
from [10]

ua = f (r)1/2(dt)a, (29)

in this case we have the following substitution:

ua → ua
q = f (rq)

1/2(dt)a, (30)

where f (r) is the function from (2), f (rq) is a q-deformation of f (r) from (25). Similar to the classical
case, it is assumed that the index of the four-velocity is rising up and falling down by means of the
metric gab,q, (gab

q ) and the following condition is met:

gab,qua
qub

q = gabuaub = 1 (31)
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Normalization is used here G = h̄ = c = 1 as in [10].
For the appropriate Tµν (formulae (6.2.3) and (6.2.4) in [10]) we have the q-deformed analogue Tµν,q:

8πT00,q = 8πρq = G00,q = R00,q +
1
2
(R0

0,q + R1
1,q + R2

2,q + R3
3,q) =

= (rqh(rq)
2)−1h(rq)

′ + r−2
q (1 − h(rq)

−1);

8πT11,q = 8πPq = G11,q = R11,q −
1
2
(R0

0,q + R1
1,q + R2

2,q + R3
3,q) =

= (rq f (rq)h(rq))
−1 f (rq)

′ − r−2
q (1 − h(rq)

−1). (32)

In (32) a component of the energy-momentum tensor 8πT22,q = G22,q is not written as it is also equal
to 8πPq, the prime means a derivative with respect to rq, though in the case that (17),(18)are valid, we
should have Tµν,q = Tµν to a high accuracy.
Thus, in the general case we can write a q-deformation of Einstein equations for the q-deformed
Schwarzschild Metric (formula (16))

Gµν,q ≡ Rµν,q −
1
2

Rq gµν,q = 8πTµν,q, (33)

where equation (23) is valid for the vacuum solution. With formulae (17),((18)),the equations in (33)
are, to a high accuracy, coincident with the canonical Einstein equations

Gµν ≡ Rµν −
1
2

R gµν = 8πTµν. (34)

As it has been noted above, in this case the vacuum solution involves the limiting transition from (23)
in (24).
It should be noted that for the condition (19)this is not the case. As in the pattern of (19) the considera-
tion is given to the Planckian scales and energies only, for this pattern there are no equations (34). It is
associated with the q-deformed Einstein equations (33),which, in going to the low-energy limit (17),
result in (34).
It is important that, due to the condition (19) and Remark 3.2.2, the left and right sides of (33) are
power series expanded in terms of the small parameter αr, the terms which contain αn

r , n ≥ 1, integer
playing a significant role.
Now consider a massive Schwarzschild black hole of the mass M, with the large event horizon radius
rM > rMq ≫ r0.In this case, for the interior of this black hole, (17) is replaced by the condition

rM > rMq ≥ rq ≥ r0, rMq ≫ r0. (35)

As follows from the last formula, in this case we should consider only the q-deformed analogs of the
corresponding formulae in [10]with replacement of r = 0 by rq = r0. Then the following formulae
represent the q-deformed analog of formulae (6.2.6)–(6.2.8) from [10]:

1
r2

q

d
drq

[rq(1 − h(rq)
−1)] = 8πρq (36)

h(rq) = [1 −
2m(rq)

rq
]−1 (37)

and
m(rq) = 4π

∫ rq

r0

ρ(r′q)r
′2
q dr′q + aq, (38)
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where aq is a constant.
In the classical pattern the corresponding formula for m(r) ((6.2.8) in [10])is of the form

m(r) = 4π
∫ r

0
ρ(r′)r

′2dr′ + a, (39)

where a is a constant.
According to the classical consideration, the constant a in (39) is chosen to comply with the requirement
for smoothness of the metric at r = 0 on the space-like hypersurface Σ orthogonal to the time-like
Killing vector field ξa (p.126 in [10]). From where it follows that, as r → 0, ”the area of spheres
approaches 4π times the square of their proper radius (p.126 in [10])”. Then we have a = 0. At the
same time, in the classical pattern the space-time geometry is independent of the scales under study
(i.e., of the energies) [10]. But by our approach, according to GUP,GUP* (7)–(9), this is not the case and
the Planck-scales physics, and hence the spatial geometry at these scales, differs from the classical one
and is yet unknown. In our consideration the condition r → 0 is replaced by the condition rq → r0,
whereas the condition ”the area of spheres approaches 4π times the square of their proper radius ” in
the limit rq → r0 gives the area of a minimal sphere with the radius r0 from (9):

Amin = 4πr2
0. (40)

It is clear that the constants a and aq have the dimensions of mass. a = 0 - mass of the As in In the case
under study we have rq → r0, then aq = M0. The equation (39) in this case takes the form

m(rq) = 4π
∫ rq

r0

ρ(r′q)r
′2
q dr′q + M0

.
= m̃(rq) + M0. (41)

This is quite natural because in
3.a formula (9) cuts out a minimal sphere with the radius r0, whose mass is not included by the first
term in the left side (41) and which is added into the second term in the right side of this equation.

3.b It is obvious that formula (41) presents a q-deformation of (39), as in the absence of a nonzero
minimal length we have

r0 → 0, rq → r, M0 → 0, m̃(rq) → m(rq). (42)

Then (41) and (39) are equivalent.
In a similar way we can obtain a q-deformation for other formulae in [10],in particular a q-deformed
expression for the total proper mass:

Mprop,q = 4π
∫ rMq

r0

ρ(rq)r2
q [1 −

2m(rq)

rq
]−1/2drq + M0. (43)

In the limiting transition r0 → 0 we can obtain

lim
r0→0

Mprop,q = 4π
∫ rM

0
ρ(r)r2[1 − 2m(r)

r
]−1/2dr = Mprop, (44)

in line with the corresponding formula for the total proper mass in the classical pattern (formula (6.2.11)
in [10]). Using the notation of [10], we have Mprop

.
= Mp, rM

.
= R.

In this way the above formulae are applicable to large (high-mass) black holes (rM ≈ rMq ≫ r0),
that is the calculations in ([10],Section 6) may be applied for such black holes with the substitution
r → rq, rM → rMq and (r = 0) 7→ (r = r0). In the limiting transition (42) we can derive the initial
formulae of of Section 6 in [10].
Thus, the calculations of this section may be applied to massive black holes with the masses
M ≫ M0.Such black holes may be formed according to the following two scenarios:
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3.a.1 when massive stars collapse at the end of their life cycle [11];

3.b.1 as primordial black holes in the Early Universe due to the gravitational collapse of the high-
density matter [20]–[26].
The quantum black holes (qbhs) Remark 3.1.1 May be formed as a result of the following three different
scenarios:

3.a.2 as primordial black holes similarly to point 3.b.1 in the Early Universe but only at the earli-
est stages. In [9] the author has studied the effect from inclusion of qgcs for such black holes generated
during the pre-inflationary era, elucidating how this inclusion may result in shifting of the inflation
parameters and the parameters of cosmological perturbations.

3.b.2 If GUP,GUP* (7)–(9)are valid, qbh are formed as Planck remnants of Hawking evaporation
for massive black holes [8,27,28]. As demonstrated in [28], in this case evaporation of a black hole is
suppressed close to the Planck scale, the hole tends to some finite nonzero limit (Planck remnant with
the mass m̃) through the absorption of quanta facilitating a balance of the black hole in a thermal bath.

3.c.2 Besides, in [29,30] it has been shown that qbhs may be formed due to the process of quan-
tum gravitational tunneling from a hot flat space.
But for qbhs (3.a.2–3.c.2) we can apply only the Formulas (16)–(23) associated with the vacuum solu-
tion, whereas they are inapplicable for the black hole interior because the space geometry at Planck’s
scale is unknown.

4. Remarks on De Sitter Space and the Schwarzschild-De Sitter Metrics
q-deformation

De Sitter space presents a solution for Einstein Equations in the vacuum with the positive
cosmological constant Λ:

Λ = 3/ℓ2
Λ, (45)

where ℓΛ =
√

3
Λ is its characteristic length or the same curvature radius.

As a rule, de Sitter space metric is given in a static coordinate system (formulae (2.3),(2.4) in [31]):

ds2

ℓ2
Λ

.
= dŝ2

dS = −V(r̂) dt2 +
1

V(r̂)
dr̂2 + r2dΩ2

2,

V(r̂) = 1 − r̂2, (46)

where r is a radial coordinate and r̂ = r/ℓΛ is a dimensionless quantity. And in the general case we
obviously have 0 ≤ r̂ ≤ 1, i.e., r ≤ ℓΛ.
In the notation of (39), the Schwarzschild de Sitter (SdS) black holes present black-hole solutions of
Einstein equations in the De Sitter space given by the metric [31,32]

ds2
SdS
ℓ2

Λ

.
= dŝ2

SdS = −V(r̂) dt2 +
1

V(r̂)
dr̂2 + r2dΩ2

2,

V(r̂) = 1 − 2M̂
r̂

− r̂2. (47)
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For r̂ ≪ 1, the metric ds2
SdS is, to a high accuracy, identical to the Schwarzschild metric (3),(5).

Actually, in this case rM, r, r0 from (3),(5),(9) is replaced by dimensionless quantities (for G = 1 in (5))

rM 7→ r̂M̂
.
= 2M̂, r 7→ r̂, r0 7→ r̂0 > 0. (48)

Within the scope of GUP,GUP* (7)–(9), all the quantities from Formulas (46) and (47) are replaced by
the corresponding quantities with the subscript q:

r̂ > r̂q = r̂ exp
(

1
2

W
(
−1

e
αr̂

))
≥ r̂0 > 0,

r̂M̂ > r̂M̂,q = r̂M̂ exp
(

1
2

W
(
−1

e
αr̂M̂

))
≥ r̂0 > 0, (49)

where we have αr̂M = r̂2
0/r̂2

M̂
, αr̂ = r̂2

0/r̂2.
So, in this case q-deformations result from Formulas (46) and (47) dŝ2

dS,q, dŝ2
SdS,q in accordance with

dŝ2
dS 7→ dŝ2

dS,q = −V(r̂q) dt2 +
1

V(r̂q)
dr̂2

q + r2
qdΩ2

2,

V(r̂q) = 1 − r̂2
q , (50)

and

dŝ2
SdS 7→ dŝ2

SdS,q = −V(r̂q) dt2 +
1

V(r̂q)
dr̂2 + r2

qdΩ2
2,

V(r̂q) = 1 −
2M̂q

r̂q
− r̂2

q . (51)

The last formula for r̂ ≪ 1 is a quantum deformation of Schwarzschild’s black holes studied in the
previous sections. As we have ℓΛ ≫ r0, the general condition

[r̂ ≪ 1] ≡ [r̂ ≃ r̂0]
⋃
[r̂0 ≪ r̂M̂ ≤ r̂ ≪ 1] (52)

conforms to all the cases considered in Section 3 (both to large-size Schwarzschild black holes and
qbhs).
Remark 4.1
4.1.1 When GUP,GUP* (7)-(9) are valid, the q-deformed De Sitter metric dŝ2

dS,q (50) has, as distinct

from the initial one dŝ2
dS (46), a very important property:

because r̂max = 1 and from the first line of formula (49) it follows that

r̂q < 1,

is always the case, the q-deformed De Sitter metric dŝ2
dS,q has no singularities in a static coordinate

system, as distinct from the initial (classical) metric dŝ2
dS having the apparent horizon singularity r̂ = 1;

4.1.2 For the q-deformed De Sitter metric dŝ2
dS,q (50) we can construct, in similarity with the for-

mulae from the previous section, a q-deformation of all ingredients for Einstein equations (Christoffel
symbols, Riemann tensor, Ricci tensor, Ricci scalar) and to derive the corresponding q-deformed
Einstein equations in this case:

Rµν,q −
1
2

Rq gµν,q = −Λgµν,q. (53)
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In the absence of the nonzero minimal length r̂0 → 0, r̂q → r̂ (analog (42)), we obtain the classical De
Sitter space with the metric (46) for Einstein equations

Rµν −
1
2

R gµν = −Λgµν. (54)

Remark 4.2
In all the above formulae from this section it is assumed that ℓΛ = const and hence Λ = const. Though,
it is known that ℓΛ = H−1

0 ,where H0
.
= HdS - (initial) value of the Hubble parameter in the de Sitter

space [33,34]. The work [35] presents a study in the semi-classical pattern of the effects associated
with the formation of black holes in the de Sitter space during the pre-inflationary era. As shown in
[9], a great contribution into cosmological parameters is made by inclusion of quantum-gravitational
corrections for these black holes in accordance with formulae given in Sections 2,3 of this paper. If
m, rm – mass and radius of such a black hole , with the included corrections, H0 is varying in the
following way (formula (22) in [9]):

H0 → H0,m = H0 exp
(
−1

2
W
(
−1

e
αrm

))
. (55)

From where we have

ℓΛ → ℓΛ,m = ℓΛ exp
(

1
2

W
(
−1

e
αrm

))
(56)

in a complete agreement with transformations in formula (49). Substituting ℓΛ,m for ℓΛ in all the
mentioned formulae, we can have in all of them the metric dependent on m, rm.

Remark 4.3
The case of very large black holes for SdS-metrics with event horizon rM ≈ ℓΛ, or r̂M̂ ≈ 1 remained
beyond consideration in this section. It is clear that the suggested q-deformation has no effect on the
characteristics of such black holes. But a very interesting problem may be studied additionally.
In [36] it has been demonstrated that the evaporation of such black holes may be disturbed.However,
all the calculations in [36] have been performed in the perturbative mode beyond the scope of GUP. It
seems interesting to study the problem with due regard for the conditions stipulated in the present
work and to find the relevant changes in the results from [36].

5. Conclusion and Further Steps
It may be concluded that this paper suggests an approach to studies of quantum gravity in horizon

spaces on condition that the Generalized Uncertainty Principle is valid.
The author is planning to consider the following problems in his his further works:

5.1 Elucidation of the geometry at Planck’s scale that is corresponding to q-deformed Einstein Equa-
tions (23),(33). The model proposed in [37,38] may be the adequate basis for such a study.

5.2 Finding of the outcome from the use of the presented results for thermodynamic of spaces with
horizon [39,40];

5.3 Possible generalization of the proposed approach to other spaces (without horizon) and elucidation
of its relation to the holographic principle.
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