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Abstract

Optimal Order Execution is a well-established problem in finance that pertains to the flawless execution
of a trade (buy or sell) for a given volume within a specified time frame. This problem revolves around
optimizing returns while minimizing risk, yet recent research predominantly focuses on addressing
one aspect of this challenge. In this paper, we introduce an innovative approach to Optimal Order
Execution within the US market, leveraging Deep Reinforcement Learning (DRL) to effectively address
this optimization problem holistically. Our study assesses the performance of our model in comparison
to two widely employed execution strategies: Volume Weighted Average Price (VWAP) and Time
Weighted Average Price (TWAP). Our experimental findings clearly demonstrate that our DRL-based
approach outperforms both VWAP and TWAP in terms of return on investment and risk management.
The model’s ability to adapt dynamically to market conditions, even during periods of market stress,
underscores its promise as a robust solution.

Keywords: Optimum Order Execution; Deep Reinforcement Learning; TWAP; VWAP; returns; risks

CCS CONCEPTS

eComputer systems organization Embedded systems — Embedded systems — Redundancy;
Robotics; eNetworks — Network reliability.

1. Introduction

Optimal order execution addresses a fundamental question within the realm of finance: when
a trader possesses a volume denoted as V' of one or multiple financial instruments and intends to
execute trades (buy or sell) within a specified time horizon T, what strategy should be employed to
maximize returns while minimizing risk? The timeframe T can vary from minutes to hours, days,
months, or even years, contingent upon the investment horizon and other constraints at play. In most
cases, this problem is approached as an intraday trading challenge, typically encompassing a single
trading day. The central concept revolves around acquiring or purchasing a designated volume of
an asset, such as a stock, at a favorable price point and subsequently selling or liquidating all or a
portion of that volume when its price rises. This strategic maneuver results in profit for the trader.
The problem formulation has many applications in liquidation or acquirement of a volume [9]. In
this work, we focus on the liquidation of V volume aspect of the problem; we also discuss how the
proposed methodology can be extended to the acquirement problem.

The simultaneous execution of multiple assets also intersects with the domain of Portfolio Man-
agement [6], a discipline concerned with the selection and management of a variety of assets to achieve
long-term financial gains. Portfolio Management primarily revolves around the question of which
assets to include in a portfolio for optimal performance. It is important to clarify that this paper’s focus
does not extend to the realm of Portfolio Management. Instead, our scope is limited to the assumption
that the portfolio comprises only a single asset, and our objective is to determine the ideal execution
strategy for this specific asset. In our analysis, executions occur at one-minute intervals within the
trading hours of the day, spanning from 9:30 AM to 4:00 PM, New York City Time, encompassing a
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total of 390 trading minutes. It is worth noting that during certain intervals within this timeframe,
traders have the discretion to abstain from executing trades or selling any portion of the volume (hold),
opting to retain their positions.

Order execution, as previously discussed, constitutes an optimization problem between Return
and Risk. Specifically, it involves the delicate equilibrium between 'market impact,” arising from the
execution of a substantial trade volume within a short timeframe, and "price risk,” which is the potential
for missed advantageous trading opportunities due to slow trading [9]. Within the designated time
horizon T, there exist practically countless methods for executing an order. These approaches range
from rapidly liquidating the entire volume, trading at a leisurely pace, to executing trades in a purely
random manner. However, it is crucial to recognize that overly arbitrary trading strategies can lead to
unfavorable outcomes, such as failing to meet the deadline for completing the order within the time
horizon T or overlooking valuable market opportunities. Consequently, it becomes evident in this
work that overly simplistic strategies, such as TWADP, are inherently flawed.

1.1. State of the Art

Some model-based solutions are adopted to tackle optimum order execution [1,2,4,8]. In these
works, mathematical models are built using past market data to help traders predict the ideal trading
volume at a given time for optimum order execution. However, these models often rely on strict
assumptions about market behavior, such as linearity in permanent market impact and transaction
costs. [3]. These models are significantly weak in different markets including a difficult market
condition, otherwise called a Stressful Market Condition, and also for volatile markets, e.g., mid and
small market capitalization (from now on, we will call it caps). Other simple yet famous and widely
used models are TWAP (Time Weighted Average Price) and VWAP (Volume Weighted Average Price),
which are discussed later in detail. However, these methods also take in strict assumptions making
themselves weak in different markets.

Deep Reinforcement Learning (Deep RL) [26] combines deep learning [21,25,33] and reinforcement
learning [23,38] principles to create self-learning algorithms that can make decisions by interacting with
their environment. By using deep neural networks to interpret high-dimensional data, such as images
or videos, Deep RL can handle complex tasks and large state spaces that traditional reinforcement
learning methods struggle with. The model learns to map states to actions by receiving and maximizing
rewards through trial and error, allowing it to adapt and optimize its behavior over time.

The success of Deep Reinforcement Learning is celebrated in different domains of research and
industry. It is being applied in Economics [10], Autonomous Driving [11,13,24,34], games [29,41], real
world complexities [30], neuroscience research [37], etc. Superhuman-level accuracy is received for
many of these applications. Because of its sequential decision-making skills, Deep Reinforcement
Learning also is a favorable solution in optimum order execution.

In many publications, the order execution problem is called a ‘two-fold” problem, where the
goal is to fulfill the whole order within the time window as well as either maximizing the gain or
minimizing the loss. However, they do not consider how to simultaneously achieve both maximize
the gain and minimize the loss while fulfilling the whole order. The trade-off between risk and return
is fundamental to finance, and ignoring this fact can lead to large inaccuracy from the real market.

In [40], Yamada et. al. worked on Tokyo Stock Exchange (TSE) for a span of 29 months to study the
factors that cause a market impact. In [32], Nevmyvaka et. al. worked on a single but important aspect
of the entire problem: the transaction price. In [18], Ghosh et. al. examined the goal of minimizing
transaction costs, including the costs of legal decision-making.

In [31], Nevmyvaka et. al. used Reinforcement Learning in Optimum Order Execution on a large
scale for the first time. They also worked on Deep-Q Learning [39] where the action space (here, action
resembles the trade) is discrete. Thus, it can never fully imitate the real market where the trading
volume can have any possible value. In [27] Lin et. al. worked on an end-to-end optimum trade
execution framework with Policy Gradient Reinforcement Learning. However, their model was not
robust enough and was outrun in performance by statistical models like TWAP and VWAP in some
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cases. They also failed to share how their model could behave for volatile assets, and they only worked
on large caps market capitalization where the markets are much stable. Furthermore, their models are
trained with only last minute of market data. In our work, we have trained our models with last 10
minutes of market data. The significance of this action is discussed later in this study.

In [14], a seminal work is done for goal based wealth management problems, which can be applied
in Optimum Order Execution. However, here the time horizon usually is much longer - generally in
years. Moreover, the work is done on G-Learning, which is a probabilistic extension of Q-Learning. As
mentioned above, Q-Learning can never fully emulate the real market.

In [16] Fang et. al. worked on Order Execution using a more advanced Policy Gradient Method.
The current work’s advanced Policy Gradient model is developed as in [16]. The work in [16] also
introduced a penalty term in their Loss Equation in order to check the Risk involved under control.
The current work’s Reward and Loss equations are also influenced by the work in [16]. However,
unlike the current work which is also studied in stressful markets, the work in [16] never mentioned
if it has been studied in volatile market conditions. Their work predates the Covid period and was
studied in Chinese Stock Market. Our work also examines the models in stressful markets like Covid
periods and Inflation+War (and also, downfall of Meta) in the US market. The models in our work
are more robust than any other works that we came across. Furthermore, despite adding the penalty
term in the loss equation, the work in [16] never shared how their models behaved to mitigate the
risk- something which is studied and examined thoroughly in our study. Lastly, some big strategic
differences are: unlike the work in [16], the current work takes last 10 minutes of market data for
training. Also, the current work, despite developing stock-specific models, also considers other similar
markets under consideration. For example, for the training of a model for AAPL, the market data for
FB, AMZN, MSFT, IBM and goog are also fed into the model as inputs. Significance of these strategies
is discussed later in the study.

1.2. A New Approach

In this subsection, the novel aspects of the present work is discussed. It is also briefly mentioned
why the model generated from the present work is more efficient than the other state-of-the-art models.

1. As mentioned earlier, the models generated in the present study yield better results than any
other models we came across,

2. The final goal of the present work is the execution of the entire order within the time horizon
while simultaneously maintaining both high return and low risk.

3. Unlike other works, the models generated in the present work are tested not only for Large
Caps, but also for Mid Caps, Small Caps and ETFs. Furthermore, whereas the other state-of-the-art
models are majorly tested only in Normal market conditions, the present models are tested also in
stressful market conditions. The returns yield from the present models are tested in 72 different market
conditions: (6 Large Caps + 8 Mid Caps + 8 Small Caps + 2 ETFs) in 3 different market conditions. The
market conditions include the stock market crash due to Covid-19 [20,28,35], a global inflation [19],
and war in europe [5,12,17]. We also closely studied the effects of the plummeting price of FB stock
price because of covid, pandemic, lawsuit against Meta (the parent company), etc.

Moreover, associated risks of the present models are tested in about 15 different market scenarios.

4. The present models are fed with the last 10 minutes of market information. The strategic
advantage of it is in this way the models can grasp a better picture of the market. We found that
feeding fewer minutes of the data can lead to inaccurate prediction of the market by the models, and
feeding more minutes of the data can result in vanishing gradient and unnecessary complication in the
training process.

5. The models are stock-specific. But while training a model for a particular stock, we also fed
data of other relevant stocks into the model. For example, while training the model for AAPL (a Large
Cap), we also fed data from MSFT, FB, IBM, goog and AMZN (other 5 Large Caps) into the model.
There is a strategic advantage of this decision even though this makes the training and prediction more
expensive. Looking at only a specific stock can lead to overfitting. For example, on a particular day a
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particular stock is facing a bull market whereas other relevant stocks are facing bear market. Training
a model with market data from only the particular stock can lead to a false sense of market. However,
training the same model with a cumulative market data from the particular stock and the relevant
stocks can lead to a much better prediction of the market.

2. Problem Formulation

For simplicity in this work, it is assumed that the Time Window T is composed of discrete time-
steps: {0,1,..., T — 1}. Each of these time-steps has a corresponding price of stock. Thus, there are
prices of the stock: {py, p1, ...pT—1}. Here, p; refers to the price of the stock at time t € {0,1,..., T — 1}.
At this time-step ¢, the trader proposes to sell a volume v;; which will be executed at time t + 1 ata
price py41.

The final goal is to have maximum revenue or return from this problem. Thus the objective can
be written as,

argmax L/ (0p41 - pry1), st E o=V, 1
01,02,-/0T—-1
where V is the total volume of shares or initial order volume.

One must remember, v; must not be too high. Quantitatively, v; should be significantly fewer

than the corresponding rest of the market sale. Thus, the problem statement is extended to:

argmax Zth_Ol(th “Pry1), st Zth_Olth =V, and v < My, )
01,02,--,9T—1

where V is the total volume of shares or initial order volume and M; is the total market sale
volume at time t. And the task of the model is to find the values of v1,v5, ..., v7_1.

3. Methods

In this work, 3 models are used and their results are compared. These models are:
1.TWAP or Time Weighted Average Price

2.VWAP or Volume Weighted Average Price

3.DRL or Deep Reinforcement Learning

3.1. TWAP
v

For TWAP, the entire Order is evenly distributed throughout the entire time window T. So, v = 7,
where T = 390 in this problem. The p; is calculated as the TWAP price. The TWAP price at a time ¢ is
calculated as follows: Pt P 4P

Pl = % 3)
where Py, P, Pc are the High, Low and Close Prices respectively.

The final TWAP Price, that is the price at which the orders will be executed, is as follows:

Prwap = Lico Prwa P%)VAP. (4)
T

However, TWAP is a model based method and can be largely presumptuous to impractical
assumptions. For example, evenly distributing the entire Order throughout the day can lead to a poor
execution. There are always minutes on a day when the price of the stock is much higher than average.
Selling more stock than the v at these minutes can be lucrative. On the other hand, there are also
minutes on the day when the price of the stock is lower than average. And it is better to sell less (or,
even hold) at those minutes.
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3.2. VIWAP

VWAP method is more advanced and more complex than the TWAP method. The idea behind
the VWAP method is very practical. It considers the volumetric weighted average of the price over the
simple average of the price.

(1)
Y (P x Vi
PX(/tIZVAPz ( Tgaz)t). 5)

VWAP method distributes orders in proportion to the (empirically estimated) market transaction
volume in order to keep the execution price closely tracking the market average price ground truth
[16].

However, just like TWAP, VWARP is also model based and can be largely presumptuous to
impractical assumptions. For example, as one has no way of knowing the future market data of the
rest of the day, empirically estimating the proportion for VWAP can be erroneous.

3.3. DRL

The Deep Reinforcement Learning (DLR) method is a natural choice for this study because of its
sequential decision-making properties. With its non-linearity and Universal Function Approximation
capacity, a Deep Learning model can imitate the market, the relationship between the market and
the trade, previous trades, etc. without impractical assumptions. Note that liquidity (defined as the
measurement of the ease at which an asset can be bought/sold) is a multidimensional beast [36], and
so is the market. One needs superhuman capability to consider and take into account all of the factors
influencing liquidity and the market. Hence, Deep Learning is a favorable choice for this problem.

As shown in Figure 1, the 2 inputs are: (i) Public Variable, (ii) Private Variable. The public variable
is a tuple of length 10 which includes the market information of the last 10 minutes of that specific
day. The private variable is a combination of 2 tuples, each of length 10 which includes the last 10
trades made by our model on that specific day and the last 10 minutes of that specific day respectively.
For the first 9 minutes of a day when one does not have the last 10 minutes of market information
and last 10 trades, the tuples are made with the available market information or trades by the trader
and some 0s to make them tuples of size 10 [22]. In the Inference Layer, the outputs of the LSTMs are
concatenated. The action from the Actor sub-network of the Actor-Critic gives us information on what
fraction of the original volume we need to sell now. So a; = U—Vt, where 4; is the action at time ¢.

Public Private
Variables Variables
LST™M LST™M
k2
Inference
Layer

(.| S) aesy

Figure 1. Schematic Diagram of Deep Reinforcement Learning Model used in the present study.

The LSTM component incorporates an initial CNN layer responsible for dimensionality reduction.
It is subsequently followed by a Fully Connected Layer, an LSTM layer, and two final fully connected
layers. The ReLU function serves as the nonlinearity employed. The Actor-Critic networks constitute a
unified model consisting of multiple Fully Connected layers (ReLU is the nonlinear function utilized).
The output of the last Fully Connected layer is inputted into both an actor head and a critic head. To
obtain mu and sigma from the actor head, which are then employed to acquire the action sample from
a Cauchy distribution, the sigmoid and softplus nonlinear functions are employed. In the critic head, a
Fully Connected layer with an output size of 1 is employed to determine the State Value C(S;). The
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State Value reflects the present market state’s level of desirability. The learning rate used is 0.0001 and
optimizer is Adam.
The Reward Function consists of 2 parts: positive reward and negative reward. The equation is:

Rt(St, [lt) = Rf(st,at) + R; (St,ﬂt), (6)
Ri(st ar) = (% —Day — alar)?, @)

here, p denotes the average price of that particular stock on that particular day. The first part of
the equation informs that when the price of the stock for the next minute or p;; is higher than the
average price p, the trader needs to sell higher with high 4; in order to have a higher reward R;(s¢, a;).
This resembles the Return part of the problem. So, the trader wants to increase his sale and have
a higher Return when the market is ‘good’. The second part of the equation resembles the Risk or
Market Impact. Here « is a function on a; that resembles market impact for a given trade. The risk’ is
discussed in detail later.
The Policy Loss is:

7T9(“t|5t)

L,(0) = —E
r(®) oy, (al5t)

A(st,ar) — BKL[7tg,,, (st), 7o (arst)] |- (8)
Here, 0 is the current parameter of the policy network. 8, is the previous parameter before the
update of the weights. A(st, at) is the estimated advantage calculated as:

A(st,ar) = Re(st, ar) + Vo (ss41) — Vo(st)- ©)
The Value Loss is:
Lo(0) = E[[|Vo(st) — Vi||2]- (10)

V} is the expected cumulative future reward.

The KL is the KL divergence between the old and current policies. § is a user defined parameter.
B depends on how the training process is going. A very small value of it can terminate the training
process very soon, and very big value of it can unnecessarily complicate the weights update as the
L, will become very high. For our project, we chose L, € [10%,10°]. B can be adaptive. However, we
tested that making it adaptive does not make much of a difference to our final results.

The Total Loss is:

L(8) = L, + ALy (11)

Here, A is also user defined parameter and it also depends on the training process. A very small
value of it can terminate the training process very soon, and very big value of it can unnecessarily
complicate the weights update as the L(#) will become very high. For our work, we have A € [10,100].

4. Results

In this section, the results of the present work is discussed. The first subsection of the work talks
about the returns from the present models, and the second subsection examines the associated risks.
However, before studying the results in details, the datasets must be well studied.

For our work, we chose 6 Large Caps, 8 Mid Caps, 8 Small Caps and 2 ETFs (Exchange Traded
Funds- a basket of other stocks, which can also be traded like dividual stock). The size of the Large and
Mid Caps datasets is 2 years (2020 April — 2022 March). The size of the Small Caps and ETFs datasets
is 1 year (2021 April — 2022 March).

Figure 2 shows how the datasets are divided into 1 training and 3 testing phases. The 3 testing
phases are Covid time (1st spike for Large and Mid Caps; 2nd spike for Small Caps and ETFs), Normal
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Market Condition and Inflation+War. Of them, the Covid spikes and Inflation+War are stressful market
conditions.

For Large and Mid Caps (2 years of Data)

1 ] 1
Test in Covid 1st Spikey Train g TestinNormal  Test in Inflation+War >
2020 Apr - 2020 Sept I 2020 Oct - 2021 Sept 12021 Oct - 2021 Decl 2022 Jan - 2022

1 1 1 mid March

(@)
For Small Caps and ETFs (1 year of Data)
1
Test in Normal  Test in Inflation+War

2021 Nov, Dec 1 2022 Jan - 2022
1 mid March

]
est in Covid 2nd Spikey Train
2021 Apr - 2021 May I 2021 Jun - 2021 Oct

' )

>

Figure 2. (a) The Datasets of Large and Mid Caps are divided into 4 parts from April 2020 to mid March 2022. (b)
The Datasets of Small Cap and ETFs are divided into 4 parts from April 2021 to mid March 2022.

4.1. Returns

Table 1 shows the performance improvement by VWAP and DRL in the different testing conditions,
keeping TWAP as benchmark. Along the rows, there are 6 Big Caps, 8 Mid Caps, 8 Small Caps and
2 ETFs respectively. Along the column, there are VWAP in Covid, DRL in Covid, VWAP in Normal
Market, DRL in Normal Market, VWAP in Inflation+War, DRL in Inflation+War. Here, performance
improvement of x refers to performance improvement of 0.01 x x% over TWAP.

It can be calculated that for DRL, an average increment of performance over TWAP = 0.1779%,
and an average increment of performance over VWAP = 0.0342%. It must be mentioned that, for some
stocks, for example AAPL during Covid, the performance improvement of VWAP over TWAP is in
negative. This means that here TWAP outperforms VWAP.

It can be argued that percentage improvement in return over VWAP and TWAP may not properly
represent the perfect image of the monetary gain over the model based methods by the DRL models.

To eliminate this confusion, we also have calculated the monetary gain in $USD by the DRL
models over TWAP and VWAP for the test market conditions. In Table 2, the results are depicted
for AAPL (Large Cap), GDS (Mid Cap), ACMR (Small Cap) for the 3 market conditions. Here, the
assumption is that the trader has 100,000 of each of the mentioned assets and the trader wants to
liquidate them on a day randomly chosen from each of the 3 testing periods. The trader uses TWAP,
VWAP and DRL method to liquidate each of the asset volumes.

The algorithm for the calculation of the monetary returns is explained in Algorithm 1.

As shown in the Table 2, DRL methods lets the trader earn much more than the model based
methods. One interesting thing to note is that the monetary gain with DRL over VWAP is more than
that with DRL over TWAP for AAPL on all the 3 testing days. It again confirms that for AAPL, TWAP
outperforms VWAP. The Table 2 also confirms the failure of TWAP method for Mid and Small Caps in
all of Normal and Stressful Market conditions.
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Table 1. Performance improvements for VWAP and DRL keeping TWAP as benchmark.
Stock VWAP DRL VWAP DRL VWAP DRL
Covid Covid Normal Market Normal Market Inflation+War Inflation+War
AAPL  -0.009 6.3161 1.59 2.68 -0.027 0.59
FB -0.004 4.57 -0.03 0.79 -0.009 10.02
IBM 0.068 1 1.67 2.82 0.056 0.71
MSFT  -0.009 2.434 1.61 2.44 -0.015 0.77
goog 0.957 3.063 1.16 1.72 4.3 5
AMZN  0.104 5.175 2.5 3.05 0.48 1.1
GDS 5.65 11.56 17.9 18.58 9.68 10.46
LECO 45125 47.3287 51.97 55.06 51.97 55.06
FLEX 1.18 4.18 5.6 6.2 1.66 2.53
OLLI 3.95 19.51 13.29 13.9 6.05 7
SFIX 1.44 11.01 35 10.9 0.32 7.63
AMBA 33.8 34.46 20.94 24.38 20.36 30.12
ARES 149 16.9 31 314 17.68 18.31
VO 8.8 10.2 12.5 13 5.18 5.72
PRTS 16.178 17 25.368 26.69 17.83 21.77
PUBM  23.09 29.56 11.8 20.63 9.1 12.74
INSG 5.168 7.06 9.48 11.62 11.43 13
APPH 7.48 13.64 10.55 12 27.73 28.86
PERI 0.63 37.603 34.2 36.5 27.73 29.03
ARLO  26.07 27.02 38.68 46.45 17.26 17.71
ENDP 3.31 9.74 6.14 8.1 2.82 7.53
CVLT 56.44 58.57 89.64 90.69 71.49 72.01
NDAQ 12.8 14.47 20.3 20.8 13.44 13.88
DOW 0.1 0.8 1.47 2.27 0.1 0.72
Table 2. Improvements in Returns in $USD w.r.t. TWAP and VWAP by DRL.
Stock Covid Normal Market Inflation+War
TWAP VWAP TWAP VWAP TWAP VWAP
AAPL $55,000 $91,000 $237,000 $240,000 $45,000 $60,000
GDS $770,000 $80,000 $830,000 $30,000 $530,000 $50,000
ACMR $4,830,000 $40,000 $6,100,000 $40,000 $4,170,000 $50,000

4.2. Market Risks

One important aspect of this work is that unlike many other works, the market risk is taken under
scrutiny. As mentioned earlier, even if the market is favorable for selling, the trader should not sell
huge volume at a time in order to avoid market impacts. Different reasons behind market risks and
different techniques to analyze them are explained in [15]. The reason why market impact is bad as it
can lead to price slippage [7]. Price slippage is the sudden change in the price of the stock because of
its buy or sell. When a buy order is placed, the price can increase due to higher demand, especially in
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Algorithm 1: Calculation of monetary gain by DRL over TWAP/VWAP

Input :[UTwAP, VVWAP, UDRL, PTWAP, PVWAP, PDRL] = array|array]
Output: [earningrwap, earningywap, earningpry | = array][float]

time_horizon (T), Volume (V), t = 390, 10°, 1
earning_ TWAP, earning_ VWAP, earning_DRL =0, 0, 0

while t < 390 do
earning TWAP +=v_TWAP[t] * p_TWAP[t] * V
earning VWAP +=v_VWAP[t] * p_VWAP[t] * V
earning DRL +=v_DRL][t] * p_DRL[t] * V
t+=1

limited supply conditions or when multiple players are also buying, while a sell order can cause the
price to decrease, which intensifies with higher order volume.

To reduce the possibility of slippage, a penalty term in our reward function is introduced, as
stated in equations (6) and (7). This is the second term of the reward equations. The principle of the
penalty is that the quadratic power of it starts converging the total reward R¢(s¢, a;) as the action a;
starts to increase. It must be reminded that the action resembles the volume getting sold at time ¢.

There are different ways of visualizing the Risk involved. In this work, 3 approaches are taken.
For all of the approaches, the assumption is that the trading agent sells 1% of total market sales. 3
instruments are chosen for 3 market situations:

1.AAPL (Large Cap) during Inflation+War (stressful market),

2. FLEX (Mid Cap) during Covid 1st spike (stressful market),

3.ENDP (Small Cap) during Normal Market Condition.

All of these results are in comparison to the VWAP method. And each of the studies are done for
20 trading days from the respective time period.

Figure 3 shows the most ‘extreme minutes’ for the mentioned instruments, representing the
minutes of the 390 trading minutes with the highest trade volumes on each of the 20 days. The
‘extreme minute’ can be different for VWAP and DRL since VWARP often trades heavily at the first and
last few hours of the day, while DRL does not follow this pattern. High trade volumes during the
extreme minute can lead to significant Market Impacts, which is undesirable for both VWAP and DRL.

FLEX during Covid 1st Spike

‘Maximum Volume Sold of all the Minutes on a Day

ENDP during Normal Market

Figure 3. Maximum Volume Sold at a Minute of all 390 Trading Minutes by VWAP and DRL for (a)AAPL during
Inflation+War, (b)FLEX during Covid 1st spike, (¢)ENDP during Normal Market

However, as shown in Figure 3a, the extreme trades by VWAP are very high with respect to
that by DRL. For some days, the extreme trades by VWAP are about 50 to 100 times higher than the
corresponding DRL trades. For Figure 3b, the extreme trades by VWAP are also very high with respect
to the corresponding DRL trades. The performance by VWAP in Figure 3c is quite satisfactory except
for a few days where the extreme trades by VWAP are again very high.
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It is crucial to study the corresponding total market trades during the extreme minutes of VWAP
and DRL methods, as there might be instances where DRL faces more market impacts than VWAP due
to differences in their extreme trade timings and the corresponding total market trade volumes.

In Figure 4, the differences between the corresponding total market trades and the extreme trades
made by VWAP or DRL are studied.

FLEX during Covid 1st Spike

1

20 Trading Days

Figure 4. (Total Market Trade - Trade made by model) at extreme minutes by VWAP and DRL for (a)AAPL during
Inflation+War, (b)FLEX during Covid 1st spike, (c)ENDP during Normal Market

It is desired that this difference becomes significantly positive. This will mean that the trader is
selling significantly less than the corresponding total market trades. However, for Figure 4a, it is seen
that this difference for VWAP is a large negative. This means that VWAP ends up selling more than the
corresponding total market trades. Fortunately, this difference for DRL is positive. The performances
by both VWAP and DRL are positive in Figure 4b and Figure 4c.

AAPL during Inflation+War

FLEX during Covid 1st Spike

tegy)

20 Trading Days
a)

Figure 5. Average of (Total Market Trade - Trade made by model) during top 10% extreme minutes by VWAP and
DRL for (a)AAPL during Inflation+War, (b)FLEX during Covid 1st spike, (c)ENDP during Normal Market

In Figure 4, only the extreme minute for VWAP and DRL is considered, that is the minute of a day
when each of them makes the maximum trade of the day. However, it would be worthwhile to study
not only a single extreme minute but an average of some top extreme minutes of the day. In Figure 5,
the top 10% of extreme minutes are studied. The differences between the corresponding total markets
trades and trades by model for these top 10% of extreme minutes are calculated and at last an average
out of these differences are measured.

In Figure 5a, it is seen that the difference values for AAPL using VWAP is still negative. For all of
Figure 5a—c, we see a better performance by DRL than VWAP.

Lastly, the special case of FB (stock price of Meta) during the month of February 2022 is studied.

Because of the Inflation and War, FB price had been already declining. It started to plummet as its
parent company Meta was sued because of privacy concern on 16th February, 2022. This is why;, it is
called a special case. As stated in Table 1, the performance of DRL for FB during Inflation and War is
strikingly higher than that of VWAP (TWAP is benchmark model).
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In Figure 6, the decreasing green dashed line represents FB’s price for the day. Both VWAP
and DRL suggest trades well below the total market volume, indicating low market impacts. Both
strategies trade only 1% of the total day’s volume, ensuring minimal market impact.

FB on 2022-02-16
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' 5000
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Minute of the Day

Figure 6. FB on 16th February 2022 (not 100% in scale)

It can be seen that during the first few hours of the day when the price of FB was high, both the
models suggest to trade more. However, during the rest of the hours of the first half of the day when
the price was still relatively high, VWAP suggests to trade less. Because of its U-like shape, VWAP
again asks to trade more at the ending few hours of the day, when the price of FB is the lowest. DRL,
however, aligns perfectly with FB’s price, suggesting less selling as the price goes down and the least
trade at the end of the day when FB'’s price is lowest, resulting in a 0.1% performance improvement
over VWAP with TWAP as the benchmark.

5. Conclusions and Discussion

In this study, robust Deep Reinforcement Learning (DRL) models were developed and compared
to VWAP and TWAP in different market conditions for order execution. DRL consistently outperformed
both models, achieving high returns and low risk even in stressful and volatile markets. With the
strategies in section 1.2, the DRL models demonstrated a better understanding of the entire market,
allowing them to outperform VWARP significantly. For example, PERI (Perion Network- a small Cap)
received a bull market during Covid 2021. The price reached its all time high during this period.
However, almost all of the assets’ prices in Russel 2000 were plummeting. Developing a model from
only PERI’s data could turn out to be inefficient (performance improvement of VWAP over TWAP is
only 0.0063%). The respective DRL model, which could grasp a much better portrait of the market,
was significantly more efficient (performance improvement over TWAP is 0.38%).

While the DRL models consistently outperformed VWAP and TWAP in all test cases, the authors
acknowledge that their superiority may not be guaranteed in every situation.
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