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Control, and Signal Analysis
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ricardo.caraccioli@unah.edu.hn

Abstract

This paper presents the Normalized Coefficient Linear Combination (NCLC) as a unifying structural frame-
work for analyzing systems in digital signal processing (DSP), discrete-time control, and numerical
sequence analysis. While traditional design focuses on pole-zero placement, the NCLC perspective
emphasizes the decomposition of signals into a global carrier function (scale) and a residual modulated
by normalized coefficients. We formalize conditions under which this structure guarantees asymptotic
preservation of the carrier. Furthermore, we demonstrate how coefficient normalization serves as a
direct design tool in finite-order discrete-time LTI systems to simultaneously satisfy BIBO stability and
prescribed steady-state gain constraints. The versatility of this framework is illustrated through three
applications: a first-order digital filter, a parametric model correction scheme, and the signal analysis
of prime number asymptotics viewed as a discrete sequence with arithmetic noise.

Keywords: normalized combinations; digital filters; BIBO stability; discrete-time control; signal
analysis

1. Introduction

In engineering and applied mathematics, specifically within the domains of digital signal process-
ing (DSP) and control theory, it is common to encounter expressions of the form

N
y= Z kifi/
i=1

where f; represents functions, signals, or sub-models, and the coefficients k; are subject to a normaliza-
tion constraint

N
;ki(x) = h(x),

for some carrier function k. Canonical examples include weighted averaging in numerical analysis,
parallel signal paths in filter structures [1,2], and model blending in estimation and control.

The objective of this work is to formalize these structures as Normalized Coefficient Linear Combi-
nations (NCLC). We propose this not as a new algorithm, but as a unified mathematical language to
describe system behavior across disciplines. We show that:

1.  NCLC provides a consistent notation for systems in DSP, control, and numerical sequences.

2. A simple normalization condition yields a general result regarding asymptotic preservation.

3.  Indiscrete-time LTI systems, normalization can be exploited as a design constraint to guarantee
BIBO stability and DC gain simultaneously.

This perspective offers a structural approach to design, distinct from adaptive algorithms that
update coefficients based on error minimization [3], focusing instead on invariant properties enforced
by the normalization.
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2. General NCLC Framework
2.1. Definition

Let X be a domain (e.g, X = Ror X = N),andlet f; : X = R,i =1,...,N, be a set of basis
functions or signals. Let k; : X — R be the coefficient functions.

Definition 1 (NCLC). Given a carrier function h : X — R, the expression

N
y(x) =) ki(x) fi(x)

i=1

is a Normalized Coefficient Linear Combination (NCLC) with respect to h if and only if
N
Y ki(x) =h(x) forallx € X.

The case h(x) = 1 corresponds to a unitary normalization.

The carrier & encodes the global scale or asymptotic trend of the mixture, while the coefficients k;
determine the local weighting of the branches f;.

2.2. Asymptotic Preservation Properties

We now derive a proposition showing that NCLC structures preserve the asymptotic behavior of
a reference trend.

Proposition 1 (Asymptotic preservation). Let fier : X — R be a reference function such that | free(x)| > 0
for all sufficiently large x. Suppose that for each i,

fi(x) = fref(x) (1 + Ei(X))

with €;(x) — 0as x — co. Assume that the coefficients k;(x) are bounded and satisfy the NCLC condition
YN ki(x) = h(x), where h(x) is bounded away from zero for large x. Then

y('x) ~ h(x)fref(x> (x - oo)

Proof. Substituting the decomposition of f; gives

N
y(x) = Zki(x)fref(x)(l +&;(x))

i=1

N
= fref(x) Zkl(x) (1 + ei(x))

N
= )| L ) + L))

where
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By boundedness of k; and ¢;(x) — 0, it follows that §(x) = o(h(x)) as x — oo, provided h(x) is
bounded away from zero. Hence

B 1C B UL CO B

h(%) fret (%) h(x)
which proves the asymptotic equivalence. [
3. Discrete-Time NCLC Systems

3.1. Design Theorem for LTI Systems

Standard discrete-time LTI systems are governed by the difference equation
N . M .
yln) =} aiyln—il+ 3 bjxn—j]. (1)
i=1 j=0

We can restate stability and gain conditions using the NCLC framework.

Theorem 1 (NCLC design constraint). For the causal LTI system (1), suppose that:
1. The feedback coefficients satisfy the contraction condition

N
Z |111“ <1
i=1

2. The input coefficients satisfy the normalization

M N
Y. bj=Ga|1—Y a), 2)
j=0 i=1

for some prescribed DC gain Ggq. > 0.

Then the system is BIBO stable and its steady-state response to a step input of amplitude Xy is exactly
yleo] = Gac Xo.

Proof. Stability follows from the absolute summability of the impulse response implied by condition 1
(the homogeneous recursion is a contraction; see [1]). For the steady-state value, consider a constant
input x[n] = Xo. For a BIBO-stable system, y[n] — Y exists, and taking limits in (1) yields

N M
Yss = Z a;Yss + 2 ij0/
i=1 j=0
SO
Yss (1 — Zai) = XO Zb]
Using (2), we obtain
Yo = —2YXo = GaeX
ss — 172%‘ 0 — Ydc40-
O

This theorem highlights that the sum of feedforward coefficients acts as a “carrier” normalizer for
the DC gain, consistent with the NCLC interpretation.
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4. Applications
4.1. First-Order NCLC Low-Pass Filter
The classic first-order recurrence
yin|=ayn—-1]+1—a)xn], 0<a<l, 3)

is an explicit NCLC where k; = a and ky = 1 — a, summing to h[n] = 1. The carrier 1 = 1 enforces a
unit DC gain, independently of the pole location.
The impulse response of (3) is

hl0)=1—a, hn]=(1-a)a", n>0,
which is absolutely summable whenever |a| < 1, guaranteeing BIBO stability.

4.2. Step Response and Illustrative Simulation
Consider the unit-step input x[n] = 1 for n > 0. For |a| < 1, the step response of (3) is

yinl]=1-a", n>0,

so all filters with 0 < a4 < 1 converge to the same steady-state value y[oo] = 1, but with different time
constants. The NCLC normalization a + (1 — a) = 1 enforces the common carrier (unit DC gain), while

tuning a changes only the dynamics.
Figure 1 shows the step response for three representative values of a. The plot is generated

analytically using the above expression, but it can be interpreted as a simple discrete-time simulation.

Step response of NCLC filter (G, = 1)
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Figure 1. Step response of the NCLC filter y[n] = ay[n — 1] 4 (1 — a)x[n]. The coefficient normalization k; +k; = 1

enforces the common steady-state value.

4.3. Parametric Model Blending
In control, an adaptive mechanism might blend a nominal model ay with a corrected model 4
through a normalized combination. For example, for the scalar system

x[n+1] = ax[n] + bu[n], y[n] = x[n],
one may consider a corrected model
a=ag(1+0), x[n+1]=azxn|+buln,
with the parameter 6 updated according to an error signal e[n] = y[n] — J[n] via

01 =0 +aen], 0<a<l.
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At each step, the effective model blends the nominal contribution and a multiplicative correction
controlled by 6. This can be interpreted as an NCLC in parameter space, where the normalized
combination balances nominal and corrective dynamics. A more detailed analysis of convergence
conditions is left as future work.

5. Signal Analysis of Arithmetic Sequences

The NCLC framework can be extended to analyze numerical sequences by treating them as
discrete-time signals. Consider the sequence of prime numbers p,,. From the prime number theorem,
we know the asymptotic trend

pn ~ nlogn

as n — oo (see, e.g., [5]). Define the sequence

nlogn

Pn

A, =
Then
Ap=1+¢, €, —0 (n— o0),

where ¢, can be interpreted as an “arithmetic noise” term in the approximation p, ~ nlogn.
We can build an NCLC signal of the form

Si’l = k] (7’1) + k2(”>An/
with normalization relative to a carrier h(n):
k(1) +ka(n) = h(n).

Substituting A;;,
Sy = h(n) + ka(n)en.

Proposition 2 (Growth-order preservation in a numerical NCLC). Assume that |e,| < Cq for all suffi-
ciently large n, that |kp(n)| < K is bounded, and that h(n) — oo as n — co. Then

Sn
h(n)

In particular, S,, preserves the growth order of the carrier h(n).

=1 (n— ).

Proof. We have
Su__ h(n)+k(n)en _ 14 ka(n)en

h(n) h(n) h(n)

By assumption, |ka(n)e,| < KCe, so

ko(n)ey
h(n)

K Cg

= im) —0

as n — oo, since h(n) — co. Thus S, /h(n) - 1. O

This suggests that techniques and intuition from signal filtering can be applied to smooth numeri-
cal sequences and recover asymptotic trends, with NCLC providing a structural language for doing
s0.
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6. Conclusions

We have introduced the Normalized Coefficient Linear Combination (NCLC) as a unifying
pedagogical and design framework. By explicitly separating the carrier (scale) from the constituent
signals, NCLC simplifies the analysis of stability and gain in discrete-time LTI systems and offers a
complementary perspective on numerical sequence analysis. The main contributions are:

* A general asymptotic-preservation result for NCLC structures.

*  An NCLC-based design constraint for finite-order LTI systems, linking coefficient normalization
to both BIBO stability and DC gain.

e [llustrative examples in first-order filtering, simple parametric model blending, and prime-based
numerical signals.

Future work will investigate the application of NCLC in higher-order filter banks, constrained
optimization for filter design, and nonlinear state estimation schemes where normalization constraints
play a structural role.
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