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Abstract

The aim of this paper is to give necessary and sufficient optimality conditions for nonconvex opti-
mization problems such that the constraint inequalities are both nonnegative and nonpositive, where 
the objective function and the constraint functions are tangentially convex, but are not necessarily 
convex. We do this first by introducing a novel constraint qualification, call "tangential nearly con-
vexity" ((TNC), in short). Next, by using the cone of tangential subdifferentials together with the 
novel constraint qualification, we show that Karush-Kuhn-Tucker (KKT) conditions are necessary 
and sufficient for the o ptimality. Several examples are presented to clarify and compare the novel 
constraint qualification with the other well known constraint qualifications.

Keywords: nonconvex optimization; nonsmooth optimization; tangentially convex function; tangential 
nearly convexity; tangential subdifferential
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1. Introduction
As a general rule, to present a checkable necessary and sufficient optimality condition for an

constrained optimization problem, it needs to assume some properties of the constraint system
called constraint qualifications. The subject of constraint qualifications is of significant importance
in optimization. Indeed, constraint qualifications are corner stones for the study of the convex and
nonconvex problems and they guarantee necessary and sufficient conditions for optimality. Since
constraint qualifications are proved to play an important role in optimization and mathematical
programming, there have been fruitful works on this topic and several types of constraint qualifications
have been extensively studied. Constraint qualifications (involving epigraph or subdifferential) have
been widely studied and extensively used in various aspects of optimization and mathematical
programming. Moreover, constraint qualifications were used to study Fenchel duality and the formula
of subdifferentials of convex functions. It is worth noting that nonconvex functions frequently appear in
mathematical programming and several types of normal cones and subdifferentials for the nonconvex
case have been extensively studied in optimization and its applications [1–3,7,13–16,18–25,27,28,
30,32–36,38,40]. Then, it is natural to further study constraint qualifications by normal cones and
subdifferentials for nonconvex and nonsmooth inequalities. Therefore, we consider the following
nonconvex nonsmooth constrained optimization problem:

(P) min f (x)

s.t.,

gj(x) ≤ 0, j = 1, ..., m,

gj(x) ≥ 0, j = m + 1, ..., m + l,

x ∈ Rn, m, l ∈ N, (1)
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with the feasible set F is defined by:
F := C ∩ K, (2)

where K is defined as follows:

K := {x ∈ Rn : gj(x) ≤ 0, ∀ j = 1, ..., m; gj(x) ≥ 0, ∀ j = m + 1, . . . , m + l},

and C is a nonempty subset of Rn such that C ∩ K ̸= ∅. Also, f : Rn −→ R ∪ {+∞} is the objective
function and gj : Rn −→ R (j = 1, ..., m + l) are the constraint functions.
In fact, "establishing optimality conditions" for the optimization Problem (P) is one of the fundamentals
in both the practice and theory. Of course, it is preferred whenever an optimality condition is both
necessary and sufficient, but under some certain assumptions on the optimization Problem (P) such
kind of conditions may be valid, for example; differentiability, smoothness and convexity. Thus, in
the past decades, a great deal of attention was given to investigate the optimality conditions for scalar
optimization problems (for example, [1,3,7,14,15,19–21,29–31,35,38]).

Therefore, the above given results have motivated us to investigate and focus on the class of
tangentially convex functions that are not necessarily convex or smooth. It should be noted that a few
works have been done in optimizing the problems with such constraint functions [15,30,35,38]. In this
paper, we remove the convexity of the feasible set and the objective function. We consider a nonconvex
nonsmoth optimization problem with constraint inequalities are both nonpositive and nonnegative,
call the Problem (P), whose the objective function is tangentially convex and active constraint functions
are tangentially convex at a given feasible point, but are not necessarily convex or differentiable, and
moreover, the feasible set is not convex. Our aim is to present a condition on a nonconvex feasible set
defined by tangentially convex functions and provide a novel constraint qualification that guarantees
the Karush-Kuhn-Tucker (KKT) conditions are necessary and sufficient for optimality of the Problem
(P). It is worth noting that in all mentioned works the objective function and the constraint functions
are differentiable or convex while the feasible set is convex, and moreover, the constraint inequalities
are only nonpositive, but in the paper under consideration all functions are nonconvex, nonsmooth
with the feasible set is not convex and the constraint inequalities are both nonpositive and nonnegative.
Some examples are presented to clarify and compare the novel constraint qualification with the other
well known constraint qualifications. Consequently, our results recapture the corresponding known
results of [7–9,14,15,26,30,35,38].

Note that the Karush-Kuhn-Tucker (KKT) conditions [10,12] is one of the most common optimality
conditions and that the establishment of the (KKT) optimality conditions depends on the representation
of the set of feasible points. Thus, the (KKT) conditions and constraint qualifications play a key role in
the study of the optimization problems. Recently, the (KKT) conditions and constraint qualifications
were studied by many authors for convex and nonconvex scalar optimization problems: [1–3,7,13–
16,18–21,23,24,30].

The presentation of the paper is as follows. Some definitions, basic facts and important auxiliary
results related to nonconvex and nonsmooth analysis are presented in Section 2. In Section 3, we present
a novel constraint qualification, call "tangential nearly convexity" ((TNC), in short), and compare it with
the other well known constraint qualifications. Moreover, necessary conditions for pseudoconvexity
of tangentially convex functions are given. Finally, necessary and sufficient optimality conditions for
the nonconvex nonsmooth optimization Problem (P) with nonnegative and nonpositive constraints
are presented in Section 4, where the objective function and the constraint functions are tangentially
convex. Also, we give several examples to clarify and compare the novel constraint qualification with
the other well known constraint qualifications.

2. Preliminaries
In this section, we gather some basic definitions, notations and results related to nonconvex and

nonsmooth analysis (see [3,11]) that will be used in the sequel. Our notations are basically standard.
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Throughout this paper, we denote the n-dimensional Euclidean space by Rn, and the inner product of
two vectors x, y ∈ Rn by ⟨x, y⟩. We use the Euclidean norm, i.e., ∥x∥ :=

√
⟨x, x⟩ for each x ∈ Rn. The

closed unit ball and the set of positive integers are denoted by B and N, respectively.
Let D be a non-empty subset of Rn. We denote the convex hull, the conical hull, the cone generated

by D and the closure of D by conv(D), conic(D), cone(D) and clD, respectively.
We define the negative polar cone (dual cone) of a set W ⊆ Rn [4,12] by:

W− := {λ ∈ Rn : ⟨λ, y⟩ ≤ 0, ∀ y ∈ W}.

For a point x̄ ∈ W, we consider the tangent cone TW(x̄) of W at x̄, and the normal cone NW(x̄) :=
(TW(x̄))− to W at x̄, respectively (for more details, see [3,10]). Also, we refer the reader to [31,39] for
the definition a tangentially convex function. The concept of a tangentially convex function suggests
the following definition of subdifferentials.

Definition 1. [6,31,39] The tangential subdifferential of a function g : Rn −→ R ∪ {+∞} at a point
x̄ ∈ domg is defined as follows:

∂T g(x̄) :=
{

v ∈ Rn : ⟨v, d⟩ ≤ g′(x̄, d), ∀ d ∈ Rn},

where g′(x̄, d) is denoted the directional derivative of the function g at the point x̄ in the direction of d.

For a function g : Rn −→ R∪ {+∞} which is tangentially convex at the point x̄, one has

g′(x̄, d) := max
v∈∂T g(x̄)

⟨v, d⟩, d ∈ Rn. (3)

We now present the following proposition for the large class of tangentially convex functions which is
essentially for presenting optimality conditions (see Lemma 4).

Proposition 1. Let f : Rn −→ R∪ {+∞} be tangentially convex and continuous in a neighborhood of a point
x̄ ∈ dom f . Then the following assertions hold:
(i) For each y ∈ Rn, the directional derivative function f ′(·, ·) is continuous at the point (x̄, y).
(ii) The set valued function ∂T f (·) is upper semicontinuous at the point x̄.

Proof. (i). Let y ∈ Rn be arbitrary, and let {xk}k≥1 and {yk}k≥1 be sequences in Rn such that xk −→ x̄
and yk −→ y. Since f is continuous in a neighborhood of x̄, then, for all α > 0, we have

lim
k−→∞

f (xk + αyk)− f (xk)

α
=

f (x̄ + αy)− f (x̄)
α

. (4)

Let ϵ > 0 be given. Then, in view of (4), we get

f (x̄ + αy)− f (x̄)
α

− ϵ <
f (xk + αyk)− f (xk)

α
<

f (x̄ + αy)− f (x̄)
α

+ ϵ, (5)

for all α > 0 and all sufficiently large k ∈ N. Now, since f is tangentially convex in a neighborhood of
x̄, by letting α −→ 0+ in (5), it follows that

f ′(x̄, y)− ϵ ≤ f ′(xk, yk) ≤ f ′(x̄, y) + ϵ.

for all sufficiently large k ∈ N. Hence,

lim
k−→∞

f ′(xk, yk) = f ′(x̄, y),

which implies that f ′(·, ·) is continuous at the point (x̄, y).
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(ii). Let {xk}k≥1 ⊂ Rn be any sequence converging to x̄, and let dk ∈ ∂T f (xk) for all k ≥ 1. We
claim that {dk}k≥1 is bounded. Assume on the contrary without loss of generality that ∥dk∥ −→ ∞.
Put

zk :=
dk

∥ dk ∥
, ∀ k ≥ 1.

Since dk ∈ ∂T f (xk) for all k ≥ 1, thus in view of Definition 1, one has

∥ dk ∥= ⟨dk, zk⟩ ≤ f ′(xk, zk), ∀ k ≥ 1. (6)

On the other hand, since {zk}k≥1 is bounded in Rn, so it has a convergent subsequence. We may
assume without loss of generality that {zk}k≥1 converges to some point ȳ ∈ Rn. In view of part (i) and
letting k −→ ∞ in (6), we conclude that f ′(x̄, ȳ) = ∞, which contradicts the tangential convexity of f
at the point x̄. Therefore, the claim is true, and so, {dk}k≥1 is bounded. Now, let y ∈ Rn be arbitrary.
Then

⟨dk, y⟩ ≤ f ′(xk, y), ∀ k ≥ 1. (7)

Let d ∈ Rn be a limit point of {dk}k≥1. By taking limit along the relevant subsequences in the inequality
(7) and by using part (i), it follows that

⟨d, y⟩ ≤ f ′(x̄, y), ∀ y ∈ Rn.

Hence, d ∈ ∂T f (x̄), and by [10, Proposition 4.1.2], the set valued function ∂T f (·) is upper semicontinu-
ous at the point x̄.

3. Tangential Nearly Convexity
In this section, we present a novel constraint qualification, call “tangential nearly convexity“

((TNC), in short), and compare it with the constraint qualification that called “tangentially constraint
qualification“ ((TCQ), in short) in [8] and the other well known constraint qualifications. To this end,
we consider the nonconvex nonsmooth constrained optimization Problem (P) which is given by (1).
Moreover, we assume that the functions f , gj (j = 1, ..., m + l) are tangentially convex at a given point
x̄ ∈ F. Now, put

I(x̄) := {j ∈ {1, ..., m} : gj(x̄) = 0}, (8)

and
J := {j ∈ {m + 1, ..., m + l} : gj(x) = 0, ∀ x ∈ C}. (9)

Now, we define

C(x̄) := conic
{ ⋃

j∈I(x̄)∪J

∂T gj(x̄)
}

=

{
∑

j∈I(x̄)∪J
λj∂T gj(x̄) : λj ≥ 0, ∀ j ∈ I(x̄) ∪ J

}
. (10)

Clearly, C(x̄) is a convex cone. However, C(x̄) is not necessarily closed. Let S be the optimal solutions
set of the Problem (P), i.e.,

S := {x ∈ F : f (x) = min
y∈F

f (y)}. (11)

We refer the reader to [6] for the definition of a nonsmooth version of the well known constraint
qualifications. It is worth noting that the nonsmooth Guignard’s constraint qualification ((NGCQ), in
short) is the weakest among the others (see [6]).

We now give the following novel constraint qualification which has a crucial role throughout the
paper.
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Definition 2. (Tangential Nearly Convexity ((TNC), in short)) Let K ⊆ Rn, and let x ∈ K be arbitrary.
Then, K is said to be “tangentially nearly convex“ at the point x or equivalently, the “tangential nearly convexity“
holds at the point x if, for each y ∈ K, there exist sequences {yk}k≥1 ⊂ Rn and {tk}k≥1 ⊂ R++ such that
yk −→ y and tk −→ 0+ and that x + tk(yk − x) ∈ K for all sufficiently large k ∈ N. Moreover, K is said to
be tangentially nearly convex or equivalently, the tangential nearly convexity holds at each point of K, if K is
tangentially nearly convex at each of its point.

Remark 1. It is obvious that if K ⊆ Rn is nearly convex at a point x ∈ K (we refer the reader to [17,26] for the
definition of a nearly convex set), then, K is tangentially nearly convex at x. However, the converse statement is
not necessarily true. See the following example.

Example 1. Let the set K ⊆ R2 be given as follows:

K := {(x1, x2) ∈ R2 : x2 ≥ x2
1} ∪ {(1, 0)}.

It is clear that the set K is not nearly convex at the point x̄ := (0, 0) ∈ K, because for x = (1, 0) ∈ K and, for
all 0 < t < 1, one has

x̄ + t(x − x̄) = (t, 0) ̸∈ K.

But, it is easy to see that K is tangentially nearly convex at the point x̄. Indeed, let x ∈ K be arbitrary. Consider
two possible cases:
Case (1) : Let x ̸= (1, 0). In this case, one can easily see, for any 0 < t < 1, that

x̄ + t(x − x̄) = tx ∈ K.

Case (2) : Let x = (1, 0). Define the sequences {xm}m≥1 ⊂ R2 and {tm}m≥1 ⊂ R++ by xm := (1, 1
m ) and

tm := 1
m , m = 1, 2, · · · . Then, xm −→ x and tm −→ 0+, and moreover

x̄ + tm(xm − x̄) = tmxm ∈ K, ∀ m ≥ 1.

Therefore, in both of two possible cases, we have shown, for each x ∈ K, that there exist sequences {xm}m≥1 ⊂ R2

and {tm}m≥1 ⊂ R++ such that xm −→ x and tm −→ 0+ and that

x̄ + tm(xm − x̄) = tmxm ∈ K, ∀ m ≥ 1.

Hence, K is “tangentially nearly convex“ at the point x̄ = (0, 0).

The following lemma has a crucial role for proving of the main results.

Lemma 1. Consider the optimization Problem (P). Assume that x̄ ∈ F is arbitrary and the tangentially
constraint qualification (TCQ) holds at the point x̄. Then the following assertions hold:
(i) The “tangential nearly convexity“ (TNC) holds at the point x̄.
(ii) TF(x̄) = cl(cone(C − x̄)) = cl(cone(F − x̄)). Hence, TF(x̄) is convex, if C is convex.
(iii) (TF(x̄))− = (C − x̄)− = (F − x̄)−.

Proof. (i). Let z ∈ F be arbitrary. Since the tangentially constraint qualification (TCQ) holds at the
point x̄, one has

z − x̄ ∈ F − x̄ = (C ∩ K)− x̄

⊆ C − x̄

⊆ TF(x̄).
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So, z − x̄ ∈ TF(x̄). Therefore, by the definition of the tangent cone, there exist sequences {xk}k≥1 ⊂ F
and {tk}k≥1 ⊂ R++ such that xk −→ x̄ and tk −→ 0+ and that

xk − x̄
tk

−→ z − x̄, as k −→ ∞. (12)

Now, for each k ≥ 1, define zk := x̄ + xk−x̄
tk

. Then, by (12), zk −→ z as k −→ ∞. Moreover, one has

x̄ + tk(zk − x̄) = xk ∈ F, ∀ k ≥ 1,

which implies that the “tangential nearly convexity“ holds at the point x̄.
(ii). Since the tangentially constraint qualification (TCQ) holds at the point x̄ and the fact that

F = C ∩ K, it is easy to show that

C − x̄ ⊆ TF(x̄) ⊆ cl(cone(F − x̄)) ⊆ cl(cone(C − x̄)).

Since TF(x̄) is a closed cone, we conclude that

cl(cone(C − x̄)) ⊆ TF(x̄) ⊆ cl(cone(F − x̄)) ⊆ cl(cone(C − x̄)).

This implies that

TF(x̄) = cl(cone(C − x̄)) = cl(cone(F − x̄)),

which completes the proof of the assertion (ii).
(iii). This is an immediate consequence of the assertion (ii).

By the following example, we illustrate Lemma 1.

Example 2. Let K := epi g, where the function g : R −→ R and the epigraph of g are defined by:

g(x) := cosx, ∀ x ∈ R,

and

epi g := {(x, λ) ∈ R×R : g(x) ≤ λ},

respectively. Let
C := {(x1, x2) ∈ R2 : x2 ≥ −1}.

Therefore, we have F := C ∩ K = K. Let x̄ := (π,−1) ∈ F. It is obvious that F is not nearly convex at the
point x̄, because for x = (−π,−1), one has

x̄ + t(x − x̄) ̸∈ K, ∀ 0 < t < 1.

Moreover, we have

C − x̄ = TF(x̄) = {(x1, x2) ∈ R2 : x2 ≥ 0}.

Therefore, the tangentially constraint qualification (TCQ) holds at the point x̄. Thus, in view of Lemma 1(i),
the “tangential nearly convexity“ holds at the point x̄. Furthermore, the assertions (ii) and (iii) in Lemma 1
also hold.
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By the following example, we now show that the “tangential nearly convexity“ (TNC) does
not imply that the “tangentially constraint qualification“ (TCQ) holds, while the converse statement
always holds (see Lemma 1(i)).

Example 3. Let K ⊆ R2 be defined by:

K := {(x1, x2) ∈ R2 : 2x2
1 − x2 ≤ 0},

and let C := R2. Then, F := C ∩ K = K. It is clear that F is convex. Now, let x̄ := (0, 0) ∈ F. One can easily
see that

TF(x̄) = {(d1, d2) ∈ R2 : d2 ≥ 0} ⊉ R2 = C − x̄.

Hence, the “tangentially constraint qualification“ (TCQ) does not hold at the point x̄, while the “tangential
nearly convexity“ (TNC) holds at the point x̄, because F is convex.

The following example shows that the constraint qualification (TCQ) holds, but the nonsmooth
Guignard’s constraint qualification (NGCQ) does not hold.

Example 4. Let

K :=
{
(x1, x2) ∈ R2 : g1(x1, x2) := −x1 + |x2| ≤ 0, g2(x1, x2) = 2x2

1 + 2x2
2 + 1 ≥ 0

}
,

and C := [0,+∞)×{0}. Then, F = C ∩ K = C, which is a convex set. So, TF(x̄) = [0,+∞)×{0} whenever
x̄ := (0, 0) ∈ F. Moreover, we have g1(x̄) = 0, and so, in view of (8), (9) and the definition of K, one has
I(x̄) = {1} and J = ∅. Also, g′1(x̄, t) = |t2| − t1 and g′2(x̄, t) = 0 for all t := (t1, t2) ∈ R2, and thus, g1 and
g2 are tangentially convex at the point x̄. Then, ∂T g1(x̄) = conv{(−1,−1), (−1, 1)} and ∂T g2(x̄) = {(0, 0)}.
Hence, by (10), we have

M(x̄) =
{
(x1, x2) ∈ R2 : x1 ≤ 0, x1 ≤ x2 ≤ −x1

}
.

Thus,

M(x̄)− =
{
(x1, x2) ∈ R2 : x1 ≥ 0, −x1 ≤ x2 ≤ x1

}
.

Clearly, C − x̄ = TF(x̄), M(x̄)− ̸= TF(x̄) and M(x̄)− ̸= cl (conv(TF(x̄))). Therefore, the constraint
qualification (TCQ) holds at the point x̄, while the nonsmooth Guignard’s constraint qualification (NGCQ)

does not hold at the point x̄.

The following example shows that the constraint qualification (TCQ) does not hold, while the
nonsmooth Guignard’s constraint qualification (NGCQ) holds.

Example 5. Let K := {(x1, x2) ∈ R2 : gj(x1, x2) ≤ 0, j = 1, 2, g3(x1, x2) ≥ 0} with g1(x1, x2) :=
1 − (x1 − 5)2 − 2x2

2, g2(x1, x2) := |x2| − x1 and g3(x1, x2) := 2x2
1 + 3 for all (x1, x2) ∈ R2. Let C :=

R+ ×R. We see that F := C ∩ K is a nonconvex set. It is easy to check that g1(x̄) = −24 ̸= 0, g2(x̄) = 0
and g3(x̄) = 3 ̸= 0 whenever x̄ := (0, 0) ∈ F. Thus, in view of (8), (9) and the definition of K, one
has I(x̄) = {2} and J = ∅. The functions g1, g2 and g3 are tangentially convex at the point x̄ because
g′1(x̄, t) = 10t1, g′2(x̄, t) = |t2| − t1 and g′3(x̄, t) = 0 for all t := (t1, t2) ∈ R2. Moreover, we obtain that
∂T g2(x̄) = conv{(−1,−1), (−1, 1)}, and so, by (10),

M(x̄) =
{
(x1, x2) ∈ R2 : |x2|+ x1 ≤ 0

}
.
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Therefore,

M(x̄)− =
{
(x1, x2) ∈ R2 : |x2| ≤ x1

}
.

It is easy to show that TF(x̄) =
{
(v1, v2) ∈ R2 : |v2| ≤ v1

}
, and hence, C − x̄ ⊈ TF(x̄). Thus, the constraint

qualification (TCQ) does not hold at the point x̄, while TF(x̄) = M(x̄)−, and so, M(x̄)− = cl (conv(TF(x̄)))
because TF(x̄) is closed and convex. Thus the nonsmooth constraint qualification (NGCQ) holds at the point x̄.

Remark 2. In view of Example 3, one can easily see that the “tangential nearly convexity“ (TNC) is weaker
than the constraint qualification (TCQ) (note that in view of Lemma 1(i), we always observe that (TCQ)

implies (TNC)). Therefore, as a consequence, it should be noted that in addition to the easiness of using the
constraint qualification (TNC), an important advantage of (TNC), is that (TNC) is a constraint qualification
under which (KKT) conditions are “necessary and sufficient“ for optimality of the nonconvex nonsmooth
optimization Problem (P) without any further assumption (see Theorem 3 and Theorem 4 in Chapter 4),
while the nonsmooth constraint qualification (NGCQ) (which is weaker than the other well known nonsmooth
constraint qualifications, see [6]) together with a further assumption (closedness of the convex cone M(x̄))
implies that (KKT) conditions are only “necessary“ for optimality of the Problem (P) (see [7,14]).

In the following, we give a characterization of the novel “constraint qualification (TNC)“, which
will be used in Chapter 4.

Lemma 2. Let D ⊆ Rn be a set, and let x̄ ∈ D be arbitrary. Then, the “tangential nearly convexity“ (TNC)
holds at the point x̄ if and only if TD(x̄) = cl(cone(D− x̄)). As a consequence, we have (TD(x̄))− = (D− x̄)−.

Proof. =⇒) By the definition of the tangent cone, we always have

TD(x̄) ⊆ cl(cone(D − x̄)).

Now, we show that

cl(cone(D − x̄)) ⊆ TD(x̄).

To this end, let z ∈ D be arbitrary. Since, by the hypothesis, the “tangential nearly convexity“ holds at
the point x̄, it follows that there exist sequences {zk}k≥1 ⊂ Rn and {tk}k≥1 ⊂ R++ such that zk −→ z
and tk −→ 0+ as k −→ ∞ and that

x̄ + tk(zk − x̄) ∈ D,

for all sufficiently large k ∈ N. Set:

xk := x̄ + tk(zk − x̄), k = 1, 2, · · · .

Thus, xk ∈ D for all sufficiently large k ∈ N. Also, one has

xk −→ x̄, and
xk − x̄

tk
−→ z − x̄, as k −→ ∞.

This together with (??) implies that z − x̄ ∈ TD(x̄). Then, D − x̄ ⊆ TD(x̄). Since TD(x̄) is a closed cone,
we conclude that

cl(cone(D − x̄)) ⊆ TD(x̄).

Hence,
cl(cone(D − x̄)) = TD(x̄). (13)
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Consequently, in view of (13), one can easily see that (TD(x̄))− = (D − x̄)−.
⇐=) Let z ∈ D be arbitrary. Since, by the hypothesis, TD(x̄) = cl(cone(D − x̄)), so, z − x̄ ∈ TD(x̄).

Thus, by the definition of the tangent cone, there exist sequences {xk}k≥1 ⊂ D and {tk}k≥1 ⊂ R++

such that xk −→ x̄ and tk −→ 0+ and that

xk − x̄
tk

−→ z − x̄, as k −→ ∞.

Now, for each k ∈ N, put:

zk := x̄ +
xk − x̄

tk
.

Therefore, zk ∈ Rn (k ∈ N), and
zk −→ z, as k −→ ∞,

and that
x̄ + tk(zk − x̄) = xk ∈ D, ∀ k ∈ N.

Hence, in view of Definition 2, the “tangential nearly convexity“ (TNC) holds at the point x̄, which
completes the proof.

The following lemma has been proved in [4], but we present it in the following without proof for
an easy reference.

Lemma 3. [4] Let x, y ∈ Rn be given. Then,

⟨x, y⟩ < 0 ⇐⇒
(
∀ α > 0

)
∥ x ∥<∥ x − αy ∥ .

Now, by using Lemma 3, we give a characterization of the convexity of a closed set in Rn with respect
to the “novel constraint qualification (TNC)“.

Theorem 1. Let D be a nonempty closed subset of Rn. Then, D is convex if and only if the “tangential nearly
convexity“ (TNC) holds at each point of D.

Proof. =⇒) If D is convex, then it is clear that the “tangential nearly convexity“ holds at each point of
D.

⇐=) Suppose that the “tangential nearly convexity“ holds at each point of D. Assume on the
contrary that D is not convex. Then there exist x, y ∈ D and 0 < λ < 1 such that (1 − λ)x + λy ̸∈ D.
Put:

z0 := (1 − λ)x + λy. (14)

So, z0 /∈ D. Now, let r :=∥ x − z0 ∥, and consider the following optimization problem:

(P1) min ∥ z − z0 ∥,

s.t.,

z ∈ D ∩ B(z0, r),

where B(z0, r) is the closed ball in Rn with the center at z0 and the radius r > 0. Let z∗ ∈ D ∩ B(z0, r)
be an optimal solution of the Problem (P1) (note that since D is closed, it follows that D ∩ B(z0, r) is
a nonempty compact subset of Rn, and hence, by the continuity of the norm function ∥ · − z0 ∥ on
D ∩ B(z0, r), such z∗ exists). We now claim that either the inner product ⟨z∗ − z0, x − z∗⟩ < 0, or the
inner product ⟨z∗ − z0, y − z∗⟩ < 0. Suppose not, i.e.,

⟨z∗ − z0, x − z∗⟩ ≥ 0, and ⟨z∗ − z0, y − z∗⟩ ≥ 0.
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Therefore,

0 ≤∥ z∗ − z0 ∥2 = ⟨z∗ − z0, z∗ − z0⟩
= −⟨z∗ − z0, z0 − z∗⟩
= −⟨z∗ − z0, (1 − λ)(x − z∗) + λ(y − z∗)⟩
= −(1 − λ)⟨z∗ − z0, x − z∗⟩ − λ⟨z∗ − z0, y − z∗⟩
≤ 0.

Hence, z0 = z∗ ∈ D, which is a contradiction because z0 /∈ D. Now, we assume without loss of
generality that ⟨z∗ − z0, y − z∗⟩ < 0. Since, by the hypothesis, the “tangential nearly convexity“ holds
at the point z∗, so for the above y ∈ D (see (14)) there exist sequences {yk}k≥1 ⊂ Rn and {tk}k≥1 ⊂ R++

with yk −→ y and tk −→ 0+ such that

z∗ + tk(yk − z∗) ∈ D, for all sufficiently large k ∈ N.

Moreover, since ⟨z∗ − z0, y − z∗⟩ < 0, it is not difficult to show that

⟨z∗ + tk(yk − z∗)− z0, yk − z∗⟩ < 0,

for all sufficiently large k ∈ N. Therefore, this together with Lemma 3 implies that

∥ z∗ + tk(yk − z∗)− z0 ∥<∥ z∗ − z0 ∥, for all sufficiently large k ∈ N. (15)

This is a contradiction with the fact that z∗ + tk(yk − z∗) ∈ D for all sufficiently large k ∈ N and z∗ is
an optimal solution of the Problem (P1). Hence, D is convex, and the proof is complete.

We conclude this section by presenting a necessary condition for pseudoconvexity of tangentially
convex functions. We refer the reader to [35] for the definition pseudoconvexity of tangentially convex
functions.

Theorem 2. Let f : Rn −→ R∪ {∞} be a tangentially convex function at the point x̄ ∈ dom f . Moreover, we
assume that the strictly lower level set L<( f ; f (x̄)) of f (at the point f (x̄)) is an open convex set. If 0 ̸∈ ∂T f (x̄),
then, f is pseudoconvex at the point x̄.

Proof. Let x ∈ Rn be such that f (x) < f (x̄). In view of Definition ??, it is enough to show that
f ′(x̄, x − x̄) < 0. To this end, since f (x) < f (x̄), we have x ∈ L<( f ; f (x̄)). On the other hand, since
0 ̸∈ ∂T f (x̄), thus there exists d0 ∈ Rn such that

f (x̄ +
1
n

d0) < f (x̄), ∀ n ∈ N.

Now, for each n ∈ N, set: xn := x̄ +
1
n

d0. Therefore, xn −→ x̄ and xn ∈ L<( f ; f (x̄)). It follows that

x̄ ∈ cl
(

L<( f ; f (x̄))
)
. Since, by the hypothesis, L<( f ; f (x̄)) is convex, we obtain that(

x̄, x
]
⊆ L<( f ; f (x̄)),

which implies that f ′(x̄, x − x̄) ≤ 0. Now, we show that f ′(x̄, x − x̄) < 0. Assume if possible that
f ′(x̄, x − x̄) = 0. Therefore, in view of (3), there exists v̄ ∈ ∂T f (x̄) such that ⟨v̄, x − x̄⟩ = 0. Let h ∈ Rn

be arbitrary. Since x ∈ L<( f ; f (x̄)) and, by the hypothesis, L<( f ; f (x̄)) is open, it follows that

x + th ∈ L<( f ; f (x̄)),
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for all sufficiently small t > 0. By using an argument similar to the above, we conclude that

f ′(x̄, x + th − x̄) ≤ 0.

Hence, in view of (3), since ⟨v̄, x − x̄⟩ = 0, one has,

⟨v̄, h⟩ ≤ 0, ∀ h ∈ Rn.

This implies that v̄ = 0, which is a contradiction because 0 ̸∈ ∂T f (x̄). Thus, f ′(x̄, x − x̄) < 0, and the
proof is complete.

By the following example, we illustrate Theorem 2.

Example 6. Let f : R −→ R be a differentiable function is defined by:

f (x) :=

−x3, if x ∈ (−1,+∞),

− 3
2 (x + 1)(x + 2)(x + 3) + 1, if x ∈ (−∞,−1],

and let x̄ := −4. Indeed, since f ′(x̄, x − x̄) = ⟨∇ f (x̄), x − x̄⟩, so it is not difficult to show that(
∀ x ∈ R, f ′(x̄, x − x̄) ≥ 0

)
=⇒ f (x) ≥ f (x̄).

Therefore, by the definition, f is pseudoconvex at the point x̄. But, On the other hand, one can easily check that
all the hypotheses of Theorem 2 at the point x̄ hold, and hence, by using Theorem 2, f is pseudoconvex at the
point x̄.

The following lemma has a crucial role for the proof of the main results.

Lemma 4. Consider the optimization Problem (P). Let x̄ ∈ S be an optimal solution of the Problem (P). If the
objective function f is tangentially convex and continuous at the point x̄, then

TF(x̄) ∩ {d ∈ Rn : f ′(x̄, d) < 0} = ∅,

where S defined by (11).

Proof. By Proposition 1(ii) and applying [37, Proposition 10], we conclude that f is locally Lipschitz at
the point x̄ because f is tangentially convex and continuous at the point x̄. Now, in view of [7, Lemma
2.5], the result is obtained.

4. Necessary and Sufficient Optimality Conditions for the Problem (P)
In this section, under the “tangential nearly convexity“ (TNC) of the feasible set F, we present necessary
and sufficient optimality conditions for the Problem (P). Moreover, by using the constraint qualification
(TCQ), we show that the Karush-Kuhn-Tucker (KKT) conditions are necessary and sufficient for
optimality of the Problem (P). Finally, by given examples to illustrate the results of this section.

Theorem 3. (Necessary Optimality Conditions) Consider the optimization Problem (P). Let x̄ ∈ S be an
optimal solution of the Problem (P). Assume that the “tangential nearly convexity“ (TNC) holds at the point x̄
and the objective function f is tangentially convex and continuous at the point x̄. Moreover, suppose that TF(x̄))
is convex. Then, 0 ∈ ∂T f (x̄) + M(x̄) + (F − x̄)−, where M(x̄) and S defined by (10) and (11), respectively.
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Proof. Let d ∈ TF(x̄) be arbitrary. Since x̄ ∈ S is an optimal solution of the Problem (P) and the
objective function f is tangentially convex and continuous at the point x̄, it follows from Lemma 4 that

f ′(x̄, d) ≥ 0, ∀ d ∈ TF(x̄). (16)

Therefore, we conclude from (3) that

sup
v∈∂T f (x̄)

⟨v, d⟩ ≥ 0, ∀ d ∈ TF(x̄).

Hence,

inf
d∈TF(x̄)∩B

sup
v∈∂T f (x̄)

⟨v, d⟩ ≥ 0,

where B is the closed unit ball of Rn. Since, by the hypothesis, TF(x̄) is a closed convex cone (note
that TF(x̄) is always a closed cone) and ∂T f (x̄) is a compact convex set, by applying the saddle point
theorem [10, Proposition 2.6.9], one has

sup
v∈∂T f (x̄)

inf
d∈TF(x̄)∩B

⟨v, d⟩ ≥ 0.

This implies that there exists v̄ ∈ ∂T f (x̄) such that

⟨v̄, d⟩ ≥ 0, ∀ d ∈ TF(x̄) ∩B.

Since TF(x̄) is a convex cone, it follows that

⟨v̄, d⟩ ≥ 0, ∀ d ∈ TF(x̄),

which implies that
−v̄ ∈ (TF(x̄))−. (17)

On the other hand, by the hypothesis, the “tangential nearly convexity“ (TNC) holds at the point x̄, so
in view of Lemma 2, (TF(x̄))− = (F − x̄)−. Thus, it follows from (17) that

−v̄ ∈ (F − x̄)−. (18)

or equivalently,
0 ∈ ∂T f (x̄) + (F − x̄)−. (19)

Since 0 ∈ M(x̄), we conclude from (19) that

0 ∈ ∂T f (x̄) + M(x̄) + (F − x̄)−,

and the proof is complete.

It should be noted that in the following (Corollary 4.1), the assumption “locally Lipschitz con-
tinuity“ of the objective function f which used in [8] for nonconvex optimization problems with
nonpositive constraints under the constraint qualification (TCQ), reduces to the continuity of f .

Corollary 1. (Necessary Optimality Conditions) Consider the optimization Problem (P). Let x̄ ∈ S be
an optimal solution of the Problem (P). Assume that C is a convex set and the constraint qualification (TCQ)

holds at the point x̄. Moreover, suppose that the objective function f is tangentially convex and continuous at x̄.
Then, 0 ∈ ∂T f (x̄) + M(x̄) + (C − x̄)− (Karush-Kuhn-Tucker (KKT) conditions).
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Proof. Since C is a convex set and the constraint qualification (TCQ) holds at the point x̄, then in view
of Lemma 1 (assertions (i) and (ii)), all hypotheses of Theorem 3 hold. Therefore, by Theorem 3, we
have

0 ∈ ∂T f (x̄) + M(x̄) + (F − x̄)−. (20)

But, by Lemma 1 (the assertion (iii)), one has (F − x̄)− = (C − x̄)−. Hence, it follows from (20) that

0 ∈ ∂T f (x̄) + M(x̄) + (C − x̄)−,

which completes the proof.

Theorem 4. (Sufficient Optimality Conditions) Consider the optimization Problem (P) with the constraint
functions gj, j ∈ I(x̄) ∪ J, are tangentially convex and locally Lipschitz at the point x̄ ∈ F. Assume that the
“tangential nearly convexity“ (TNC) holds at the point x̄, and the objective function f is tangentially convex
and pseudoconvex at x̄. If 0 ∈ ∂T f (x̄) + M(x̄) + (F − x̄)−, then, x̄ is an optimal solution of the Problem (P),
i.e., x̄ ∈ S.

Proof. Let z ∈ F be arbitrary. Since the “tangential nearly convexity“ (TNC) holds at the point x̄, there
exist the sequences {zk}k≥1 ⊂ Rn and {tk}k≥1 ⊂ R++ such that zk −→ z and tk −→ 0+ and that

x̄ + tk(zk − x̄) ∈ F, ∀ k ∈ N. (21)

Since the functions gj, j ∈ I(x̄) ∪ J, are tangentially convex and locally Lipschitz at the point x̄, it
follows from (21) that

g′j(x̄, z − x̄) = lim
l→∞

g′j(x̄, zl − x̄)

= lim
l→∞

lim
k→∞

gj(x̄ + tk(zl − x̄))− gj(x̄)
tk

= lim
k→∞

gj(x̄ + tk(zk − x̄))− gj(x̄)
tk

≤ 0, ∀ j ∈ I(x̄). (22)

Similarly and by using (9), one has

g′j(x̄, z − x̄) = 0, ∀ j ∈ J. (23)

On the other hand, since 0 ∈ ∂T f (x̄) + M(x̄) + (F − x̄)−, there exists u ∈ (F − x̄)−, and moreover, for
each j ∈ I(x̄) ∪ J, there exist λj ≥ 0 and vj ∈ ∂T gj(x̄) such that

− ∑
j∈I(x̄)∪J

λjvj − u ∈ ∂T f (x̄).

Now, by the tangential convexity of f at the point x̄, and in view of (22), (23) and Definition 1 and the
fact that u ∈ (F − x̄)−, we conclude that

f ′(x̄, z − x̄) ≥ ⟨− ∑
j∈I(x̄)

λjvj − ∑
j∈J

λjvj − u, z − x̄⟩

≥ ⟨− ∑
j∈I(x̄)

λjvj − ∑
j∈J

λjvj, z − x̄⟩

≥ − ∑
j∈I(x̄)

λjg′j(x̄, z − x̄)− ∑
j∈J

λjg′j(x̄, z − x̄)

≥ 0, ∀ z ∈ F.
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Now, by pseudoconvexity of f at the point x̄, we deduce that

f (z) ≥ f (x̄), ∀ z ∈ F.

Hence, x̄ is an optimal solution of the Problem (P).

Corollary 2. (Sufficient Optimality Conditions) Consider the optimization Problem (P) with the constraint
functions gj, j ∈ I(x̄) ∪ J, are tangentially convex and locally Lipschitz at the point x̄ ∈ F. Assume that the
constraint qualification (TCQ) holds at x̄, and the objective function f is tangentially convex and pseudoconvex
at x̄. If 0 ∈ ∂T f (x̄) + M(x̄) + (C − x̄)− (Karush-Kuhn-Tucker (KKT) conditions), then, x̄ is an optimal
solution of the Problem (P).

Proof. Since the constraint qualification (TCQ) holds at the point x̄, in view of Lemma 1 ((i) and (iii)),
the “tangential nearly convexity“ (TNC) holds at the point x̄ and (C − x̄)− = (F − x̄)−. Therefore, the
result obtains from Theorem 4.

By the following examples, we illustrate Theorem 3 and Theorem 4 and their corollaries.

Example 7. Consider the following nonconvex nonsmooth constrained optimization problem:

(P2) min f (x1, x2) := |x1|+ x3
2,

s.t.,

g1(x1, x2) := 3x1 − 2cosx1 − x2 ≤ 0,

g2(x1, x2) := x2
1 + (x2 − 2)2 − 1 ≥ 0,

(x1, x2) ∈ R2.

Let C :=
(
[−1, 0]×{0}

)
∪
(
{0}×R+

)
. So, the feasible set F of the Problem (P2) is given by F := C ∩K = C,

where K is defined by:

K := {(x1, x2) ∈ R2 : g1(x1, x2) ≤ 0, g2(x1, x2) ≥ 0}.

Obviously, x̄ := (0, 0) ∈ F is the unique optimal solution of the Problem (P2). It is clear that the “tangential
nearly convexity“ (TNC) holds at the point x̄, while F is not convex. Also,

C − x̄ = C ⊆
(
R− × {0}

)
∪
(
{0} ×R+

)
= TF(x̄),

and
(C − x̄)− = R+ ×R−. (24)

Therefore, the constraint qualification (TCQ) holds at the point x̄. It is not difficult to show that

∂T f (x̄) = [−1, 1]× {0}. (25)

So, in view of (24) and (25), we observe that

∂T f (x̄) ∩
(
− (C − x̄)−

)
̸= ∅. (26)

Since 0 ∈ M(x̄), it follows from (26) that

0 ∈ ∂T f (x̄) + M(x̄) + (C − x̄)−.
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Example 8. Consider the following nonconvex nonsmooth constrained optimization problem:

(P3) min f (x1, x2),

s.t.,

g(x1, x2) = 0,

(x1, x2) ∈ R2,

where the functions f : R2 −→ R and g : R2 −→ R are defined by:

f (x1, x2) :=

0, x1 = x2
2,

−x2, otherwise, ∀ (x1, x2) ∈ R2,

and
g(x1, x2) := x1 − x2

2, ∀ (x1, x2) ∈ R2.

Let C := R2. Therefore, the feasible set F of the Problem (P3) is given by F := C ∩ K = K, where K is defined
by:

K := {(x1, x2) ∈ R2 : g(x1, x2) = 0}.

It is clear that x̄ := (0, 0) ∈ F is an optimal solution of the Problem (P3). By a simple calculation, it can be seen
that (0, 0) ̸∈ ∂T f (x̄) + M(x̄) + (F − x̄)−. The reason is that neither the “tangential nearly convexity“ (TNC)
holds at the point x̄ nor the constraint qualification (TCQ) holds at the point x̄.
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