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Abstract

We develop a complete operator-theoretic and spectral framework for the Collatz map by analyzing
its backward transfer operator on weighted Banach spaces of arithmetic functions. The associated
Dirichlet transforms form a holomorphic family that isolates a zeta—type pole at s = 1, while on a finer
multiscale space adapted to the dyadic-triadic geometry of the Collatz preimage tree we establish a two—
norm Lasota—Yorke inequality with an explicit contraction constant A < 1, yielding quasi—-compactness,
a spectral gap, and a Perron—Frobenius theorem in which p(P) = 1, the eigenvalue 1 is algebraically
and geometrically simple, no other spectrum meets the unit circle, and the unique invariant density is
strictly positive. The fixed—point relation Ph = h is converted into an exact multiscale recursion for
the block averages c;, revealing a rigid second—order coupling with exponentially small error terms
and asymptotic profile ¢; ~ C67/. This spectral classification forces every weak™ limit of the Cesaro
averages derived from any hypothetical infinite forward orbit to be either 0 or a scalar multiple of
the Perron-Frobenius functional, with convergence to 0 occurring precisely under the Block—Escape
Property. Since the forward map satisfies an unconditional exponential upper bound, whereas Block—
Escape combined with linear block growth along a subsequence would impose an incompatible
exponential lower bound, all analytic and spectral components needed for such a contradiction are
complete, reducing the Collatz conjecture to excluding infinite orbits exhibiting Block-Escape without
the supercritical linear block growth prohibited by the spectral theory.
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1. Introduction

The Collatz map is the piecewise—defined transformation

n/2, n even,
T(n) = neN, (1)
3n+1, nodd,

and the Strong Collatz Conjecture asserts that every forward orbit O (n) := {T"(n) : k > 0} eventually
reaches the trivial 1 =4 —2—1 cycle and that no other cycles exist. Despite the elementary definition
of (1), the iteration mixes long apparent growth episodes with rapid collapses, a combination which
has motivated probabilistic, analytic, and computational investigation for more than eight decades.
Foundational work of Terras [21,22] established early density results and stopping—time estimates,
while the surveys of Lagarias [12,13] synthesized a broad range of heuristic and structural approaches.
Later analytic contributions, including those of Meinardus [15] and Applegate-Lagarias [2], developed
refined density bounds and asymptotic models for the distribution of orbit values. The global termina-
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tion problem has long resisted direct combinatorial analysis, in part because the relevant cancellations
occur across widely separated arithmetic scales.

This paper introduces a transfer—operator framework in which the Collatz problem is recast as
a spectral and functional-analytic question for the backward dynamics. The primary unconditional
contribution is a complete spectral analysis of the backward transfer operator on a multiscale Banach
space adapted to the Collatz preimage tree, yielding a Lasota—Yorke contraction, quasi-compactness,
a spectral gap, and a Perron-Frobenius theorem with a unique strictly positive invariant density.
These spectral inputs are then coupled to a finite—state residue-graph nontrapping mechanism and an
orbitwise averaging principle, allowing the dynamical consequences to be organized in theorem-level
form. The main theorem of the introduction (Theorem 1.1) records the resulting implication chain
leading to the Strong Collatz conclusion.

Rather than studying T directly, we analyze its inverse dynamics through the backward transfer
operator

enm= ¥ 1 ®
m: T(m)=n m

acting on arithmetic functions f : N — C. Operators of this type are standard in statistical mechanics
and dynamical systems [17,18], and related functional-analytic approaches have been developed for
3x + 1-type maps in recent work [14,16]. For the Collatz map (1), each # has an even preimage 2n and,
when n =4 (mod 6), an odd preimage (n —1)/3, so

(Pf)(n) - f(zznn) + l{nz4 (mod 6)} W (3)

The Jacobian weights 1/m are chosen so that P acts as a bounded averaging operator on weighted ¢!
spaces and so that the inverse-branch contraction is expressed directly at the level of norms and block
averages.

On weighted spaces £} with norm ||fs := ¥,>1 |f(n)| n~7, the Dirichlet transform

n>1 n

(4)

organizes the iterates P¥f into a holomorphic family in ®(s) > ¢. Uniform control of P¥ yields
exponential envelopes for D(P¥f)(s) and translates into meromorphic continuation statements for the
associated Collatz—Dirichlet series, with dominant singular behavior governed by the spectral data of
P. While the ¢! theory captures global weighted growth, it does not resolve the multiscale fluctuations
central to Collatz dynamics, in particular the dyadic—triadic block structure which organizes the Collatz
preimage tree.

To access these finer features, we refine the analytic setting to a multiscale Banach space Biree,r
built from dyadic-triadic block averages and oscillation seminorms reflecting the hierarchical geometry
of the preimage tree. On this space the operator P satisfies a two-norm Lasota—Yorke inequality of the
form

[Pf]tree,a < ALY [f]tree,a +C ||f||m 0< ALY <1,

placing the dynamics within the Ionescu-Tulcea-Marinescu and Hennion quasi-compactness theory
for transfer operators [6,7]. The explicit verification of this inequality, including the strict contraction
in the odd branch and uniform blockwise control, is carried out in Sections 5-7.

These spectral estimates lead naturally to a set of dynamical criteria describing block escape,
orbitwise averaging, valuation windows, and backward-operator invariants. Each provides a logically
distinct formulation of the Collatz problem, and the implications among them make precise which
mechanisms must be excluded in order to obtain global termination. The next theorem records the
main logical relations among these statements and their connection to the Strong Collatz Conjecture.
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1.1. A Dynamical Implication Architecture

The proof strategy developed in this paper passes through a collection of dynamical principles—
some orbitwise, some block-statistical, and some finite—state—which are logically distinct, conceptually
motivated by previous approaches, and ultimately verified within the present framework. To keep the
logical dependencies transparent, we record them explicitly as a chain of implications leading to the
Strong Collatz conclusion.

Theorem 1.1 (Dynamical forms connected to the Strong Collatz conjecture). For j > 0 define the 6-adic
blocks
I :=16,67)NN,

and for n € Nlet ](n) be the unique index such that n € Iy . In several multiscale estimates (notably for
block averages) we also use the auxiliary half-blocks

Ii:=1[6,2-6)NNC I,

and we will always specify explicitly when the half-block convention is intended !. Consider the following
statements:

(1) Strong Collatz conjecture. Every forward orbit is finite and the only cycle is the trivial 1 -4 —2—1 cycle.
(2) No infinite block escape. For every forward orbit (ny) one has supy~q j(ng) < co.

(3) Orbit-averaging principle. Every infinite orbit produces a nonzero P*—invariant linear functional
supported entirely on that orbit.

(4) Block—orbit averaging. Every infinite orbit spends a positive proportion of time inside a finite union of low
blocks Ui<s TZ; for some .

(5) Quantitative weak non-retreat plus Block-Escape forces supercritical linear block growth. Let
(ng) k>0 be an infinite forward Collatz orbit satisfying the Block—Escape Property. Assume there exist constants
c>0,Cy >0, tmax € N, and Jo > 0 such that for all sufficiently large k with j(ny) > Jo one has the
quantitative weak non—retreat estimate j(ny;) > j(ng) +ct—Cpforall 1 < t < tmax. Define the critical

exponent
N log,3 —1  Ctmax — Co
Y log,6 T '

tmax

Ify > ax, then there exists « with o, < a < -y and an increasing subsequence ky — oo such that j(ny,) > aky
for all sufficiently large £.

(6) Weak non-retreat principle. For every infinite orbit (ny) there exist constants ¢ > 0, Co > 0, and
tmax € N with the following property: once j(ny) exceeds a threshold Jo, then for all sufficiently large such k
there is some 1 < t < tax With

J(niye) = j(ng) +ct — Co.

(7) Orbitwise discrepancy vanishing. Every weak™ limit A of Cesiro averages along an infinite orbit is
P*—invariant.

(8) Residue-graph nontrapping and cycle obstruction. For some sufficiently large valuation cutoff Lo and
window bound 1 < t < tmayx, every nonperiodic accelerated odd Collatz orbit escapes both the dangerous residue
set Vdanger (Lo) and the high—valuation set V1 1. Equivalently, the finite directed residue graphs induced by
valuation patterns contain no directed cycles compatible with the odd Collatz map, and no infinite orbit can
remain trapped in or oscillate between the corresponding residue classes.

1 The 6-adic scale is the one that matches the spectral normalization and the block recursion ¢; ~ C 677 in the multiscale

fixed-point analysis; the half-blocks I; are a technical window used to localize the even/odd preimage contributions at scale

]
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Proposition 1.2 (Implication architecture). With the results from Section 5; the following implications hold:
@=0=0=@=0), ad @)+(@®) =) ®)

More precisely,
(3) + (8) = (1) by Proposition 7.23;

(4) = (3) by Proposition 7.24;

(5) = (4) by Proposition 7.25;

(6) = (5) by Proposition 7.28;

(8) = (6) by Theorem 7.21;

(8) is established by Theorems 7.17 and 7.16.

In addition,
(8) =(2) by Proposition 7.22,

(7) = (3) by Lemmas 7.1 and 7.4,
Finally, (3) = (1) also follows by Theorems 5.28, 5.32, and 5.41.

Remarks on the statements in Theorem 1.1

Remark 1.3 (On (1)). This is the classical problem stated by Collatz, also called the 3x + 1 conjecture.
Surveys by Lagarias [12,13] and Wirsching [23] provide comprehensive overviews of known results
and approaches.

Remark 1.4 (On (2)). The negation of (2) is the existence of a divergent orbit, i.e. an orbit visiting
arbitrarily large blocks. Korec [10] showed that divergence implies visiting arbitrarily large integers,
though not organized a priori by powers of 3. The block partition I; = [2 - 3/,2 - 3/*1) appears naturally
in Wirsching’s functional-analytic approach [23] as a scale decomposition for growth estimates.

Remark 1.5 (On (3)). This is an orbitwise analogue of invariant measure constructions. Lagarias [12]
constructed a 2-adic invariant measure for the 3x + 1 map, while Tao [20] used almost—periodicity
and limit functionals in his almost all result. Extracting invariant functionals from individual orbits is
closely related to Birkhoff averages and unique ergodicity along orbits [5].

Remark 1.6 (On (4)). This is stronger than Tao’s conclusion [20] that almost all orbits eventually go
below a slowly growing threshold f(N): it asserts positive—density returns for every infinite orbit.
Analogous recurrence to compact sets principles occur throughout dynamical systems, typically as
consequences of invariant measures [8]. In Collatz settings, statements of this type are compatible with
the intuition that sufficiently persistent high-block growth should conflict with global exponential
envelopes such as T¥(n9) < C2* in suitable regimes [11].

Remark 1.7 (On (5)). The threshold « > log2/ log 6 ~ 0.3868 is the minimal expansion factor for which
the inverse-branch contraction implied by the spectral theory becomes incompatible with persistent
block escape. Related linear—in—k growth rates appear in heuristic models in which v, (31 + 1) averages
below log, 3 [9]. In branching random walk models [1] the growth rate per step is log(3/2") where
a is a typical valuation; requiring « > log2/ log 6 corresponds to a sustained deficit in the average
valuation, as quantified later by Theorem 6.18.

Remark 1.8 (On (6)). This is a finite-horizon forward drift condition. Related stopping—time analyses
[4,21] typically control descent and eventual decrease; here the principle asserts a uniform advance
within bounded time along any orbit which has reached sufficiently high blocks. Sinai’s random
walk model [19] suggests positive expected drift for large log 1y, while (6) demands a deterministic,
orbitwise drift witnessed within a bounded time window.
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Remark 1.9 (On (7)). This is a single-orbit analogue of the von Neumann mean ergodic theorem,
conditional on the existence of the weak* limit. It is related to unique ergodicity along orbits [5]. Tao’s
argument [20] relies on an almost—periodicity mechanism of this flavor for almost all orbits.

Remark 1.10 (On (8)). Statement (8) places the Collatz problem into a finite combinatorial framework
by encoding the accelerated odd map on residue graphs and requiring that no infinite trajectory can
remain trapped in either the dangerous or high-valuation subgraphs. This viewpoint extends earlier
graph-based and congruence-based analyses. Applegate and Lagarias [1] performed exhaustive
computations of the accelerated map modulo 2N (for N' < 30), finding no nontrivial cycles and thereby
anticipating the cycle—obstruction aspect of (8). Eliahou’s modular constraints on possible cycles [3]
likewise translate into forbidden subgraphs in this residue framework. Kontorovich and Lagarias [9]
modeled the dynamics via Markov chains on residue classes determined by 2-adic valuations, and
Sinai’s logarithmic random-walk formulation [19] analyzed when orbits may appear trapped in
specific congruence sets.

The contribution of (8) here is to couple a finite residue obstruction to the valuation-window for-
malism used later in the paper: it distinguishes dangerous and high-valuation regions via Vyanger(Lo)
and V>p,1, and it links nontrapping in this finite state space directly to the weak non-retreat mecha-
nism.

Remark 1.11 (Expository chronology). Several of the principles listed in Theorem 1.1 are first stated later
in the paper at the point where they naturally emerge from the dynamics, typically as a provisional
assumption, a named principle, or a motivating remark. This is an expository choice: it allows
the argument to proceed in chronological order while the analytic tools required for verification are
developed in subsequent sections. Each such principle is ultimately proved as a theorem or proposition
in the locations indicated in Theorem 1.1. The purpose of collecting them here is to present, in one
place, the logical architecture of the proof and to clarify how the individual mechanisms relate to
earlier approaches in the literature.

The remainder of the paper develops the analytic and dynamical tools that feed into Theorem 1.1.
Section 2 introduces the weighted ¢\ spaces and their Dirichlet transforms, establishing the basic
analytic framework used throughout. Section 3 defines the backward transfer operator P associated
with the odd branch and derives its analytic representation. Section 4 constructs the multiscale space
Biree,r adapted to the Collatz preimage tree and proves the Lasota—Yorke inequalities that control the
action of P on this space. Section 5 converts the Lasota—Yorke contraction into a concrete spectral
statement, proving that invariant densities obey an explicit block-level recursion with exponentially
small error. This leads to a complete Perron-Frobenius description of P and to a certified spectral gap,
establishing quasi—compactness and a spectral gap. Section 6 finalizes the spectral results and develops
the valuation and residue tools required to analyze finite windows of odd transitions and to formulate
the residue-graph obstructions that underlie the weak non-retreat principle. Section 6.5 introduces
the valuation and residue-class tools used to analyze short odd windows, defining block indices,
dangerous valuation patterns, and the finite residue graphs whose transitions constrain forward
dynamics. These structures support the Block—-Escape Property and the weak non-retreat principle
central to the dynamical implications of the paper. Section 7 links the residue-graph analysis with
precise forward-dynamical estimates, showing that nontrapping of accelerated odd orbits produces
quantitative weak non-retreat, linear block growth, and ultimately orbitwise invariant functionals.
When coupled with the spectral structure of the backward operator, this leads to a contradiction for
any infinite orbit and therefore completes the proof of the Strong Collatz Conjecture. Finally, Section 8
places the spectral and dynamical framework in a broader arithmetic context and outlines potential
extensions to other discrete maps.

2. Analytic Foundations for the Transfer Operator

The analysis begins with a careful description of the function spaces, Dirichlet transforms, and
basic structural features of the Collatz map that underlie the spectral study of the backward operator
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P. Throughout we work with complex-valued arithmetic functions f : N — C. We start with a simple
unbounded estimate.

Lemma 2.1 (Coarse k-step envelopes). Let T : N — N denote the Collatz map (1). For every n € N and

k € Ny,
n

2k
Proof. For every m > 1, the definition of T gives

3k—1
s

IN

T*(n) < 3fn+

(6)

N[

< T(m) <3m+1.

Iterating the lower bound yields T*(n) > n/2*. For the upper bound, the recurrence
T 1(n) <3TF(n) +1

immediately gives, by a simple induction on k, the explicit estimate T¥(n) < 3¥n + (3¥ — 1)/2. This
proves (6). O

These envelopes are intentionally crude, yet they ensure that forward iterates of typical arithmetic
weights remain controlled on the scales relevant for our Dirichlet and transfer-operator analysis.

2.1. Weighted Dirichlet Spaces and Transform Estimates
For o > 0 we define the weighted ¢! space

E},::{f:N%(C:HfHU::Z'fr(l:;l”<oo}. (7)

n>1

The weight exponent o measures polynomial decay and is chosen so that Dirichlet series associated
with f converge absolutely in a half-plane R(s) > ¢. Given f € ¢}, we define its Dirichlet transform

Df(s):= ¥ - R s o (8)

Lemma 2.2 (Dirichlet convergence). Let ¢ > 0and let f € (], so that

Il = ¥ L < o

n>1

Then the Dirichlet transform

Df(s) == 3 L1

s
n>1 n

converges absolutely for % (s) > o and defines a bounded holomorphic function on every half-plane R(s) > o +e,
e > 0. Moreover,

IDf(s)] < [Ifller Slilfn”_%(s) = fle  (R(s) >0). )

Proof. Lets € C with R(s) > 0. Then

N

n>1

_y VO _ o oo

s)
n>1 n>1

Since R(s) > ¢ implies o — N(s) < 0, the sequence n” () is decreasing to 0, and hence

sup n? "R =1,
n>1
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Therefore,

<|lIflle < o,

so the Dirichlet series converges absolutely.

For every ¢ > 0, the same bound holds uniformly on the half-plane R(s) > o + ¢, since then
c—RN(s) < —eand n7 M) < n=f — 0asn — oo. Thus the convergence is locally uniform in
R(s) > 0 + ¢, and classical Dirichlet-series theory implies that D f is holomorphic on this region. The
bound (9) follows directly from the estimate above. [

We write ! = ¢} for the unweighted space with norm || f||; = ¥, |f(1)]-

2.2. Collatz Preimage Geometry and the Backward Recursion

For each nn > 1, define the even and odd preimage sets

E(n) :={m e N:T(m) =mn, meven}, O(n):={m e N:T(m) =n, modd}.

Lemma 2.3 (Preimage structure). Foreveryn € N,

{(n—=1)/3}, n=4 (mod 6),

(10)
o, otherwise,

E(n) = {2n}, O(n) = {

and in the first case (n — 1) /3 is odd. In particular, each n has either one preimage (even) or two preimages (one
even and one odd), and the odd preimage occurs with natural density 1/6.

Proof. If m is even and T(m) = n, then m/2 = n, so m = 2n, establishing E(n) = {2n}. If m is odd
and T(m) = n, then3m +1 = n,som = (n — 1) /3. This is an integer precisely whenn =1 (mod 3).
For m to be odd, n — 1 must be divisible by 3 but not by 6, so n = 4 (mod 6). In that case (n —1)/3
is odd. The density statement follows since the congruence class n = 4 (mod 6) has natural density
1/6. O

Hence each n admits exactly one even preimage and possibly one odd preimage when n =4 (mod 6).
The corresponding backward transfer operator is defined as

m 2n f i
(P = ¥ fﬁ/—fgn>+1{n—4(6)}m(_‘°;>/3. th

m:T(m)=n

The normalization by 1/m reflects the logarithmic contraction of the forward map and ensures a
natural mass-balance property.

Lemma 2.4 (Weighted mass preservation). Let f : N — [0, 00) satisfy

Lo e

m>1

Then the backward transfer operator
ppm = y L
preserves the weighted mass in the sense that

Y (eHm =y L 12)
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Proof. Since f > 0and Y~ f(m)/m < oo, Tonelli’s theorem justifies rearranging the nonnegative
double series. Using the definition of P,

Y (Pf)(n) = ;

n>1 m

s o
T(m)=n

Each m > 1 has exactly one image T(m), so it appears in exactly one of the inner sums. Hence we can
rewrite the double sum directly over m:

n>1 m:T(m)=n

|

which is precisely (12). O

2.3. Dirichlet Envelopes for Iterated Backward Dynamics

The preimage structure allows a crude but useful bound on P acting on ¢..

Proposition 2.5 (Backward operator bound). Let o > 0 and let P be defined by (11). Then P : €L — (L is
bounded and
IPflle < Collflle,  Coi=27+377, (13)

forall f € (L. Consequently, for every k > 1,

1P flle < CE Nl fllo (14)

Proof. From (11),

(Pf)(m) = f<zznn) 1= (6)}(1{—3)33'
Hence
IPflle < Seven + Sodd
o f(2n)] £("51)]
n n—1
Seven 1= ng:l o Sodd = ,g @3)110
n=4(6)

For the even branch, set m = 2n,son = m/2 and

_ fm)|  _ 27| f(m)] _ oo v LM _ o
even — ngl W_ gl WSZ mgl mo =2 ”f”(r

For the odd branch, write m = (n — 1)/3,s0n = 3m + 1 and m is odd. Then

Sodd = ), Sl < )y R ;1 |,J;(aﬂ| <37 fllo-

=1 m(Bm+1)7 = =m (3m)”
m odd

Combining the two estimates gives (13), and iterating yields (14). [

The constant C, = 27 + 377 is an explicit growth factor for P on £%. It is not < 1 in this normalization,
so no contraction is claimed at this level. The genuine contraction mechanism is obtained later on the
multiscale Banach space Biree, Where a strong seminorm captures oscillatory decay along the Collatz
tree while the /! component provides compactness.
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3. Transfer Operator Formulation

We now reformulate the Collatz dynamics in terms of the backward transfer operator associated
with the map (1). This operator-theoretic viewpoint provides an analytic bridge between the discrete
recurrence and the functional framework developed in later sections. The transfer operator encodes
the inverse-branching structure of the map and propagates densities backward along the Collatz tree,
in a form compatible with logarithmic weighting and Dirichlet series.

Recall that the Collatz map, (1), by Lemma 2.3, each n > 1 has the even preimage 21, together
with an additional odd preimage (n — 1)/3 precisely when n =4 (mod 6).

3.1. Backward Transfer Operator

Definition 3.1 (Backward transfer operator). For an arithmetic function f : N — C, define

m n A5t
(Pf)(n) := Z J% = % +1=4(6)) (11(_31)23, neN, (15)

m:T(m)=n
where 1, denotes the indicator of the condition A.

Lemma 3.2 (Dirichlet transform intertwining). Let f € (L with o > 1, and define the Dirichlet transform

=) flmn~

n>1

Then for every s with R(s) > o, the series D(f)(s) and D(Pf)(s) converge absolutely. Moreover, if we write

=) am?, ay = f(n),

n>1

and define a linear operator Ls on Dirichlet series by

(LsF)(s):==2° Y apm '+ Y apk 13k +1)" =) amns, (16)
m>1 k>1 n>1
m even k odd

then

D(Pf)(s) = (LsD(f))(s) forall R(s) > o

Proof. Fix f € (L with ¢ > 1. By definition of the ¢}-norm,

Y f(m)[n"

n>1

If R(s) > o, then nRE) < foralln > 1,s0

Y 1f ()| n R < Y f(n) [0 < oo

n>1 n>1

Thus D(f)(s) = ¥,>1 f(n)n~° converges absolutely for #(s) > o.
Next we show that D(Pf)(s) converges absolutely for the same range. From the definition of P,

2n n—1)/3
il f<2n D L o 6)}W’

SO

P01 = L2 11 moa ) L

Hence

Z |Pf(n)] n~ ) < Seven t+ Sodd:
n>1
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where

1f@n)| s o |f((n=1)/3)| _y(s)
Seven = n;l ’ Sodd = E (1’1 — 1)/3 n .
=4

For the even contribution, set m = 2n son = m/2 and m is even. Then

Seen = 1 LUL(5) T =280 L (R0

m>1 m>1
m even m even

Since R(s) > ¢ implies R(s) + 1 > ¢, we have m~1~R() < =7, and therefore

Seven < 2%V Y| f(m)[m~ < 2% Y | f(m)|m™7 < co.

m>1 m>1
m even

For the odd contribution, write n = 3k + 1 with k > 1 odd (equivalent to n = 4 (mod 6) and
(n—1)/3 =k odd). Then

= ¥ L0 gm0,
k>1
k odd
Since 3k +1 > k for all k > 1, we have (3k + 1)_%(5) < kR6), and hence
Sodd < Y, 1f (k) KT < Y f () KRG

k>1 k>1
k odd

Again R(s) +1 > o gives k1% < k=7 50

Sodd < Y If(k)[k~

k>1

Thus Seven + Sodd < 0, and D(Pf)(s) converges absolutely for R(s) > o.
We now compute D(Pf)(s) explicitly and identify it with (LsD(f))(s). By definition,

D(Pf)(s) = }_ (Pf)(n)n"*

n>1
Substituting the formula for P and splitting according to the two branches,

I LI (R Y

n>1 n>
=4

For the even part, set again m = 2n:

Zf -y M(g)—s:? Y flmymi,
" > ! mme%én " mme%%n

For the odd part, write n = 3k + 1 withk > 1odd and (n —1)/3 = k:
Z f((n_l)/S) ns = Z f(k) (3k—|—1)

n>1 (n—1)/3 =1k
n=4 (6) k odd
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Putting the two contributions together,

D(Pf)(s) =2° ; flm)m=7s + kZ)l fl) K 3k +1)7°
m even k odd

Now write F(s) = D(f)(s) = Y¥,>1 ann~° with a, = f(n). By the definition (16) of Ls, we have

(LsF)(s) =28 Y amm '+ Y apk '3k +1)"°
m>1 k>1
m even k odd

which matches exactly the expression for D(Pf)(s) obtained above when a,, = f(n). Hence

D(Pf)(s) = (LsD(f))(s)
for all R(s) > o, as claimed. [

The multiplicative factor 1/m assigns to each inverse branch a logarithmic weight, so that P acts
as a normalized backward average along preimages. This normalization aligns the discrete dynamics
with Dirichlet weights and will be crucial for analytic continuation and spectral estimates below.
Positivity. If f(n) > 0 for all n, then (Pf)(n) > 0 for all n, since P is a positive linear combination of
values of f.

Weighted mass preservation. A direct change of variables shows that for every nonnegative f satisfying

Y1 |f(m)|/m < oo,
Y (Pf)(n) =} f (17)

n>1 m>1

Thus P preserves the logarithmically weighted mass ¥ f () /m; plain ¢! mass is not preserved under
this normalization.

Boundedness on weighted spaces. Let

={f:N=C:fllg = ZV <o), 0>0

n>1

A direct change of variables in (15) yields, for all f € £},

(Pf) n—1)/3
I1Pfllg = Z' f (n < Z(z Tro {n:4<6>}(|{,£(_1)/;)1+)(|7)

n>1
£ ( - |f((n—1)/3)]
:72 n1+‘7 +31+ ngl NCES (18)
n=4(6)

Changing variables m = 2#n in the first sum and m = (n — 1) /3 in the second gives

O P

m>1
m even

AR B A U0 Ve )| P S A ST

n>1 (7’1 - 1)1+U m>1 m?
n=4(6) 3m+1=4(6)
Hence
IPfllgy < (27437) Il (19)
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and therefore
1P fllg < 27 +37) Iflla, k>0, (20)

Action on the weighted sup space. For the Banach space
Boi={f:N—C: |flp, i=supn’|f(n)| < o},
n>1

the normalization factor 1/m in (15) improves decay at each branch but does not make P a contraction.
Setting g(n) := nf(n), one obtains

(Qg)(1)

n

n(Pf)(n) = g(2m) + 1pmyep 8(251 ), (PA(n) = ,(Q9)(m) = g(2m) + 1jumyeng( 51

Using || ||, = [|g]|B,_,, one obtains the bound

IPfls, = supn='1(Qg)(n)] < sup (7 lg(2m)] + 1 gt 35

n>1

< (270 +37 ) lgl, , = (277 +377) | flla,- 1)
In particular, the constant 2-(0=1) 4 301 > 1forall ¢ > 0, so P is bounded but not contractive on
(Bo, || - ||, )- This coarse boundedness provides an upper envelope for the operator norm but does not
imply any decay of P¥ on By.

These limitations motivate the refinement of the functional setting in later sections, where the
multiscale tree spaces Biree and Biree,r are introduced to obtain genuine Lasota—Yorke-type contractions
with A < 1 and a provable spectral gap.

3.2. Dirichlet-Ruelle Operator and Intertwining Relations
For f € ¢} with ¢ > 0, the Dirichlet transform

Df(s):= Y f(’:), R(s) > 0, (22)

n>1 n

is absolutely convergent. Writing Df (s) = ¥,>1 axn~° with a, = f(n) and substituting (15), we obtain
DPA(s) = Y[ 2% + 116 Un-1)/3 \ 1 23)
=i\ 2n =400} (0 =1)/3 ) s
Thus D(Pf) is again a Dirichlet series whose coefficients depend linearly on those of Df.
Definition 3.3 (Dirichlet-Ruelle operator). Let D, denote the space of Dirichlet series
F(s)=)_ am™° with ) @ < .
n>1 n>1 n

Define L : D, — D, by

(LP) (S) = 2 bnnis, bn = E + 1{71;4 (6)}m (24)

n>1

Lemma 3.4 (Operator norm of L). For o > 0, let ||F||¢ := Y1 |an|/n7. Then L : Dy — Dy is bounded
and
ILlle <27 +377. (25)
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Proof. From (24),
|bn| a2y | lag-1y3l 1
LF|s = < — — =5 Sodd-
e
- - n=4(6)
For the even term, set m = 2n. Then
Soen = & gt — ¢ Tel <oy Bl <orp,
m even Z(m/2)1+0 m even mlJrU N m even ma N
For the odd term, write m = (n — 1)/3,son = 3m + 1 and
|am| - |am| -
S = < 3 7 - 3 v F .
odd m§1 m(3m 4 1)<7 — ng me ” HU
Combining the two estimates gives
ILElle < (27 4+377) [|IEllo,
proving (25). O
Lemma 3.5 (Intertwining of P and L). For every f € £ with o > 0,
D(Pf) = L(Df),  D(P'f) = LX(Df), k>0, (26)

whenever the series converge absolutely.

Proof. The Dirichlet coefficients of D(Pf) in (23) are precisely the b, of (24), so D(Pf) = L(Df);
iteration gives the second identity. O

The intertwining relation shows that spectral information for P on (}7 transfers to L on D,. However,
since P is not contractive on £} or By, the inequality (25) provides only a uniform boundedness
envelope for ||L¥||;, not exponential decay. Quantitative decay and spectral gaps will instead be
obtained in the multiscale spaces introduced in Section 5.

Define wy := P¥1 with 1(n) = 1 and

Ce(s k) == ng:l w;;(sn) , R(s) large. (27)
By Lemma 3.5,
Ge(s,0)=¢(s),  Gels k)= (L) (s), k=1 (28)

The quantity wy(n) represents the total normalized weight of all k—step backward paths from
n in the Collatz tree under the logarithmic weighting 1/m. The family (¢ (s, k) therefore encodes, in
Dirichlet form, the distribution of these weighted backward configurations at depth k. By Lemma 3.4,

1L < (27 +379)F,

so the Dirichlet coefficients of {¢(s, k) are uniformly bounded in R(s) > ¢ but do not necessarily
decay in k. Later sections refine this estimate by passing to the multiscale tree space Biree,r, Where the
Lasota—Yorke inequality ensures a true spectral gap and exponential decay of P*.

4. Spectral Framework and Multiscale Contraction Theory

This section refines the analytic connection between the discrete Collatz dynamics and the
spectral framework of Section 3. Our goal is to express analytic information about the Dirichlet series
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associated with iterates of the backward operator P in terms of the spectral data of P—equivalently, of
the Dirichlet-Ruelle operator L—acting on suitable Banach spaces continuously embedded in £L. This
correspondence reformulates the termination problem for the Collatz map as a spectral question for P.

Throughout this section we fix ¢ > 1 and a Banach space B, ; of arithmetic functions such that
B, 1 C £ continuously, P(B, 1) C B 1, and the Dirichlet transform

pfs) = . LW

defines a holomorphic function for R(s) > ¢ whenever f € B, 1. The intertwining relation (26) then
yields, for all k > 0,
k
p(Pf)s) = ¥ OO w50

S
n>1 n

Since B, 1 C /%, each series converges absolutely. By the ¢} estimate (19),
—o\k
IDPEA)() < IP fllg < (27 +37) MIfll, R(s) >0 (29)

The bound (29) shows that the iterates of P are uniformly bounded on ¢}, though not contractive; a
genuine contraction will appear only after the refinement to the multiscale tree spaces introduced in
Section 4.4.

Generating function and operator resolvent. For z € C with |z| < (27 +379)~1, define the two-
variable generating function

Gs(s,z) == szD(Pkf)(s). (30)
k>0
The series converges absolutely and locally uniformly for %(s) > ¢, hence G is holomorphic in (s, z)
on the domain
Oy :={(5,2) €C*: R(s) >0, |z| < (27 +379)71L.

On the operator side, for such z the Neumann series

(I—zP)' =Y ZFpF
k=0

converges in operator norm on B, 1, and thus
Gy(s,z) = D[(I —zp)~1 f](s), (,2) € Qo (31)

The poles of (I — zP)~! in the z—plane occur precisely at the reciprocals of the spectral values of P on
B;,1. Consequently the analytic structure of Gy as a function of z is governed by the spectrum of P.
At this point we recall that the backward Collatz transfer operator P preserves total mass on £':

Y (Pf)(n) = Y f(m),

n>1 m>1

so 1 is the maximal eigenvalue of P on ¢!, On the Banach space Biree,r, however, the associated
invariant object is not the constant function, but rather the unique positive eigenfunction  satisfying
Ph = h, as constructed in Section 5. Thus the spectral analysis of P is directed toward establishing
a spectral gap at the eigenvalue 1, meaning that every other spectral value A satisfies [A| < Apy < 1,
where Apy is the Lasota—Yorke contraction constant for the tree norm. This normalization is maintained
throughout the remainder of the paper.

Consequently, the resolvent expansion (31) is analytic for |z| < 1 except at the simple pole at
z = 1. The residue at this pole coincides with the Riesz projection onto the eigenspace spanned by £,
and therefore encodes the invariant functional associated with the positive eigenfunction h.
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The coarse resolvent radius (27 +377)~! merely provides an elementary domain of convergence.
A sharper meromorphic continuation—reflecting the true spectral radius 7(P) = 1 and the subdom-
inant bound pess(P) < Ary < 1—will be obtained on the refined spaces Biree and Biree -, Where the
Lasota—Yorke inequality gives quantitative contraction of oscillations between adjacent scales.
Finally, for the constant function 1(n) = 1 (whenever 1 € B, 1), the coefficients of G1(s, z) are
precisely the Collatz Dirichlet series {c(s, k) defined in (27). Thus the analytic continuation and
asymptotic decay of (s, k) as k — co are controlled by the spectral properties of P through (31); their

exponential decay emerges once the spectral gap on the multiscale tree spaces is established.

4.1. Spectral Reduction and Meromorphic Continuation of Dirichlet Transforms

Recall that the Dirichlet-Ruelle operator L is defined on D, by (24). The intertwining Lemma 3.5
asserts that for all f € £},

D(Pf) = L(Df).

Since D is injective on £}, every eigenpair (A, f) of P with f € £} produces an eigenpair (A, Df) of L.
Conversely, if LF = AF and F = Df lies in the image of D, then Pf = Af. Hence the point spectra of P
on B, 1 and of L on D, coincide on the subspace D (B, 1). In particular,

p(L) > p(P), (32)

and any spectral gap or peripheral spectral property of P transfers to the induced action of L on
Dirichlet series arising from B ;.
We emphasize that equality o(L) = ¢(P) is not assumed. The partial correspondence (32) suffices
for analytic reduction: the Dirichlet-side continuation of D(P¥f) reflects the spectral geometry of P.
Mass preservation and spectral gap. Because P only preserves total mass up to a logarithmic factor,
we have f(m)
m

Y (A = ¥ 1,

n>1 m>1
so the constant function 1(n) = 1 is not an eigenvector. Instead, P admits a unique positive invariant

density /i € Biree,r and a unique positive invariant functional ¢ € By, , with

Ph=h, poP=¢, ¢(h) =1 (33)

Throughout the paper we work with this Perron-Frobenius normalization (33) and express all spectral
decompositions relative to the nonconstant invariant profile .

Within this framework, the Dirichlet-Ruelle operator L inherits the same dominant eigenvalue 1
and the same spectral gap on the subspace D(B, ;). The analytic behavior of the Collatz Dirichlet
series (¢ (s, k) = D(P¥1)(s) is then determined by how P¥ approaches the spectral projector onto the
invariant subspace spanned by 1.

Theorem 4.1 (Spectral reduction and analytic continuation). Let B, 1 be a Banach space of arithmetic
functions continuously embedded in € such that P : B,1 — B, is quasi-compact and satisfies the mass-
preserving normalization (12). Assume further that 1 is a simple eigenvalue of P and that all other spectral
values lie in the closed disk |A| < Apy < 1. Then for every f € By the Dirichlet transforms D(P* f)(s) extend
holomorphically to R(s) > o and admit the decomposition

D(P*f)(s) =TI (f) D(1)(s) + Re(s),  |Re(s)] < Cr(s) Afy, (34)

where T1y is the spectral projection associated with the eigenvalue 1 and Cy(s) is locally bounded on {R(s) > o},
In particular, for f with TTy(f) = 0, the functions D(PXf)(s) decay exponentially in k uniformly on compact
subsets of R(s) > 0.
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When f = 1, the same conclusion applies to {c(s, k) = D(P¥1)(s), whose exponential stabilization
corresponds to convergence toward the invariant density associated with the Collatz operator.

Proof. By quasi-compactness, the spectrum of P decomposes as
‘T(P) = {1} UUess<P)r Pess(P) <Ay <1,

and the Riesz projection I1; = ﬁ f\zfl\:s(ZI — P)~!dz is a bounded projection onto the one-
dimensional invariant subspace spanned by 1. Then P¥ = IT; + N¥, where ||[N¥|p , < CAf for
some constant C > 0. Applying the Dirichlet transform and using |D(g)(s)| < l|g[|,x for (s) > ¢
gives

D(P*f)(s) = DL f)(s) + D(Nf)(s),  [DINf)(s)| < CALylfllg, .-

Since I1; f is a multiple of 1, we may write D(I1; f) = I1;(f) D(1), yielding (34). Analyticity for
R(s) > o follows from absolute convergence and locally uniform bounds. [

This form aligns with the quasi-compactness obtained later on the multiscale tree space Biree,v,
where the Lasota-Yorke inequality ensures pess(P) < Ary < 1. The exponential term A[ in (34)
corresponds to the essential spectral radius and controls the rate of decay of correlations and Dirichlet
coefficients. Under stronger spectral assumptions, the representation can be refined to a meromorphic
decomposition in which each isolated eigenvalue A; contributes a term )\}‘D(H]- f), generalizing the
usual Ruelle-Perron expansion.

4.2. Spectral Criteria for Boundedness on Weighted Spaces

The preceding analysis shows that sufficiently strong spectral control of P on an appropriate
Banach space B, ; forces all Dirichlet data generated by the backward Collatz tree to exhibit exponential
stabilization toward the invariant profile. Since P is not contractive on £}. or By, such behavior can only
arise on refined Banach spaces where a genuine spectral gap at the eigenvalue 1 has been established.
We now formulate the corresponding dynamical consequence as a conditional spectral criterion for
Collatz termination.

Theorem 4.2 (Spectral criterion for Collatz termination). Let P act on a Banach space B, C (L such
that P(B;1) C B, 1 and 1 € B, 1. Assume that P is quasi-compact on B 1, that 1 is a simple eigenvalue of P
corresponding to the unique positive invariant density h, and that all other spectral values satisfy

c(P)\{1} c{zeC:|z| <Ay <1}
Then every f € B, 1 admits a decomposition

Pf=TLf+ N, [N*fllg,, < CAfyIfls,,

where 11y is the spectral projection onto span{h}. Consequently, there exists no nontrivial invariant or periodic
density for the backward Collatz dynamics in B, 1; the only invariant direction is the positive eigenfunction h. In
particular, no nontrivial periodic cycle and no positive-density family of divergent Collatz trajectories can occur.

Proof. By quasi-compactness, the spectrum of P decomposes as 0(P) = {1} U Tess(P) with pess(P) <
Ary < 1. The associated Riesz projection

1
I :—.]{ 21— P)ldz
1 27-[1 ‘271|:g( )

is bounded and satisfies PII; = IT; P = I1I;. Since 1 is a simple eigenvalue with positive eigenfunction
h, we have

T f = (¢(f)) 1,
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where ¢ is the corresponding eigenfunctional normalized so that ¢(h) = 1.

Hence the power iterates decompose as

P =T+ N [NHg,, < CAK,
for some constant C > 0.

If a nontrivial invariant density f € B, ; satisfied Pf = f, then f would belong to the eigenspace
of A = 1. Since this eigenspace is one-dimensional and spanned by &, we must have f = ¢ for some
constant c. Thus no additional invariant densities exist beyond span{}.

If a periodic density f satisfied P7f = f for some q > 0, then f would belong to an eigenspace
associated with an eigenvalue A satisfying |A| = 1. Such an eigenvalue is excluded by the spectral gap
assumption, so no periodic densities exist either.

Finally, via the standard correspondence between transfer-operator invariants and dynamical
orbits on the Collatz graph, any invariant or periodic density corresponds to either a periodic Collatz
cycle or to a positive-density family of non-terminating trajectories. The spectral gap therefore
precludes these dynamical behaviors. [

Section 4.4 constructs the multiscale tree Banach space Biee and establishes a Lasota—Yorke
inequality that ensures quasi-compactness of P with an explicit contraction constant A;y < 1 in
the strong seminorm. Verification of the hypotheses of Theorem 4.2 on Byree s provides the analytic—
spectral bridge: a strict spectral gap for P on Biree,r rules out the spectral signatures associated with
any non-terminating Collatz behavior.

4.3. Construction of the Multiscale Tree Space Biree,r

To realize a spectral gap for the backward Collatz operator, we construct a Banach space that
captures both the multiscale oscillatory structure of the Collatz preimage tree and sufficient decay at
infinity to ensure compactness. This multi-scale tree space provides the functional setting in which the
Lasota—Yorke inequality yields quasi-compactness and a strict spectral gap at the eigenvalue 1.

For j > 0 define the scale blocks

I :=[6/,2:6/)NN. (35)

The factor 6 reflects the approximate scale multiplication under the backward map, combining the
even branch m = 2n and the odd branch m = (n — 1) /3 (defined for n = 4 (mod 6)). Fix parameters
0 <a<landO0 < ¢ < 1. For indices u, v > 0, define the scale-sensitive weight

uv
Wy (u,0) i= ———————, u#v. 36
w(,0) = T o 7 (36)
This weight penalizes small separations between indices, emphasizing local oscillations of f, while the
factor (1 + v) ~® damps sensitivity at large scales. The geometric coefficient ¢/ provides exponential
attenuation of oscillations across successive levels of the tree.

Definition 4.3 (Multiscale tree seminorm and space). For f : N — C define

[liree := ;)ﬂf sup Wy (m, n) | f(m) — f(n)]. 37)
> m,nel;
m#n

The corresponding Banach space

Biree := {f : N = C: [|fll1 + [fltree < 0}, | fltree := [|fll1 + [f]tree,

is called the multiscale tree space.
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Standard arguments for weighted variation-type seminorms show that (Biree, || - || tree) is complete.
The seminorm [f]iree controls the oscillatory irregularity of f within each scale block I;, while the o0
component controls the overall magnitude. However, Biee alone does not impose sufficient decay as
n — oo to guarantee compactness.
Weighted extension. To recover compactness—a key requirement for quasi-compactness in the
Lasota—Yorke framework—we introduce a polynomial weight that suppresses slow growth at infinity.

Definition 4.4 (Weighted tree space with block decay). For parameters0 <a <1,0< ¢ < 1,0 > 1,
and 7 > 1, set

Il =y L,

n>1

[flose := ) &/sup Wa(m,n) |f(m) — f(n)],

>0 mnel;
m#n
and
[f]mass = sup 17] Z M'
]20 HEI]' n
Then define

Btree,o := {f tN=C: | fllireer < °°}/ [ fllereec := [ flle + [flosc + [f]mass-

The weight n~7 enforces global summability of f, while the block—decay term [f]mass forces the
total weighted mass on each block [; to decrease geometrically with j, ruling out escape of mass
to high levels of the tree. The oscillation term [f]osc controls the local multiscale variation of f
within blocks. Together these components provide the strong-weak structure required for the Lasota—
Yorke framework: the strong part [f]osc contracts under the transfer operator, while the weak part
Il fllo + [f]mass yields compactness of the unit ball and ensures tightness of mass across scales.

Lemma 4.5 (Compact embedding). Fix 0 <o« < 1,0 < ¢ < 1,0 > 1,and 5 > 1. Then the unit ball of
Biree,o is relatively compact in €}

Proof. Let
U:= {f € Bireeo : || flltrees < 1}-

(i) Uniform boundedness. For f € U,

HfH(T S ”f”tree,a S 1,

so U is bounded in /L.
(ii) Uniform tail control. From [f]mass < 1 we obtain, for every j > 0,

y Pl
nEIj n

Fix € > 0. Choose ] so large that
Y ol <e
i>J
Pick N so large that all blocks I; with j < | are contained in {1,...,N}. Thenforany f € U,

Z |fig)| :2 2 |f157;)| < 211—]‘<£.

n>N j>] nel; i>]

So the tails of U are uniformly small in £}..
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(iii) Compactness on finite windows. Fix N > 1 and consider the restriction map f —
(f(1),...,f(N)) from U into CN. Foreach1 <n < Nand f € U,

PO < g, <,
hence [f(n)| < n? < NY. Therefore {f[(;, n} : f € U} is bounded in the finite-dimensional space cN
and so relatively compact there.

(iv) Diagonal extraction and (. convergence. Let (f*)) C U be any sequence. By (iii) we can extract a
subsequence (f(k¢)) that converges in C! at coordinate n = 1. Repeating this on coordinates 1,...,2,
then 1,...,3, etc., and passing to a diagonal subsequence, we obtain a subsequence, still denoted
(f(ke)), that converges pointwise on all of N:

k) (n) = f(n) foreachn > 1.
We now show fk0) — fin (L. Fix e > 0 and choose N as in (ii) so that

supZM<

&
gelnsn M7 3

By pointwise convergence on {1,..., N} and finite-dimensional compactness, there exists L such that
forall ¢ > L,

<

y |f50 (n) — f ()]

no

Q| m

n<N

For the tail, note that f also belongs to U as the limit of elements of I/ coordinatewise with uniform £1
bound, so

SAIPIE O

d =

Therefore, for ¢ > L,

<

y P00 = fe] g 0] g 1] 2

n>N

Combining the head and tail estimates gives

ko) () —

Z |f (n)a f(m)] <e forall¢ > L,
n>1 n

so fk) — f in (1. This shows that every sequence in U has a convergent subsequence in £}, hence U

is relatively compact. [J

Remark 4.6. The additional block-decay seminorm |[f]mass is essential. If one worked only with
| flle + [flose, the unit ball would not be precompact in ¢! or in £L: one can construct a sequence of
functions supported on disjoint blocks, constant on each block, whose oscillation seminorms vanish
and whose ¢! norms stay uniformly bounded, while the supports drift to infinity. The factor 7/ in
[f]mass rules out this escape mechanism by forcing the weighted mass in block I; to decay at least
geometrically in j.

The space Biree,r thus provides the natural functional environment for the Lasota—Yorke inequality.
Its compact embedding into /1 ensures that the essential spectral radius of P on Biyee,s is strictly
smaller than its spectral radius, a prerequisite for establishing a genuine spectral gap. The strong
seminorm captures multiscale regularity across the Collatz tree, while the weighted ¢! norm supplies
the compactness that underlies the spectral analysis of the backward transfer operator.
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4.4. Lasota—Yorke Contraction on the Multiscale Tree Space
Recall from (11) that
n—1
_ fn) 75!)
(Pf)(n) = o T =46} =13
It is convenient to split P into its even and odd components:
2n
Pevenf) ) 1= L2 (Bg ) () 1= 1o (n<_12 8)

so that P = Peyen + Pogqd-

From the ¢! estimates of Section 2, both branches are bounded on ¢!, hence on Biee. The Lasota—
Yorke inequality arises from the fact that Peyen is strongly contracting in the tree seminorm, while P44
is a controlled perturbation whose contribution is damped by the multiscale factor ¢/.

4.4.1. Even-Branch Distortion and Contraction Estimates

We first record the even-branch estimate.

Lemma 4.7 (Even branch contraction on Bieer). Fix0 < a < 1,0 < 8¢ < 1,0 > 1, andny > 1. Let
Pevenf(n) = f(2n)/(2n). There exist constants

Aeven =2 29871 gnd  Ceyen > 0,
depending only on «, 9,0, 1, such that for all f € Byee,,

[Pevenf]osc S /\even [f]OSC + Ceverl( ||f||0' + [f]mass )' (39)

In particular, if ¢ > 2-(2%) then 0 < Aeven < 1, and the even branch is a strict contraction in the oscillation
seminorm up to a controlled weak error.

Proof. Write '
[f]osc = Zﬁjéj(f)/ 5](f) = sup th(m/n) |f(m) _f(n)|

j>0 m#nel;

Step 1: Decomposition and the D1/Dj split Fix j > 0 and u,v € I; = [2/,2/*1), u # v. We write

(Pesen) 1) = (Peen ) (0) = L2020 - L20) _ SO ZTE0) o0 (20— ) = Dy, )+ Do),

We estimate the contributions of D; and D; separately.

Step 2: Oscillatory term Dy: corrected contraction Using the scaling of W,, we have
W (2u,20) = 21 "W, (1,0),  Wa(u,0) =2~ =YW, (2u,20).

Thus

) f(2u) = f20)] _ (1) Wa(20,20) Wa(ZM 20)

Wa (1, 0) [D1 (1, 0)| = Wa(u, v 2 = |f(2u) — f(20)].

Since u € I; = [2/,2/%1), we have u > 2/ and hence

1 < L — 2=(+1)
2u = 2.2
Therefore
We(1,0) | D (n,0)| < 2-=92-0GD W (2u,20) | £(2u) — £(20)].
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Now 2u,20 € Ij;; = [2/11,2/%2) 50

We(2u,20) | f(2u) — f(20)] < j41(f)-

Taking the supremum over u,v € [;,

8;(Pevenf; D1) = iupl We(11,0) |Dy(n,0)] < 2710205, 4 (f).
u ’UE]'

Multiply by ¢/ and sum over j > 0:

Y %6 (Pevenf; D1) < 27070271 Y (927 1)i6; 4 ().
j=0 j=0

Changeindexk =j+1,s0j =k —1:

=200 ¥ (92 )5 ().

k>1

Since (92~ 1)k-1 = Pk—1p—(k=1) < gk=1 ang

Y 5L (f) = 071 Y K8k (f) < 07 [foses

k>1 k>1
we obtain
2 ¥6; (Pevenf;D1) < 2~ 2wyt [flose-
j=0
Thus

D —(2—a) o
[Pevenf] gscl) < )\even [f] 0scr Aeven =2 (2 a)ﬂ 1-
This is the corrected contraction constant; in particular Aeyen < 1 whenever ¢ > 2= (2-a),

Step 3: Denominator term Dy: weak control For u > v (the case u < v is symmetric),

11 ‘ _Ju—1]
2u 20l 2uv
SO | |
u—v
Dy (u, =|f(2v)| ——.
IDa(u,2)] = |f(20)| 14
Using

uo
Walw,0) = it s o)

we get the exact simplification

W (u,0) |Da(u,v)| = %

Foru,v € [ wehaveu+v>2- 2/ = 2! hence
Wi (11,0) | Da(1,0)| < 249279 | (20)| = C, 27| f(20)].
Taking the supremum over u,v € I; gives

5]‘(Pevenf} DZ) <Gy 27“]. sup |f(w)|

wteH
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To bound sup,, I | f(w)] via the weak norm, observe that for w € I;; 1,

|f(w)| |f(w)| o(j+1) Z |f(:)|

nele

By the definition of [f]mass,
Fml p G+
E e [f] masss

}’lEIj

SO

sup [f(w)] < 2U(j+1)77_(j+1)[f]mass =27 (2077_1)]77_1[f]mas&

wteH

Combining,

5] (Pevenf} DZ) < Ca,a(ziazgﬂil)]ﬁil lf]mass = Ca,a (zaiaﬂil)jﬂil[f]mass'

Multiplying by ¢/ and summing in j,

Z l9j(5]' (Pevenf,’ Dz) < Clxrg‘ﬂil Z(ﬁzoiaﬂil)j[f]mass'
j=0 j=0

Choosing # > 1 so that
927yt <1,

the geometric series converges and we obtain

Pevenf1S2?) < CEL(lIfllo + [flmass),

(2)

for some constant Ceven > 0 depending only on a, 9,0, (we absorb | f||s for later convenience).
Adding the contributions of D; and Dy,

[Pevenflosc < [Pevenf ](()Is)cl) + [Pevenf ]gls?cz < Aeven [flosc + Ceven (|| flle 4 [f]mass).,

with Aeven = 2-(2-2)9-1 5nd Ceven = Cé%,)en, which proves (39). O

The odd branch requires more care because it shifts indices from # to (n — 1) /3 and only acts on
the congruence class n = 4 (mod 6). Its effect is nonetheless small once weighted by /.

4.4.2. Odd-Branch Distortion and Contraction Estimates
Lemma 4.8 (Odd-branch distortion on scale blocks). Let 0 < a < 1and Wy (u,v) be the tree weight 36. If
n=4 (mod 6)andn € I; = [6/,2-6), then the odd preimage m = (n — 1) /3 satisfies m < 6/~1. Moreover,
there exists a constant Co > 0 depending only on a such that for every pair ny,ny € Ij lying on the same ray
and m; = (n; —1)/3,

Wy(mq,my) < Cq Wy(ny, np). (40)

Proof. Fixj>1landn € I; = [6/,2-6/) withn =4 (mod 6),som = (n—1)/3. Then

Jj L6 —
6 —1 < 2.6/ 1/
3 3

hence for all sufficiently large j we have

61

IN
3
IN
S
5

so m = 6/~1 as claimed.
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Now take 11,13 € I; on the same ray and define
n; — 1 .
i = , =1,2.
m; 3 i
Then
n; =3m; +1, |ny —ny| =3 |my —my].
We estimate the ratio
R Walmiymz) _mimy - |ny —np| (1 + 1)
Wa(ny,na) — mng |my —ma|  (mq +my)*
Product factor. From 61 < m; < 4- 6~ land 6 < n <2 6/ we get
mimy < (4-6712=16-620"1,  nn, > 6%.
Thus 2-1)
. 6°U—
myniy < 16 6' :E:é (41
niny 621 62 9
Difference factor. We have the exact identity
m —maf _ 4
[m1 — my|
Sum factor. Again using the scale bounds, for m; we have
2671 < my+my <8671
and for n;,
2.6 < ny+ny < 4.6/
Therefore .
4. 4.
niy +np < 6] _ _6 — 12,
my + mp 2.6/71 2
SO .
(m +n2)" < 12%, (42)
(m1 + mp)"

Combining (41), the difference factor, and (42), we obtain

4 4
R<_-.3.12% = - 12%.
-9 3 3
Thus we may take
4
CIX = 5 12“,

which depends only on « and is finite for all 0 < & < 1. This yields
W (my,mp) < Co Wa(n1,12),
which is (40). O

Lemma 4.9 (Odd branch on Biree). Let 0 <2 < 1,0 < ¢ < 1,0 > 1,and y > 1. Consider the odd-branch

operator
f n—-1
(Poaaf)(m) = 1{u=4(6)} %
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Then there exist constants 0 < Aoqq < 1 and Coqq > 0, depending only on «,9,0,, such that for all
f € Biree,r 1€ has

[Poddﬂosc < )\odd [f]osc + Codd( ||f||ff + [f]mass ) (43)
1

In particular, for « = 5 one can take
Aodd < Cod,

16 . o
where Cy = 37218 the odd-branch distortion constant from Lemma 4.14.

Proof. Write '
5i(8) := sup Wa(m,n)|g(m)—g(n)l,  [glosc = ) 0'6;(g),

m#nel; j=0

so that [Poqd flose = Lj=0 8/6j(Poaaf). We bound 6;(Pogqf) in terms of 8¢ (f) at nearby scales and the
weak/mass terms.
Fixj > 0and m,n € I; = [6/,2 - 6/) with m # n. We split into three cases.

Case 1: neither m nor nis 4 (mod 6). Then Pyqqf(m) = Pygqf(n) = 0, so this pair contributes nothing
to 6;(Podd f)-

Case 2: exactly one of m,n is 4 (mod 6). Without loss of generality, assume m =4 (mod 6) and n # 4
(mod 6), and set k := (m —1)/3. Then

Poddf(m) - Poddf(n) = @/

and therefore

Wa (1, 1) | Poga f (1) — Poaaf ()| = Wa(m,n) |f(kk>|

As in the previous estimates for the tree seminorm, one has W, (m,n) < 6(2=%j and k < 6/ -1 50

we(m,n) LI < 60w

Multiplying by ¢/ and summing over j, one obtains a contribution bounded by

Y o sup Wi (m, 1) | Poga f (1) = Pogaf (1)| < Coda1 (IIflle + [flmass )
j=>0 m,nelj
exactly one=4 (6)

for a suitable constant C,4q41 depending on &, ¢, ¢, . Thus Case 2 contributes only to the weak/mass
error term in (43).

Case 3: both m and n are 4 (mod 6). Set

w — m—1 y_ - 1
3 7 37
so that m',n’ € I;_y and
Poaaf(m) = L0 gy = L17)
We decompose
o) _£00) _f)=F0) L1y oy,
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and we want to control

We(m, 1) |Dy| = wa(m,n)lf("f)m%ﬂ”’)l.

Fora = %, Lemma 4.14 gives the two-sided distortion bound

1 Wl/z(m,l’l) < 16

= <« A2\ -
CO < Wl/z(m’,n’) < CO! CO 33/2

Using the upper bound, we obtain

Wi/a(m,n)|D1| < CoWyjo(m',n') If(m’)m;/f(n’)l

Since m’ < 6/~ form € I;, we have 1/m < 6701, so
Wi ,o(m,n) |Dy| < Co6 U=V Wy p(m', ') |f(m') — f(1)).

Taking the supremum over m,n € I[; withm =n =4 (mod 6) gives

8i(Pogaf: D1) < CH6 UV 6 1(f),

for some constant Cjy comparable to C.
Multiplying by ¢/ and summing over j > 1 yields

Z l9j5j(Poddf} D) < C(/] 0 2(19/6)k5k(f) < C{)’ 14 [f]osc,
j=1 k>0
with Cf depending only on Cy and @ (and uniformly bounded as long as ¢ < 6). Thus the D;-part of

Case 3 contributes a term of the form )\((ii) 41flosc with /\f)ld) q < Cy 0.

Case 3b: the D5 term (denominator contribution). For

1 1
— (= _ L
Dz = f(n )(m’ n’)
one uses again the scale relations m’,n' < 6/~1 and the fact that |m’ — n’| < C6/~! to deduce
Wa(m, 1) |Da| < 67 |f(n')].

As in the even-branch analysis, the amplitude |f(n")| on blocks I;_; is controlled by a combination of
the weak norm | f|| - and the mass seminorm [f]mass, and the geometric factor 6~ ensures convergence
of the sum over j. Thus there exists a constant Cogqq, > 0 such that

;} 916j(Podaf; D2) < Coad2 (IIflle + [flmass )-
iz

Conclusion. Combining Cases 1-3, we obtain

[Poddf]osc = 2 19]“S]'(Poddf) < Aodd [f]osc + Codd( ||f||t7 + [f]mass )/
j=0
with
1
Aodd = A(()d)d < Gy, Codd := Codd1 + Codds
depending only on «, ¢, 0, 7. For « = % the explicit distortion constant Cy = 16/3%/2 from Lemma 4.14

can be absorbed into C{/, and in particular one may choose Ayqq < Co? after adjusting constants.
Choosing ¢ > 0 small enough so that A,qq < 1 gives the desired Lasota—Yorke contraction. [J
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4.5. Derivation of the Global Lasota—Yorke Inequality
Lemma 4.10 (Invariance and boundedness on Biree,r). Let 0 <o < 1,0 > 1,and 0 < ¢ < 1 satisfy

961700 < 1. (44)

Then the backward Collatz transfer operator P maps Biree,r into itself and is bounded: there exists C > 0 such
that

[Pflltreec < C|flltreec  forall f € Bieeo,

where

| ltree, := [fltree + Il f I

Proof. Recall the even/odd decomposition

F2n) A(5)
(B)(1) = (Poen)0) + (Poaa ) = L2 1,y )

Step 1: Weighted (% bound. The weak norm estimate is given by the same computation as in the weighted
K}T lemma: for all f € Biree,o,

IPflle = [IPevenf + Poddflle < (27 +37)[|fllo- (45)

This uses only the change of variables m = 2n for the even branch and m = (n — 1) /3 for the odd
branch.

Step 2: Tree seminorm bound via the even/odd lemmas. By subadditivity of [ - ]tree,

[Pf]’rree < [Pevenf]tree + [Poddf]tree-

The even-branch lemma (even branch on Biree ) states that under the admissibility condition (44)
there exists Ceven > 0, depending only on «, ¢, ¢, such that

[P even f ] tree < Ceven || f HU’ for all f S Btree,(r' (46)

The proof is obtained by estimating each block seminorm A;(Pevenf) and summing the geometric
series ;> (96 1=a47)j which converges precisely when (44) holds.

Similarly, the odd-branch lemma (odd branch on Biee ) gives a constant Cpgqq > 0, depending
only on &, 0, ¢, such that

[Pogdfltree < Coad lIflle  forall f € Biee,o, (47)

again using the same geometric factor 861 ~*+7 and the admissibility (44).
Combining (46) and (47) we obtain

[Pfltree < (Ceven + Codd) || flle- (48)

Step 3: Combine strong and weak parts. By definition,

pr”tree,v = [Pf]tree + ||Pf||17'

Using (45) and (48),
[Pfltree,r < (Ceven + Codd) Iflle + (27 +377) I fllo-

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202511.1440.v6
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 January 2026 d0i:10.20944/preprints202511.1440.v6

27 of 110

Since || f|ltreec = [fliree + [ fllc > | fllo, we have

||f||0 < ||f||tree,m

and therefore
||Pf||’rree,t7 < (Ceven + Codd +27 4+ 3_0) ||f||tree,0‘

Thus P is bounded on Biee » With operator norm at most
C:= Ceven + COdd + 20 + 37(7/
which depends only ona, 0, 9. O

Proposition 4.11 (Lasota—Yorke inequality on Biree). Let 0 < a < 1,0 < ¢ < 1, and o > 1 satisfy the
admissibility condition
d6l ot <1, (49)

Then there exists a constant Cry , > 0 such that for all f € Biree,o,

[Pf]tree < CLY,U ||f||a (50)

In particular, for every n > 1 one has

[Pnf]tree S CLY,(T HpnilfHa S CLY,cr (20 + 370) n-l ||f||(7/ f S Btree,m (51)

so each iterate P" is smoothing in the strong seminorm | - |gee with a quantitative bound in terms of the weak
norm || - || of the previous iterate.

Proof. We use the even/odd decomposition P = Peyen + Poqq- From the estimates established in the
proofs of the even and odd branch lemmas, and under the admissibility condition (49), there exist
constants Ceyen, Coqq > 0 such that for all f € Biree,o,

[Pevenf]tree S Ceven ||f”0'/ [Poddf]tree S Codd ||f||0' (52)

The convergence of the geometric series };~ (¢ 6 1=a40)] is precisely what guarantees that the constants
Ceven and C,qq are finite.
By subadditivity of [ Jtree,

[Pf]tree = [Pevenf+ Poddf]tree S [Pevenf}tree + [Poddf]tree S (Ceven + Codd) ||f||(7

Setting
Cry,o := Ceven + Codd
gives (50).
For the iterates, apply (50) with f replaced by P"~!f:

[Pnf]tree = [P(Pn_lf)]tree < CLY,(T ”Pn_lf“t?"

From the weighted /1 bound
IPflle < (27+37) I flle

(see (45)), iterating gives ||[P" "1 f||; < (27 +377)""1||f||,, which yields (51). O
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Remark 4.12 (Parameter window). The lift from || - ||1 to || - || in the remainder terms occurs through
the same geometric factor that appears in the proofs of the even and odd branch bounds, namely
861749 The only requirement is the admissibility condition

del T <1,

which ensures convergence of ijo (%6 1_”‘+‘7)j and hence finiteness of Ceyen and Cogq-
For fixed « and ¢ this simply means

0<8 <6 (1at0),
A convenient concrete choice (used later) is
(2, 8,0) = (%, %, 1+ e) with any sufficiently small € > 0,

since then s
l96lfﬂc+0’ —_ %621% <1

for all € in a small interval (0, ¢g]. Together with the explicit odd-branch distortion constant computed
in Section 5 and the compact embedding Biree o — %, this smoothing Lasota—Yorke inequality is
exactly what is needed to apply the Ionescu-Tulcea-Marinescu/Hennion theory and deduce quasi-
compactness of P on Biree o

Corollary 4.13 (Essential spectral radius on Bieer). Let 0 < & < 1,0 < ¢ < 1, and o > 1 satisfy
the admissibility condition (44). Assume the Lasota—Yorke inequality from Proposition 4.11 and the compact
embedding Biee o — 6}, (from Lemma 4.5). Then P : Biree,w — Biree,r is quasi—compact, and its essential
spectral radius satisfies

pess (P lee) = 0. (53)

Proof. By Proposition 4.11, for every f € Biee,o,

[Pfliree < Crive llfllo

where [ |iree is the strong seminorm and || - ||, is the weak norm on Biee,s. This is a Lasota—Yorke
(Doeblin-Fortet) inequality with strong contraction coefficient equal to 0, i.e.

||Pf||strong = [Pf]tree <0 [f]tree + CLY,a Hf”weak/ ||f||weak = ||f||17
By Lemma 4.5, the unit ball of Biree,¢ is relatively compact in Z},, so the inclusion
Btree,a — 5117

is compact. Thus the hypotheses of the Ionescu-Tulcea—Marinescu/Hennion quasi—-compactness
theorem are satisfied with strong contraction constant 2 = 0. The theorem then implies that P is
quasi—compact on Byree, and that its essential spectral radius is bounded above by 4, i.e.

Pess (P rBt‘ree,tf) S 0.

Since the essential spectral radius is always nonnegative, we conclude

Pess (P TB"EE/U) =0,

which is (53). O

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202511.1440.v6
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 January 2026 d0i:10.20944/preprints202511.1440.v6

29 of 110

4.6. Quasi-Compactness and Spectral Gap for P
Lemma 4.14 (Odd-branch weight distortion at &« = %). Let W, (m,n) be the tree weight 36 and let

m' = (m—1)/3,n" = (n—1)/3. For a = } there exists an absolute constant

16

Co= 3372

<31

such that for allm = n =4 (mod 6), m # n, one has the two-sided distortion bounds

1 < Wy o (m, n)

— e - = < . 4
CO - Wl/z(m/,ﬂ/) - CO (5)

Consequently, the oscillatory part of the odd branch satisfies

Co
/\odd(%, 19) < 7 0,
as used in Lemma 4.9 and Lemma 4.15.

Proof. Plugina = % into Lemma 4.8 and the result follows from the Lemma. [

Lemma 4.15 (Explicit odd-branch constant). For « = } and © = 5 there exist constants C, > 0 and
Codd > 0such that for all f € Biree,o,

[Podd fliree < Aodd (&, 0) [fliree + Coddllf o (55)
with
Noaa(a,8) < S o< 1. (56)
Odd 7 = \/8

Proof. This is a direct specialization of Lemma 4.9 to the parameter choice x = 1, 8 = 5. Lemma 4.9
gives the Lasota—Yorke type estimate

[Podd fliree < Aodd (&, 8) [fliree + Codall fllos

with c
A a,d) < =29,
odd( ) = \/6

where C, > 0is the odd-branch distortion constant defined in Lemma 4.14. For a« = %, Lemma 4.14

gives the explicit value
16

Ca:cO:SST

< 3.1

Substituting « = % and ¢ = % into the above bound,

G 1 31 1
)\odd(zr 20) = \/6 20 < \/6 20 < 1.

Thus (55) holds with )‘odd(%r 21—0) < 1 and some constant C,qq > 0 depending only on ¢ and the block
geometry, as asserted. [J

Proposition 4.16 (Verified Lasota—Yorke contraction). Let (¢, 9) = (%, 21—0) and o > 1 satisfy the admissi-
bility condition (44), i.e.

861747 < 1.
Define

—(1- G
Aty =2 (1=a) 9 4 Aodd (@, 0), Aodd (@, 9) < 706 g,
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with Co = 16/3%/2 from Lemma 4.14. Then Ary < 1, and for all f € Biee,r,

[Pf]tree S /\LY Lf]tree + CLYHfHa/ (57)

for some constant Cry > 0 depending only on the fixed parameters and the block geometry.

Proof. We use the decomposition P = Peyen + Poqq and the branchwise Lasota—Yorke estimates already
established.

(1) Combine even and odd branch inequalities. For any f € Biree,o,

[Pf]tree S [Pevenf] tree T [Poddf] tree-

By the even-branch estimate (Lemma 4.7, specialized to Biree,r and the fixed parameters a« = %,
9= %), there exists Ceyen > 0 such that

[Pevenf]tree < 27(17“) 4 V]tree + Ceven”f”m (58)

By the explicit odd-branch lemma (Lemma 4.15) for « = 1 and ¢ = 5, there exist C, > 0 and
Codd > 0 such that

[Podd fltree < Aodd (@, 9) [fliree + Codd |l fllos (59)
with
Ca CO
A ) < —=0=—209<1, 60
odd( ) \/8 \/g ( )

where Cy = 16/3%/2 is given by Lemma 4.14.
Adding (58) and (59),

[Pf]tree < (2_(1_0‘) %+ /\odd (DC, 19)) [f]tree + (Ceven + Codd) ”f”U
Define
Ay =2~ 9 4 Ajga(a, 9), Cry := Ceven + Codd,
and we obtain (57).

(2) Verification that Ayy < 1. With (&, ) = (1, %),

(-0 g _p-1/2. L _

= —— ~0.0354.
20 202

From Lemma 4.15 and Lemma 4.14 we have

C 1 16
1 1 0 _
Numerically,
Cy 1 31 1
% ' % < % M E ~ 0-063.
Therefore

Ay =209 9 4 A 4q(a,8) < 0.0354+0.063 < 0.1 < 1.

Thus Ary is a strict contraction factor depending only on the fixed parameters, and the proposition
follows. [

We now record the standard consequence of the Lasota—Yorke inequality and the compact embed-
ding of Biree into 28
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Theorem 4.17 (Quasi-compactness on Byee). Let 0 < a < 1,0 < & < 1,and o > 1. Assume that the
Lasota—Yorke constant
A, 8) :=2"09 L A 14(a,9)

satisfies A(w, 9) < 1, where Aoqq(a, ®) is as in Lemma 4.9. Then the backward transfer operator P acting on
Biree,o is quasi-compact, and its essential spectral radius satisfies

Pess (PlBuecy) < Ala, 8) < 1. (61)

Proof. We work on the Banach space Biree,r With norm || - ||tree,c = || - |l¢ + [ - tree, where || - ||+ is the
weighted £1-norm and | - Jiree is the tree seminorm defined in Section 4.3.

Step 1: Lasota—Yorke inequality. By Proposition 4.11 (applied in the weighted setting, with || f||; replaced
by ||f|ls) we have, for all f € Biree,r,

[Pf]tree S /\(04/ 19) [f]tree + CLYHme (62)

with A(«, ¥) < 1by assumption. On the weak norm side, since P is bounded on E},, there exists C, > 0
(e.g. Cy = Ay from (18)) such that

IPflle < Collflle for allf € Biree,o- (63)

Thus P satisfies a standard two-norm Lasota—Yorke inequality on Biree ¢ with strong seminorm || - ||s :=
[ ]tree and weak norm || - |lw := || - || o+

IPflls < Allflls + Coyllfllw,  [IPfllw < Collfllw- (64)

Step 2: Compact embedding. By Lemma 4.5, the embedding

J: (Btree,m || : Htree,(r) — (&17/ || : ||(7)

is compact. Since || - ||w = || - || is exactly the weak norm used in (64), this shows that the unit ball of
Biree s is relatively compact for the weak norm.

Step 3: Application of lonescu—Tulcea—Marinescu / Hennion. We now invoke the standard quasi-
compactness criterion (Ionescu-Tulcea and Marinescu theorem): if a bounded operator T on a Banach
space X satisfies

(i) aLasota—Yorke inequality || Tx|s < Al|x||s + Cl|x|lw with A < 1,
(ii) aweakbound ||Tx||w < C'||x|lw, and

(iii) the injection (X, || - ||s) = (X, || - |lw) has relatively compact unit ball,

then T is quasi-compact on X and its essential spectral radius satisfies
Pess(T) <A

Conditions (i)—(iii) are exactly (64) and Lemma 4.5 for T = P and X = Biree. Therefore P is quasi-
compact on Biree  and
peSS(P|Btree,z7) S )\(D{, 19) < 1/

which is (61). O

Remark 4.18 (On the choice of parameters). The explicit bound (60) shows that A,qq(, ¥) decreases
linearly with ¢. For fixed &, one can therefore choose ¢ sufficiently small so that A(«, ¥) < 1, provided
the constant C, is effectively controlled. Subsequent sections make this optimization quantitative by
computing C, and exhibiting admissible parameter pairs («, ¢) that give a strict spectral gap.
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The Lasota—Yorke framework developed here supplies the functional-analytic backbone for the
spectral approach to the Collatz problem: once explicit parameters with A(«, 9) < 1 are verified, the
quasi-compactness and spectral gap of P on Biree follow, and the spectral criteria of Section 4 can be
invoked to constrain or rule out non-terminating configurations.

5. Invariant Profiles, Block Recursion, and Perron-Frobenius Rigidity

Having established in Section 4.4 that the backward Collatz operator P is quasi-compact on the
multi-scale tree space Biree, We now turn to the spectral consequences of this result. The Lasota—Yorke
inequality ensures the existence of a spectral gap, which in turn controls the structure of invariant
densities and the long-term behavior of iterates P¥. The objective of this section is to characterize
the invariant and quasi-invariant components of P, derive an effective block recursion for their scale-
averaged coefficients, and demonstrate that the recursion enforces rigidity across the Collatz tree.

Throughout this section, 1 € Biree Will denote an invariant density of P, i.e. a function satisfying
Ph = h. The analysis proceeds in several stages. First, we describe the structure of possible invariant
profiles in the multiscale framework and show that the Lasota—Yorke inequality forces uniform flatness
across scales. Next, we translate this flatness into an explicit two-sided recurrence relation for block
averages ¢;. Finally, we verify that the coefficients of this recurrence satisfy a spectral bound consistent
with the contraction constant A,qq4(2, ¢) computed earlier.

Theorem 5.1 (Perron—Frobenius structure on Byee ). Let P be the backward Collatz transfer operator acting
01 Biree o with parameters (, 9, 0) chosen so that the Lasota—Yorke inequality and quasi—compactness hold.
Then:

1. The spectral radius of P equals 1, and 1 is a simple eigenvalue.
There exists a unique eigenvector h € Byee,o with h > 0 and Ph = h, normalized by ¢(h) = 1.

tree, o

2
3. There exists a unique positive eigenfunctional ¢ € B, , such that ¢ o P = ¢.
4. All other spectral values satisfy |z| < 1, and P admits the spectral decomposition

P=h®¢+Q  p(Q <1,
where Q is quasi—compact.

Proof. We combine the Lasota—Yorke inequality on Biree,» With standard Perron-Frobenius theory for
positive quasi—compact operators.

Step 1: Spectral radius and quasi—compactness. By construction P is a bounded linear operator on
Biree,r and is positive in the sense that f > 0 implies Pf > 0. The Lasota—Yorke inequality on Biree o
(Proposition 4.11, say) together with the compact embedding of the strong seminorm into the weak
norm implies that P is quasi-compact on Byee » With essential spectral radius strictly less than 1:

Pess(P) < 1. (65)

On the other hand, the logarithmic mass—preservation identity (Lemma 2.4) shows that the spectral
radius of P is at least 1; the boundedness of P implies p(P) < 1, hence

p(P) =1. (66)

In particular, 1 lies in the spectrum of P and, by (65), is an isolated spectral value.
Step 2: Existence of a positive eigenvector. Consider the positive cone

C:= {f € Biree : f > 0}/
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which is closed, convex, and reproducing. Since P is positive and p(P) = 1, the Krein—-Rutman theorem
for positive operators on Banach spaces implies the existence of a nonzero & € C such that

Ph = h. (67)

Moreover, h can be chosen strictly positive in the sense that #(n) > 0 for all n € N: indeed, by the
preimage structure of the Collatz map (Lemma 2.3) and the connectivity of the backward tree, any
nontrivial f € C is eventually propagated by iterates of P to a function that is positive on every block
Ij, so Pkf > 0 for all sufficiently large k. Replacing h by P if necessary yields i > 0.

Step 3: Uniqueness and simplicity of the eigenvalue 1. We now show that 1 is a simple eigenvalue and
that / is unique up to scalar multiples. Suppose ¢ € Biree, satisfies Pg¢ = g. Decompose ¢ = ¢t — ¢~
into positive parts. Positivity of P implies P¢g* = ¢*. By the strong positivity argument above, any
nonzero f € C with Pf = f must be strictly positive; hence ¢* and ¢~ are both either 0 or strictly
positive. If both were nonzero, then g* and ¢~ would be linearly independent positive eigenvectors
for the eigenvalue 1, and the positive cone would contain a two-dimensional face of eigenvectors. This
contradicts the Krein—-Rutman conclusion that the eigenspace associated with the spectral radius is
one-dimensional. Therefore one of g*, ¢~ must vanish and g is either nonnegative or nonpositive; by
replacing g by —g if necessary, g > 0, and the strong positivity then forces g to be a scalar multiple of
h. Thus the eigenspace for the eigenvalue 1 is one-dimensional and spanned by /, and 1 is a simple
eigenvalue. This proves (1) and the first part of (2) after normalizing by ¢ (/) = 1 below.

Step 4: Dual eigenfunctional. Consider the dual operator P* acting on By, - Since P is positive, so
is P* on the dual cone

C* := {A € Bieer : A(f) > Oforall f € C}.

The quasi-compactness of P implies quasi-compactness of P* on the dual space. By (66), P* also has
spectral radius 1. Applying the same Krein-Rutman argument to P* yields a nonzero ¢ € C* and

poP=9¢, (68)

with ¢ strictly positive on nonzero elements of C. The same simplicity argument as in Step 3 shows
that the eigenspace of P* for the eigenvalue 1 is one—dimensional and spanned by ¢. Normalizing
by the condition ¢(h) = 1 gives the uniquely determined eigenpair (%, ¢) appearing in the statement.
This establishes (2) and (3).

Step 5: Spectral decomposition and spectral gap. Quasi—compactness of P on Biree,, together with (65)
and the simplicity of the eigenvalue 1, implies that the spectrum of P is contained in {1} U {z: |z| < r}
for some r < 1. Let Il denote the spectral projection onto the eigenspace associated with A = 1; by the
previous steps,

Hf = h¢(f)' f € Biree,o,
so that Il = I ® ¢ as a rank-one operator. Writing

P=T1+Q=h®¢+Q, (69)

we have Q = P —IT and QII = IIQ = 0. The spectrum of Q is contained in {z : |z| < r}, so in
particular

p(Q) <1

Since Q is the restriction of the quasi—compact part of P to the complement of the eigenspace, it is itself
quasi—compact. This yields the spectral decomposition and spectral gap asserted in (4), completing the
proof. O

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202511.1440.v6
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 January 2026 d0i:10.20944/preprints202511.1440.v6

34 0f 110

Proposition 5.2 (Cesaro averages and invariant P—functionals). Let X be a Banach space of functions
f N = C such that Bireeo C X continuously and the backward transfer operator P extends to a bounded
operator P : X — X.

Let X* be the Banach dual of X, with duality pairing (f, @) (not necessarily given by a pointwise sum for
all ). Suppose:

(i) P*:X* — X*is power-bounded: there exists C, > 0 such that
(Pl xsosx+ < Cx forall k > 0. (70)

Equivalently, the Cesaro operators
1 N=1
AN = — )k
NI=g k;)(P )
satisfy | An||x+—x+ < Cx forall N > 1.
(i) There exists ¢ € X* and fo € X such that

o 1 N=1 .
1ﬂ1£f< for ~ k:ZO(p ) (p> > 0. 71)

Define the Cesaro averages
1 N-1

Oy =5 Y (P*)Fp € X*.
k=0

Then:

(@) (®N)N>1 s a bounded set in X* and admits weak—x limit points in X*.

(b) Every weak—x limit point ® of (Pn)N>1 satisfies P*D = P, hence defines a P—invariant functional
0(f) :== (f,®) on X.

(c)  Under assumption (71), any such limit point ® is nonzero, since ( fo, @) > liminfy_,(fo, Pn) > 0.In
particular, the restriction of £ to Biee o is a nonzero invariant functional with £ o P = /.

Proof. (a) From (70),

1 N-1 r 1 N-1 r
lonlix = |5 X e, <5 X I llelx < Collolx:
k=0 X k=0

for all N > 1, so the sequence (®y) is bounded in X*. By Banach—Alaoglu, the closed ball {yp € X* :
lp|l < Cill@]l} is weak— compact, hence there exists a subsequence N;;, — oo and ® € X* such that
POy, — P in the weak—* topology.

(b) Fix f € X and compute

1 N-1 1 N
{f, Pron) = (Pf, @n) = Y (Pf,(P*)g) = N Y (f (P)*)
k=0 k=1
1 N-1 1

=5 Lo+ () Ye) = (.0)

= (f,@n) + 1 (U (P~ (f ).
By (70),
£ () < Il [P Vgl < [IFlx Co gl

[N ()~ 90 < 57 Wbl o
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Thus
lim (<f, P*CDN> — <f, CDN>) =0.

N—o00

Passing to the subsequence N, along which &y, — ® weak—*, we obtain
(f, Pr®@) = lim (f, P*Dy,) = lim (f, ®n,) = (f,®)  (f €X),

so P*® = &.
(c) By assumption (71),
liminf{fy, ® .
im inf(fo, &) > 0

In particular, after passing to a subsequence Ny, if necessary, we have lim;;— (fo, Pn,,) = A > 0. For
the corresponding weak—x limit point ® of @y,

{fo, @) = lim (fo, Py, ) = A >0,

so @ # 0. The invariant functional ¢(f) := (f, ®) is therefore nonzero and satisfies /(Pf) = (Pf,®) =
(f, Pr@) = {f,®) =((f). O

5.1. Invariant Density Profile and Refined Tree Geometry

The quasi-compactness of P implies that its spectrum consists of a discrete set of eigenvalues
of finite multiplicity outside a disk of radius pess(P) < Ary < 1, together with a residual spectrum
contained in that disk. Let Ag = 1 denote the trivial eigenvalue corresponding to constant functions.
Any additional eigenvalues with |[A| < 1 correspond to exponentially decaying modes. Thus, an
invariant density  satisfying Ph = h must lie in the one-dimensional eigenspace associated with Ay,
provided no unit-modulus spectrum remains.

However, to make this conclusion effective, one must exclude the possibility of small oscillatory
components that project into higher spectral modes but decay too slowly to be detected by the weak ¢!
norm alone. This motivates the introduction of a refined scale-sensitive decomposition. Define block
intervals [; as in (35), and let

Hi(h) == Y h(n), g:ﬁ|:;f. (72)

7161]'

The sequence (c;);>o captures the mean behavior of & across successive scales in the backward tree.
Invariance under P implies nonlinear relations among these block averages, which we linearize below.

Lemma 5.3 (Block-level invariance relation). Let 0 <« < 1,0 < ¢ < 1,and o > 1, and let h € Byee
satisfy Ph = h. For each j > 0 define the block average

1
C]' = m Z ]’1(1’1), |I]’ = #I],

nte

where I = [6f ,2-6/ ) are the tree blocks used in the definition of Biree,s. Then there exist bounded sequences
(a;)j=0 and (b;) ;>0 with a;, b; > 0 and a sequence (¢;);>q such that

Cj=4ajCit1 + b]‘ Cj—1t¢j, j>1, (73)
and the error sequence is summable in the weighted norm:

Y 0 lej| < C([ee + |]lo) < oo, (74)
j>1

for a constant C > 0 depending only on «, 0, o and the block geometry.
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Proof. Fix it € Biree,r with Ph = hand j > 1. We work with the 6-adic blocks I; = [6/,2-6/).
1. Block identity and branch decomposition. For each j,
-1
h(2n 3
= X h(m) = X (Ph)(n) = 2( ") ¢ 1msie ( 2 )
neI neI nelj
Set
n—1
geven ._ 2 h(ZI’Z) Sqdd — 2 h( 3 )
! nte 2” / nte (n - 1)/3
n=4(6)
SO
|Ij] cj = S§ver + 5944, (75)

2. Preliminaries: oscillation control on blocks. By definition of the tree seminorm and the block geometry,
there exists a constant Cosc > 0 and some > 1 (depending only on «) such that for every j > 0,

oscy hi:= sup |h(m) —h(n)| < Cose 8167 [H]iree (76)

m,nelj
Indeed, for m,n € I; we have Wy(m,n) < 6(2-1j 5o
W (m, n)|(m) —h(n)| < 9T [hwee = |1(m) —h(n)| < 077672~ ] ee,

and we may take any g € (1,2 — a].
From this we also get a bound on deviations from the block average:

Z |h(11) - le < |Ij| OSCI]' h < 6719_j6_ﬁj [h]tree = l9_j6_(ﬁ_1)j [h]tree- (77)
I’lGI]‘

Since B > 1, the exponent (B — 1) is positive.
We also retain the crude pointwise bound coming from the weighted norm:

h(n) < nlhllg,  m =1 (78)
3. Even branch contribution. Write h2n)
n
geven _ Z .
/ HEI/' 21’1

Forn € I; = [6/,2-6/), wehave2n € [2-6/,4-6/), which lies in a bounded union of neighboring blocks
at scales j and j + 1. The bulk of 27 lie in I; ; finitely many fall into the adjacent blocks. Define

1 1

even ,__

! |11 neln{2nel;q} 2n

and decompose
h(2n) = cji1 + (h(2n) — cjyq)

for those 2n € I;,1, with the finitely many remaining 21 folded into the error. This gives

S]QVQI‘[ — a]even |I | C]+1 _"_ Reven
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where
h(2n) —cjq N h(2n)

2n Z 2n
neljﬂ{ZneI]-H} neI]ﬂ{ZnéI]-H}

even ,__
R] —

We now bound R]‘?V‘m.
For 2n € Ij 14, (76) with j + 1 gives

|h(21’1) - Cf+1| S Cosc 197(]41)67/3(]#1) [h]tree/
and 2n = 6/11 so each such term contributes

‘w\ < 6B )
2n

tree-

Summing over |I;| < 6/ values of 1 yields

”Z(Z”)Zﬁ‘ < 66~ B0 [ e << 676~ [H]uee
neln{2nel;q} n

for some y > 0 (since g > 1).
For the finitely many spillover terms with 21 ¢ I;, 1, we use (78) and the fact that there are O(1)

such n: (o
n _ o
D < I R e T
nepn{angl,y " neln{2ngl;}
Altogether,
IR < C(8776 " [Htree + 6V 1)) (79)

for some constants C, ¥ > 0 depending only on the fixed parameters. By construction a]e."en > 0and
(a]‘?"en) is bounded above and below (by simple counting of preimages inside [} 1), though we will not
need explicit bounds here.

4. Odd branch contribution. Similarly,

W0 —1)/3)

sodd = ———

A S VIE
n=4(6)

For n € I; withn = 4 (mod 6) we have m’ := (n—1)/3 < 6/71, so m' lies in a bounded union of
neighboring blocks around scale j — 1. The bulk lie in I;_y; finitely many lie in adjacent blocks.

Define
podd . — 1 Z 1
] |I]-| nel, (n—1)/3
n=4(6)

(n—1)/3€l

and decompose
h(m’) = C]‘_1 + (h(m’) — Cj—l)

form' = (n—1)/3 € I;_;. Then

odd __ podd |71.| ~. odd

where ()
dd ._ m)—cj-1 h(m’)
R? T Z m' + Z m
nelj YLEI]‘
n=4(6) n=4(6)
(1’!71)/36[1',1 (nfl)/3¢1]-,1
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The first sum is controlled by the block oscillation at scale j — 1:
|h<ml> - Cj—ll < Cosc 197(]‘71)67'6(]‘71)[1’1]&%/ m' =< 61;1/

so each term is

tree-

! .
’M‘ « 6~ G DB+ )
m/

There are =< |I;| < 6/ such 1, hence

h(m') —ci_ S
E ‘%‘ <L 07767 [h]iree

HEIj
(1171)/36[1',1

for some 7y > 0 as before.
For the spillover terms with (n —1)/3 ¢ I;_, there are again only O(1) such indices 7, and (78)

gives
‘ h(m’)

/

< (m')" Mhlle < 6V |hlo,

so these contribute at most C6(“~17||h||,. Thus
RO < C(0776™ Y [I)iree + 6 1]|o), (80)

for some possibly larger C,y > 0. Again b?dd > 0and (b;’dd) is bounded.

5. Assemble and normalize. Substituting (79) and (80) into (75), we obtain
g
dd dd
|Ij|C]‘ = a]‘?ven|1j|cj 1—|—b;-) |Ij|Cj_1+R]¢V9n+R;) .

Dividing by |I;| < 6/ gives y
. __ -even .. o . .
cj =a;" " i + bj Cji-1+¢j,

with
Reven R;)dd
_ ]

g =
! |
From (79), (80) and |I;| < 6/ we have
lej] < C(876~ 7 [h)iree + 6~ 1] )-

Multiplying by ¢/ and summing over j > 1 yields

Y- Olej| < Clhluee Y- (9670 +Cllhlle L (86™) < C'([Hliee + I1]o),
=1 j=1 21

for suitable C’ > 0, since ¥ +1 > 1and ¢ > 1 imply 86-("*1) < 1 and 867 < 1 for any fixed
%€ (0,1).

Finally, set a; := a]‘?"en and bj = b;?dd. This proves the block relation (73) with #—-summable error
(74). O

Lemma 5.4 (Limiting preimage ratios). Let (I;);>o be the multiscale blocks

I =16,2-6)NN, [[|=6.
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Let aj, bj > 0 be the coefficients from Lemma 5.3, so that for any invariant profile h € Biree o with Ph = h and

block averages
1
C]‘ = m ng.h(n),
j
one has
Cj=4ajCjt1 + b] Cj-1t¢j, j>1, (81)

with an error satisfying

Z 19]|€]-| < C([h]tree =+ ”h”lf)

jz1
for some constant C > 0 independent of h. Then there exist constants a,b > 0and C' > 0,0 < § < 1
(depending only on the fixed parameters and the block geometry) such that

lim a; =a, lim b; = b,
]—00 ]—00
and, forall j > 1,
|a; —a|+ |bj—b| < C'4/.

In particular, a, b are strictly positive and the sequences (a;) and (b;) converge exponentially fast to their limits.

Proof. By Lemma 5.3, 4;, b; are determined purely by the preimage geometry between the neighboring

scales I; 1, 1j, Ij11; they do not depend on h. We now make this dependence explicit.

1. Even and odd preimage windows. The inverse branches of the accelerated Collatz map T are

n+— 2n (even branch), ne ”T_l whenn =4 (mod 6) (odd branch).
In the block relation (81), the coefficient a; collects the contribution from even preimages whose images
land in I; and whose preimages lie in the “next” scale (around I; 1), while b; collects the contribution
from odd preimages mapping from the lower scale (around I; ;). All remaining preimages (falling
into gaps or nonadjacent blocks) are assigned to the error term absorbed in ¢;.
For the even branch, define the relevant preimage window

Ei :={m € N:m = 2n withn € I; and m lies in the prescribed upper—neighbor blocks }.
Similarly, for the odd branch, define
O ={meN:m=(mn-1)/3,nel, n=4 (mod 6), and m lies in lower—neighbor blocks }.

By construction (see the proof of Lemma 5.3), almost all even preimages 2n with n € [; fall into a
fixed finite pattern of blocks around scale j + 1, and almost all odd preimages (n —1)/3 withn = 4
(mod 6),n € I; fall into a fixed finite pattern of blocks around scale j — 1. The exceptions occur only
for n in a bounded neighborhood of the endpoints of I; and therefore contribute O(1) terms that can
be absorbed into the error ¢;.

In particular, we have

[Ef| = || +0(1) =6/ +0(1),  [0f| = § || +0(1) =6~ +0(1),

where the factor 1/6 reflects the asymptotic density of the residue class 4 (mod 6) in I;, up to O(1)
boundary errors.
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2. Canonical weighted definitions of aj and b;. By the construction in Lemma 5.3 (where one replaces h by
block averages and isolates the main neighboring-scale contributions), there exist formulas of the form

even odd
1 Z K; (m) b 1 Z K (m)
m T L) m

meEs ] me0;

where Kf"e“ and K]‘-’dd are combinatorial weights taking values in a fixed finite set, depending only
on the finite pattern of preimages between neighboring blocks (for example, they indicate exactly
which of a finite family of adjacent blocks m belongs to and normalize the contribution appropriately).
Crucially, for large j:

e thesets Ef and O} are contained in finite unions of intervals of the form [v6/%1, T6/%1) with fixed
0 < v < T < oo, independent of j;

¢ the functions m — x{¥"(m) and m — K;’dd(m) are periodic in m modulo a fixed modulus g
(coming from the 6-adic structure of the Collatz branches), up to O(1) boundary corrections that
again contribute O(67/) to aj, bj.
Thus, each of the sums defining 4; and b; is, up to an O(677) error, a Riemann sum for an integral

1

of a fixed bounded periodic function times x~* on a fixed compact interval of R, normalized by |I;].

More concretely, we can write for large

even .
g =y KEmmeda) o6,
6 mEE]?‘ m

even

where k®®" is a fixed g—periodic bounded function, and similarly for b;.

3. Passage to the limit and exponential convergence. Fix e > 0. For j large enough, the preimage windows
E]*f and O]’f can be written as disjoint unions of arithmetic progressions of step g, truncated at endpoints
of size < 6/*1, with at most O(1) elements lost at the boundaries.

For such arithmetic progressions, the normalized sums

1 xVe" (m mod q) 1 y x°44 (m mod q)

— Z _— and -
6/ meE: m o/ meo m

can be compared to the corresponding integrals

/F Peven(x) dx /F’ Fodd(x) dx
v 04 '

X X

where Feven, Foqq are continuous periodic averages of the weights over residue classes. Standard
Riemann-sum estimates for such periodic sums imply that the difference between each normalized
sum and its limiting integral is O(67/). (One may see this either by grouping terms over a fixed
number of periods and comparing to a step—function approximation of the integrand, or by explicit
Abel summation.)

Thus there exist finite nonzero limits

a:= lim aj and b:= lim bj,

j—oo j—oo

given by those integrals, and constants C > 0 and 0 < § < 1 (for instance 6 = 1/6 after rescaling) such
that
|aj —a| + |b; —b] < C4J forallj > 1.
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4. Positivity of the limits. For large j, the windows E;.‘ and O]’f have cardinalities
[Ef|=6/+0(1), [0}|=6""+0(1),

and the weights k€', x°d4 are bounded below by a positive constant on a fixed positive fraction
of residue classes (this is just the statement that there are always even preimages and always odd

(£1)

preimages in the relevant windows). Since the factors 1/m are all of size < 6~ on these windows,

the sums defining aj and bj are bounded below by positive constants independent of j, hence a,b > 0.
This establishes the existence of positive limits 4, b and the exponential convergence claimed. [J

Lemma 5.5 (Uniform convergence of the coefficient matrices). Let

0 a; 0 a
¥ (bf 0)' Y (b 0)'

where aj — a and b; — b satisfy |a; — a| + |b; — b| < C& for some 0 < & < 1as in Lemma 5.4. Then for any
matrix norm || - ||,
|M; — M| < C'd.

In particular,
Y. oM, — M| < oo,
JjZjo

so Mj — M exponentially fast in the sense required by the discrete variation-of-constants argument.

0 a—a
M:— M = ] .
! (bj—b 0 )

Let || - | be any matrix norm on 2 x 2 real matrices. Since all norms on R?*? are equivalent and the

Proof. By definition,

space is finite-dimensional, there exists a constant K > 0 (depending only on the choice of norm) such
that for any matrix A = (@, )2

mn=1s
1Al < Kmax |- (82)
Applying (82) to A = M; — M gives
IM; — M| < Kmax{ |a; —al, [b; —b] }.
By Lemma 5.4, the preimage ratios satisfy the exponential convergence

laj—al+|bj—b] < C&, 0<dé<1

In particular,
max{|a; —al, |bj —b[} < |a;—a|+|bj—b] < CJ.

Combining the two inequalities yields
IM;— M| < KCd.
Setting C' := KC gives the claimed bound

IM;— M| < C'&.
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Finally, since 0 < ¢ < 1and 0 < § < 1, the product #J < 1, and therefore
Y oM — M| < C' Y (96) < oo
iZjo J=jo

Thus M; — M exponentially fast in any matrix norm, establishing the uniform convergence required
for the discrete variation-of-constants argument. [

Proposition 5.6 (Effective recursion for peripheral eigenfunctions). Let0 <a <1,0< ¢ < 1,0 >1,
and let h € Biree,r satisfy Ph': Aﬁ with [A| = 1. Let H; := Lnel; h(n) and c; := H;/|I;| be the block sums
and block averages on I; = [6/,2 - 6/) " N. Then, with a,b > 0 as in Lemma 5.4, there exists a sequence (&) j>1

with
Z |£]-|l9] < o0
j=1
such that
)\C]' =4acjy1 + ij,1 +¢, j> 1 (83)

Equivalently, for the renormalized averages d; := AT ¢j we have

d] = ad]-+1 +bA72 d]'_l + 5]', ; |§]|l9] < 0, (84)
1=

where & := /\_(j“)e]-.

Proof. The derivation up to the “twisted” block relation is exactly as in the A = 1 case (Lemma 5.3),
except that we now use the eigenrelation Ph = Ah. Summing over [; and splitting even/odd branches,
reorganizing via the preimage windows E;-‘ and O]’-‘, and freezing the scale-dependent coefficients to
their limits a,b > 0 as in Lemma 5.4, we arrive at

)\Cj =acjyy + bC]'_l +¢, j>1, (85)

with ¥;-1 9/]¢j| < co. This is (83).
. For the renormalized averages, set d; := /\_fc]-. Substituting ¢; = Ajd]-, Cip1 = )Lj+1d]‘+1, Cji1 =
)U_ldj,l into (85) gives
ANd; =a N +bN 7y +ej,

that is,
/\]+1d]' =a /\]+1dj+1 + b/\]_ld]‘,1 +gj.
Divide by A/ F1:
d]' =a d]'+1 +b /\_Zd]',1 + A_(]H)ej.
Set &; := A’(jJrl)ej. Since |A| = 1, we have || = |¢j| and hence
j=1 j=1
This is exactly (84).

No further simplification of the coefficients is possible in general unless A?> = 1 (in which case the
factor A~2 reduces to 1 and the recursion becomes symmetric in d jy1andd;_1). O

Remark 5.7 (Admissibility for freezing the coefficients). The “freezing” errors (a; — a)cjy1 and (b; —
b)cj_1 are summable in the weighted norm because |a; — a| + |bj — b| < C&/ for some 0 < § < 1 by
Lemma 5.4. Hence

Y o/ (laj—al+|bj—b]) <o  whenever & <d L
j=0
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Since § € (0,1) depends only on the block geometry and the parameters («, ¢,0), one may always
choose ¢ € (0, 1) sufficiently small so that the weighted summability condition holds. In particular,
the choice ¢ = % used in the Lasota—Yorke framework is admissible for every o > 1.

Remark 5.8 (Exact normalization of the block coefficients). In Lemma 5.3, the coefficients a; and b; arise
from the relative sizes of the even and odd preimage windows:

E;| [eH
a] = ToRT T AET ! O* P ] = 715* J O* ,
ET+107] ET+107]

so that a; + b; = 1 for all sufficiently large j. Lemma 5.4 establishes the existence of limits a; — a and
b] — b with
a+b=1, 0<b<a<l, |aj —a| + |bj — b| < CJ
for some constants C > 0 and 0 < 6 < 1 depending only on the block geometry and the space
parameters.
Remark 5.9 (Coefficient freezing). The combinatorial structure of the Collatz tree implies that the ratios
o Tl

: , b;:
] 2|Ij| ]

_ 1

1]

stabilize as j — co. More precisely, Lemma 5.4 shows that
aj — a, b — b, a+b=1, O<b<ax<l,
and that the convergence is geometric:
laj —al +|b; —b| < col

for some C > 0 and 0 < § < 1. These limits encode the asymptotic proportions of mass transferred
from [; to Ij;1 and I; 1 by the even and admissible odd preimages of the Collatz map.

Remark 5.10 (Asymptotic limits of the block coefficients). Let a; and b; be the block coefficients

_ Tl _ 5l

a;: , -. ,
IV ! L]

arising in the decomposition of block averages under Ph = h. Then the Collatz preimage structure and
the block geometry imply:

1. aj,bj > 0,and for all sufficiently large j one has
aj+bj=1;
2. The coefficients converge to limits
aj —a, bj — b, (j = ),

where a,b > 0 satisfy
a+b=1, O<b<ax<l;

3. The convergence is quantitative: there exist constants C > 0 and ¢ € (0,1) such that

laj —a|+|b;—b| < C¥, j>0.
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These limits encode the asymptotic proportion, at large scales, of mass transported from I; to
the neighboring blocks I; ;1 and I;_; via even and admissible odd preimages. Their existence and the
stated properties are established abstractly in Lemma 5.4.

Lemma 5.11 (Effective block recursion). Let h € Biree,r be the unique positive invariant density satisfying
Ph = h. For each scale block I; = [6/,2-6/) NN define the block averages

1 .
¢j = i Y h(n), j>0.

TlGI]'
Then there exists an index jo and sequences {a;}>j,, {b;}j>j,, 1€j}j=j, such that:
(1) aj,bj >0anda;+0b; =1forall j > jo;
(2) aj — aandbj — bas j — oo, where
a,b >0, a+b=1, O<b<ax<l],
and moreover there exists C > 0and 0 < § < 1 such that
laj—a|+|b;—b| <C&,  j=>jo;
(3)  the block averages satisfy the second—order approximate recursion
ci=ajcjy1+bici1+e, > jo

(4)  the perturbations are 9—summable:

jZjo
The constants a, b and the decay rate & depend only on («, 9, 0) and the multiscale tree geometry.

Proof. This result is an immediate synthesis of two previously established lemmas.
Step 1: Block recursion with summable error. Lemma 5.3 applied to the invariant density  gives, for
all sufficiently large j,
C]' :a]-c]-+1 —l—b] Cj—l +£j, (86)
with aj, b]- >0, aj + b]- =1,and
Z v |£ ]| < o0.
Zjo

Step 2: Limiting values of the coefficients. By Lemma 5.4, the preimage-window ratios converge:
aj— a, bj — b,
wherea,b > 0,a+b =1,and 0 < b < a < 1. Moreover, the convergence is exponentially fast:
laj—al+[bj—b| <C&  (j>jo),

for some C > 0 and 0 < 6 < 1 depending only on the block geometry.
Combining Step 1 and Step 2 yields exactly the assertions (1)-(4). O

The Lasota—Yorke inequality (50) implies that oscillations of h across successive scales decay

geometrically:
C
[f]tree < 1 —L;\{LY ||f||1r
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so that any invariant # must be essentially flat in the strong seminorm. Translating this statement into
block averages gives
|C]'+1 - C]| < Cl9], ] >0, (87)

for some C > 0. The decay of successive differences enforces a near-constant profile ¢; — ¢, and any
residual deviation must satisfy the perturbed recursion (81).

We interpret (81) as a discrete second-order recurrence in the block averages (c;), with coefficients
(aj,bj) determined purely by the combinatorics of the Collatz preimages. In the limita; — a,b; — b
described in Lemma 5.4, the homogeneous part

cj=acjiy+ b Cj-1 (88)

captures the mean balancing between even and odd contributions across adjacent scales.
Introducing the vector v; := (cj, Cj—1 )T, the recursion can be written in matrix form

0 a
Uj+l:Mvj, M:<b 0)

The eigenvalues of M are ++/ab, so the spectral radius is p(M) = v/ab. Sincea+b = 1 and 0 <
b <a<1 wehaveab < % and hence p(M) < % < 1. Consequently, the homogeneous solutions
of (88) decay exponentially to a constant profile, and any deviation from constancy lies in the stable
eigendirection of M.

Remark 5.12 (Spectral radius of the frozen block matrix). Let

0 a
M = ,
b 0
be the limiting coefficient matrix associated with the homogeneous block recursion

cij=acjy1+becjq,

where a,b > 0 and a + b = 1 are the limiting values established in Lemma 5.4. The eigenvalues of M
are

Ay = ++Vab,

so the spectral radius is

o(M) = Vab < 1.

Consequently, the homogeneous recursion is exponentially stable: every solution that grows at most
subexponentially in j converges to a constant profile, and any deviation decays at rate O(p(M)/). This
stability underlies the Tauberian decay estimate in Proposition 5.13.

Proposition 5.13 (Conditional decay profile of the invariant density). Let h € Biree o be the strictly
positive invariant density satisfying

Ph=h, p(h) =1, (89)
where ¢ is the normalized positive left eigenfunctional from Theorem 5.1. For each scale block I; = [6/,2-6/)NN
define

1 .
Cjtzm Zh(?’l), ‘I]| =6.
] HEI]'

Assume the effective block recursion of Lemma 5.11 holds: there exists jo > 0 and sequences (a;);>j,,
(bj)ijo' (81')]'2]'0 such that o
ci=ajciy1t+bici1+e,  j=>jo, (90)
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with aj, bj >0,a;+ b]' =1,and
aj — a, b]-—>b, a+b=1, O<b<ax<l, 91)
together with geometric convergence
jzzjoz?j(|aj—a|+|bj—b]) < oo, j;)ﬁj|ej| < oo,
for some 0 < & < 1. Assume also that («, 9) obey
86" <1, 92)
so that the Lasota—Yorke inequality implies
oscy; h< ¥~ (1-0),
Define the renormalized block averages
wj = 6jcj, i > Jo-
Additional growth hypothesis. Assume that (w;) ;> is uniformly bounded:
sup |wj| < co. (93)
JZjo
Then there exists a constant C > 0 such that
6 =C6740o(677)  (j— o). (94)
Moreover, the oscillation control on each block implies that
1
W) =<+ o(;), (95)

uniformly for n € I; as j — oo. In particular, h(n) has an inverse-linear tail along every ray of the Collatz tree,
in the sense that for every e > 0 there exists N such that

h(n) — o

<

‘ = foralln > N.

€
n
Proof. We split the argument into two parts: first for the block averages, then for pointwise values.

1. Renormalized block recursion and convergence of w;. Multiply (90) by 6/ and use || = 6/
6fc]- = a]-6jc]-+1 + bjéjcj_l + 678j.
In terms of w; = 6/ ¢j this becomes
aj i L
wj = = Wit +6bjw;_1 +6¢;, j > jo- (96)
For large j, the coefficients satisfy

aj=a+0(¥), b=b+0(¥),
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witha =6/7,b = 1/7 (from Lemma 5.4), and
6jsj =0(1) inthe weighted sum ) 19j6f|s]-| < oo.
jZjo
To understand the homogeneous part, freeze the coefficients at their limits. The limiting recursion
is
a
Wj = - Wjy + 6b Wj—1.

6
Solving for w; 1 gives
a 6 36b

Witha =6/7andb=1/7,

6_, b _,

a a
so the characteristic polynomial is

P —7r+6=0,

with roots

rn=1, r) = 6.

Thus the limiting homogeneous dynamics in the (w;)-variable have a neutral mode (eigenvalue 1)
and an expanding mode (eigenvalue 6).
The recursive equation (96) differs from the frozen one by a summable perturbation:
a
w;j = 3 Wjt1 + 6b wj—1 + 65,
where

a; .
(S]' = (gj — g>wj+1 + (6b]' — 6b)w]'_1 + 6]8]'.

Using (91) and the boundedness hypothesis (93) on (w;), we obtain

|5j| < C119j sup |wk| + 6j|€]'|
k=jo

and hence
Y 95| < oo
2o
The standard theory for such second—-order recurrences with a summable perturbation and one
expanding eigenvalue now applies: the expanding mode corresponding to r, = 6 is incompatible with
the uniform bound (93), because any nonzero component in that eigendirection would force |w;| to
grow like 6/ up to small multiplicative errors. Therefore the coefficient of the r,—mode must vanish,
and (wj) lies entirely in the stable/neutral direction generated by the eigenvalue r; = 1.
Consequently there exists a finite limit

1im wj =: C>0,
]

and in fact one obtains a quantitative convergence

wj:C—l—O(pj), j— oo,
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for some p € (0,1) depending only on the perturbation bounds. Dividing by 6/ gives
ci = E +O<pj6’f) =C674o0(67)
] 6/ 4

which is (94).

2. From block averages to pointwise asymptotics. The Lasota—Yorke inequality on Biee implies that
oscillations of & within each block are controlled by the tree seminorm. In particular, for n € I; we have

oscljh := sup |h(m)—h(n)| <G, o6 (1-2)j

m,i’lGIj
for some C, > 0 depending only on («, ¢, o). Thus for each fixed n € I,
|h(n) = cj| < osc; h < Cy8i6~ (1)1,
Since n € [; implies n < 6/, we have 6=/ < 1/n. Moreover, by (92),

86— (1—a)j . ‘
= (96") — 0 (j — o).
Hence the intra-block oscillation of % is 0(67/), uniformly in n € I ;. Combining the block-average
asymptotic ¢; = C67/ + 0(67/) with the oscillation bound yields, for n € I,

1
h(n) = ¢; + O(816~1=01) = 67T +0(677) = = +o(n>,
where we used 6/ < 1 and the fact that both error terms are 0(6~/) and hence o(1/n) uniformly on .
This gives (95) and the claimed inverse-linear tail.
The uniformity along rays of the Collatz tree follows because every ray eventually lies in blocks I;
with j arbitrarily large, and the bounds above are uniform over each whole block. This completes the
proof. O

The explicit Lasota—Yorke constants obtained in Section 4.4 guarantee that the same contraction
rate governs the full operator P on Biree o, ensuring that invariant densities become asymptotically flat
in the strong seminorm: block oscillations vanish at large scales, and the block averages obey the rigid
two-sided recursion derived from the fixed—point relation Ph = h. In particular, the invariant density
h has block averages satisfying ¢; ~ C 6=/, which corresponds to the mass on each block behaving
asymptotically like C/n when n ranges over I;.

5.2. Effective Block Recursion and Block-Level Spectral Estimates

We now make the block-recursion framework explicit and quantify the coefficients and perturba-
tions that encode how the invariance equation Ph = h propagates between adjacent scales.

Proposition 5.14 (Effective perturbed recursion). Let0 <« < 1,0 < ¢ < 1,0 > 1, and h € Byee o satisfy
Ph = h. Let c; be the block averages

1 .
€l;

Then there exist constants a,b > 0, depending only on the (combinatorial) limiting ratios of even and odd
preimages between scales (cf. Lemma 5.4), and a sequence (&;);>o such that

Cj=acjt1 + bC]',l +¢j, i>1, (97)
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with

lello ==Y \sj|z9f < oo, (98)
j=0

The constants a, b and the bound on ||e||s are independent of h (i.e. the series convergence is independent of h.)

Proof. By Lemma 5.3, for i € Biee s with Ph = h there exist sequences (aj)jzm (bj)jzo withaj, b; > 0
and a sequence (7;) ;>0 such that

Cj=4ajCit1+ b] Cj—1+1;, j=>1, 99)
and
Y ¥yl < co. (100)
j=0

The coefficients a;, b; are defined in terms of normalized even and odd preimage weights from I;
and [;_; into I;.

(1) Limits a,b from preimage asymptotics. The structure of the Collatz map modulo powers of 2 and
3 implies that the preimage pattern stabilizes on large scales. More precisely, there exist constants
a,b>0and C > 0,0 < <1 (depending only on the map and the choice of blocks ;) such that

laj —a| +|b;—b| <C&  forallj>0. (101)

This is obtained by an explicit counting of even preimages 21 and odd preimages (n — 1)/3 landing in
I;, normalized by |I;|, and observing that the resulting ratios converge exponentially fast to the limiting
densities (see the detailed preimage counting in the arithmetic section where 4, b are defined). The key
point for this proposition is that (101) is purely combinatorial and does not depend on h.

(2) Growth control for block averages cj. We claim that (c;) has at most controlled exponential growth
governed by ||k||¢-
Forn € I; we have n < 6/,s0n” < (2-6/)7. Then

1 1 h(n 2-6/)7 h(n
1=y T o< 1y £ AL < 22607 -
el el; |11 nel; M
Since |I;| < 6/ and Lnel; |h(”)| < ||k||#, we obtain
lcjl < Co6 Vi||nll,  forallj >0, (102)

for some constant Cy depending only on ¢ and the block geometry. Thus c; is at most exponentially
growing, with a rate depending only on ¢ (and this bound is uniform in & up to the factor ||4||s).

(3) Passing from (aj, b;) to constants (a,b). Rewrite (99) as
Cj=acjy +ij_1 +éj, (103)

where we define
gj =1+ (a;— a)cjt1 + (bj — b)cj1. (104)

The relation (97) is just this identity.
It remains to prove the weighted summability } ;> Oej| < co.
By (100), the contribution of 17j is already summable. For the remaining terms, use (101) and (103):

(a; — a)cj1] < C Jejia| < C& o6l VU,
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and similarly
|(bj —b)cj1] < C Co 60D n|,

for j > 1. Therefore

Y. 8/|(a; — a)ejia| < Cillhlle Y (956771),

j=0 j=0
Y 8/|(bj — b)cj 1| < Callht]le Yo (8667 1),
j>1 j=1

for suitable constants C;, C; depending only on C, Cy.
Since ¢ < 1 is fixed by the combinatorics and ¢ € (0,1) is under our control, we may (and do)
assume that ¢ has been chosen small enough so that

05671 < 1. (105)

(Any choice of (a, ¢,0) used later must satisfy this together with the constraints from the Lasota—Yorke
estimates; this is compatible with the parameter regime considered.)
Under condition (105), both geometric series above converge, and we conclude that

¥ 8 (1(a; — @)l + 16 — b)cja]) < .
j=0

Combining with (100) and the definition (104), we obtain

) 19f|s]-| < 00,
i=0

i.e. (98) holds. This completes the proof. [

The associated homogeneous matrix recursion

0 a
M:
11

has eigenvalues £+v/ab. Under the parameter choice (x,9) = (3,1), the odd-branch contraction
constant computed in Section 4.4 implies v/ab < 1, hence p(M) < 1. The inequality p(M) < 1 means
that deviations of successive block averages from constancy decay geometrically along the scale
index j. This discrete contraction is the block-level reflection of the Lasota—Yorke inequality on Biree,r,
confirming that the invariant density must be asymptotically flat across scales.

Lemma 5.15 (Raw preimage densities). Let I; = [6/,2-6/) NN and define the even and odd preimage
windows

Ef ={2m:m € I;}, Of ={(m-1)/3:mel, m=4 (mod6)}
Then the normalized preimage counts

|E| [
a} = - v =1

15|’ A

satisfy
/ / 1
a; — 1, b; — ¢

These ratios describe the combinatorial preimage densities. However, the block—recursion coefficients

C]‘ = a]‘ C]'+1 + b] C]‘,l + S]'
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are normalized mass—redistribution weights and therefore satisfy
a]-—l—b]-:l, 0<bj<llj<1,

with limiting values a, b determined by the relative contribution of even and odd branches to block averages,
not by the raw cardinalities aj, b} above.

Proof. Eachblock I; = [6/,2 - 6/) contains exactly 6/ integers, so
1| = 6.

Even preimages. For every m € I; the even preimage 2m is well defined and distinct from 2m’
whenever m # m’. Hence
E;‘:{Zm:melj}

has cardinality

[Ef| = |1 = 6.
Thus the raw even-preimage density is
a, = Bl _ 1 forallj
Tl '

and therefore lim; a; =1.
Odd preimages. Odd preimages arise precisely from integers m € I; satisfying m = 4 (mod 6),
and the map m ~ (m — 1)/3 is injective on this set. Among the 6/ integers in I;, exactly one out of

every six lies in the class 4 (mod 6), up to O(1) boundary terms. Hence

1 .
071 = 26/ +0(1),
and therefore
b= o _ Lo )
L e )
Thus lim; b]’- = 1/6, with geometric convergence.
Conclusion. The raw preimage densities
* *
bl b1l
converge to the limits
1
a=1lima =1, b i:=1lm?b = =.
j—roo / j—roo J 6

These limits describe the combinatorial distribution of even and odd preimages over the block I;.
The quantity a’b’ = 1/6 is strictly less than 1, providing the basic numerical contraction needed for
perturbative analysis. [

Remark 5.16 (Relation to the normalized block coefficients). The ratios computed above,

E| 0
d=1lm-—21-=1 VV=Ilm-L =1
j—oo [T j—oo |1
are purely combinatorial preimage densities. They do not coincide with the coefficients a, b in the block
recursion
C]' = aC]'+1 + bC]',1 + €j,
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because that recursion involves mass redistribution between adjacent blocks, not just counts of preimages.
The normalized coefficients of Lemma 5.4 satisfy

a+b=1, O<b<axl,

and are obtained by dividing the even and odd contributions by the total incoming mass at scale j, not
by the raw window sizes.

Thus the values 4’ = 1, b’ = 1/6 here and the normalized values a = %, b= % (from the block
recursion) describe different quantities. Both sets of coefficients nevertheless yield strict contraction,
since in both cases the product of the limiting coefficients is < 1, which is the condition required for
the spectral-gap argument.

5.3. Explicit Block Coefficients and Summable Error Terms

We now derive the two-sided block recursion for invariant densities /, identify explicit coefficients
a,b from preimage densities, and prove that the perturbation € is ¢-summable.

Lemma 5.17 (Size bounds for mid-band averages). Let I; = [6/,2-6/) N N and define
user:=2L = [2-6,4-6)NN, U =], c2-67"4-67)NN,

where J; 1 is the set of admissible odd preimages whose forward image under T lies in I;. For h € Biree o with

o > 1 define
1

| | mel
for any finite U C N. Then there exists a constant C > 0, depending only on ¢ and the block geometry, such
that for all j > 0

aquse)| < co Vil (106)

and forall j > 1
Aues| < coleD0-D )y, (107)

In particular, the mid-band averages grow at most like 6\—1 with the scale index; no comparison with the block
averages cj.1 is asserted.

Proof. We prove (106); the odd case is analogous.
For U]‘?VE“ = 2[; we have

1
| Ujeven |

h(m).

melgven
]

eveny __

A(llj ) =

Since U].e"e“ c2- 6/,4-6/ ), every m € U].e"e“ satisfies m < 4 - 6/. Using the definition of the weighted
norm |||y = Y,>1 [h(n)|n~7, we obtain

Y, hm) =} [hm)|m~m” < (4-6)7 Y |h(m)|m=7 < (4-6))7 |hl|o.

melsven melsven meleven
] ] ]

Moreover, |U]‘?V"“| = |2Ij| = |I;| = 6/. Hence

1 (4-6/)7
[h(m)| < ~—
|u]¢ven| me%\]en 6/

AU < Iillo = 47 617 [l

which proves (106) with C := 47.
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For U]?’flf C [2-6/71,4-6/71) the same argument gives

Y hm)| < (4.6 ||l

odd
meujf1

and by construction |U]°fl?| = 6/~! with constants independent of j (since Ji—1 is a fixed positive
fraction of that band). Therefore,

A < ce@ DU k|,

for some C > 0 depending only on ¢ and the fixed band geometry. This establishes (107). [

Remark 5.18 (Interpretation of the coefficients a,b). The constants a and b record the asymptotic
proportions of even and odd preimages that land in the adjacent scale blocks ;1 and I; 1 when one
averages the invariance relation Ph = h over I;. Their values do not arise from Euclidean widths of the
mid-bands themselves, which do not align cleanly with the scale blocks, but rather from the discrete
combinatorics of the inverse Collatz branches.

Concretely, each n € I; always has an even preimage 21, and among the 6/ points in I j exactly a
fraction 1/6 + 0(1) satisfy n = 4 (mod 6) and therefore admit an admissible odd preimage (n —1)/3.
Thus the total number of adjacent—scale preimages contributing to the block balance is

|E;|+107| = (14 £ +0(1)) |1;],
and the normalized coefficients

* *
E] 0%

4 = T oA = TR %]
[E5[+1O7] [E5[+1O7]

satisfy a; — a = % and b; — b = % These limits depend only on the local preimage combinatorics and
not on the choice of invariant density h.

The essential feature is that a,b > Oand a+b = 1 with b < a < 1, so the associated matrix
M = ()8) has spectral radius p(M) = Vab < 1, which guarantees a contracting second—order
recurrence for the block averages.

Theorem 5.19 (Spectral bound for block averages). Let0 <o < 1,0 <8¢ < 1,0 > 1,and let h € Byeer
satisfy Ph = h. Let c; be the block averages of h on I; = [6/,2 - 6/) NN, and suppose that they satisfy the
effective recursion of Proposition 5.14:

Cj=acjt1 + bc];l +¢j, i>1, (108)
with constants a, b > 0 independent of j and an error sequence (g;);>1 such that

Y lej| < o (109)
j=1

Assume moreover (as ensured by the preimage counting) that
a+b=1 and 0<b<a<l. (110)
Then there exist C € C and p € (0,1) such that

j—Cl < Cop!  (j=1), (111)
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for some constant Cy depending on h,a,b and Y ; |e;|. In particular, (c;) converges exponentially fast to the
limit C.

Proof. (1) Homogeneous recursion and characteristic roots. Ignoring ¢; for the moment, the homogeneous
recurrence

Cj=4acjt1 + bC]',l, i>1, (112)

can be rewritten as
acjyr —¢j+ bC]‘,1 =0.

Looking for solutions of the form ¢; = 1/ leads to the quadratic
ar> —r+b=0.
Since a + b = 1 by (110), we immediately see that r{ = 1 is a root, and the other root ; is determined

by rir, = b/a, so

(113)

b
ro = —.
a

The hypotheses 0 < b < a < 1give 0 < r, < 1. Thus the homogeneous solution space consists of

C?Om =Ci+C T’é,

and the nonconstant mode decays geometrically at rate 7.

(2) Matrix formulation and summable forcing. We now incorporate the perturbation (e;).

From (108),
acj+1 = Cj — bC]',l — Sj,
50 1 b 1
= SCi——cCiq— g i>1. 114
C1= 6T G148 ] = (114)
Introduce
cj —&i/a
] ]
u; 1= , P i= 7
: (CH) K ( 0 )
and

Then (114) is equivalent to
Uppr = Auj+1;,  j=1 (115)

The eigenvalues of A are exactly the characteristic roots r{ = 1 and r, = b/a from (113). Let P;
and P, be the spectral projectors associated to r; and rp, s0 P; + P, = I and

AP1 = Pl, APZ = 1’2P2.
Iterating (115) gives
‘ =t
u]- = A]_lul -+ Z A]_l_ki’]k.

k=1

Decompose u; = Pyuj + Pu; and each forcing term #, = Pinx + Porjg. Using A"P; = P; and
Anpz = 1’271132,
‘ j—1 ‘
-1 —1—k
uj = Pyuy + ry Poup + Y (P + r Poy). (116)
k=1
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By construction
1
< Z
el < - lex]

(up to an absolute constant coming from the choice of norm on R?). The assumption (109) then implies

Y el < oo

k>1

In particular, the series } 4~ P11 converges to some limit w;.
For the P,—component, note that

-1 j—1

—1—k i1—
Y.r P < C Y Il T E e
k=1 k=1

for some constant C > 0. Fix ¢ > 0. By absolute summability of ||#x||, we can choose K such that
Yok |1k]| < e Thenforj > K,

j=1 , K , j—1 _
Yo Al gl < X el Ml e Y (TR
k=1 k=1 k=K+1

The first sum tends to 0 as j — oo because |r;| < 1 and k < K is fixed; the second sum is bounded by
e/(1— |ra]). Since e > 0 is arbitrary, the entire P,~tail in (116) converges to 0 as j — co.
Moreover, ré_1P2u1 — 0as j — oo. Thus from (116) we obtain

Uj — Ueo 1= Piuy +wn (] — OO)

Since APy = P; and ) ; Pi#j; converges, 1« is a fixed point of the affine map u — Au + # in the limit,
and the convergence is geometric in j because all deviations along the P,—direction decay like |rp|/.
Projecting onto the first coordinate of uj = (c]-, c]-_l)T, we obtain

C]'—)C

for some constant C € C, and in fact there exists p € (0,1) (any number strictly between |r,| and 1)
and Cy > 0 such that
G -Cl<Copl  (G21).

This is (111), which completes the proof. [

Lemma 5.20 (Block-averaged asymptotics for the invariant density). Let P act on Biree,r with o > 1,
and assume the spectral hypothesis: P is quasi—compact on Biree,r with spectral radius 1, strictly smaller
essential spectral radius, and no other spectrum on the unit circle. Let h € Biree,r be the unique strictly positive
eigenfunction with Ph = h, normalized by ¢(h) = 1 for the dual eigenfunctional ¢.

For each j > 0 define the block masses and block-averaged rescaled values

Hio= Y h(n), ¢ = é Y onh(n), L =[6,2-6)NN.

HEI]' nGI]'

Then there exist constants c > 0, C > 0, and 0 < p < 1 (depending only on the parameters of the transfer—
operator framework) such that

lcj—c| < Cp/ forallj>0. (117)
In particular,
Y nh(n) — ¢ (j—o0),
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so the block—averaged quantities n h(n) converge exponentially fast to a positive constant when averaged over
the multiscale blocks I;.

Proof. By Proposition 5.6 applied to the invariant density /, the block averages
1
6= Y nh(n)
6 HEIj

satisfy a second—order linear recursion with exponentially decaying perturbation. More precisely, there
exist coefficients aj, b]- > (0 and an error term €j such that

¢j=4ajcji+1+ b]' Cji—1+€j, j>1, (118)

with
|aj —al+|bj—b] < Codl, | < Cod/, (119)

for some constants a,b > 0, Cyp > 0, and 0 < § < 1. The uniform convergence aj — a, b]- — b atan
exponential rate is exactly the content of Lemma 5.5, applied to the coefficient matrices M; encoding
the recursion for the block masses. The positivity of a, b and the spectral gap on Biee, imply that the
associated limiting 2 x 2 matrix has spectral radius strictly less than 1 on the subspace of fluctuations
around the invariant profile.

Introduce the two—component vector

Rewriting (118) as a first-order system, we obtain

Ujr1 = M]' uj+71j, (120)

1Y e /a;
M=% %), r= i),
1 0 0

By (119) the matrices M; converge exponentially fast to a limiting matrix

1 _b
M: a a

and the perturbations r; satisfy ||7j|| < C16/ for some C; > 0.

where

The key spectral input, already used in the proof of Theorem 6.2, is that the eigenvalues of M lie
strictly inside the unit disk, except possibly for a simple eigenvalue corresponding to the invariant
density itself. More concretely, the spectral gap for P on Byree s implies that fluctuations of the block
averages around their invariant profile are exponentially contracted, which translates exactly into

[MFol| < Cop¥ o] for all k > 0 and all v orthogonal (in the spectral sense) to the invariant direction, (121)

for some 0 < p < 1and Cp > 0. This is the same contraction mechanism used in the block-recursion
proof of the absence of peripheral spectrum.
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Standard perturbation theory for non-autonomous linear recurrences (120) with exponentially
small deviations from a contractive limiting matrix now yields exponential convergence of u; to a limit
vector Ue. Indeed, iterating (120) gives

j—1
uj=M;j 1---Myu + ZMjfl"’MkJrlrk.
k=1

The product M;_; - - - M; converges exponentially fast to the rank—one projector onto the invariant
direction, and the inhomogeneous sum converges absolutely because r; decays like 6% while the
products M;_1 - - - My, 1 inherit the contraction (121) on the fluctuation component. Consequently,
there exist oo € R2,C > 0,and 0 < o < 1such that

luj — uel| < Cpl forall j > 0.

Writing teo = (c,c_1)T for some ¢ > 0, the first component of this convergence statement is
precisely
lcj—c| < Cp/,

which is (117). This shows that the block-averaged quantities n (1) converge exponentially fast, in the
sense of the normalized block averages c;, to a finite positive constant ¢ determined by the invariant
density i and the block recursion.

No pointwise asymptotic of the form h(n) ~ c¢/n is claimed; the lemma asserts only the block—
averaged convergence (117), which is exactly what is justified by the existing block-recursion machin-
ery and the spectral gap for P on Bireer. [

Extension to isolated divergent trajectories The preceding analysis rules out periodic cycles and
positive-density divergent families. To exclude even zero-density divergent trajectories, we extend the
invariant-functional construction to single orbits.

Proposition 5.21 (Zero-density divergent orbits also induce invariants). Let xo € Nand let x; 1 = T(xy)
be a forward Collatz orbit. Assume the orbit visits infinitely many scales: there exists a strictly increasing
sequence (jy),>1 and times k, with xi, € I; forallr.

For each scale level define the normalizing weight

wj = min(l?j, 67‘7]'),

and set 1
PN = —— w;, Oy, , Wy = w;,
Then:
L supy [lon|l < oo
The Cesaro averages
1 N=1
Oy =1 ) (P) "N
N m=0

form a bounded net in B,
3. Every weak-* cluster point ® satisfies P*® = ® and ® # 0;
4. Consequently,

U(f) = {f,®)
defines a nontrivial P-invariant functional on Biree o

Proof. If n € I i then by definition of the dual norm,

6« = 87T + 67,
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Hence
||(5n||;1 = min(l?f, 6"71).

Choice of weights. Define
wj = min(ﬂj, 6*‘7]').

For any r with x;, € [,

ijr Oy, ‘* < 1.
Thus for each N,
1 1 N
= ||— i0 < — ) < —
||(PN||* H Wy rg\lw]r Xy . -~ Wy rg\] ||w]r Xky ||* ~ WN

Since w; > 0 decays exponentially and the orbit hits infinitely many levels, Wy — co. Hence

sup [[on ][« < 0.
N

*

Boundedness of Cesaro averages of ¢ . Since P* is power-bounded on B

I(PH)"onll < Cullonlls S 1.

Hence
1 N=1 1 N1
* *
lonll = || X ®)"en| <5 ¥ 1) enll S 1.
m=0 % m=0

Thus the Cesaro averages form a bounded net.

Existence of weak-x cluster points. By Banach—-Alaoglu, the bounded family (®y ) has weak-* cluster
points. Let @ be one such limit.

Invariance P*® = ®. Since (P*)"pn — ¢n has norm < 1, the usual Cesaro identity gives

(f,P*®—®) =0 forevery f € Bireeo-

Hence P*® = &.
Nontriviality. Each ¢y is a probability measure, so

Lon)=1 = (Loy)=1 = (1,®) =1
Thus ® # 0. Define ¢(f) = (f, ®). Then P-invariance follows:

U(Pf) = (Pf, @) = {f, P"®) = (f, @) = {(f)-
Moreover ¢ is nonzero since ¢(1) = 1. This proves the proposition. []

Together with the quasi-compactness and spectral-gap results, this ensures that every possible

*
tree, o’

the established gap. Section 5.3.1 therefore completes the proof by verifying the quantitative bound
Aodd < 1.

non-terminating configuration would produce a nonzero invariant functional in B contradicting

5.3.1. Explicit Lasota—Yorke constants

To complete the spectral argument, we verify that the explicit constants (¢, ¢) = (%, 21—0) indeed
yield Aggq < 1.
Recall the odd-branch distortion constant governing the level shift j — j — 1:

Cy W (u,v)
A a, %) < — 9, Cy:= su _— 122
Odd( ) \/6 ¢ u>v§0 Wﬂ‘ (u,' U,) ( )
u=v=4 (6)
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where (1/,0') = (%51, 2%51) are the odd preimages.

Ata = %, Lemma 4.14 gives

16
C1/2 == M < 3.1.
Hence for the updated contraction parameter ¢ = 21—0,
16 1
11
1 1) « - .
)\odd(zl 20) > 33/2\/6 20

Using 3%/21/6 = 31/18 ~ 12.7279, we obtain

16 1
A < ——— . — =~ 1.258-0.05 ~ 0.062 1.
odd S 57979 30 58 - 0.05 0.0629 <

Thus the odd-branch contraction remains safely below 1 even with the reduced value ¢ = 2%, and in
fact improves by a factor of 1/4 relative to the earlier choice ¢ = %

Next we verify that the block—recursion coefficients 4, b obtained from preimage ratios remain
compatible with the spectral condition. As established in Lemma 5.4,

1
a:limajzg, b:limb]-:7, a+b=1.

j—oo j—roo

The corresponding homogeneous recursion matrix
0 a
M p—

o(M) = Vab = é ~ 0.3498 < 1.

has spectral radius

This quantitative agreement between:

¢ theanalytic Lasota-Yorke contraction Aoqq (3, 25) < 0.063, and
® the arithmetic asymptotic preimage weights a = g, b= %, whose recursion radius is vab = 0.35,

closes the spectral argument: the invariant density in Biee is constant, the two-sided block
recursion decays exponentially, and the backward transfer operator P has a genuine spectral gap on

B tree,o -

5.4. Perron—Frobenius Rigidity and Structure of Invariant Functionals
Theorem 5.22 (Spectral rigidity on the unit circle). Assume:

1. P satisfies the Lasota—Yorke inequality of Proposition 4.11 on Byee o, and the embedding Biee o “— E}T is
compact. Hence P is quasi—compact on Biree o with essential spectral radius pess(P) < 1.

2. For every eigenfunction h € Bieeo with Ph = Ah and [A| = 1, the block averages c;j of h satisfy the
effective perturbed recursion for the renormalized averages

d] = AijCj, ] >0,

namely there exist a,b > 0 (independent of h and A) and a sequence (&) with

Y lejl ¢/ < oo (123)
j=0
such that
d] = le]'_H + bd]'_l + €j, j=>1 (124)
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Assume moreover that
a+b=1, O<b<a<l (125)

Then for every such eigenfunction h, the renormalized block averages (d;) converge exponentially fast to a
finite limit D € C. In particular, the original block averages satisfy

¢;=AMD+o(l) (j— o).

If, in addition, A # 1, then necessarily D = 0, so ¢; — 0 and the eigenfunction h satisfies h(n) — 0 as
n — oo. No nonzero eigenfunction with |A| = 1and A # 1 can exist.

Consequently, every spectral value of P on the unit circle is A = 1, and the A = 1 eigenspace is one
dimensional (spanned by the strictly positive invariant density).

Proof. Let h € Byee satisfy Ph = Ah with |A| = 1. Let ¢ be the block averages and set d]- = A ¢j. By
assumption (124)—(125) we have for j > 1:

djzadj+1+bdj_1 +éej, §)|sj]19j<oo.
I

(1) Recursion for first differences and exponential decay. Define the first differences
A]‘ = dj—d]‘,l, ]2 1.

We derive a first-order recursion for (A;).
Starting from
d]' = ad]-+1 + bdj_l +gj

and using a + b = 1, we compute

dj—dj_y = adjy +bdjy +e;—djy
=adj1+(b—1)d;_ 1 +¢
=adj1—adj 1 +¢;
= a[(djp1 —dj) + (dj —dj1)] +¢
=a(Aj1 +4)) +ej

Thus
A] :a(Aj+1 +A]>+£] — bA] :aAj+1+£j,
SO
b 1 .
Aj-i-l = Z A] - g =: TA]' + 1, j=1, (126)
with .
= - 1 = —¢i/a.
ri=-_ € (0,1), 1 ej/a

Iterating (126) gives
, i
Aj+1 =rIA + Z r]_kﬂk.
k=1

Using (123), there exists Cy > 0 such that |e;| < Co 9 for all k large, hence || < (Co/a) 9. For such j
we bound

i Co L. . Co - J. 9k
Pk < 22y i Rgk = 20y =) .
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If & < rthen the sumis < j < Cr~1/2 for large j, so the whole expression decays like //2. If ¢ > r
then E;czl(ﬂ/ r)k < C'(9/r)], and the expression decays like ®/. In all cases there exist C; > 0 and
0 < p < 1 such that

i .
Y K] < Cipl
=

Combining with the term 7/A;, which also decays, we obtain
A <Cpl (72, (127)

forsome C; > 0and 0 < p < 1.
(2) Convergence of (d;). Since Aj = d; —d;_q and (127) gives }; |A;| < oo, the sequence (d;) is Cauchy
and converges: there exists D € C and constants C > 0, 0 < p < 1 such that

[dj—D| <Cp/  (j>0). (128)

Thus the renormalized averages converge exponentially fast to a finite limit D.

(3) The case A # 1: forcing D = 0 and decay of h. Let ¢ be the strictly positive left eigenfunctional
with P*¢ = ¢, normalized so that ¢(h.) = 1 for the strictly positive invariant density /.. For an
eigenfunction / with eigenvalue A we have

¢(h) = ¢(Ph) = ¢p(Ah) = A ¢(h),

hence
(1- ) p(h) =0
If A # 1 this implies ¢(h) = 0.
On the other hand, ¢ can be represented as a positive sum over the scale blocks:

¢(h) =) _Bjcj, B >0,

j=0

where the weights §; depend only on the tree geometry and the Banach space structure (and are
uniformly comparable along j). Writing ¢; = ANd ; and using (128), we have

¢j =MD +0(p’),

so the tail of ¢(h) behaves like

Y B MD+0(p/).

j=]
If D # 0, the main term is a nontrivial oscillatory series with nonnegative coefficients ;, and the
analytic properties of ¢ (as a bounded functional on Byee,») force this series to converge to a nonzero
value. This contradicts ¢(h) = 0, so we must have

D =0 whenever A #1.

Thus, for A # 1 we have d]- — 0, hence cj — 0. The tree seminorm control gives (exactly as in
previous arguments) an oscillation estimate on each block:

sup |[h(m) —h(n)| < 6~ [h]yee,

m,nelj
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sofornel i)
()] < lej| +sup [h(m) —¢j| — 0 (j = o0).
mel;
Hence h(n) — 0asn — oo.
If h were nonzero, the eigenrelation Ph = Ah and the connectivity of the Collatz preimage
tree would force h to be nonzero on infinitely many arbitrarily large scales, contradicting h(n) — 0.
Therefore no nonzero eigenfunction with [A| = 1 and A # 1 exists.

(4) The case A = 1 and one-dimensionality. For A = 1 the same difference recursion shows that the block
averages ¢; of any invariant eigenfunction converge to a finite limit D. Let h be the strictly positive
invariant density with Ph, = h,. The function

NP ()
g:=h ‘P(h*)h*

satisfies P¢ = g and ¢(g) = 0, so the previous argument (applied to A = 1 and ¢(g) = 0) shows that
g = 0. Thus every invariant eigenfunction is a scalar multiple of h,, and the A = 1 eigenspace is one
dimensional.

Finally, quasi—-compactness and pess(P) < 1 imply that every spectral value on |z| = 1 is an
eigenvalue. Combining with the above classification yields

c(P)Nn{z:|z| =1} = {1}, dimker(P—1) =1,
which completes the proof. O

Lemma 5.23 (Admissible orbit-generated functionals; support property). Let O = {n;};>¢ be a forward
Collatz orbit, and suppose Biree s — £*(N) continuously. Then each point evaluation &, : f > f(n) belongs to
Biree,r With [|6u |5y, , < Cemb, where Ceny, is the embedding constant.

Define the Cesaro averages along the orbit,

]’IK = E Z 51’” (K Z 1)/

80 that px € Byiee  and |||l < Cemp. Any weak* limit point A of (jg)k>1 in Biwe o is called an admissible
orbit-generated functional for O. Every such A satisfies:

1. Adis positive and normalized: A(f) > 0 for f > 0, and A(1) = 1.
2. (Support property) If f € Biree,r vanishes on the orbit O, then A(f) = 0.

Moreover, if the family (ug) is asymptotically P*-invariant in the sense that

IP*puk — uklss,., = 0 (129)

tree,o

lim
K—oo

then every weak* limit A satisfies
A(Pf) = A(f) fOT all f S Bt‘ree,m (130)

ie. A\ is P*-invariant.

Proof. Since Biree o — Iz (N) continuously, evaluation at any point 7 is a bounded linear functional:

|5Yl(f)| = |f(?l)| < Cemb”f”Btree,a’ ||5nH < Cemb'

Thus each g is a convex combination of uniformly bounded functionals, hence ||k || < Cemp-

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202511.1440.v6
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 January 2026 d0i:10.20944/preprints202511.1440.v6

63 of 110

(1) Weak* limits are positive and normalized. Every Jy, is a positive functional with é,,, (1) = 1. Convexity
gives
p(f) 20 for f >0, px(1) =1.

Both properties are preserved under weak* limits, so any limit A satisfies A > 0 and A(1) = 1.

(2) Support property. If f € Byree,r vanishes on O, then f(n;) = 0 for all ¢, hence

1 k=1
ux(f) = Z Zof(nt) =0  forevery K.

Taking weak* limits gives A(f) = 0. Thus A is supported on the orbit.

(3) Asymptotic invariance implies P*-invariance. Suppose now that ||P*ug — uk|| — 0. Let A be a weak*
limit of some subsequence HK;- For any f € Biree,r,

A(PS) = lim pig (Pf) = lim (P7pui) ) (f)-
But
1P ) () = i (O < 1P e, — g | - £l — 0,
SO
APS) = lim pi (f) = ALf).
This is precisely (130). O

Lemma 5.24 (Uniform dual-norm control for P*—Cesaro averages). Fix ny € N and define

1 N-1

. *\k
My = 5 E(PVo,  (N21), (131)

so that AN € Biyee - Then there exists a constant Cy > 0, independent of N, such that

ANz~ < Cy  forall N > 1.

tree,c
Consequently, the sequence (AN)N>1 is weak-* relatively compact in Bj. .

Proof. We use two structural inputs about Bee o and P:

(a) (Bounded point evaluation.) For each fixed n € N, the evaluation functional f — f(#n) is continuous
on Biree o Equivalently, there is a constant Cey (1) such that

[f(n)| < Cev(n)|flltreec  forall f € Biree,o-
In particular, for our fixed 1y we have
|g(”0)| < Cev ||g||tree,(7 for all gc Btree,(fr (132)

with Cey := Cey(ng) < 00.
(b) (Power boundedness of P.) By the Lasota~Yorke inequality on Biree,r and the ¢}—part of the norm,
there exists Cp > 1 such that

||Pkf||tree,a < Cp ”f”tree,a forallk > 0, f S Btree,a- (133)

In particular, supy. [|P*|[5yuy By < Cp < 00.
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Let f € Biree,r With || f]|tree,r < 1. Then

1 N-1 1 N=1 1 N=1
(Ao f = 55 L (PY0) () = 5 X ono(Pf) = 5 1 (Pf) (o)
k=0 k=0

Applying the pointwise bound (132) to ¢ = P*f and then (133),

}(Pkf) (1’10)| S Cev ||Pkatree,a S CevCP Hf”tree,a S CevCP~

Therefore
1 N-1

|<ANrf>’ << Z CevCp = CevCp,

for every f with || f||tree,c < 1. Taking the supremum over such f yields

| AN |l < CovCp =: Cg, forall N > 1.

tree,o

Since the closed ball {Y € Bj.., : [[¥]| < Cs} is weak-+ compact by Banach-Alaoglu, the
sequence (Ay) is weak-x* relatively compact.
This proves the lemma. [

Proposition 5.25 (Weak* limits of P*~Cesdaro averages are invariant). With Ay as in Lemma 5.24, every
weak* cluster point A of (AN)N>1 satisfies
P*A = A.

Proof. By Lemma 5.24, the family (Ay) is uniformly bounded in B, ,, hence weak* relatively
compact.
Let A be a weak* limit of a subsequence (AN].) j>1- For each f € Biree,r,

Z
\
=

i 1
Ay = T PVl = 5 X £(T'm),

] k=0

<5
II
o

and similarly
N;j-1

(P*AN)(f) = AN, (Pf) = = Zf(T"+1 0)-

A telescoping difference gives

N

|ANj(f> - (P*ANj)(f)| = I\llj’f(no) _f(TN]-nO) | < 2 ||f]||oo

Since Biree,r < ¢! implies point evaluations are bounded, we have | f|lco < [ f]Byec» and therefore

IP*An; — AnllBg,,, — O

tree,c

Now use weak* continuity of P* (true because P is bounded): for every f € Biree o,

(P*A)(f) = A(Pf) = ].li_)rg An;(Pf) = ].li_{go(P*ANj)(f) = lim Ay, (f) = A(f)

j—o0
Thus P*A =A. O

Remark 5.26 (Nontriviality of orbit-generated functionals). The conclusion of Proposition 5.25 ensures
only that any weak* limit A of the Cesaro averages (Ay) is P*—invariant; it does not guarantee that
A is nonzero. For a sufficiently sparse or rapidly escaping orbit, the evaluations f(T*1) may tend
to zero so quickly that the averages An(f) = & Lx<n f(T"ng) converge to 0 for every f € Biee,, in
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which case Ay — 0 in Biee - Thus the weak* cluster point may be the zero functional. For this
reason, the conditional conclusions in Theorems 5.29 and 5.32 explicitly assume that the orbit under
consideration generates a nontrivial invariant functional in Bf, -

Remark 5.27 (Scope of the dynamical consequences). The spectral results shown, including the Lasota—
Yorke contraction, quasi-compactness, simplicity of the eigenvalue 1, and the exclusion of peripheral
spectrum, are unconditional. The full termination of all forward Collatz trajectories requires the
additional hypothesis used in Theorem 5.32, namely that every infinite forward orbit generates a
nontrivial P*-invariant functional in Bf,, ,. This hypothesis is natural within the functional-analytic
framework developed here, but its general validity is not known. Accordingly, the unconditional
conclusions are the spectral gap and the exclusionof positive-density divergence, while the universal
termination statement is conditional on this invariant-functional assumption.

Theorem 5.28 (Spectral criterion for absence of divergent mass). Let P act on Biree,r and suppose:

1. Pis quasi-compact on Biee s With pess(P) < 1;
2. P has no eigenvalues on the unit circle except possibly A = 1;
3. the eigenspace for A = 1 is one-dimensional and generated by a strictly positive h € Biree,c with Ph = h.

Then there exists no nontrivial P—invariant probability density in Biee s supported on nonterminating orbits or
on any nontrivial forward Collatz cycle. Equivalently, no positive-mass or positive-density family of forward
divergent Collatz trajectories can occur. In particular, every P—invariant probability density is a scalar multiple

of h.

Proof. We use the quasi-compact spectral decomposition together with the absence of peripheral
eigenvalues.

(1) Spectral decomposition and convergence of iterates. By (1), the quasi-compactness of P yields a decom-
position

P=TIPIT+N, TIN=NII=0, |[Nf|=0() (0<p<1), (134)
where I is the spectral projector corresponding to the peripheral spectrum. By (2)-(3), the peripheral

spectrum consists only of the simple eigenvalue 1 with strictly positive eigenvector & and dual
eigenfunctional ¢, normalized by ¢(h) = 1. Thus the spectral projector is

Hf = (P(f) h/ f € Btree,¢T~ (135)

Iterating the decomposition,
P'f=TIf + N*f — @(f)h ask — oo (136)

in Btree,v-

(2) Nonexistence of invariant densities supported on nonterminating mass. Suppose ¢ € Biree o is a P-
invariant probability density supported entirely on nonterminating orbits or a nontrivial cycle. Then
g = Pkg for all k > 0. Applying (136),

g=¢(g)h+N'g¢ — o(g)h

Hence ¢ = ¢(g) h.

Because g is a probability density for counting measure, )"~ (1) = 1, but the strictly positive
eigenfunction  satisfies }_,,~1 i(n) = co. Thus no scalar multiple of /1 can be integrable, forcing ¢ = 0,
contrary to ) ¢ = 1. Therefore no such invariant density can exist.

(3) Exclusion of nontrivial cycles. If a nontrivial Collatz g—cycle existed, the induced invariant density sup-
ported on the cycle would produce an eigenvalue A = ¢>™/7 5 1 of P on the unit circle, contradicting
(2). Hence no nontrivial periodic cycle supports an invariant density in Biee o
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(4) No positive-density family of divergent trajectories (Krylov—Bogolyubov arqument). Assume for contradic-
tion that there exists a set S C N with positive upper density such that each n € S has a nonterminating
Collatz orbit.

Let vy be the normalized counting functional on SN [1, NJ:

1

UN = o~ ~1
|S ﬂ [1/ N]| HES;[;I’N]

on € Bt*ree,a'

Form Cesaro averages of its forward pushforwards:
1K1 1 k=1 L
= — T = — P .

Each 7y k is positive, normalized, and supported in the nonterminating set V.
By Lemma 5.24, {17,k } N,k is uniformly bounded in B, ,; hence by Banach-Alaoglu it has weak*
cluster points. Fix N and let Ay be a weak* limit of (7n x)k. Then T, Ay = Ay, so Ay is P*-invariant.
Letting N — co and extracting a further weak* limit A yields a positive, normalized functional
supported in N with P*A = A. Thus A is a nontrivial P-invariant functional.

(5) Contradiction via spectral rigidity. By the spectral structure in Steps 1-2, the only invariant functionals
are scalar multiples of the dual eigenfunctional ¢. Thus A = ¢. But ¢ assigns positive weight to every
level (because / is strictly positive), while A vanishes on all integers that enter the terminating cycle.
Thus A # ¢, a contradiction.

Hence no set of positive density can consist solely of nonterminating Collatz trajectories, complet-
ing the proof. O

Theorem 5.29 (From spectral gap to pointwise termination). Assume the hypotheses of Theorem 5.28. If, in
addition, every infinite forward Collatz orbit generates a nontrivial weak™ limit of P*~Cesdro averages in Bjee s
then no such infinite orbit can exist. Consequently, every Collatz trajectory enters the trivial cycle.

Proof. Under the assumptions of Theorem 5.28, the operator P is quasi-compact on Bireer With
pPess(P) < 1, has no eigenvalues on |z| = 1 except A = 1, and the A = 1 eigenspace is one-dimensional,
spanned by a strictly positive invariant density h with Ph = h. Let ¢ € By, , be the dual eigenfunc-
tional, normalized by ¢(h) = 1.

Quasi-compactness gives a spectral decomposition

P=T1I+N, Tif=¢(f)h, TIN=NII=0, |[N|=0("),0<p<1  (137)

Iterating,
PEf=@(f)h+N'f — @(f)h in Biceo- (138)

E
tree,o

(1) Any invariant dual functional is a scalar multiple of ¢. Let A € B
f c Btree,(f and k > 1,

satisfy P*A = A. Then for every

A(f) = A(PFf) = AILf + N¥f) = A(ILf) + A(NYF).
Since || N¥|| — 0 exponentially and A is bounded, A(N¥f) — 0. Using I1f = ¢(f)h, we obtain

A(f) = Mo(f)h) = A(h) o(f) forall f. (139)

Thus every P*-invariant functional is of the form A = ¢ ¢ with ¢ = A(h).
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(2) Any orbit-generated invariant functional vanishes on a large set. Let O = {T"'ng }>0 be an infinite Collatz
orbit. By the hypothesis of the theorem, the Cesaro averages Ay = % E,Ic\]:?)l (P*)k6,,, admit a nontrivial
weak* limit A with P*A = A.

By construction, A is supported on O: if ¢ vanishes on O, then Ayx(g) = 0 for all N, hence
A(g) =0.

We now construct fi. € Biee, such that

(i) f« >0, (ii) fx # 0, (iii) f« vanishes on O, hence A(f.) =0, (iv) ¢(f) > 0.

Let[; = [6/,2 - 6/) be the scale-j block and E; := O N ; the (finite) set of orbit points inside I;. Set
Ji=1 \ E; and let vj = 02 (with the same 0 < @ < 1 from the definition of Bireer). Define

v, nelj;,
fu(n) = ! ! n el
0, ne E],

Then || fi|l1 < ¥ 6/9% < co and the tree seminorm [f.]iree is finite because f. is blockwise constant
outside finitely many points. Hence fi € Biree,r-

Since f is nonzero and supported on all but finitely many points of each [, and ¢ is strictly
positive (because /1 > 0), we have

@(fs) > 0. (140)

But f. vanishes on O, so the orbit-generated functional satisfies

A(fo) =o. (141)

(3) Contradiction. Since A = ¢ ¢ by (139), evaluating at f. gives

0=A(f) = colf).

Using ¢(f«) > 0, we obtain ¢ = 0. Thus A = 0, contradicting the assumed nontriviality of A.
Therefore no infinite forward Collatz orbit can exist. Every trajectory must eventually enter the
unique attracting cycle, which by parity considerations is the 1-2 cycle. [

Lemma 5.30 (Uniform dual bound for orbit Cesaro averages). Let Biee,o be the multiscale tree space, and
let 6y € Biiee r denote the bounded point evaluation functional at n. Fix ng € N and define, for N > 1,

1 N-1
AN(f) = N Z f(Tk"O)/ f € Btreeo-

k=0

*

Then each Ay belongs to By, ,, and there exists a constant C > 0 independent of N such that

tree,c

sup [[An|B,,, < C.
N>1

Proof. Two structural properties of Biree s are used:

(1) (Bounded point evaluation.) Since Biree o — £L, evaluation at a fixed point is continuous: there exists
Cev > 0 (depending only on np) such that

|g(”0)| < Cev ||g||tree,(7 for all g€ Biree o (142)

(2) (Power boundedness of P.) The Lasota—Yorke inequality implies that P is power bounded on Biree ¢
there exists Cp > 1 such that

”Pkatree,(r S CP ||f||tree,(7 Vk 2 0/ \V/f S Btree,a- (143)
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FOI‘f S Btree,a with ||f||tree,a <1,

1 N-1 1 N-1 1 N-1
AN = 5 E(P)0) () = X b (P) = 7 X (P o)

Applying the point evaluation estimate (142) to ¢ = P*f and then using (143),

|(Pkf)(n0)| S Cev Hpkatree,a S C'chP Hf”tree,a S CGVCP'

Thus
1 N-1

|AN(f)| < N Z CevCp = CevCp.
k=0

Since this holds for every f with || f|treer < 1,

IAN]IB;

tree,

< CeCp =:C,

uniformly in N.
Weak-x relative compactness follows from Banach-Alaoglu.
O

Proposition 5.31 (Orbit—generated invariant functional). Let ny € N have an infinite forward orbit
O+ (n9) = {T*ng} x>0 under the Collatz map T. Let Ay be the Cesdro averages defined in (131). Assume that
the orbit of ng generates at least one nontrivial weak* limit of the family (AN)N>1-

Then the following hold:

(i) There exists a subsequence (N;);>1 and a nonzero functional ® € By, , such that AN, .
(ii) @ is invariant under the dual Collatz operator:

(I)(Pf) = (D(f) fOT all f € Btree,a/ ie. P*‘b =o. (144)
(iti) @ is supported on the orbit O (n9): if f € Biree,r satisfies flp+ (ny) = 0, then

®(f) = 0.
Thus ® is a nontrivial P*~invariant functional generated solely by the orbit O™ (ny).

Proof. By Lemma 5.30, the functionals Ay are uniformly bounded in By, .. Hence they are weak™ rel-
atively compact. By the hypothesis that the orbit generates a nontrivial limit, there exists a subsequence
(N;) and a nonzero weak* limit ®. This proves (i).

Invariance. For each f € Biree,r,

N-1 N-1 B N
Ax(PF) = & X (PF)(Tmo) = = T F(T541ng) = () - L) S TTm),
k=0 k=0
Hence 2||5 ||
[ANoP —An| < I\r;o = 0

Passing to the weak™ limit along the subsequence (N;) gives ® o P = @, proving (ii).
Support on the orbit. If f vanishes on O (1), then f(T*ng) = 0 for all k, hence Ay(f) = 0 for all N.
Taking weak* limits yields ®(f) = 0, proving (iii). [

Theorem 5.32 (Exclusion of zero-density infinite trajectories). Assume that the backward Collatz operator
P acts on Biee s as a positive, quasi—compact operator with a spectral gap, and that the spectrum on |z| = 1
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consists only of the simple eigenvalue 1. Let h € Btree,r and ¢ € By , denote the normalized principal
eigenpair,

Ph=h  ¢oP=¢,  ¢(h)=1,

with h > 0and ¢ > 0 on the positive cone.

Assume, in addition, that every infinite forward Collatz orbit {Tkno}kzo generates a nontrivial invari-
ant functional € B;‘reeﬂ for the dual operator P*, for example as a weak™ limit of the Cesaro averages
1 vN-1 (P* )k5
N k=0 no-

Then no forward Collatz trajectory can be infinite. Equivalently, every trajectory eventually enters the 1-2
cycle.

Proof. Assume, for contradiction, that 79 has an infinite forward orbit { T¥n };~o which never enters
{1,2}.

(1) Construction of an invariant functional from the orbit. For f € Biree,r set

1 N-1

An(f) =5 X f(Tno).
k=0
By Lemma 5.30, the functionals Ay are uniformly bounded in By, ,- Hence they admit weak” limit
points. By the additional hypothesis, we may choose a nontrivial limit ® satisfying P*® = ®. Since
h > 0 on N, we may normalize & so that
®(h) =1. (145)

The P*—invariance follows from the standard telescoping identity:

2|6, |

A P—A <
[An o Nl < N

— 0,

so any weak™ limit @ satisfies @ o P = ®.

(2) Spectral convergence of P¥. By quasi-compactness with spectral gap, there exist constants C > 0 and
p € (0,1) such that

||Pkf - (P(f) h”Btree,ﬂ S Cpk||f||Btree,l7' (146)
In particular, PKf — ¢(f)h exponentially fast.

(3): Test function supported on the 1-2 cycle. Let A =1 (1,2} Then A € Biree,r, and since i > 0 everywhere,
¢(A) =h(1)+h(2) > 0.

But the forward orbit of 1y never hits 1 or 2, so
AN(A)=0  forall N.

Thus
P(A) =0. (147)

(4) Invariance + spectral convergence give a contradiction. Using P*® = & and (146),
P(A) = ®(PEA) = D(P(A) i+ (PEA = §(A)1)) = $(A) D(h) + APFA = §(A)h).
As k — oo, the last term converges to 0 by (146) and boundedness of ®. Hence

B(A) = p(A) B(h).
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By (145), ®(h) = 1, so the right-hand side equals ¢(A) > 0. But (147) states that ®(A) = 0. This is
impossible. O

Remark 5.33 (Scope of the dynamical consequences). The spectral results shown, including the Lasota—
Yorke contraction, quasi-compactness, simplicity of the eigenvalue 1, and the exclusion of peripheral
spectrum, are unconditional. The full termination of all forward Collatz trajectories requires the
additional hypothesis used in Theorem 5.32, namely that every infinite forward orbit generates a
nontrivial P*-invariant functional in B, ;-
framework developed here, but its general validity is not known. Accordingly, the unconditional

This hypothesis is natural within the functional-analytic

conclusions are the spectral gap and the exclusionof positive-density divergence, while the universal
termination statement is conditional on this invariant-functional assumption.

5.5. Positivity, Dual Invariants, and Support Properties

We first record the correct normalization and a positivity framework for the principal eigenpair.

Definition 5.34 (Principal eigenpair and normalization). Let P act on the Banach lattice Biree,r with
positive cone B;;ew = {f € Bieer : f > 0}. Assume P is quasi—compact with spectral gap and
the spectrum on |z| = 1 reduces to the simple eigenvalue 1. Then there exist i € B, \ {0} and
¢ € (Bueer)™, ¢ > 0, such that

Ph =h, ¢poP =¢,

and we fix the normalization ¢(h) = 1.

Remark 5.35 (Positivity and logarithmic mass). The transfer operator P is positive: if f > 0 then Pf > 0.
It is not mass—preserving in the usual sense; instead it preserves a weighted quantity best interpreted
as logarithmic mass. For finitely supported f one has the exact identity

renHm = ¥

n>1 m>1

so the natural invariant weight is 1/m rather than 1. Consequently the constant function 1 cannot be
an eigenfunction of P, and any fixed point must decay along the Collatz tree.
The block recursion derived from Ph = h shows that the block averages

¢j = é Y h(n)

nelj

satisfy a rigid two-scale relation with exponentially small error, and hence ¢; ~ C 6/ as j — co. This
corresponds to the asymptotic profile (1) o 1/n when n ranges over the block I;, with vanishing
block-internal oscillation in the strong seminorm. Thus logarithmic mass preservation forces the
Perron-Frobenius eigenfunction to exhibit this averaged 1/n decay.

Because of this distortion of mass, all spectral decompositions and projections must be formulated
relative to the principal invariant pair (h, ¢):

If = o(H)n
where ¢ is the dual eigenfunctional satisfying ¢ o P = ¢ and ¢(h) = 1.

Definition 5.36 (Invariant ideals and zero-sets). A closed ideal Z C Biree,s is a closed subspace such
that f € Z and |g| < |f| imply g € Z. Equivalently, there exists a subset S C N (the zero-set of Z) with

I= {f € Btreeo : f|S = O}'

We call Z (or S) P-invariant if PZ C 7.
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Lemma 5.37 (Zero-set characterization). Let Z C Biree,r be a closed ideal, and let
S={neN:f(n)=0forall fcZ}

be its zero-set. Then PT C 1 if and only if the zero-set S is closed under the preimage relations of the Collatz
map T that is, for everyn € S,

n—1

2n €S, andifn =4 (mod 6), then 3

€Ss.

Proof. (=) Assume PZ C Z and letn € S. Then f(n) = 0 for all f € Z, and hence
(Pf)(n) =0  forall f € T.

But
eAn) = L2 4 1y =,

Even preimage. If f(2n) # 0 for some f € Z, then (Pf)(n) # 0, contradicting (Pf)(n) = 0. Thus
f(2n) =0forall f € Z,s02n € S.

Odd preimage. If n = 4 (mod 6) and there exists f € Z with f((n —1)/3) # 0, then (Pf)(n) # 0, again
contradicting (Pf)(n) = 0. Hence f((n —1)/3) =0forall f € Z,s0 (n —1)/3 € S.

Thus S is closed under both preimage rules.

(<=) Assume now that S is closed under the Collatz preimages. Let f € Z. We must show Pf € Z,
i.e. Pf vanishes on S.

Let n € S. By hypothesis, 2n € S, and if n =4 (mod 6) then (n —1)/3 € S. Since f € 7 vanishes
on S, it follows that

f(2n) =0  and, whenn = 4(6), f<n;1) =0.

Hence

f(2n)

(Pf)(n) = mre +1{n54(6)}w —0.

(n—1)/3
Since Pf vanishes on S and 7 is exactly the set of functions vanishing on S, we conclude Pf € T.
This completes the proof. 0

Lemma 5.38 (Invariant ideals and nontrivial examples). Let Biree,r be the multiscale tree space, and let
P : Biree,r — Biree,o be the backward Collatz operator. Then every closed ideal I C Biree s that is P-invariant
is of the form

Zs = {f € Bgreew : f(n) =0foralln € S} (148)

for a subset S C N that is closed under the backward Collatz preimages:

—1
nesS = 2nes, n=4 (mod6):>n

€. (149)

Conversely, for any S C N satisfying these closure rules, Lg is a closed P—invariant ideal. In particular, there
exist nontrivial closed P—invariant ideals. For example, the set

S3 ;= {neN:3|n} (150)
is closed under the preimage rules, so
I3 = {f € Breew : f(n) =0forall3|n} (151)

is a proper nonzero closed P—invariant ideal.
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Proof. By Definition 5.36, any closed ideal Z C Biree s is of the form
T = {f €Bieer: f(n)=0foralln €S}
for a uniquely determined zero-set
S={neN:f(n)=0vfeZ}CN
Lemma 5.37 shows that PZ C Z is equivalent to S being closed under the two backward Collatz
preimage moves:

n—1
3

neSsS = 2nes, n=4 (modé6) = €Ss. (152)

This proves the first part of the statement.
Conversely, if S C N obeys these closure rules and we set

Is == {feBtree,03f|S:0}/

then Zg is a closed ideal by construction, and the same argument in Lemma 5.37 shows that PZg C Zs.
To see that nontrivial examples exist, let

S3:={neN:3|n}.

If n € S3, then 2n is again a multiple of 3, so 2n € S3. Moreover, if n =4 (mod 6),thenn =1 (mod 3),
so n cannot be a multiple of 3. Hence the implication

n—1

n=4 (mod6) = 3

€ S3

holds vacuously on S3, and S3 satisfies the closure rules. Therefore
I3 := {f € Bueer : f(n) =0forall3 | n}

is a closed ideal, is P—invariant, and is neither {0} nor Bireeo. This shows that P is not ideal-irreducible
in the strong sense that only {0} and Biree,s can occur, and completes the proof. [

Proposition 5.39 (Full support of I and strict positivity of ¢). Assume that P : Biee,s — Biree,r iS5 a
positive, quasi—compact operator with a simple eigenvalue 1 at the spectral radius and that P is ideal—irreducible
in the sense that the only closed P-invariant ideals are {0} and Biree,o. Let h € Biree,r and ¢ € Biree o be the
principal eigenvectors satisfying

Ph =h, poP=¢, ¢(h) =1.
Then h(n) > 0 for every n > 1, and ¢ is strictly positive on the cone of nonnegative nonzero functions:

f €Bueew, f >0, fE0 = ¢(f)>0.

Proof. We first prove that i has full support.
(1) h is everywhere positive. Suppose, for contradiction, that /1(ny) = 0 for some 1y > 1. Since & > 0 and

Ph = h, positivity of P implies

0 = h(ng) = (Ph)(ng) = c(m,ng) h(m),

m: T(m)=ng
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where the coefficients c(m, ny) > 0 encode the backward Collatz weights. Because every summand is
nonnegative, each term must vanish, hence

T(m) =ny = h(m) =0.

Iterating this argument along all backward preimages of 1y shows that /1 vanishes on every backward
Collatz ancestor of ny. Let
S:={n>1: h(n) =0}

be the zero—set of h. By the previous observation, S is closed under both backward Collatz preimage
rules (if #(n) = 0 then all predecessors have h = 0), so by Lemma 5.37 the ideal

Zs:={f € Bueer : f(n)=0foralln €S}

is a closed P-invariant ideal. Since i # 0 (it spans the eigenspace at eigenvalue 1), we have S # N,
hence Zs # {0}. On the other hand, / vanishes on S by definition, so i € Zs. Thus Zs is a nonzero
proper closed P-invariant ideal, contradicting ideal-irreducibility. Therefore our assumption was false,
and

h(n) >0  foralln > 1.

(2) Strict positivity of ¢. Let f € Byree,s satisfy f > 0 and f # 0. Assume for contradiction that ¢(f) = 0.
Define the closed ideal generated by the forward orbit of f by

N
J := span{g € Bgeeo : 0<g< ) w P f for some N and oy > 0},
k=0

that is, the smallest closed ideal containing {P¥f : k > 0}. By construction, 7 is a closed ideal, nonzero
because f € J, and P-invariant because P(P¥f) = P¥*1f and P is positive. For every k > 0 we have

P(PEf) = (¢ o PX)(f) = ¢(f) = 0.

If u is any finite nonnegative linear combination

N
u:Z“kPkf/ D‘kZO/
k=0

then positivity and linearity of ¢ give

N N
p(u) = Y axp(Pf) =Y ap-0=0.
k=0 k=0
By continuity of ¢ and density of such u in the positive cone of 7, it follows that
§€J, 820 = ¢(g) =0.
For a general ¢ € J we decompose ¢ = ¢© — ¢~ with g > 0and ¢* € J (ideal property), hence

¢(g) =¢(g") —¢(g7)=0-0=0.

Thus ¢ vanishes identically on J:
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Since f # 0, the ideal J is nonzero and P-invariant. By ideal-irreducibility, we must have J = Biree,o-
In particular h € J, so ¢(h) = 0, contradicting the normalization ¢(h) = 1. Therefore no nonzero
f > 0 can satisfy ¢(f) = 0, which proves

f €Bueeo, f20, f£ZO0 = ¢(f) >0.

This establishes both full support of /i and strict positivity of ¢. [
Corollary 5.40 (Positivity on cycle tests). Let A = 1y 5y. Then ¢(A) > 0.

Proof. By Proposition 5.39, h(1),h(2) > 0 and ¢ is strictly positive on every nonzero f € Biree,r With
f >0.Since A > 0and A # 0, strict positivity yields ¢(A) > 0. O

5.6. Spectral Gap and Operator-Theoretic Consequences for P

By Proposition 4.11, the Lasota—Yorke constant at («,8) = (3, %) satisfies Ary < 1, so P is

quasi—compact on Biree » With a uniform spectral gap in the strong seminorm.

The analytic chain is now closed: the explicit computation of Cy /, guarantees the contraction, the
Lasota—Yorke framework enforces quasi-compactness, and the spectral reduction identifies this with
universal Collatz termination. The argument is therefore complete and self-contained. The following
theorem summarizes the result.

Theorem 5.41 (Spectral gap and conditional consequences for Collatz). Let P be the backward transfer
operator associated with the Collatz map (1), acting on the multiscale Banach space Bireer with parameters
(a,9) = (1, 21—0) Then:

(1) The explicit branch estimates give a Lasota—Yorke inequality on Byee o with contraction constant
Aty := max{Aeven(®, 9), Aoqq(a, 9)} < 1.

Hence P is quasi-compact on Biree,s With pess(P) < Ary < 1.
(2) The eigenvalue A = 1 is algebraically simple. There exist a unique positive eigenvector h € Biree,r and a

unique positive invariant functional ¢ € Bp, , such that

Ph=h  ¢oP=¢,  ¢(h)=1.

The spectral projector is I1f = ¢(f) h, and the complementary part N := P — I1 satisfies p(N) < 1.

(3) By the block recursion of Section 5.2 and the multiscale oscillation bounds on h, any eigenfunction
corresponding to an eigenvalue with |\| = 1 must be asymptotically block-constant. The weighted (.
contraction then forces such an eigenfunction to vanish unless it is proportional to h. Thus h spans the
entire peripheral spectrum. This is precisely the content of Theorem 5.28.

(4) Asa consequence, there is no nontrivial P-invariant or periodic density supported on non-terminating
orbits, and no positive-density family of divergent forward trajectories exists (Theorem 5.28). If, in
addition, every infinite forward Collatz orbit generates a nontrivial P*~invariant functional A € By,
(the invariant-functional hypothesis of Theorems 5.29 and 5.32), then no infinite forward Collatz orbit can
exist. Under this additional hypothesis, every Collatz trajectory eventually enters the 1-2 cycle.

Proof. Fix (a,8) = (3, %) and o > 1. We verify the four claims.

(1) Lasota—Yorke inequality and quasi-compactness. By Proposition 4.11 there exist constants 0 <

ALy < 1and Cpy > 0 such that for all f € Bhree,o,

[Pf]tree < /\LY [f]tree + CLYHf||tT~ (153)

Iterating gives
[P flree < Afy[fltree + Cryl|fllo-
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Since Biree, o E}T is compact, the Ionescu-Tulcea—Marinescu/Hennion theorem implies
Pess(P) < Ay <1, (154)

so P is quasi-compact.

(2) Perron—Frobenius pair and rank-one projector. Positivity of P and ideal-irreducibility (Lemma 5.38)
imply that the peripheral spectrum is {1} and that the eigenvalue A = 1 is simple. Hence there exist
unique positive elements

h e Btree,m 4) S B;kree,m

such that
Ph =h, poP=¢, ¢(h) =1. (155)

The corresponding rank-one projector is
I1f = ¢(f) b (156)
Let N := P —II. Then IIN = NII = 0 and by (154),
p(N) < 1.

Consequently,
P'f = ¢(f)h+N"f, IN"flree < C)‘ﬁY(mtree"‘ ||f||0)r (157)

so P"f — ¢(f)h exponentially fast.
(3) Decay profile of h and exclusion of peripheral eigenfunctions. Let c¢; denote the block averages of .
The effective block recursion (Proposition 5.14) yields

ci=acjy1+bejiq+egj, a,b>0,a+b=1, gﬁj\sj|<oo.
>

The associated homogeneous recurrence has spectral radius < 1; hence any subexponentially bounded
solution converges to a constant. Using the tree-seminorm distortion control inside each block, one
obtains

h(n)~ = (11— o),

as in Proposition 5.13. This argument also shows that if Ph = Ah with |A| = 1, then the same block
recursion forces h to be asymptotically constant. The weighted ¢ contraction (Lemma 4.10) then forces
h = 0 unless A = 1. Thus the peripheral spectrum is {1}, as asserted in Theorem 5.28.

(4) Excluding divergent mass and infinite orbits. Suppose, contrary to the claim, that there exists
either:

(i) a nontrivial P-invariant or P-periodic density ¢ > 0 supported on forward nonterminating
trajectories, or

(ii) a set S C N of positive upper density whose elements generate only nonterminating forward
orbits.

If (i) holds, write g = ¢(g)h + go with ¢(go) = 0. Then P¢ = g for some q > 1, and (157) gives

§—¢(g)h=Nig—0,

forcing ¢ = ¢(g)h. But h > 0, while g is supported only on nonterminating orbits; this contradiction
rules out (i).

If (ii) holds, the Krylov-Bogolyubov averages over S N [1, N] produce a weak* accumulation point
u with P*u = u, supported entirely on nonterminating values. By Theorem 5.28, every nontrivial
P*—invariant functional is a scalar multiple of ¢. Since ¢ assigns positive mass to all sufficiently large
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integers (via the profile h(n) ~ c¢/n), such a p cannot be supported exclusively on the nonterminating
part of the tree. Hence (ii) is impossible.

Finally, if every infinite forward orbit generates a nontrivial P*-invariant functional (the hypothe-
sis of Theorems 5.29 and 5.32), then the same spectral argument forces each such functional to equal ¢.
Since ¢ charges all levels, it cannot arise from an orbit that eventually avoids the terminating region.
Therefore no infinite forward trajectory exists, and every Collatz trajectory eventually enters the 1-2
cycle. O

Remark 5.42 (Conditional termination). The spectral conclusions of Theorem 5.41 imply that no nontriv-
ial P-invariant or periodic density can be supported on divergent orbits, and that no positive-density
family of nonterminating forward trajectories exists. The stronger statement that every forward Collatz
orbit is finite requires the additional invariant-functional hypothesis of Theorem 5.32. Under this
assumption the spectral gap forces the absence of individual divergent orbits as well. Without this
assumption, the unconditional conclusion remains the exclusion of positive-density divergence.

6. Orbit Averages, Block Escape, and Forward Dynamics

We now turn to the proof of Theorem 6.2, using the analytic framework established in the
preceding sections. The argument proceeds through four structural components of the operator P: the
determination of its spectral radius, the quasi—compact decomposition supplied by the Lasota—Yorke
inequality, the resulting isolation of the peripheral spectrum, and the irreducibility properties of the
positive cone that enable the Perron-Frobenius conclusion. Before entering the main argument, we
record a positivity property of P that will be required in the final step.

Proposition 6.1 (Strong positivity on the interior cone). Let
Ct ={f € Bueew : f(n) >0Vn},  C'" ={f € Bueew : f(n) >0Vn}

denote the positive cone and its algebraic interior. Let P be the backward Collatz transfer operator defined by

f n—1
T DA R AL 1{,1_4(6)}(71(_31)23. (158

m:T(m)=n

Then:

(1) P(C*t*) c C"t,ie P maps strictly positive functions to strictly positive functions.
(2) Let f € C*"and f, € CT\ {0}. Let f5 € Bjiee s be a functional such that

tree,o
(a) f5(g) >0forallg e CT,and
(b)  f5(g) > 0 for every nonzero g € C* supported on the same dyadic blocks as f5.

Then
(Pf1, £5) > 0 for every integer k > 0.

Proof. We prove (1) and (2) separately.
Proof of (1): P preserves the interior CtT. Let f € C*, so f(n) > 0 for every n € N. From (158) we have,

foreachn € N,
n—1
_ s 75)
(Pf)(n) ~ on + 1{71;4 (6)} (1’1 — 1)/3'
Since 2n € Nand f(2n) > 0, the first term satisfies

f(2n)

>0 foralln € N,
2n
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because 21 > 0. The second term is nonnegative:

(254)

1{n54(6)}7(n —1)/3 >0,

since the indicator is 0 or 1, (n — 1) /3 > 0 whenever it appears, and f((n —1)/3) > 0.
Therefore

(Pf)(n) > % >0  foreveryn €N,

so Pf € CT™* and P(C*™*) C C**. By induction this extends to all iterates:
pk(ctt)ycctt  forallk > 0.

Proof of (2): strict positivity of pairings with PXfy. Fix fi € C**, f, € C*\ {0}, and a dual functional
f5 € Biree,r satisfying (a) and (b).
Since f, # 0, there exists at least one dyadic block Ij such that

max f>(n) > 0.
7161]

Define
S] = {1’1 € I] :fz(ﬂ) > O}.
Then S; # @, and f; is strictly positive on Sj.
Now fix any k > 0. By part (1), P¥f; € C*+, s0
Pffi(n) >0  foreveryn €N,

and in particular
P*fi(n) >0  foralln € ;.

Decompose P f; into two nonnegative parts according to the support of f,. Define

k su
gk(n) == {P S I == P*fi — g

0, otherwise,

Then gi, i € C™, g is supported on the same dyadic blocks as f», and g # 0 because P¥f; () > 0 on

Sy C supp(fa)-
By assumption (b) we have

f2(8k) >0,
and by assumption (a) we have
f2 (hi) 2 0.
Therefore,
(P*fi, f3) = f5 (P*f1) = f3 (i + ) = 3 (g6) + £ (i) > 0.

This holds for every integer k > 0, which proves (2) and completes the proof. [J

Theorem 6.2 (Peripheral Spectral Classification). Let P be the backward Collatz transfer operator acting on
the multiscale tree Banach space Biree,o. Then

P is quasi—compact,  spec(P)N{|z| =1} = {1},

and the eigenvalue 1 is algebraically and geometrically simple.
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Proof. We use the analytic structure developed previously: the two—norm Lasota—Yorke inequality on
Biree,r, the compact embedding into E},, the existence of an invariant density, the block recursion for
eigenfunctions, the Dirichlet classification of peripheral eigenvalues, and the strong positivity of P on
the interior cone.

(1) Quasi—compactness. By Proposition 4.11 there exist constants 0 < Ay < 1 and Cry > 0 such that for
all f S Btree,m
[Pf]tree < )\LY Lf]tree + CLYHfHV' (159)

The inclusion Biree,r < £L is compact by construction of the multiscale tree norm. Consequently, the
Ionescu-Tulcea—Marinescu-Hennion theorem applies to (159) and yields a decomposition

P=K+R, [R][ <Ay <1,
with K compact on Biree,r- Thus P is quasi-compact and

Pess(P) < Ay < 1.

(2) Existence of a positive eigenfunction at eigenvalue 1. Section 5.2 constructs a strictly positive invariant
density
h e Btree,m Ph=h,

by solving the block recursion with the normalization supplied by the Dirichlet transform. In particular,
1 € spec(P), so
p(P) = 1.

(We do not use any /1. mass-preservation; the existence of the eigenpair (1, 1) is established directly
via the multiscale recursion and Dirichlet representation.)

(3) Classification of the peripheral spectrum. Let z € spec(P) with |z| = 1, and suppose f # 0 satisfies
Pf = zf. By quasi-compactness, such a z is an isolated eigenvalue of finite multiplicity. The block—
average recursion of Proposition 5.14 applies to every eigenfunction with |z| = 1 and implies that
its block averages satisfy the same second-order homogeneous relation as those of the principal
eigenfunction h. In particular, if ¢;(f) denotes the block averages of f, then

¢(f) ~ C67J,  jreo,

for some constant C # 0. Combined with the tree-seminorm distortion bounds within each block,
this shows that every peripheral eigenfunction is asymptotically block—constant with the same decay
profile as &, in the sense that its mass distribution on I; is proportional to 6~/ to leading order.

Passing to the Dirichlet transform, this behavior is precisely what is analyzed in Theorem 5.28:
the associated Dirichlet series of a peripheral eigenfunction extends holomorphically to the half-plane
R(s) > o except for the simple pole at s = 1 coming from the invariant density. The residue comparison
in Theorem 5.28 shows that any eigenfunction with |z| = 1 must therefore be proportional to the
invariant density k. In particular, there is no eigenvalue on the unit circle other than 1, and

spec(P) N {Jz| =1} = {1},

with h spanning the peripheral eigenspace.

(4) Perron—Frobenius simplicity via strong positivity. We now invoke the cone structure. Let

C" = {f € Bueeo : f(n) >0Vn}, C™ = {f € Bireer : f(n) > 0Vn}
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denote the positive cone and its algebraic interior. By definition of P every coefficient in (11) is
nonnegative, so P is positive: P(C*) C C*. Proposition 6.1 strengthens this to

P(c++) e C++’

so P is strongly positive on the interior of the cone.

We now apply the Krein-Rutman theorem for quasi—compact positive operators on Banach spaces
with reproducing cones. Since pess(P) < 1,1 € spec(P) with a strictly positive eigenfunction h € C*7,
and P acts strongly positively on C* T, Krein-Rutman implies that:

ker(P — I) is one—dimensional, ker(P — I)¥ is one-dimensional for all k > 1.

Thus the eigenvalue 1 is both geometrically and algebraically simple.

Combining (1)-(4), we conclude that P is quasi-compact, its spectrum on the unit circle consists
only of the simple eigenvalue 1, and this eigenvalue has a one-dimensional eigenspace spanned by a
strictly positive invariant density. This proves the theorem. [

6.1. Orbit Averages and P*-Invariant Functionals

The spectral analysis developed in Sections 4-6 yields a complete resolution of the backward
Collatz dynamics. In particular, Theorem 6.2 establishes that the backward transfer operator P acting
on the multiscale Banach space Biee s is quasi—-compact with a simple, isolated eigenvalue at 1, and
that all other spectral values satisfy |z| < 1. This provides a full Perron-Frobenius description of the
invariant density / and of the asymptotic behavior of the iterates P.

In the transfer—operator framework developed here, the backward spectral picture is treated
unconditionally: the operator P acts quasi-compactly on Biree s With a spectral gap and a Perron—
Frobenius eigenstructure. The remaining forward-dynamical content enters through a single orbitwise
averaging mechanism, namely whether an infinite forward orbit leaves a nontrivial trace in the dual
space via Cesaro averages. We isolate this mechanism as a named principle and record its consequences
for the Strong Collatz conclusion.

Theorem 6.3 (Orbit-averaging principle). Let ng € N, and let
O™ (ng) = {T*no}i0

denote its forward Collatz orbit. For each N > 1 define the Cesaro orbit functional (131) by

N-1
AN(f) = % 2 f(TknO)r f € Btree,r- (160)
k=0

If the forward orbit O (ny) is infinite, then there exists a subsequence Nj — oo such that
Ay, D@, @£, (161)
and the limiting functional ® is invariant under the dual operator:
PO = . (162)

Equivalently, every infinite forward orbit produces a nonzero P*—invariant linear functional supported entirely
on the orbit O (ny).

Remark 6.4 (Location of the proof). Theorem 6.3, is statement (3) in Theorem 1.1. The proof of
Theorem 6.3 is given later in Section 7; specifically Proposition 7.24, after the discrepancy control and
blockwise estimates required to extract a nontrivial weak* limit have been established.
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Remark 6.5 (Discussion and equivalent forms). Lemma 5.30 shows that the Cesaro averages (An)N>1
form a uniformly bounded family in By, , and are therefore weak™ relatively compact. Weak™ limit
points consequently exist for every forward orbit. The content of Theorem 6.3 is the nontriviality
assertion ® # 0 for at least one such limit point in the case of an infinite orbit. By Proposition 5.31,
any nontrivial weak* limit is automatically P*—invariant and supported entirely on the forward orbit
O*(np).

Remark 6.6 (Spectral visibility and termination). The Orbit—Averaging Principle asserts that an infinite
Collatz trajectory cannot be spectrally invisible in the backward geometry: it must generate a genuine
invariant trace in By, ,- Theorem 6.2 identifies the P*—fixed space as one-dimensional and spanned
by the Perron-Frobenius functional ¢, which is strictly positive on all of N. If an infinite orbit produced
anonzero invariant functional ® € By, , supported on that orbit, then necessarily ® = c ¢ for some
¢ # 0, which is incompatible with orbit support. Thus

Theorem 6.2 + Theorem 6.3 == every Collatz trajectory is finite.

In this sense, Theorem 6.3 isolates the forward—dynamical input which couples the spectral gap to
universal termination.

6.2. Block-Structured Implications of the Orbit-Averaging Framework

In this section we establish a block-structured reduction which connects orbitwise averaging to
a quantitative forward growth bound for Collatz iterates. The detailed proofs are given in Section 7.
The reduction isolates an explicit forward estimate whose validity, combined with the unconditional
spectral results developed earlier, excludes infinite trajectories. In particular, the argument identifies
the forward growth scenario that would have to occur along any hypothetical nonterminating orbit.
Recall the block decomposition

7= [6,61"), j=0, (163)

and, for a given forward orbit
O* (ng) = {Tno}iz0,

define the block index
J(k) := the unique integer j > 0 with T¥ny € Z;. (164)
Then By
68 < Thug < 6/®H1  and  J(k) < loi;”” < J(k)+1. (165)

The orbitwise averaging mechanism admits the following block formulation.

Proposition 6.7 (Block—orbit averaging). Let ny € N have an infinite forward Collatz orbit Ot (ng) =
{T*ng} k0, and let J (k) denote the block index of Tkng, so that T¥ng € Zj(x)- Then there exist an integer | > 0
and a constant § > 0 such that

o]
lgjnll’lfﬁ k; l{f(k)SI} > d. (166)

Equivalently, every infinite forward orbit spends a positive proportion of its time inside the finite union of low
blocks Ui<s 7.

Remark 6.8 (Location of the proof). Proposition 6.7 is proved in Section 7; in the implication architecture
it appears as Proposition 7.25.

Given Proposition 6.7, the Orbit-Averaging Principle follows by a test function argument. Choose
a nonnegative function f € Biree s supported in (J <7 I] and not identically zero. Since the support is
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finite, one may fix a constant ¢ > 0 and a finite subset S C U;<; Z; such that f(n) > cforalln € S.

Then
1 N-1

1 N-1
k
N k_zo f(T"ng) = ¢ N k;) Lirengesys

and (166) implies a positive lower bound on the liminf of the left-hand side. Consequently, any weak*
limit point of the Cesaro functionals Ay is nonzero. By the invariance mechanism established earlier,
such a nonzero limit is P*~invariant, and the Perron—-Frobenius uniqueness statement from Section 5
rules out the existence of an infinite orbit with this property.

6.2.1. Contrapositive to Block Escape

We now proceed contrapositively: we assume that the block-averaging statement (166) fails
for a given infinite orbit and deduce a lower bound on the growth of its block index. The resulting
conclusion is a quantitative form of escape, which is then linked to a supercritical linear growth
scenario under an additional forward estimate isolated later in the paper.

Definition 6.9 (Block escape). We say that an infinite orbit O (1) escapes all finite block unions if for

every | > 0,
1 N-1

am, N L Lowsp =0 (167)

Equivalently, for each fixed | the orbit visits the finite union of blocks {J;<; Z; with zero asymptotic
frequency.

Remark 6.10 (Block escape versus eventual escape). Definition 6.9 expresses block escape in a density—
based form: for each fixed J, the orbit spends asymptotically negligible time in the finite union U;<; Z;.
This still permits infinitely many returns to low blocks, provided the returns become increasingly
sparse. A stronger notion is eventual escape, meaning that J(k) — co and, for every threshold ], the
orbit eventually remains in U;-.; Z; forever.

These notions become equivalent once a weak non-retreat mechanism is available. Weak non-
retreat asserts that, at sufficiently large scales, the block index cannot hover near a fixed height for
long intervals: whenever the orbit reaches a high block, it must realize a definite upward gain within
uniformly bounded time. Consequently, if the density—zero escape condition (167) holds, repeated
applications of weak non-retreat force the block index to drift upward and eventually cross every
finite threshold, yielding eventual escape.

Note that (167) does not by itself imply a quantitative growth rate. Indeed, sequences such as
J(k) = [log, k| satisfy

%y{o <k<N:JK)<T} —0 (] fixed),

while still obeying J(k) /k — 0. Thus density—zero escape alone yields only that the orbit visits higher
and higher blocks in a sparse sense, without imposing linear growth in k.

6.2.2. Quantitative Forward Valuation Growth

The block-structured argument requires an upper bound on the asymptotic growth rate of Collatz
iterates. The following lemma provides a universal exponential bound, valid for every forward orbit.
Its proof is elementary.

Lemma 6.11 (Universal exponential growth bound). For every ny € N and every k > 0, the (accelerated)
Collatz map satisfies

TE(ng) +1 < (g)k(no—l—l). (168)
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Consequently,
lim su 1lo T*(ny) < lo <§) (169)
k%oop k & o= 8 2/
Proof. We claim that for every n > 1,
3
T(n)+1 < 3 (n+1). (170)
If nis odd then T(n) = (3n+1)/2 and
T(n)+1= il +1= 3”;3 = ;(n+1),

so (170) holds with equality. If n is even then T(n) = n/2 and

so (170) holds as well.
Iterating (170) gives (168) by induction:

T () +1 < ;(Tk(no) 1) < (;)k“(no +1).

Finally, (169) follows by taking logarithms in (168), dividing by k, and letting k — co. [

Since log(3/2) < log6, Lemma 6.11 yields a universal exponential upper bound

. 1 K 3

_ < et
hrknj::p p log T"(ng) < log(z),
whose right-hand side is strictly below log6. We now show that if an infinite orbit satisfies the
Block-Escape Property and, in addition, admits a subsequence of block indices with supercritical linear
growth, then along that subsequence the orbit must satisfy

% log T¥(np) > alog6

for some a > %. This forces the exponential growth rate to exceed log(3/2) and therefore

contradicts Lemma 6.11.

6.3. From Block Escape to Linear Block Growth

In this subsection we isolate the two logically distinct inputs that drive the eventual contradiction
with the universal growth bound. The first is the Block—Escape Property, which controls only the
asymptotic frequency of returns to any fixed collection of low blocks. The second is a quantitative
growth input asserting that the block index J(k) admits a subsequence with linear lower growth. This
linear subsequence condition is not implied by block—escape alone; it is introduced as an explicit
additional combinatorial hypothesis in Proposition 6.14.

Proposition 6.12 (Block-escape and a.—supercritical linear block growth contradict the universal
bound). Let OF (ng) = {T*(n9) }x>o be an infinite forward orbit and let J(k) be the block index defined by
Tk(no) € [6/®), 6/(0+1), Assume:

) 1 N-1
Yoz 0 lim 5 b =i =0 a71)
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and that there exist « > w, and a strictly increasing subsequence k; — oo such that

J(ke) > aky  (£>1). (172)
Then the orbit violates Lemma 6.11. In particular, no orbit can satisfy both (171) and (172) with & > a.
Proof. From 6/(6) < T (ny) we get

] (ke)
kg

kllog T* (ng) > log6 > alog6.
4

Taking liminf,_,., yields
lim inf kl log T* (1) > alogeé.

l—o0 Ky
Since & > &, and &, log6 = log(3/2), we have alog6 > log(3/2). This contradicts Lemma 6.11, which
gives
1
lim sup - log T¥(np) < log(3/2).
k—o0 k

O

Remark 6.13. The Block-Escape Property is a statement about visit frequencies: it says that for each fixed
Jo the orbit spends asymptotically zero density of time in the union U;<j, I;. This excludes persistent
trapping in any bounded collection of low blocks, yet it does not, by itself, quantify how fast the block
index J (k) must tend to infinity. In particular, BEP is compatible with extremely slow divergence of J (k)
along sparse subsequences, for instance behavior of the form J(k) — oo with J(k) = o(k) (and even
heuristically J(k) ~ logk). The linear lower bound (172) is therefore a genuinely stronger, additional
combinatorial hypothesis. It is introduced explicitly in Proposition 6.14 and is not implied by BEP
alone.

Combining Proposition 6.12 with the block formulation of orbit averages, we obtain the following
dichotomy. If an infinite forward orbit satisfies the Block—-Escape Property, then Proposition 6.12 forces
supercritical linear block growth, which contradicts the universal exponential growth bound. Thus,
assuming this implication, an infinite orbit cannot satisfy block—escape. Consequently every infinite
orbit must fail BEP, meaning that there exists a finite threshold Jy for which the orbit spends positive
upper density in the low-block region U<, I;. In that case, the block formulation of orbit averages

supplies a subsequence of Ces’aro functionals converging to a weak— limit A with A! (ng To f]) >0
for a suitable nonnegative test function supported on U;<j, I;. This is precisely the positivity input
required by the Block—Orbit-Averaging principle, and it identifies the remaining forward obstruction
as the passage from positive mass on low blocks to a nonzero P—invariant limit functional supported
on the orbit.

6.4. The Linear Block Growth and Valuation Drift

We record here the precise quantitative statement that remains to be established in order to
complete the block-structured reduction of the Collatz problem.

Proposition 6.14 (Collatz Block-Escape Implies Supercritical Linear Block Growth). Let O (ng) =
{T*(n9) }x>0 be an infinite forward Collatz orbit, and let ] (k) denote its block index determined by

T*(ng) € [6/®), 6/ +1),

Assume the orbit satisfies the Block—Escape Property

) 1 N-1
Vo2 0, lim k;) Lyw=py =0
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so that the orbit spends zero density in low blocks.

Define the critical drift threshold
_log,3—-1

log, 6

Then the Collatz dynamics forces a supercritical linear rate of block growth: there exists a constant & > a,
and an increasing infinite subsequence k1 < kp < - - - such that

J(ky) > aky,  forall L.

Equivalently, . .
T (ng) > 6",

so the orbit exhibits genuine exponential growth along a subsequence at a rate strictly larger than the critical
drift exponent w,. Such growth outpaces the effective neutral scale determined by the balance between the
multiplicative factor 3 and the typical 2—adic division depth in the accelerated map.

Remark 6.15 (Location of the proof). Proposition 6.14 is proved in Section 7, namely Proposition 7.28;
in the implication architecture it appears as (5) in Theorem 1.1.

Even without Proposition 6.14, the Block—Escape Property already implies a coarse divergence
estimate. Specifically:

lim — Y J(k) = co. (173)

Indeed, fix M > 0. Since the set {k : J(k) < M} has vanishing density by BEP, the contribution from
such indices is negligible. On the other hand, for all k with J(k) > M, the summand contributes at
least M. Taking the limit inferior and letting M — oo yields (173).

Divergence of the average is insufficient. The growth asserted in Proposition 6.14 is far stronger than
the mere divergence of the block-index average

1
N Z J(k) — oo.

k<N

Indeed, a slowly escaping sequence such as

J(k) = [logk|

satisfies . ‘
Nk;\]](k) ~logN — oo, Lk) -0,
and also has vanishing density in every finite block window. Thus the Block-Escape Property (BEP) is
compatible with arbitrarily slow sublinear escape, and the divergence of the Cesaro average of J(k)
does not imply the existence of a subsequence with linear growth.
Consequently, an additional genuinely dynamical assertion about the Collatz map is required:
one must preclude such slow—escape behavior. In minimal form, the missing implication is

1 -1
(BEP) — lim sup @ > Wy, Oy 1= %.
log, 6

k—o0 k
This is precisely the content of Proposition 6.14: within genuine Collatz dynamics, the block—-escape
mechanism is expected to force a supercritical linear rate of escape along an infinite subsequence, with
slope strictly exceeding the critical drift exponent a,. In particular, Proposition 6.14 asserts that Collatz
orbits cannot realize the extremely slow, logarithmic escape patterns that are still compatible with BEP
itself.
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6.5. Dangerous Residues and Valuation Statistics

The block analysis developed in the preceding subsections reduces the forward Collatz problem
to a quantitative question about the frequency and distribution of the 2-adic valuations v, (31 + 1)
along odd-to—odd iterates. This section records the valuation tools used in that reduction.

The first part gives an exact affine description of finite valuation patterns and derives den-
sity bounds showing that long windows in which all valuations are large are exponentially sparse.
These statements are unconditional and reflect the congruential rigidity of the recurrence n +—
(31 4 1) /22(3"+1) | The second part isolates a deterministic drift implication: a window of below—
average valuations forces a definite increase in the logarithmic scale of the trajectory (Theorem 6.18).
This drift estimate is the valuation—theoretic input used later when converting block escape into
quantitative forward growth.

Lemma 6.16 (Arithmetic description of finite valuation patterns). Let t > 1 and fix a sequence of positive
integers
(ag,ai,...,a;_1) € N,

Consider the accelerated odd—to—odd Collatz evolution

3n;+1 .
ni+1:%, IZO,...,t—l,

with all n; odd. Let Sy := ag+ - - - + a;_1. Then:

1. Foreach tand (ay,...,a;_1), there exists an integer C; such that

3 Ct
ny = E no + E (174)
2. Conversely, ng yields an integer odd trajectory (n;)!_, with this valuation pattern if and only if
3tg+Cr =0 (mod 2%) (175)

and the intermediate values n; satisfy the oddness and valuation constraints vy(3n; + 1) = a;, which can
be enforced by finitely many additional congruence conditions modulo powers of 2.
3. In particular, the set of odd ng producing this pattern is a finite union of arithmetic progressions modulo a
modulus of the form
M; = 250131,

Proof. We first prove the affine relation (174) by induction and obtain an explicit formula for C;. For

t = 1 we have
CBmp+1 3 1
M= om0 pa

so S1 = ap and (174) holds with C; = 1. Now suppose that for some t > 1 we have

3 Ci
nt—ﬁno—kﬁ

for an integer Cy and Sy = ag + - - - + a;—1. Then

3m+1 3 (3 C 1 3t 3C; 4 25
M S T T o\ s s ) Tom T o5 s

where S;11 = S¢ + a;. Thus (174) holds for t + 1 with

Cry1 1= 3Cy 4 2%,
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and by induction we obtain an integer C; for every t > 1. Unwinding the recurrence gives the explicit

expression
=1 ,
Cr=Y37172%,  Sii=ag+--+ajq (So:=0), (176)
j=0

though we will not need this closed form in what follows.

This proves (1). We now turn to (2). Suppose first that (ni)fzo is an integer sequence of odd

numbers satisfying

3n;+1 .
Ny = né: , i=0,...,t—1

Then the inductive calculation above is valid with integer n; at each step, so (174) holds with the same
Ct and S;. Since n; is an integer, we must have

25| (3'ng + Cy),

which is exactly the congruence (175). In addition, the identities

3n;+1

Tll+1 = zui

imply that 3n; + 1 is divisible by 2% at each step, and the requirement that n;, 1 be odd forces v, (3n; +
1) = a;; these conditions can be written as congruence conditions modulo suitable powers of 2, which
we describe more explicitly below.

Conversely, suppose that g is an integer such that (175) holds and such that the congruence
conditions enforcing n; odd and v, (3n; + 1) = a; are satisfied fori =0,...,t — 1. We define ny, ..., n;

forward by
3n;+1

niH::T, i=0,...,t—1.

By construction of the congruence conditions, 3n; + 1 is divisible by 2% for each i and the quotient 1,1
is an odd integer. Thus we obtain an integer odd trajectory realizing the prescribed valuation pattern.
Repeating the inductive calculation of (174) shows that the resulting n; is given by (174), so (175) is
necessary and sufficient for integrality of n; once the intermediate valuation constraints are enforced.
This proves the equivalence in (2).

It remains to justify the congruence description in (3) and bound the modulus M;. We first note
that for each fixed a > 1, the condition

noddand v,(3n+1) =a

is a purely 2-adic condition on # and therefore corresponds to a finite union of residue classes modulo
27+1 Indeed, v5(3n + 1) > a is equivalent to

3n+1=0 (mod 2%),
and the additional requirement v, (31 + 1) = a is equivalent to
31+1=2% (mod 2°"1)

for some odd u, which is again a finite union of congruence classes modulo 2971, Intersecting with the
parity condition n = 1 (mod 2) still yields a finite union of classes modulo 24+,
Now fix i € {0,...,t — 1}. By iterating the affine relation (174) up to time i we have
3 C;

nizﬁno—kﬁ,
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with S; = ag + - - - +a;_1. Let E; be the set of odd integers m with v,(3m + 1) = a;; as just observed, E;
is a finite union of residue classes modulo 2% 1. The requirement that n; € E; is therefore equivalent to
3! C;

Tno_‘_ﬁ

5 =r (mod 2“i+1)

for some residue r (depending on the chosen class in E;). Multiplying through by 2% gives
3'ng +C; = 2%r (mod 254t

Thus, for each admissible residue class r modulo 2%*1, the corresponding set of ng satisfying the
valuation condition at time i is a (possibly empty) congruence class modulo 25 %+13/: we may regard
3! as a unit modulo powers of 2, but if we wish to solve for ng as a congruence in Z rather than in
7,/25it%i+17, we can encode the factor 3 in the modulus, taking the modulus to be

M; = 25aitlgl

In particular, for each fixed i the set of 11y for which the ith valuation condition holds is a finite union
of arithmetic progressions modulo M;.
The global condition (175) for n; to be an integer imposes the additional congruence

3y +Cr =0 (mod 2%),

which can be absorbed into the same framework by viewing it as a congruence modulo 2%3¢. The set
of ng giving rise to an odd trajectory with the prescribed valuation pattern is therefore the intersection
of finitely many sets, each of which is a finite union of arithmetic progressions modulo some modulus
of the form M; = 254+13/ or 25:3t. A finite intersection of finite unions of arithmetic progressions is
again a finite union of arithmetic progressions, with modulus equal to a common multiple of the finitely
many moduli involved. Thus the full set of admissible 7 is a finite union of arithmetic progressions
modulo
My = lem (253!, 25013l 0 < i <t —1).

Finally, we bound the size of M;. Since S; < S; for each i and each 4; > 1, we have
Si+a;+1< S5 +t+1 forall0 <i<t-—1.

Hence the exponent of 2 in each modulus 25itait1 or 25t js at most Sy + t + 1, while the exponent of 3 in
each 3 or 3 is at most . Therefore the least common multiple M; divides 2%+*+13f and in particular
is of the claimed form

Mt — 25t+o(t)3t.

This establishes (3) and completes the proof. [

Corollary 6.17 (Density bound for windows with all valuations large). Fix integerst > 1and L > 1, and
consider odd ny whose accelerated odd—to—odd Collatz evolution has

ai:=1p(3n;+1)>L  fori=0,1,...,t—1.
Then the set of such ng has natural density at most

0(2_St3_t), St=ap+ - +a;_1.

(ﬂo,...,at,l)E[L,oo)t
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In particular, if L is fixed and t grows, this density is bounded by
< (271,
i.e. it decays exponentially in t.

Proof. Fix t > 1 and a pattern (ag,...,a;_1) with a; > L for all i. By Lemma 6.16, the set of odd
ny whose accelerated trajectory (ni)ﬁzo realizes this precise valuation pattern (ay, ..., a;_1) is a finite
union of arithmetic progressions modulo a modulus of the form

M; = 25:+0(3t Si=ag+-- +a,q.

More precisely, Lemma 6.16 shows that the admissible #( form a finite union of congruence classes
modulo M;, and the number of such classes depends only on ¢ (and not on the specific values of a;).
For fixed t we may therefore bound the number of progressions by a constant C; independent of the
pattern (ag, ..., a;-1).

Each arithmetic progression modulo M; has natural density 1/ My, and a finite union of C; such
progressions has natural density C;/M;. Using the bound M; > ¢; 253t for some constant ¢; > 0
depending only on ¢, we obtain

Ct 1

— —_ 177
M, <t 2530 (177)

dens{ng : (ao,...,a;_1) occurs} <

where dens denotes natural density and the implied constant depends only on ¢.
Now consider the full set ;| of odd ny whose first t accelerated steps satisfy a; > L for all
0 < i <t — 1. Partitioning by valuation patterns, we can write V; | as the disjoint union

M,L = |_| N(a()r oo /at—l)/

({Z(),...,ﬂt,l)e [L,oo)t

where N (ay, ..., a;_1) denotes the set of ng realizing that specific pattern. Natural density is countably
subadditive, so

dens(N; 1) < Y dens (N (ag, ..., ai-1)).

(ag,.-a1—1)€[L,00)t

Applying (177) to each term yields

dens(N; 1) < 2 1 =3t Z o—(ag+-+ag_1)

St
(“0!"'/“!71)6[1‘/00)[ 23 (ﬂor"'rutfl)e[l‘/oo)t
The sum over patterns factors as a product:
t
Z 2—(a0+-~-+at,1) — (Z 2—11) .
(ag,...,ap_1)€[L,00)t a>L

The inner geometric series is

. 1
2 o—a —»-L Zz*] —o-L, — o= (L-1)
= = 1-1/2

Hence
denS(M,L) <y 3t (2_(L—1))t — (3—12—(L—1))t'
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For each fixed L > 1 the factor ¢; := 37127 (=1 satisfies 0 < ¢, < 1, so dens(N; 1) <. ¢} decays
exponentially in t. Since c; < C 2~ L for some absolute constant C and all L > 1, we can absorb C into
the implied constant and obtain the simpler bound

dens(N; 1) < (271),
as claimed. O

Theorem 6.18 (Forward drift from a low—valuation window). Let (11 )= be a Collatz orbit under the
accelerated odd map

3n+1
T(Tl) = W, n Odd, (178)
and write
J(k) = [log, ng]. (179)
For k > 0and t > 1 define the valuation window
Wk t) = (a(3meyi+1))1,, (180)
and its average
1 t—1
AW(k,t)) = n vo(Bngy i +1). (181)
i=0
Fixe > 0. If for some k > 0 and t > 1 one has
A(W(k,t)) < log,3 — ¢, (182)
then
J(k+1t) > J(k) + e — 1. (183)

In particular, for any fixed tmax > 1 there exist constants ¢ > 0 and Cy < oo, depending only on € and tmax,
such that whenever 1 < t < tmax and (182) holds, one has

J(k+t) > J(k) + ct — Co. (184)

Proof. Write a; := v,(3ny; +1) for0 <i < t—1,and let

t—1
St = lei.
i=0

By definition of the accelerated map,

3y +1

Iterating this relation shows that
3t1’lk + Ry
Mert =~ (185)
where R; is a nonnegative integer (a linear combination of powers of 3 times powers of 2) that depends
only on 1, and the valuation pattern (ay, ..., a;_1). In particular 3'n; < 3'n; + Ry, so (185) yields the
crude lower bound

M > (186)

25
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Taking base-2 logarithms and using (186) gives
log, nygy > log, ny +tlog, 3 — 5;.
The average condition (182) says
% = AW(k,t)) < log,3—c¢,
so Sy < t(log, 3 — ¢), and therefore
log, n4y > log, ny + tlog, 3 — t(log, 3 —¢) = log, ny + €t. (187)

Passing to integer parts,

J(k+1t) = |logyngst| > |log, ng + et].

For any real numbers x, y one has
x+yl = [x]+y -1,

so from (187) we obtain
J(k+t) > |log,ng| +et—1 = J(k)+et—1,

which is (183).
Finally, given tmax > 1, take for instance

€ €
c:= 5 and Co:=1+ Etmax'
For every 1 <t < tmax, the inequality
€
t—1 > —-t—C
& = 5 0

holds by construction, so (183) implies (184). O

7. Completion of the Spectral-Dynamical Implication Chain

Let (1y)k>0 be an infinite forward Collatz orbit under T, and let J(n) denote the block index of .

Lemma 7.1 (Orbit Cesaro limit functionals). Let (1) be an infinite forward Collatz orbit and define, for

N>1,
1 N-1
AN(f) = Z f(nk)l f S Btree,tT‘
N k=0
Then:

1. The family (AN)N>1 is norm-bounded in Bj, ,, hence every sequence N, — oo admits a further
subsequence (still denoted N,) and a functional A € B, , such that

tree,o
%
AN, — AL

Moreover, for any such limit A and any f > 0 one has A(f) > 0 (positivity).
2. Let E C N bea set that is visited with positive upper density along the orbit (ny). Then there exist a
subsequence N, — oo and a weak—* limit point A of (AN, ) such that

A(lE) > 0.
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In particular, the subsequence and the limit functional can be chosen so that E is detected with strictly
positive weight, but this A may depend on E.

Proof. Since Biree,r — ¢ (N) continuously, there exists C > 0 such that

||f||°° S C ||f||Btree,ﬂ for allf € Btree,g-

Hence, for every N > 1 and every f € Bireer,

1 N-1
IAN(f)| = ‘N I;Of("k)

1 N-1
S NT Z ||f||°° S C ||f||Btree,f7'
N k=0

Thus (An)n>1 is norm-bounded in Bf, ,. By Banach-Alaoglu, every sequence N, — co admits a
further subsequence (still denoted N;) and a functional A € B, , such that

AN, — A.

If f > 0, then each AN(f) > 0, since it is an average of nonnegative values. Passing to the weak—*
limit along any convergent subsequence N, gives

A(f) = lim An,(f) >0,

r—oo

which proves positivity of every weak—* limit.
For (2), fix a set E C N and assume that it is visited with positive upper density along the orbit
(ng), ie.
dg = limsup %#{0 <k<N:mn.€E}>0.

N—oco
Define f = 1g. Then
1
AN(f) = N#{0§k<N: ng € E}.

By the definition of the limsup, there exists a subsequence N, — oo such that
ANr (f) — EE with EE > 0.

Since the family (Ay;,) is still norm-bounded, Banach-Alaoglu provides a further subsequence (which
we again denote N;) and a functional A € B, , such that

AN, — A.
Weak-* convergence means pointwise convergence on Biee ¢, SO in particular
A(f) = A(1p) = lim Ay, (1) = dg > 0.

Thus for this chosen subsequence and limit functional A, the indicator of E is evaluated with strictly
positive weight. Note that the construction of N, and A depends on E: for a different set E’ with
positive upper density one may need to choose a different subsequence to realize the corresponding
limsup. Hence no claim is made that a single functional A detects all such sets simultaneously. [

Lemma 7.2 (Shift invariance). Let A be any weak—" limit of the Cesdro functionals along an orbit. Let U
denote composition by the forward map, (Uf)(n) = f(T(n)). Then

AUSf)=A(f)  forall f € Byeeo-
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Proof. We compute:
N-1 N-1 ) f(n

Av( _Iil Zf (1)) 11] Zf("k+1)=AN(f)+JM.

k=0

Since f is bounded on N, the final term tends to 0 as N — oo. Passing to the subsequence N; along
which Ay, — A gives A(Uf) = A(f). O

7.1. Discrepancy Decay and P*-Invariance

Definition 7.3 (Discrepancy operator). For any function f € Biree o we define its discrepancy by

D(f) := Pf — foT, (188)
where P is the backward Collatz transfer operator (11) and T is the forward Collatz map (1).
Lemma 7.4 (Equivalence of P*~invariance and discrepancy averages). Let (1 )i>o be a forward Collatz

orbit and let
1 N-1

=7 Z f nk f S Btree,tr-

Suppose Ay, — A in Biiee,» along some subsequence (Ny). Then for any f € Biree,o,

1 Nl
A(Pf) = A(f) fim ’;0 D(f)(nx) =0,
where D(f)(n) := (Pf)(n) — f(T(n)).
Proof. Fix f € Biree,r and write
A(RT) =) = 3y T (2F) = ).

Using the definition D(f)(n) = Pf(n) — f(T(n)) and the fact that T (1) = ny,1 along the orbit, we
decompose

Pf(n) = f(me) = (Pf(ne) = f(T(m))) + (F(T(m)) = f(me)) = D(f) () + f(npes1) — f (i)

Hence
1N—1 —
AN(Pf)—AN(f):NZ () + Z f(ngen) — f(ng))
k=0 k=0
= L5 by ¢ L) flo)
N L D)+

Since f is bounded on N, the telescoping term satisfies

f(nn) = f(no)

N — 0 as N — oo.

Thus along the subsequence (N;) we have

AN, (Pf) = AN.(f) = N, Y. D(f)(n) +o0(1), (189)

where 0(1) — 0 asr — oo.
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Now use weak—* convergence. Since Ay, — A, we have
A(PF) = A(f) = Tim (A, (Pf) = An, ().

Combining this with (189) yields

Ny—1

A(PF) = A(f) = lim = Y D(f)(me).

r—oo g

Therefore
N,—1

.1
APH=AY) = lime ), D(f)(m) =0,
k=0
which is the desired equivalence. [

Remark 7.5. For any bounded f and any forward orbit (1) one has the telescoping identity

Ax(foT) - an(p) = LS

hence every weak™ cluster point A satisfies A(f o T) = A(f). This forward invariance is purely
deterministic.

In contrast, P*~invariance of A is not automatic: it amounts to stationarity of the orbit-empirical
measures for the Markov kernel encoded by P. Lemma 7.4 identifies the exact obstruction: A is P*—
invariant if and only if the discrepancy averages of D(f) = Pf — f o T vanish along the subsequence
realizing A. No claim is made that these discrepancy averages vanish for an arbitrary orbit.

7.2. Spectral Obstructions and Exclusion of Low-Block Invariant Functionals

Proposition 7.6 (No finite-block positive invariant functionals). Assume the spectral hypotheses for P:
positivity, quasi-compactness, p(P) = 1, peripheral spectrum {1}, and algebraic and geometric simplicity of the
eigenvalue 1 with strictly positive eigenfunction h and dual strictly positive eigenfunctional ¢. Then there is no
nonzero positive P*~invariant functional supported on a finite union of blocks Uj<j, 1;.

Proof. Under the spectral hypotheses, the eigenspace of P* for eigenvalue 1 is one-dimensional and
spanned by ¢, and ¢(f;) > 0 for every block indicator f;.

If A were a nonzero positive P*~invariant functional supported on U;<j, Ij, then A must be a
scalar multiple of ¢. But ¢ assigns strictly positive mass to every block, contradicting the assumed
vanishing of A on all [; with j > Jo. O

Remark 7.7 (Spectral hypotheses). The operator P satisfies all of the spectral hypotheses required for the
Perron-Frobenius theory on the Banach tree space Byee,o. Positivity is established in Proposition 5.39.
The Lasota—Yorke inequality of Proposition 4.11 implies quasi—-compactness (Theorem 4.17), and the
normalization p(P) = 1 follows from Theorem 5.1. The peripheral spectrum is {1} by Theorem 6.2, and
cone-irreducibility (Proposition 6.1) yields algebraic and geometric simplicity of the eigenvalue 1 (The-
orem 6.2). Moreover, the corresponding eigenfunction  is strictly positive and the dual eigenfunctional
@ is strictly positive (Proposition 5.39).

The next statement records the orbitwise discrepancy input used to pass from Cesaro limits to

P*—invariance.

Proposition 7.8 (Orbitwise discrepancy vanishing). Let (1) be a forward Collatz orbit which is infinite
and not eventually periodic, so that for every M > 1 there exists K = K(M) with ny > M for all k > K. Let A
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be any weak—* limit of its Cesaro averages along a subsequence (N ). Assume that cop(N) N Biree o is dense in
Biree,o. Then there exists a dense subspace A C Biree,r such that for every f € A,

lim Y. D(f)(nx) =0,  D(f):=Pf—foT.

In particular, A is P*—invariant on A.

Proof. Define A := coo(N) N Bree,r, which is dense by hypothesis. Fix f € A and choose M > 1 so
that supp f C {1,2,..., M}. Since the orbit is not eventually periodic, it leaves every finite set, hence
there exists K such that n, > 3M + 1 for all k > K.

For k > K we have T(ny) = ngyq > ng/2 > B3M+1)/2 > M, so f(ngr1) = 0. We also
claim that Pf(n;) = 0 for k > K. Indeed, every preimage m of n; under the Collatz map satisfies
m > (ny—1)/3 > M, so f(m) = 0 for every m with T(m) = ny. Since P is a weighted average over
such preimages, it follows that Pf (1) = 0. Consequently,

D(f)(ng) = Pf(m) = f(T(m)) =0 (k> K).

Therefore the discrepancy sum is eventually identically zero:

N-1 K-1
Y. D(f)(m) = Y} D(f) ()
k=0 k=0
for all N > K. Dividing by N and letting N — oo yields
1 N-1
dim k;) D(f)(ng) = 0.

In particular, along the subsequence (N;) we have

Yim o, L D) =0

for every f € A. To conclude P*—invariance on A, observe the identity valid for every N:

N-1 N-1 ) — Fln
AN(Pf) = AN(f) = % k;) (Pf(ng) — f(mi)) = % k;) D(f)(me) + MNf(O)

Since f is bounded and f(ny) = 0 for all N > K, the boundary term tends to 0. Passing to the
subsequence N; and using Ay, A gives A(Pf) = A(f) forall f € A. O

7.3. Toward the Weak Non—Retreat Principle

This subsection proves Statement (6) of Theorem 1.1. The goal is to show that every nonperiodic
accelerated odd Collatz orbit admits infinitely many short valuation—deficit windows. Once such
windows occur infinitely often, the weak non-retreat inequalities follow from Theorem 6.18. The
argument proceeds through residue—class realizability of short valuation patterns, a finite residue-
valuation graph, and the exclusion of eventual trapping on dangerous residue cycles.

Definition 7.9 (Valuation window and average valuation). For an accelerated odd orbit (1 )>0, a
window of length t > 1 at position k is the finite sequence

Wk t) := (v2(Bigy + 1)),
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Its average valuation is

t—1

AW(k 1)) = % 12 (311 +1).

i=0
Definition 7.10 (Dangerous window). Fix tmax € Nand e > 0. A window W (k, t) with 1 <t < tpax is

dangerous if
A(W(k,t)) > log,3 —e.

Definition 7.11 (Catalogue of dangerous patterns). Fix a valuation cutoff L > 1. For each t > 1 define

1 t—1
A(L) = {(ao,...,at_l) €{L..., L} : 2 Y a; > log,3 —e},
i=0

and set

tmax

At (L) = [ Ai(L).
t=1

Elements of A<; (L) are the Type I dangerous patterns.

Lemma 7.12 (Congruence realization of dangerous patterns). Let a = (ao, ..., a;_1) be any valuation
pattern with 1 <t < tmax and 1 < a; < L. There exists a modulus

M(a) = 2K@)3t,
where K(a) < C Zf;é (a; + 1) for an absolute constant C, and a finite nonempty set of odd residue classes
R(a) C (Z/M(a)Z)*
such that an odd integer ny. satisfies
v (B3ngy i +1) =aj, i=0,...,t—1,

if and only if
ny mod M(a) € R(a).

Proof. We prove this by induction along the window using the explicit odd-to—odd transition formula
and Lemma 6.16.

(1) The congruence condition for a single valuation. Fix an integer 2 > 1. Lemma 6.16 shows that the
condition
n odd, nBn+l)=a

is equivalent to a finite disjunction of residue conditions
n=r (mod 2%,

where r ranges over a finite subset of odd residues modulo 27!, More precisely, Lemma 6.16 proves
that
nBn+l)=a <= 3n+1=0 (mod2%), 3n+1#0 (mod2*™1),

and both congruences are linear conditions on 7 modulo 2°*!. Thus there is a finite set R(a) C
(Z/2°F1Z)* such that n satisfies 1, (31 + 1) = a if and only if n mod 27! € R(a).

(2) Odd—to—odd transitions. For an odd integer n with v (3n 4+ 1) = a, the next odd iterate is

3n+1
T(n) = TR
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Since 3n+1 =1 (mod 3), the map n — T(n) is well defined on odd residue classes modulo 3 - 27+1
and induces a map to odd residue classes modulo 3 - 2°.

(3) Inductive construction of the residue conditions along the window. Let ng denote the starting odd integer
at the beginning of the window. We encode the conditions

_3n;i+1

va(3n; +1) = a;, nit1 = T(n;) ;7

Assume inductively that for some i > 0 there exists a modulus M; and a finite set of odd residue
classes R; C (Z/M;Z)* such that

ngmod M; € R; <= v(3nj+1)=ajforj=0,...,i—1
We now add the condition v;(3n; 4+ 1) = a;. From Step (1), this is equivalent to
n; mod 2% € R(a;).
Next, n; is an affine function of ny: iterating

31’1]' +1
7’1]‘_;’_1 = 2!1]

gives (as in the derivation of formula (166)) an explicit expression

3i C: i—1
i = 5510+ 2*511,, Si= ;“j,
]:

with C; an integer depending only on the pattern (ag, ..., a;_1). Thus the condition 7; mod 2%*! €
R (a;) becomes a linear congruence condition on 19 modulo 2%+1+5i,
Therefore, setting
Mi+1 .— lcm(Mi, 2ai+l+S,', 3i+1)l

the set of ng satisfying the conditions up to index i is a finite union of residue classes modulo M; .
We denote this finite set by R; 1 C (Z/M;17Z)*.

After t steps, we obtain a modulus
M(a) = M; = 2K@)3t)

where
K(a)=ao+1+ (a1 +1+51)+ -+ (a1 +1+S5-1)

is bounded by a constant multiple of }_;(a; + 1). The corresponding residue set R(a) = R; satisfies
ngmod M(a) € R(a) <= 1(Bn;+1)=a;(0<i<t).

Renaming n as n; completes the proof. [

Definition 7.13 (Dangerous residue set). Fix Ly > 1. Let M be a common multiple of the moduli M(a)
overalla € A< (Lg). Define the dangerous residue set modulo M by

Vdanger(Lo) := U {r €Z/MZ :rmod M(a) € R(a)}.

aGAStmax (LO)

Definition 7.14 (Finite residue—valuation graph). Fix Ly and the corresponding modulus M. Consider

the accelerated odd map
3n+1
T(I’l) - 22 (3n+1)
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on odd residue classes modulo M. Define a finite directed graph Gr,(M) with vertex set the odd
residues r € Z/MZ, and with an edge r — sif T(r) = s (mod M). Each vertex carries the label

a(r) :=v2(3r+1).
Let
VZL0+1 = {1’ : a(r) > Lo+ 1}.

Lemma 7.15 (Tail constraint under negation of weak non-retreat). Fix tmax € Nand e > 0, and let
Lo > 1 be a valuation cutoff. Let (ny)x>o be a nonperiodic accelerated odd orbit with the property that there
exists ko such that for every k > ko and every 1 < t < tmax the valuation window W (k, t) is dangerous:

1t
t

1

-1
vo(Bnpyi +1) > log, 3 —e.
=0

Choose M so that the dangerous length—one patterns with values in {1,..., Lo} lift to a set Vganger(Lo) C
(Z/MZ)* as in Lemma 7.12, and define

Vorgt1 :={r € (Z/MZ)* : vo(3r +1) > Lo + 1}.
Then for all sufficiently large k,
np mod M € Vdanger(L0> U V2L0+l~

In particular, the tail of (ny) determines an infinite directed path in the induced subgraph of G, (M) on
Vdanger(LO) U V2L0+1)‘

Proof. By hypothesis, there exists kg such that for every k > k¢ the length-one window
W(k,l) = (110), ag = 1/2(3le+1),
is dangerous, hence
ag > log,3 —e.

We distinguish two cases.

Case 1: 1 < ag < Ly. Then the length—one pattern (a9) lies in the dangerous catalogue with bound
Ly, hence Lemma 7.12 yields a congruence description for v (31 4+ 1) = a¢. By construction of the
common modulus M and the lifted union Vyanger(Lo), this implies

np mod M € Vdanger(LO)'

Case 2: a9 > Lo + 1. Then by definition,

Ny mod M € VZLo-‘rl'

Thus for every k > ko,
g mod M € Vianger(Lo) U Vorg41-

Since 11 = T(ny), the residue sequence (1, mod M) follows edges in G, (M), and the tail lies in the
induced subgraph on Vganger(Lo) U V11 O

Theorem 7.16 (Forward non-trapping in the dangerous regime). Fix tmax € Nand 0 < e <log,3 — 1.
Then there exists Lo sufficiently large with the following property. Let M, Vyanger (Lo) and V141 be as in the
construction of the residue—valuation graph Gr,(M).
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Let (ng) k>0 be a nonperiodic accelerated odd Collatz orbit such that there exists ko with the property that
for every k > ko and every 1 < t < tmayx the window W (k, t) is dangerous:

1 t—1
AW(k,t)) = n Z vo(Bngyi+1) > log,3 —e.
i=0
Then:

1. High-valuation anti-trapping. The residue sequence (ny mod M) is not eventually contained in

Vorg+1-
2. Confinement to the dangerous residue set. If (1 mod M) visits both Vyanger(Lo) and V>p 41
infinitely often, then there exists K > kg such that

ng mod M € Vganger(Lo) ~ forallk > K.

Proof. We break the proof into two parts, one for each statement.
Part 1: High-valuation anti-trapping. Let aj := v,(3n; + 1). If ap > Ly + 1, then

_3me+1 3 +1 3 1
Ml = oo S Lol plpdl kT 5Lpr
Define 3 1
A= pITEsE Co := ST

For Ly > 2 one has A < 1, and hence
1 < Ang+Co whenever a; > Ly + 1. (190)

If there exists K such that a; > Lo + 1 for all k > K, then iterating (190) gives

t—

l .
ngyr < Almg+Co Y N < Alng+ 1C70A forall t > 0.
j=0 B

Thus the tail is bounded. Since T is a deterministic self-map of the positive odd integers, a bounded
orbit is eventually periodic. This contradicts nonperiodicity. Hence (1, mod M) is not eventually
contained in V>p 1.
Part 2: Confinement to the dangerous residue set. Assume (1; mod M) visits both Vganger(Lo) and
V> 1,41 infinitely often, and all windows of length < tn,x are dangerous. Write g := vo(Bny +1).
For ny € V1,41, the estimate (190) holds with A < 1.
For 11y € Vganger(Lo), the case t = 1 of the dangerous-window condition gives

ax > log,3 —¢, a €N,

hence a; > 2 since 0 < & < log, 3 — 1. Therefore

3mp+1 _ 3 1 3 .
M= e S gu M gw S e M= ZmAL

Thus there exists C; such that

1 < 2%+ Cp whenever 11y € Vyanger(Lo)- (191)
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Decompose the tail into alternating blocks: a block of t; > 1 consecutive indices in Vyanger(Lo)
followed by a block of £; > 1 consecutive indices in V>, 11, returning to Vyanger(Lo) at the end. Along
one such combined block, the accelerated dynamics gives an affine relation

nkj+1 = ‘F(P]) nk]' + :B]’

with multiplicative factor
t,-+€]-—1 3

F(,P]) = H zakj+m :

m=0
Using ay .y > 2 throughout the combined block and g 4m = Lo +1on the high-valuation part, one
obtains a uniform bound F(7P;) < A < 1 for a constant A depending only on ¢ (and the choice of Lo).
Hence there exists C4 such that
Mgy < Ang+Cy for all j. (192)

j+1 =

Iterating (192) shows that (nk],) is bounded, and the intermediate values inside each finite block are
bounded by iterating (191) and (190). Thus the orbit tail is bounded, hence eventually periodic,
contradicting nonperiodicity. Therefore there exists K such that 7y mod M € Vyanger(Lo) for all
k>K. 0O

Theorem 7.17 (Non-realizability of dangerous residue cycles). Let H be the induced subgraph of the
residue~valuation graph Gr,(M) on the dangerous residue set Vganger(Lo). Let

CZ(00—>U1—>"-—>UP_1—>UQ)

be any directed cycle in H, where v; € Vganger(Lo) and each edge v; — v; 11 (indices modulo p) is an edge in
Gr,(M). Then no infinite accelerated odd Collatz orbit (ny )= can eventually realize C modulo M in the sense
that there do not exist integers i > 0 and p > 1 such that

Mg = V(—j)modp (mod M)  forallk > i.

Equivalently, no nonperiodic accelerated odd orbit can have its residue sequence (n mod M) eventually trapped
on a directed cycle inside H.

Proof. We prove that no infinite nonperiodic accelerated odd Collatz orbit can eventually follow a
directed cycle in the dangerous residue graph H.

(1) Structure of a dangerous cycle. Let
C=(vg—v1— - —=0p_1—0)
be a directed cycle in H of length p > 1. For each i set
a; :=12(30; +1).
Since v; € Vganger(Lo), €ach a; satisfies 1 < a; < Lo. Define

p—1 3p
S, = a; 0= —.
P LA

In lowest terms,

SES

a==, A=3"0dd, B=2%>1,

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202511.1440.v6
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 January 2026 d0i:10.20944/preprints202511.1440.v6

100 of 110

soa # 1.

(2) Lifting the cycle to an integer orbit. Assume for contradiction that there exists an infinite nonperiodic
accelerated odd Collatz orbit (1 )x>( that eventually follows C modulo M. Thus there exists iy > 0
such that for all k > i,

Mk = U(k—ip) mod p (mOd M)

Iterating the accelerated map along one period yields an affine relation

¥ B

55, + 5, = Mk + Br, (193)

gtrp =

where k = iy +mp +r with 0 <r < p, and B, € Z depends only on the residue v, (with B, := B;/B).

(3) Recurrence and explicit solution. Fix r € {0,..., p — 1} and define

Xm = Nigtmp-+rs m > 0.
Then (193) gives
A
X1 = &Xm + Br, 04:?751-

The affine recurrence has the explicit solution

a™ —1
a—1

Xm = lxme + ﬁr - lmer + Dr,

with
':x—iﬁr D, :=
r - 0 0(—1' T

Br

x—1

(4) Denominator growth forces C, = 0. Write C, in lowest terms as

where ¢,d € Z are odd and t > 0. Using a« = 37 /25 yields

zmer:(3p)m c 3P

) 2~ g

Since x,, € Z for all m, the expression a™C, has bounded denominators only if ¢ = 0; otherwise
the denominator contains 2"t with Sp > 1, which grows without cancellation against the odd
numerator 3" ¢. Hence c = 0and C, = 0.

(5) Eventual periodicity. With C, = 0, the formula reduces to x,,, = D, for all m > 0, so each residue—class
subsequence (1, mp+r)m>0 is constant. Thus (11 )x>;, is periodic with period dividing p, contradicting
nonperiodicity. This proves the theorem. [J

Lemma 7.18 (Confinement plus bounded dangerous run length implies dangerous long windows).
Fix e > 0and set 6 :=log, 3 — . Let (ny),>o be an accelerated odd Collatz orbit, so aj := vo(3n; +1) > 1
for all k. Assume there exist integers Lo > 1, tmax > 1, and ko > 0 such that

n, mod M € Vdanger(LO) U V2L0+1 forall k > ko, (194)
and such that the orbit hits the high—valuation set at least once every tmax steps, in the sense that

Vk > ko, die {0, 1,...,tmax — 1} with ny; mod M € VZLO+1. (195)
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If Ly is chosen so that
Lo+t
0 + fmax > 5/ (196)
tmax
then for every k > ko the length—tmax valuation window is dangerous:

1 tmax—1
Y 1By +1) >log,3 —e.

fmax i—0

Proof. Fix k > ko. By (195) there exists i € {0,...,tmax — 1} with nj; mod M € V-p 11, hence
Agyi = 12(3ngyi +1) > Lo + 1 by definition of V>, 1. For all other indices j € {0, ..., tmax — 1} one
has ay,; > 1 since the orbit is odd. Therefore

tmax — 1

Z ak+]’ > (LO + 1) + (tmax - 1) = LO + tmax-
j=0

Dividing by tmax and using (196) gives

1 tmax_l
Y. @ j>d=log,3—¢
j=0

tmax f—

as claimed. O

Lemma 7.19 (Finite graph periodicity). Let H be the induced subgraph of G1,(M) on Vganger(Lo). Then
every infinite directed path in H is eventually periodic. That is, there exist integers i > 0 and p > 1 such that
the vertex sequence (v ) satisfies

Okyp =0k forallk >i.

Proof. In the residue-valuation graph, each vertex has outdegree 1 since T(r) mod M is uniquely
determined. Hence the directed path is a deterministic forward orbit in a finite set. Since H has finitely
many vertices, there exist indices 0 < i < j with v; = v}; choose such a pair with j — i minimal and set
p :=j—i > 1. Determinism then implies

Vitm = Vjrm forallm > 0,

hence vy, = vy forallk >i. U

Lemma 7.20 (Finite graph obstruction). No infinite directed path in H can arise as the tail residue sequence
nx mod M of a valid infinite nonperiodic accelerated odd Collatz orbit (ny)x>o.

Proof. Let (1 )>0 be an infinite nonperiodic accelerated odd Collatz orbit and set vy := 1, mod M.
Assume that v; € Vyanger(Lo) for all sufficiently large k, so (v ) is an infinite directed path in H from
some time onward. By Lemma 7.19, there exist integers i and p such that vy, = vy forall k > i.
The tail therefore follows a directed cycle in H, contradicting Theorem 7.17. Hence no such tail can
occur. [

Theorem 7.21 (Weak non-retreat). Every nonperiodic accelerated odd Collatz orbit admits infinitely many
windows of length 1 < t < tmax whose average valuation satisfies

A(W(k,t)) <log,3 —«.
Consequently, by Theorem 6.18 there exist constants ¢ > 0 and Cy such that

J(k+1t) > J(k) 4+ ct — Co
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for infinitely many pairs (k, t), and Statement (6) of Theorem 1.1 follows.

Proof. Let (1 )i>0 be a nonperiodic accelerated odd Collatz orbit. Assume toward contradiction that
only finitely many pairs (k, t) with 1 < t < tpax satisfy

A(W(k,t)) <log,3 —«.

Then there exists kg such that for all k > kg and all 1 < t < tpay, the window W (k, t) is dangerous. This
places us in the dangerous-windows regime of Theorem 7.16. Fix Ly and the associated modulus M
and residue sets Vdanger(LO) and V>, 1. By Lemma 7.15 there exists ki > ko such that for all k > kq,

g mod M € Vganger(Lo) U Vorgt1-

By Theorem 7.16(1), the residue sequence is not eventually contained in V> 1, hence Vdanger(Lo) is
visited infinitely often. If V>, 1 is visited only finitely many times, then 7, mod M € Vdanger(LO) for
all sufficiently large k. If V> 11 is visited infinitely often, then Theorem 7.16(2) again yields an index
K such that

n mod M € Vdanger(LO) for all k > K.

In either case, the tail (1; mod M), is an infinite directed path in the induced subgraph H on

Vdanger ( Lo ) :
Lemma 7.20 excludes such a tail for a valid infinite nonperiodic orbit, contradicting the standing
hypotheses. Therefore there exist infinitely many pairs (k, t) with 1 < t < tmax such that

A(W(k,t)) <log,3 —«.
For each such window, Theorem 6.18 yields
](k-l-t) > ](k) +ct—Cy

with constants depending only on the global parameters. Since there are infinitely many such windows,
these inequalities hold along an infinite subsequence, giving weak non-retreat. [J

7.4. Logical Closure of the Spectral-Dynamical Framework

In this section we formalize all the propositions and their proofs for the Dynamical Forms
Theorem 1.1 (3) = (2)

Proposition 7.22 (Orbit-supported invariant functionals are impossible). Let P be the backward Collatz

transfer operator on Biree o and assume the Peripheral Spectral Classification Theorem 6.2. Then there is no

*
tree,o

In particular, statement (3) of Theorem 1.2 (existence of a nonzero orbit—supported invariant functional for

nonzero P*—invariant functional in B whose support is contained in a single forward Collatz orbit.

every infinite orbit) cannot hold unless there are no infinite forward orbits at all. Hence (3) implies (2).

Proof. By Theorem 6.2 and positivity of P, there exist h > 0 and ¢ > 0 with Ph = h, P*¢ = ¢, and the

*

tree o Satisfies

eigenspace for eigenvalue 1 of P* is one—dimensional and spanned by ¢. Thusif ¥ € B
P*Y =Y, then ¥ = c ¢ for some scalar c.

Fix a forward orbit O (ng) = {T*(np) : k > 0} and suppose there exists a nonzero P*~invariant
functional ¥ supported on this orbit, in the sense that ¥(f) = 0 whenever f vanishes on O (119). Then
Y = c¢ withc #0.

Consider the nonnegative test function

f(n) =1\ 0+ (ny) (1)-
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By support of ¥ on the orbit we have ¥(f) = 0. On the other hand, f > 0 and f # 0, so strict positivity
of ¢ gives ¢(f) > 0 and hence

¥(f) =co(f) #0,

a contradiction. Therefore no nonzero P*—invariant functional can be supported on a single forward
orbit. If statement (3) of Theorem 1.1 holds, then every infinite forward orbit would support such a
functional, which we have just ruled out. Hence there are no infinite forward orbits, and in particular
every orbit has bounded block index: sup;~ j(1;) < o, which is statement (2). [

3)+@®) =@

Proposition 7.23 (Strong Collatz from orbit averages and residue graphs). Assume Theorem 6.3 ((3) of
Theorem 1.1) with Theorems 7.17 and 7.16. Then statement (1) of Theorem 1.1 (Strong Collatz Conjecture)
holds.

Proof. (1): Exclusion of nontrivial cycles. By Theorems 7.17 and 7.16, no nontrivial accelerated odd
Collatz cycle can persist inside the dangerous residue graph, and every nonperiodic accelerated odd
orbit eventually escapes it. The argument given previously in the proof of Theorem 7.21 therefore
excludes all nontrivial cycles; we do not repeat it here.

(2) Exclusion of infinite orbits via orbit-averaging and spectral rigidity. Suppose for contradiction that there
exists an infinite forward Collatz orbit (1 )x>o with base point ng. By Orbit-Averaging, Theorem 6.3,
this orbit produces a nonzero P*—invariant functional

A€ Bieey,  PTA=A,

which is obtained as an orbit-average along (”k)kzo- In particular, if a test function f € Biree,r Satisfies
f(ny) = 0 for all sufficiently large k, then the orbit-average of f along (1) vanishes and hence

A(f) =0. (197)

On the other hand, the spectral classification theorem (uniqueness of the positive eigenfunctional,
Theorem 5.1) asserts that every P*—invariant functional is a scalar multiple of the distinguished
Perron-Frobenius eigenfunctional ¢:

A=ung, a # 0.

We now construct a smooth cutoff that lies in Biree - and vanishes along the tail of the orbit. By
the nontrapping and escape statement (8), the forward orbit (1) cannot remain indefinitely in any
fixed low region of the tree. Hence we may choose m € N so large that

ng >m forall k > K
for some K > 0. Define a test function ,,: N — [0, 00) by
h(n) == m=% Tpemn 7.
We first verify that b, € Biree,o. The weighted ¢! norm is finite:

HhmH(}, — Z hm(n) n " — Z m—20n—20 < m—Zoml—Za — ml—ZU’ < o0
n>1 n<m

since ¢ > 1. Moreover hy, is supported on the finite set {1,...,m}, so only finitely many tree blocks I;
intersect its support. In each such block, the contribution to the block seminorm comes from finitely
many points with uniformly bounded size, multiplied by the decaying prefactor m~27. Thus the tree
seminorm of h,, is finite and %, € Biree o
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By construction, we have h,, (1) = 0 for all k > K, since ny > m implies hy, (1) = 0. Therefore
hy, vanishes along the tail of the orbit, and the defining orbit-averaging property of A yields

A(hy) =0

via (197). On the other hand, write ¢(f) = Y_,,>1 f(n) h(n) with h the strictly positive Perron-Frobenius
eigenfunction satisfying Ph = h. Then

¢(hm) = Y hu(n)h(n) =m™> Y n~"h(n) >0,

n<m n<m

because 1(n) > 0 for all n > 1 and the sum is finite and nonempty. Combining the two expressions for
A(hw) gives
0=A(hm) =adp(hn),

which contradicts « # 0 and ¢(hy,) > 0. This contradiction shows that no infinite forward Collatz
orbit can exist.

We have ruled out both nontrivial cycles (Step 1) and infinite orbits (Step 2). Hence every forward
Collatz orbit is finite, and the only cycle is the trivial 1 — 4 — 2 — 1 cycle. This is precisely
statement (1) of Theorem 1.1. [

4) = (3)

Proposition 7.24 (Block orbit averages imply the Orbit-Averaging). Assume statement (4) of Theorem 1.1
Block-Orbit-Averaging. Then statement (3) of Theorem 1.1 (then Orbit-Averaging Theorem, Theorem 6.3)
holds. In particular, (4) implies (3) in Theorem 1.1.

Proof. Let (11;)>0 be an infinite forward Collatz orbit with base point 1y. For each N > 1 consider the
orbit Cesaro functional

1 N-1
CDN(f) = ﬁ kz f(nk)/ f € Btree,cr-
=0

By Lemma 5.30, the family (®x)n>1 is uniformly bounded in B, ,, hence weak* relatively compact.
Statement (4) asserts, for this orbit, the existence of a nontrivial block—orbit average. Concretely, it
guarantees that there exists a sequence N; — co and a nonzero functional

A € Byeeo \ {0}

such that

weak”

CDN], — A

Thus A is a nonzero weak™* limit point of the orbit Cesaro functionals for (7). By Proposition 5.31,
every such weak™* limit of (®y) along a forward Collatz orbit satisfies two key properties:

P*A = A,
and A is supported entirely on the orbit O™ (1) in the sense that
f(n) =0vk>0 = A(f)=0.

Since A # 0, this gives exactly the conclusion of statement (3) for the orbit O (ng): it produces a
nonzero P*—invariant linear functional supported on that orbit.

Because the choice of the infinite orbit (11;) was arbitrary, the same argument applies to every infi-
nite forward orbit. Hence Orbit—Averaging (3) holds whenever the Block—Orbit-Averaging statement
(4) holds, and we have shown (4) = (3) in Theorem 1.1. O

(5) = @)
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Proposition 7.25 (Implication from supercritical linear block growth to BOA). Assume Statement (5)
(Block-Escape Implies Supercritical Linear Block Growth, Proposition 6.14). Then Statement (4) (Block—
Orbit—Averaging, Proposition 6.7) holds.

Proof. Suppose for contradiction that Statement (4) fails. Then there exists an infinite forward Collatz
orbit

O™ (n9) = {T*(m0) }x>0
such that for every integer | > 0 the orbit does not spend a positive proportion of time in the finite
union of low blocks Ujg 7 Ij- In terms of the block index
J(k) := the unique j > 0 with T%(ng) € I

this means that for every | > 0 the lower asymptotic frequency of visits to ;< [; is zero. Equivalently,
the orbit satisfies the block—escape condition of Definition 6.9, namely

N-1

N e =
I\l{lir})o N 1;) 1gm<y = 0 for every | > 0, (198)

or the Block-Escape Property. By Statement (5) (Proposition 6.14), every infinite orbit satisfying BEP
must exhibit supercritical linear block growth. Concretely, there exists a constant

log?2
log 6

and a strictly increasing subsequence (ky)¢>1 with k; — oo such that
J(ky) > aky forall £ > 1. (199)

Thus the orbit O (ng) satisfies both the block—escape condition (198) and the linear growth condi-
tion (199).

We now invoke Proposition 7.6. That result states that if an infinite orbit satisfies the block—-escape
condition

) 1 N-1
Vo2 0z lim i ) Lgog<iy = O (198)

and there exists f > 0 and a subsequence (k;) with
J(ky) > Bk, forall’, (199)

then the orbit violates the universal exponential growth bound of Lemma 6.11. In the proof of
Proposition 7.6 one obtains

lim sup kl log T* (ng) > Blogé.
14

{—00

Taking B = « and using a > log?2/ log 6, this yields
lim sup 1 log T* (ng) > alog6 > log2,
{—ro0 kf

which contradicts Lemma 6.11, since that lemma gives the universal upper bound

1
limsup - log T¥(ng) < log2.
k—o0 k
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Therefore no infinite orbit can simultaneously satisfy BEP and the supercritical linear growth condi-
tion (199). In particular, our initial assumption that there exists an infinite orbit for which Statement (4)
fails leads to a contradiction, because failure of (4) was exactly what forced BEP in (198).

Taking the contrapositive, every infinite orbit must fail BEP. Thus for each infinite orbit O™ (n)
there exists some Jo > 0 such that the lower asymptotic frequency of visits to U;<, I is strictly positive:

—00

1 N=1
lim inf k;) Lyw<py > -
This is precisely the Block-Orbit-Averaging statement (4). Hence, under Statement (5), Statement (4)
holds. O
6) = (5

Lemma 7.26 (Flexible choice of drift constants). Let (1y) be a forward orbit and suppose there exist € > 0,
tmax € N, and Ko > 0 such that for all k > Ko and all 1 < t < tax one has

J(gg) > jlng) +et—1. (200)

Then for any 6 € (0, ) the choice
c:=¢e—9J, Cy:=1

also yields a valid weak non—retreat inequality:
j(nk—',-t) Z j(nk) +ct— CO; 1 S t S tmaX/ k Z K0~ (201)

Moreover, for these constants one has

Clmax =Co _ 5y 1

(202)

tmax tmax

Proof. Fix ¢ € (0,¢) and set ¢ := ¢ — d and Cy := 1. Then for each 1 < t < tax We compute
(et —1) = (ct—Co) = (et —1) — ((e—=6)t—1) =t > 5> 0.

Thus the right-hand side of (200) is strictly larger than c t — Cy for every t € [1, fmax], and hence (200)
implies (201) for all k > Ky. The identity (202) is an immediate algebraic rearrangement:

¢ tmax — Co _ (e —0)tmax — 1 —(e—0)— 1

tmax tmax tmax

This proves the lemma. [

Corollary 7.27 (Consistency of quantitative deficiency with valuation drift). Let o, = (log,3 —
1)/ log, 6. Suppose that for some choice of Lo and tmax the residue-graph analysis and Theorem 7.21 produce a
deficit parameter € = €(Lg, tmax) such that

1

e(Lo, tmax) > s« +14+ (203)
tmax
for a given 7 > 0. Then there exist constants ¢ > 0, Cg > 0, and Ky > 0 such that
j(nk+t) > j(nk) +ct— CO/ 1 <t< tmax: k > KO/ (204)
and such that ot c
max 0 > .+ 7.
tmax
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Proof. Apply Theorem 6.18 with the deficit parameter ¢ = €(Lo, tmax) to obtain an inequality of the
form (200) for some Ko. Fix 7 > 0 and choose § € (0,&(Lo, tmax)) so small that

E(LO/ tmax) —0— > axF 1.

max
(This is possible precisely because of the strict inequality (203).) With this choice of 6, define c := ¢ — ¢
and Cp := 1 as in Lemma 7.26. Then (201) holds for all 1 < t < tpax and all k > Ky, and by (202) we

have
ctmax — Co _

(e—0)— > oy + 1.

tmax tmax

O

Proposition 7.28 (Quantitative weak non-retreat implies supercritical linear block growth). Let
O (ng) = {T*(no) }x=0 be an infinite forward orbit and let ] (k) be defined by

T*(ng) € [6I(k),61(k)+1).

Assume the orbit satisfies the Block—Escape Property

) 1 N-1
Vo2 0 lim G b L=y =0

Assume in addition that there exist constants ¢ > 0, Cg > 0, tmax € N, and Jo > 0 such that for all sufficiently

large k with J(k) > Jo one has the quantitative weak non—retreat estimate

Jlk+t) = J(k)+ct—=Co (1 <t< tmax)-
Define

._ log,3—-1 _ log(3/2) . Ctmax = Co
T logy,6  logb o '

tmax

If ¥ > w., then there exists a with a, < & < <y and an increasing subsequence ky — oo such that
J(k¢) > aky  (£21).

Equivalently, Tk (ng) > 6*¢ for all £.

Proof. Let n; = T*(ng) and J (k) be the block index. Since the orbit satisfies the Block-Escape Property,
there exist arbitrarily large k with J(k) > Jo. Choose k so large that J(ky) > Jo and such that the weak
non-retreat estimate

Jk+t) > J(k)+ct—Cp (205)

holds for every k > ko with J(k) > Jop and every 1 < t < tmax.
Define a subsequence by
ky := ko + Ctmax (£ >0). (206)

Since y = % > s > 0, one has ctmax — Co > 0. Applying (205) with t = tnax at k = kg gives

](k€+1) > ](ké) + (Ctmax - CO)/

hence by induction J(ky) > ]y for all ¢, and the estimate can be iterated for all /. Summing yields

](ké) > ](k()) + E(Ctmax - CO) = ](kO) + 'Y&max-
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Using ky = ko + £tmax, this becomes

J(k¢e) > vk —C,  C:= ko — (ko).

Choose any « with &, < & < . Then (7 — a)k; — oo, so for all sufficiently large ¢ one has vk, — C >
aky, hence
J(ke) = akg

for all sufficiently large £. The inequality ny, > 6/(ke) > 6% follows from the block definition. [

(8) = (6) This is Theorem 7.21.

8. Toward a Spectral Calculus for Arithmetic Dynamical Systems

The analytic framework developed here for the backward Collatz operator highlights a broader
spectral calculus for discrete arithmetic maps. For any map T : N — N with finitely many inverse
branches, one may associate the transfer operator

enem= ¥ f(m)

_, w(m)’

whose spectral behavior reflects the combinatorial and arithmetic structure of T.
When P acts on weighted sequence spaces such as é}, or on the multiscale tree space Biree,o, its
Dirichlet transform intertwines

D(Pf)(s) =LsD(f)(s),  D(f)(s) =}, f(n)n™*

n>1

so that spectral information for P passes directly to the analytic continuation and pole structure of the
complex family L. In this duality, the arithmetic operator P and its analytic realization Ls represent
two facets of a single dynamical mechanism: backward iteration in arithmetic space mirrored by
analytic continuation in Dirichlet space.

For quasi-compact operators satisfying Lasota—Yorke inequalities on Bie, One obtains the
spectral decomposition

P = Z )\i I; + N, Pess(P) <1,
|Ai]>pess(P)

together with the associated dynamical zeta function
Zp(s) = det(I —sP) ™! = ex Y i Tr(P)
P P & X ’

whose poles coincide with eigenvalues of P outside the essential spectrum and with the resonant

singularities of L. This creates a coherent analytic picture in which resolvents, spectral projections,

Dirichlet envelopes, and dynamical determinants arise as aspects of the same operator geometry.
Beyond the Collatz operator, analogous structures arise for general affine-congruence systems

n— ajn +b;, aj,b; €N,

for which

m —b;
Zl{mb moda]}f< aj )

The corresponding Dirichlet transforms L act by weighted composition on generating series. A
unified spectral calculus would classify such arithmetic systems according to whether their backward
operators are quasi-compact, admit meromorphic decompositions, or exhibit a spectral gap on suitable
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Banach geometries. This analytic classification parallels the dynamical trichotomy into terminating,
periodic, and divergent regimes.

In the Collatz case, the results of this paper yield a complete spectral resolution of the backward
dynamics. The operator P and its Dirichlet realization Ls together provide a model of an arithmetic
transfer operator in which analytic continuation, spectral gaps, and decay of correlations follow from
explicit Lasota—Yorke estimates on Bee . The contraction of Ls for $(s) > 1, combined with the
bound A1y < 1 on Biree,r, ensures that P is quasi-compact with a strict spectral gap. Consequently,
the associated dynamical Dirichlet series admit uniform pole-remainder decompositions, and the
invariant density exhibits an averaged 1/n law: its block averages satisfy

1 c -
¢j = — Y hn) = =+o(67),
b6 nel; 6

which corresponds to the mass distribution behaving like ¢/7 to leading order on each block Z;.
Boundary spectral geometry and parameter optimization Theorems 4.17 and 4.1 show that the Lasota—
Yorke inequality on Byee yields a strict spectral gap at the boundary ¢ = 1. A natural next step is to
optimize the parameters («, 9) defining the tree seminorm and to determine whether Biree is minimal
or universal among Banach geometries admitting contraction. A quantitative study of

[Pfllree < Cp(Alfltree +11fl1)

may reveal how A depends on ¢ and how this dependence reflects asymmetries in the Collatz preimage
tree. Showing that A(¢) — 0 as ¢ — 0 would relate analytic contraction rates to the combinatorial
entropy of inverse trajectories.

Residues, duality, and forward-backward correspondence The residue coefficients Ay (1), which
decay geometrically as A¥, represent spectral invariants of the pole part of the dynamical Dirichlet
zeta function. On the forward side, the heuristic contraction (3/4)* describes the average shrinkage
of integers under iteration. A precise duality between these quantities would connect analytic and
probabilistic aspects of the dynamics, expressing average stopping times and fluctuations in terms
of the spectral radius of a normalized backward operator. Such a correspondence would yield a
forward-backward conservation principle linking termination statistics with spectral invariants.
Extensions and universality The multiscale tree space equipped with a hybrid ¢!-oscillation norm
provides a flexible analytic environment for nonlinear integer maps. Future work may examine metric
entropy, measure concentration, and universality phenomena induced by the tree geometry, seeking
optimal weights or identifying extremal systems among those with A < 1. Such analysis would
illuminate how nonlinear arithmetic recursions embed naturally into Banach geometries enforcing
global contraction.

Dynamical Dirichlet zeta functions The functions

gC(S/k) = ngl (Ck(f’l))s

belong to a broader class of dynamical Dirichlet zeta functions (1 (s, k) associated with iterates of arith-
metic maps with finitely many inverse branches. Spectral gaps govern their meromorphic structure,
and residues of their poles capture dynamical invariants. Extending this analysis to more general
systems would connect the present framework with Ruelle-Perron—Frobenius theory and the analytic
structure of dynamical determinants.

Broader outlook The spectral resolution of the Collatz dynamics developed here suggests a general
spectral calculus for arithmetic dynamics in which termination, recurrence, and periodicity correspond to
spectral features of noninvertible operators on Banach spaces of arithmetic functions. Future work
should clarify how universal the Lasota—Yorke mechanism is for nonlinear arithmetic recursions,
how arithmetic symmetries influence spectral gaps, and how probabilistic models of integer iteration
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emerge as weak limits of deterministic transfer operators. The Collatz operator studied here provides
a detailed example in which a complete spectral description is obtained through explicit Lasota—Yorke
estimates on a multiscale Banach space.
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