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Abstract

In this tutorial we want to present a thorough overview about the well known technique known as the
Reaction Coordinate Mapping which is one of the most used theoretical tool in the context of Open
quantum system and Quantum thermodynamics of quantum systems which is not weakly coupled
to the reservoir. Here we discuss different aspects of the Reaction Coordinate mapping along with
detailed mathematical derivations for the Bosonic and Fermionic mappings which can be achieved
through the Symplectic and unitary transformations. In the later part of this article we discuss the
derivation of the Quantum master equation for the extended systems (System+Reaction Coordinate)
coupled to the residual reservoir in the weak coupling limit described by the usual Redfield Quantum
Master equation. We observe that though the dynamics of the Extended system is Markovian in
nature because of the weak coupling between the extended system and the Residual reservoir but
the Reaction coordinate transformation enables us to analyses the dynamics of the system which is
essentially non-Markovian.

Keywords: reaction cooridnate mapping; non markovian dynamics; single electron transistor; atom-
matter interaction; open quantum systems; lindblad master equation; markovian embedding

1. Reaction Coordinate Mapping

Let us consider the hamiltonian of the supersystem describing the interaction of a quantum
system coupled with a single bath described by,

H=H5+HB+HSB (@)
Hp =Y villm 2)
m
Hsp = §ng(ém+€:rn) 3)
m

The bath spectral function can be defined as,
Jo(@) =27} gnl*0(w — vin) 4
m

Let us consider an example of Reaction coordinate mapping before returning to the present context.
Let us consider a quantum system coupled to a bath which itself has infinite number of degrees of
freedom described by infinite number of bath modes (energy levels) with each of them is represented
by a harmonic oscillator. With 3 being any arbitrary system operator the Hamiltonian of the entire
supersystem i.e. system coupled to the bath can be written as,

N N . . Cm A
A= As() + 5 1 |+ v (50— 59) ©)
m

m
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In general the system Hamiltonian can be time independent. After decomposing the above Hamiltonian

we get,
N A 2 N N
H = Hs(t)+ 5%y -2 + Hp + Hsp (6)
m wm
N 1 . .
=3 T |+ ] ®
m
ASB = _SAZCmfm 8)
m
The usual commutation relations are,
(£, 2] = 0= [Pm, Pu] and [£, Pu] = iASynl 9)
Let us define the spectral function of the bath as,
T €2,
Jo(w) = 53 720w = vm) (10)
Vm

m

Now let us consider the Reaction Coordinate mapping which enables us to separate one of the modes
called the reaction mode or reaction coordinate from the infinite number of bath modes such that the
system is now interacting with that particular segregated reaction coordinate which in turn coupled to
the rest of the modes of the bath which we call residual bath modes. In this way we can visualise the
system is interacting with one reaction coordinate which is connected or coupled to the residual bath.
The situation after one such steps of Reaction coordinate mapping the hamiltonian will be as follows,

HAr = UzrAUL (11)
. . 6% 4 A . . .
Hp = Hs(t) + — o+ Hrc+ Hs—rc + Hre + Hre-re (12)
N 1|4 A
HArc = 5 [Pf + w%Xﬂ (13)
Hs_rc = —Ao5X1 (14)
N 1 A o
e =5 ¥ [P+ i3] (15
m#1
Hre—re = —X1 Y CuXm (16)
m#1

Az describes the Hamiltonian of the system after one step of reaction coordinate mapping which can
be treated as an unitary transformation of the Hamiltonian before the RC mapping i.e. . Now, the
exactness of the mapping which depicts the equivalence between the situation before and after the
reaction coordinate mapping is given by,

m m

The above reaction coordinate mapping can be visualized as a transformation from one set of nor-
mal modes (coordinates) say (%1, £2, ..., £u; P1, P2, .., Pn) tO ()A(l,f(z, v Xu; Py, Dy, ., Pn) defined by an
orthogonal transformation the later being required to preserve the usual commutation relations of the
newly defined normal mode coordinates. And as the bath has been represented by infinite number
of modes in a discreet sense then later we will take the thermodynamic limit i.e. n — co. Let us
define the following transformation X = A% and P = Ajp with a claim that A has to be an orthogonal
matrix which we are going to derive. From now on-wards we will use the natural unit system with
h=kp=c=1.
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R 20| = DT At 2085 =0 (19)
® B
similarly [PmPn] =YY Auulpp {f),x, ;aﬁ] =0 (20)
® B
{Xm/ pn} = ZZAmaAnﬁ [ftx/ ﬁﬁ] = iZEAmaAnﬁéaﬁ (21)
® B x B

|:Xm/ pn:| == iémn - ZAmzxAnoc == 5mn - Z tx(AT)vm = Imn (22)
o

Hence we can see that to preserve the commutation relations of the newly defined set of normal mode
coordinates i.e. (X, P/g) the transformation has to be orthogonal with AAT =
of orthogonality along with AgX; =

ATA = I. The condition
Y Cm%m leads to,
with X1 =) Aqu2a (23)
14
Ao ZAhxﬁa = chﬁ?a = A1y = Ca
® ®

(24)

MY AL =) cwith Y A, =1 =
4 o 4

=Y a (25)

Now applying the inverse orthogonal transformation by writing £, = Yy AwmXa and pp = Yy AamPa
the hamiltonian becomes

A 502 . s 1[4 o 1 5 . . .
A= HAg(t) + TOSZ — A0SR+ 5 [P% + w%X%} +5 Y [P,%, + wan,%J - X1 Y CuXom (26)
m#1 m#1
2
where 603 = Z 5—72” = Zvrg%zm (27)
m m m
The mathematical deduction of the above is as follows

second term: % Z {ﬁ; + 1/5132%1} — % ZZZAmAﬁmIs,xpﬁ + % ZZZVEnAWAﬁmX“Xﬁ
B

N\P—‘

sm -1

D PuPyup + 5 ZVA X2—|— 5 L 2 Vi XG
B m g1
; AtxmAlmXocxl + Z Z va AzxmAﬁmXaX/S

m D‘/S
aFp
1[4 A 1 N N A N
=3 [ %+w%x%] +5 ) {P,i +w%1X%1] — XlszXm
m#1

interaction term: §Zcm£m cmAamXe = S ZcmAlle +8§ 2 Z CnNamXa — )\OSXl
m g£1

ST A A 50% &2, 15 2 1 52 2 %2

with H — Hp = Hs(t) +—55 45|k +wi X3+ = 5 Yo P+ wn X | —

m#1

MoS%1— %Y C
m

(28)
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where we have identified the following,
003 = Zcfnvnjz
m
= Z U%A%m
ZVZAZ form # 1
for m # n we have ZVZAWAM =0
14
together we get ZVD%AWAM = wi&mn
o
Now, by using the definition of the Bath spectral function i.e. Jo(w) we can express the new parameters
mainly, Ag, w1, (50% in terms of the old bath spectral function i.e. the one we have defined before the
Reaction Coordinate mapping. Just to note that, Ay defines the new system-bath coupling strength
alternatively we can call it the coupling strength quantifying the interaction between the system and

the reaction coordinate. Similarly, wq defines the frequency of the Reaction coordinate. The idea is to
express the newly defined quantities in terms of the older (known) quantities. We have defined,

_TTy 2

= E;cm&(w — V) (29)
We get,
50} = E 10 (30)
=Z%=—/cm (31)
2 (% 2 e
Aw? = ;/o W o(w)dw = w? = W/o W Jo(w)dw (32)
2w 3]0( Jdw

wi = fo o (@) (33)

One important property of this RC mapping is the Scaling transformation property. If the interaction
coefficient ¢y, is transformed to ac;;, & € R before the reaction coordinate mapping then only Ag and
503 will be affected by this scaling transformation. To show it mathematically we can write,

AA1y = cm — AgA1;, = acy such that )\% =a? 26%1 (34)
m

202 [

=2 [ whiw)de (35)
T Jo
c2 _ 2042 [ Jo(w
00} = ZV—’Z” — ocZvazci =— 7]0((0 ) deo (36)
m m
2 A2 2 20°w] [ 20° W3
= vaAlm Nw? = Zv - wlo(w)dw = — Jo(w)dw  (37)
m 0 T Jo
w3 )d
w? = —fo Jolw)dw (38)
Jo wl(w

From the above calculation it is evident that the on site energy of the reaction coordinate i.e. w;
remains unaffected by the scaling parameter a. Similarly we can show that the new coupling coefficient
describing the coupling between the reaction coordinate and residual reservoir will be unaffected by
the parameter a. Now let us define the spectral function of the residual bath or residual reservoir as,
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Ji(w) = 262 (W — wm) (39)

Now the job is to express the spectral function of the residual bath i.e. J;(w) with the older bath
spectral function (one before the RC mapping) i.e. Jo(w).

Now we would like to extend the above idea of reaction coordinate mapping in the general
situation described by,

H= HS + HB + HSB
m

Hgp = §28M(ém + CAL)
m

Where, $ being any arbitrary hermitian operator corresponding to the system. An alternative scenario
of the system bath coupling can be described by,

Hep =Y (gmS'em + g55¢h) (40)

. In this situation $ is non-hermitian. Lets illustrate it by an example with the spin boson model
hamiltonian dsescribed by,

A = —UZ+vac cm—i—angm et e 41)

I+

i @&Z vaé* e + Z Q& e + g5, 07¢ (42)
The hamiltonians H; and H, describes the above two situations. The only difference between the two
hamiltonians is that for the first case scenario with H; does not commute with the total excitation
number operator i.e. Noxe = 070 + Yo é;rném which means that N,.. is not a conserved quantity in
this case. But in the second case we can write, [Hz, Nexc} = 0 which means that N, is a conserved
quantity which is the outcome of the Global U(1) symmetry. Now we can define the normal mode
coordinate transformation as follows,

o = Umg * B; + v,ﬁmﬁq (44)

This kind of transformation is called a symplectic transformation. There is another way to define the
transformation defined as,

Em = Umgbg and cfy, = 13, b} (45)

The difference between the transformations of two kinds are noteworthy. In the first case the transfor-
mation mix up the creation and annihilation operators of the bath modes before and after the reaction
coordinate mapping where as in the second case such mixing doesn’t happen. The later case is just an
unitary transformation. The condition of unitarity and symplecticity are hereby imposed to preserve
the commutation (anti-commutation) relations of the bosonic (fermionic) creation and annihilation
operators.

Derivation of Symplecticity and Unitarity: For bosons and fermionic mapping case we must
have,

[5,,1,6”*} = Oyyn with [Ba,iag] = 0up (46)
+ +
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The condition essentially preserve the necessary commutation (anti-commutation) relations for the
bosonic and fermionic mapping case for the creation and annihilation operators corresponding to the
new and older normal modes. We have defined in general for any two operator A and B,

{A, B’} = [AB + BA] (47)
+
Now for the fermionic case we have,

{fm/ 611} = Z |:umlxun/8{btx/ bﬁ} + umavnﬁ{bm bﬁ} + unﬁvmix{bﬁ/b } + vmtxvnﬁ{gl BE}] (48)
ap
ap

Z |:(u)mix(UT)1xn + (U)mtx(”T)lxn = O:| — (50)
{6111; @+} = Z [umtxu;ﬁ{i}mg;} + vmtxvzlg{gtx; Bﬁ}] (51)

ap

= ; [(”)ma(”Jr)acn + (U)mtx(UJr)am] = Dmn = (52)
(53)
For the bosonic case the same calculation as above keeping in mind that the commutation relations

holds we get,
[6,”,6,1} =0 = 2 [ — (v)m,x(uT)m] =0 = |uo’ —ou’ =0 (54)

«

[6m, } ; [ - (v)ma(er),m} =Dmn = |uut —ovt =1 (55)

Summing up those results we can write

‘ uwol +ou” =0and uut o0’ =1 ‘ (56)

plus (minus) signs appears in the case of fermionic (bosonic) mapping case respectively. The mapping
enables us to achieve a reaction coordinate mapping of the following form given below with 14, Vi«
being real such that with a Bogoliubov transformation,

1[a b
Uma = 5 |:I;: + 11:1:| Ama (57)
17a b
Oma = 5 |:b1: - a:i] Ama (58)
we can establish a mapping of the following type,
H=Hs+Y vulhém+SY gu(lm+¢}) (59)
m m

Ag = Ug AUY, = Hs + wrbby + AS(by + 1) + Y wnbl by + (b1 +b7) Y ho(b + %) (60)

m#1 m#1
such that HR = HS + HRC + HszC + HRE + HRchE = HES + HRE + HRCfRE (61)
Hgc = wibiby, Hrg = Y wmbi,bm , Hs_rc = AS(b1 + b}) (62)
m#1
Hre-re = (b1 +61) Y hon (b + B,) (63)
m#1
Hext = Hs + HRC + HSfRC = Hs + wlﬁﬁal + )\é(@l + EI) (64)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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The exactness of the mapping is given by the condition that,
SY gm(em+ch) =AS(by +b]) = Aby+b]) =Y gu(ém+¢) (65)
m m

The above is true for both the bosonic and fermionic case. In order to prove further results related to
the symplectic case let us consider the relatively easy case of unitary mapping which is obtained by
putting, v, = 0. Then the transformations will be,

6m == um‘xz;[x (66)
Eyy = ta Dl (67)
[CAm,éﬂ = Zumauflﬁ {BQ,IAJE] = Zumufm = S (68)
+ aB + o
which gives Y (t)ma (4" )an = (Dmn = uu’ =1 (69)
14

Which gives the condition of unitarity which holds for both the fermionic and bosonic mapping. This
kind of transformation maps the hamiltonian H with Hy, such that,

H=Hs+Y vmchom+) (gm§+ém + g;;lsié;> (70)
m m
I
B = Op A0, = Hs + wibth + (A5 + A7S60) + Y comblibm + Y (bl + H015E)  (71)
m#1 m#1
Hg = Hs + Hrc + Hs_rc + Hre + Hre - RE (72)
HRC = wllAﬁBl , HszC = /\Smfl;] + )\*SABI (73)
(74)
HRE = Z wmﬁfnﬁm p HRC*RE = Z (hmBIBm +h:ni71l;jn) (75)
m#1 m#1
Now for the bosonic case with the unitary mapping from the exactness condition of mapping we can
write,

Y gmStem + g5 S¢h = ASThy + A*SbT = Aby = Y gumém , A*DT =Y gmeh, (76)

m m m
A2 {Blriﬂ = nggZ {CA%CAZ] = nggii% = Z \8m|2 = A= Z \8m|2 (77)

mn mn m m

Hg =Y vmhém — ZZvau%umﬁlef)ﬁ = va|um1|2f){f)1

m m « ﬁ m
+ Z Z vm\uma\zglf?“ + Z Z Umu,*mumlflll;l + (other terms ) (78)
m g1 m a#1
which gives|wi = Y v |t |? and Y viu|tma|* = wq for a # 1 (79)
m m

Now, we can write ,

Aby =Y guém with by = uj 10 gives Aujy = g (80)
m
2 _ lgml 2 2
[ |~ = A2 = | |A] w1:Z|gm| Vin (81)
m

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Let us define the bath spectral function of the original bath before the RC mapping as,
Jo(w) =27 ) |gm[*6(cw = vin) (82)
m

We can express the new quantities i.e. A, wj in terms of Jo(w).We can write assuming A being real that,

1 (o 0]

2 _ 2 _ L

2= Tlanl = gz [ () ®3)
1 (e 0]
R = ¥ lgulon = 5 [ whw)do (54
1 > Jo” wlo(w)dw
- dw =0 """ 85
w1 27T A2 ‘/0 w]O(w) w fooo ]o(w)dw (85)
with A being real we can also write that,
)\Bl = ngém = Zzgmumrxgrx = ngumllal + Z Z gmumtxgtx (86)
m m m m g1
on comparison A = Z SmUp with 2 2 gmum,xl;a =0 (87)
m m g1
A =A=) gty = A=Y Qultyn = Y_ Sl (88)
m m m

with ¥ |1 =1and A2 = Y |gm|* we get g = ng (89)

m m

Now for the fermionic mapping case, the above results will also hold but the mapping has to be written
in such a way that the fermionic anti-commutation relations are satisfied. We can write

H=Hs+Y vmchém+Y_ (gnd em+ gpetd) (90)
m m
Hgp = Z(gmaJrém + i) = Z(deﬁém — gdeh) 1)
m m

Fp = O AOY, = A+ wblby + Y wnblby + Ad'sy — AdbY + Y hblby — Y hibiBl,  (92)
m#1 m#1 m
For the fermionic situation the frequency corresponding to the bath modes can be negative as well .In
this case the above results will still hold along with the exactness condition of the mapping such that
with,
Y gmd em — Y grdem = Ad'by — Adb} (93)
m m

which leads to, A2 = Y, g%1 along with the condition of unitarity ), |1, |2 = 1. Similarly we can
write, A2wy = ¥, Vm|gm|*. In terms of the old spectral function Jo(w) we can write,

1 o0
e G 04)
Vo = Flgnfun = 5z [ whfw)de (95)
R [ wh(w)dw
w1 =57 /700 wjo(w)dw = T Jo(w)deo (96)

The above mapping is called fermionic particle mapping. Now lets come back to the discussion of
the symplectic mapping to be more precise the symplecticity imposed along with the Bogoliubov
transformation. The idea is to map the hamiltonian in the first quantized form i.e. in terms of position
and momentum operators with the fact that the transformation when written in terms of position

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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and momentum operators corresponding to individual bath modes it will become an orthogonal
transformation to preserve the desired commutation relations for the bosonic case. We have previously

defined that,
s Mam  baf o Dam ba
Cm = 5 |:le + am:|Amaba + 5 |:ba¢ am]/\maba (97)
. a by 1[a b .
C-rfn = |: bz: ] Amab+ [bt: - ﬂj:z :| Amabrx (98)

Now let us define the two sets of position-momentum operators corresponding to the old and new
sets of normal mode (coordinates). such that,

R [ 1/, R R . jw R
Xy = zvm(cm—i—cfn),pm:z 2m<c:rn—cm> (99)

o 1 /5 A 5 . fwm (5 A
Xy = oo (bm + b;) Py =i 7’" (b; — bm> (100)
From the transformation laws we can clearly see that the preservation of commutation relations require
that,
|:CWI/ Cn:| =0= Z [umavna - Umauna] =0 = Z (7 - af)AmaAmx =0 (101)
n m
Y Amalspa = 0form #n (102)
o
[cmc:rn] =1=Y [upe—0he) =1 = Y Ab =1 = Y Apala = S (103)
o o o
such that AAT = Tie AT = A1 (104)

So, the transformation is strictly orthogonal. Using the transformation laws we can write,

2, = /21m (cm te ) Z (um n vm> (Ba + B}) (105)

1 1
R Wy 2 A ~ R A . Am Vm 2
=~ \Um « « @

Wy

Now along with the transformation £, = ApmaX,y and Pm = ApmaPy we can write,

Hgp = Sng e+ ) = Sng (2vp) 2%y = SZcmxm with ¢, = (21/,,,) m (107)
m
. 1
Hp = ) vmlitm = 5 ) {ﬁfn +v3nfi] (108)
m m
1w, 1 s T 1 1o
5 L Pm= 3 L Y Amalwplalp =5 ) Pi = 3P0+ 5 ) P (109)
m [ o m#1
1 R 1
5 LVt = 5 21 v Ama AmpRaKp = 5 ZV A X+ S ZvaAz Xz (110)
2 mn 2 m a ﬂ m lX;ﬁl
+ Y Y A A XX+ Y Y VR AN RaXp (111)
m a1 moa patp
1 5.
= 5w S e 5 L wnXh+ X ) CuXi (112)
m#l m#1

1

mapping gives $ Y cputm = A0SX1 = SY_ gm(ém + &) = AS(by + bf) with A = Ag(2w;) 2 (113)
m m
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With the Bogoliubov condition the transformation laws can be written as,

_ 1 jvm Wa
2(,/% T ,/Vm)Am (114)

1 [ Vi [wy
Oma = 2( wil,( Vm>Am:x (115)

On comparison we can also write,

=Y v2A2, (116)

m
2 =Y VA (117)

m
Cy = ZU;AMAM (118)
AS(by + b)) = SY gm(em +¢) = A(2w1)?Xy = ng 20m) 22 (119)

m
ARw)Y2Y Ay = Y gm(2vm) 22y = A(Zwl)l/zAml = gm(2vm)'/? (120)
m m
%
8m [ Vm

A, =S 121
=S () (121

The above relation puts a constraint over the matrix element (elements of the first column) of orthogonal
transformation. Now from the orthogonality condition we get, Ayy Ay = mn We can write, with
Y A2, = 1that,

1 e 1 0

Nwy = 2y :—/w w)dw = |A? = /w w)dw 122
1 ;gmm a7/, Jo(w) o Jy Jo(w) (122)

2
Zv A2, and A%, 5\2 gives \2w3; = Zg (123)

1 o0
Nwd = 3 ), W Jo(w)dw (124)

1 0 f 3]0
2 _ 3 2 0

w] = 27r)\2w1/0 w’fo(w)dw = |w] = =l a))dw (125)

Now after transforming the Hamiltonian in terms of position and momentum operators i.e. (£, P)
and then making the transformation to the new set of coordinates i.e. (Xm, ﬁm) we can again convert it
back in terms of new set of creation and annihilation operators i.e. (bm, ) we can write,

N A . A1
A= H5+2vma*am+52gm(ém+a;) =Hs+3) [pm—i-v AZ] +SZcmxm (126)
m m

U (127)
. 1 1 R . N N
Ag = Hs+ 5 [Pl +w1X2} +5 ) [ 2 1 w?, ,—3—1] +A08X1 + X1 Y CruXin (128)
m#1 m
= Hg+ w1 bjby + Y, wnbbbm + AS(by +01) + (b1 +57) Y how (b + B}, (129)
m#1 m#1
Cm

where A = Ag(2w1) "2 , Iy = Cp(201) ™2 (2wy,) "2 = (130)

V (4wmwl)

In the above group of equations we have identified c;; = (2w )/ 2gy. Let the new spectral function of
the residual bath be,
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Ji(w) =27 h3é(w — wm) (131)

Now the next job is to express the Residual bath spectral function in terms of the old bath spectral
function Jy(w) which we will find for both type of mapping cases, the symplectic and unitary situations.
For establishing the relation between the new spectral function of the residual bath and the old bath
spectral function (the one before the reaction coordinate mapping) we can use two different techniques.
Let us consider the mapping between the two Hamiltonians H and Hy such that,

N N 1 ~

H=Hs+:) [ﬁ%—!—vﬁ(ﬁm — C’;s)z} (132)
2 = Vi
. o 0, 104 . 1 . . e o .
A = Hs + TOSZ +3 {Pf + w%X%] +5 Y [P,ﬁ + wanfn} —208%1 — X1 Y CruXim (133)
m#1 m

. 7T 7T

with Jo(w) = 5 Y cZ0(w —vy) and J1(w) = 5 Y C2o(w — wm) (134)
m m

1.1. Establishing the Relation Between the Spectral Function of the Residual Bath and the Old Bath After One
Step of Reaction Coordinate Mapping

Replacing the system Hamiltonian by the classical hamiltonian[1,2] of a generalised coordinate g
moving in a potential U(q) we can write a classical hamiltonian also by replacing the bath modes by
the classical position and momentum observables i.e. the canonically conjugate classical entities we
will get from the initial hamiltonian that,

p? 1 c2
Hy= 5 +U@) + 5 Y [P+ vidh | =g L cwon +0° L 5" (135)
2 2 m m m zvm

And the classical counterpart of the transformed hamiltonian (the one obtained after making the
reaction coordinate transformation) will be,
r_ 7T t% 00F 5 1[5, 2y2| 1 2 2 x2
Hi = 5 + U@+ 70" + 5 | PL+wiXi| + 5 ) | Pot+ wnXi | = AoqXs = X1 ) CuXin (136)
m

2 2.4

From (135) we can write the classical Hamilton’s equations of motion for g and x,; such that,

§j="P, = —BL;I(;’) + Y cmxm (138)

"
X = aa;i =Pm, Pm = —% = —v%xm + qcm (139)
Xm = Ppm = —vixm +gcm (140)

Let us define the fourier transform of any arbitrary function f(f) as,

f(z) = [ o; f(t)e#dt with I>(z) > 0 (141)

Taking the fourier transformation of (138) and (140) respectively we get,

—2°q(z) = —ag;q) + ) cn¥m(z) (142)
—22%(2) = —V2,%m(2) + cmi(2) (143)
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after eliminating Xy, (z) from the above equations we can write,
g - 0 | 410 g g, (4t
aq m w2m — 22 m wgn
2 24 SU ()
2~ Con ~ Cmq(z) aU(q)
_ om — =— 14
24@) + L a0 - L s % (145)
I au(q)
Ly(2)i(z) = ~ 231 (146
q
Where Ly (z) has been defined as a Fourier space operator defined as,
7 _ 2 2 Ca
Lo(z) = | — 2% + 605 — ; P (147)

Now using 134 we can write,

wl(w) .1 [ Jo(w)
1/2—22 7/ w2—22 _E/—oowfzdw (149)

Where we have used the property that, Jo(—w) = —Jo(w).It allows us to define the Cauchy transfor-
mation of the older bath spectral function Jo(w) defined as,

)= l/ @) 4, 3/ () g (149)
T ww—2z )y w*—z
Using the definition of the Cauchy transform of Jo(w) we can directly express the Fourier space
operator in terms of Wy(z) such that,

Lo(z) = —2% + 602 — Wp(2) (150)
[ 2%+ 605 — Wo(2)]4(2) = —algfl") (151)

Using the Cauchy residue theorem we can calculate the integral (149) by calculating the residue of the
integrand at the point w = z, a pole type singularity of order 1 such that,

72_[/000 Zgoﬁa;gdw = % x (7ti) X Resat (w = z) (152)
(w—z)wfo(w) 1

Resatz = (}}1312 @idw-2 —Jo(z) (153)

Wo(z) = iJo(z) with z = w + ie we get lig(l) Im [Wy(w +i€)] = Jo(w) (154)

We can write with, Wy (w) = lir% [Wo(w + ie)] Now the Fourier space operator can be further
€—

simplified by using the contour integral evaluation such that,
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(e} 2 o

with 603 = / Jolw dw we get Lo(z) = —22 + ; ]0 - /0 ZZIOEQ;E dw  (155)

-~ 2z [ Jolw o ] w ~
Lo(z) = —2% — 7/0 ﬁdw —22 [14— 7_(/0 ol 0 —>zz dw} = —22L(2) (156)

a 2 [ ( )
—/ dw = % x (7ti) x Res at (w = z) (158)
_ % (W—Z)]o(w) _ Jo(2) lfo( )
Resatz—élgw(w+z)(w_z) =57 = L(z) =1+ (159)
Lo(z) = —2*[1+ i%z)] =22 —iy(z) (160)
with z = w + ie we have Lo(w + i) = —(w +i€)? — iJo(w + ie) (161)
then lig(l) Im [Lo(w + i€)] = lig(l) [ —2we — Jo(w +ie)] = —Jo(w) (162)
Hence | Jo(w) = — lim Im [Lo(w + ie)] (163)
It is interesting to note that,

_ % /0 _fofuw)dw — 503 (164)

Now lets use the same set of tricks to find out the hamilton’s equations of motion from the transformed
hamiltonian Ay for g, X7 and X, for m # 1 from equation (136) we can write,

_ OHF
q= W =F, 4= (165)
. oHF au(
q q) 2
P, =— 3 = — 3 — 009 + Ao Xy (166)
X BHR =P ,X;=P 167
1= apl =P ,X1=D (167)
. OHF
P1 = _ﬁ = —(U1X] +m§1 Cme (168)
%= _p g op 169
m — W - m s m — m ( )
oHR
Py = ———t = —w? Xpm + CuXy (170)
90Xy

Altogther we write the equations for g, X; and X, for m # 1 as,

ou
j = —# — 0057 + AoXi (171)
X =-wiXi+ Y CuXum (172)
m#1
X = —w? Xy + CuXq (173)

Now taking the fourier transformation at both sides of the above equations we can write,
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2q() = =230 — 0037(2) + Ao (2 (174)

—22X1(z) = —wiX1(2) + Y CuXn(2) (175)
m#1

—22Xn(2) = —w?, X (2) + CuX1(2) (176)

Now eliminating X,,(z) and X; (z) from the above equations and expressing everything in terms of
the action of the Fourier space operator on §(z) we can write,

S Cm 551 (Z)
Xm(z) = w2 (177)
e 2 _ 2 Ch -
Xi(2)|wi =22 =) =" | = Aoq(2) (178)
m Wi —Z
A2 oU(q)
[ — 22+ 603 — 0 ] §(z) = —a%—w (179)
{w -2 =Y, m_zz} 7
Such that the above equation can be expressed as,
I au(q)
Lo(2)7(z) = __a<’7) (180)
q
. Where we have defined the Fourier space operator L(z) as,
~ A3
Lo(z) = =22 + 6003 — 0 (181)
w —z2— Zm w2, _22
By definition we have,
Ji(w) = 2 Z C2 o(w — wm)
Defining the Cauchy transformation of the Residual bath spectral function J; (w) as before with,
Wi(z) = 3 ” Md (182)
)y w?—zZ2
we can write )
Yoot =2 [ k= [ M —wi) (183)
— wg — 2 o w?-z T w—2z
Such that we can write,
- A3
Lo(z) = —2° + 6005 — 0 (184)

[w? — 22 — Wi (z)]

Due to the equivalence of the reaction coordinate mapping we can compare (151) and (179) we get,

/\2
—22 4+ 60% — e v W) = —22 4503 — Wy(2) (185)
/\2
Wo(z) = 0 186
olz) (w} — 22— Wy (2)] (186
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Let us define the transformed system renormalization term as,
CZ
SO =Y T =Y 0, 2C2 = / hiw), (187)
m m

Again from the definition of the Cauchy transformation of J; (w) we can directly write that W (0) =
2 e hlw) g, — 502 Such that in general we can write fori = 0,1,

T JO w
507 = W;(0)
From (186) we can write,
22
Wi(z) = @2 — 22 — 20 1
1(2) Wy —12 Wo (Z) ( 88)
The above equation along with the fact that, 52 = W;(0) we can find the relation between 6023 and
503 given by,
A3 A
60} = w? — ﬁ = |wi =603 502 (189)

Proceeding in the same manner as before we can write,lirr(lJ Im Wi (w + i€)] = J1(w) such that from
€E—

equation (188) we can write by replacing z — (w + i€) we get,

AZ
W €) = wh — )2 — ——90 1
1(w +ie) = wi — (w + ie€) Wolw +70) (190)
AW (w + ie)

W j€) = wi — w® —2i 200 — 191
1(w+i€e) =wi —w iwe + € Wolw £ i) (191)
A3Im [Wo(w + i€)]

W €)] = —2 0 192
m [W; (w + i€)] we + Wolw + )P (192)

A2 lim []I]m [Wo(w + ie)]}
lim Im [W (w + i€)] = 0 (193)
. {li_r>r(1)|W0(w+ie)|2}

Such that we can directly write,

AJo(w)
W) = o =5 (194)
Wy (@)[?
Now we can express the denominator of the above equation in terms of Cauchy principle value integral
and the old bath spectral function i.e. Jo(w). By definition,

2 [ W]y
)y w’—w

Wo(w) =

Such that we can write,

do’

Wo(w + i€) = l/w w]o(w’)

I — w — i)

:l/w Jo(W)(w' —@) 4 vy i1 / Jo(w € o' (195)

T J o [(W —w)?+ €2] —w)? + €2

Which leads to,

o / / 2
lim [Wo(w + i) > = [ W5 («) P = {173/ AT gt 4 [ofew)]? (196)

T Jie W —w

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202511.1317.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 18 November 2025 d0i:10.20944/preprints202511.1317.v1

16 of 39

Using the fact that the Dirac delta function can be expressed as a limiting form of the Lorentzian with
vanishingly small width such that,

— lim =6(w—d) (197)

Then we can finally determine [; (w) from Jy(w) using the equation,

/\%fo(w)

IPfdw Jol@) gyt |+ Uo(w)]2

Ji(w) = (198)

It is important to note that as pointed out before that the scaling transformation of c¢;, — ac;, with
« € R only affects A and 602 with the other quantities like w? and the spectral function of the residual
bath i.e. J;(w) remain unaffected by the scaling transformation. Now the transformed Hamiltonian
i.e. A can be expressed in terms of 6Qy and the modified system renormalization term 6Q)? by using
(189) and (187) as follows,

. N 003, 1 A3 1 . . o o .
HAp = Ag+ —282 4 [ + (607 + 2)x%} +- ) [P,i +w,2nx51] — 25X X1 Y CuXn
2 2 60 2 = o]
(199)
1[0 A3 5Qp a2] | 1 o 2/0  Cmgon2
=Hs+ = [Pl +502 (Xl—/\—os) ] +5 [Pm+wm(xm—w%1xl) } (200)

m#1

Now using the same steps we can find the relation between the spectral function of the resid-
ual bath and the spectral function of the old bath for the symplectic mapping discussed before
along with the Bogoliubov transformations discussed before. For the mapping between the two

hamiltonians achieved through the symplectic transformation with u,, = % [, / Z,—"; + 4/ ‘v"rs} Ay and

1 Ym __ W
= 2{,/% 1/Vm]Am,xwehave,

H=Hs+) vmchém+SY gm(cm+eh) (201)
m m

v 0, a2y 8
after decomposition Hs = Hg ' + §? ) v—m (202)

m m

2
A=A+ 8 Y vnehn + 8 L gu(en+eh) (203)
m m m m
. N 2 1 1 .
=AY+ Y [ﬁfn + 1222 | + Y et with ¢ = V20 (204)
m Vm m J m
U
X i
0) , a2y € L, 20| 1 52 2 %2 S o

Hr =Hg +§ ;ﬁ +5 {Pl + lel] +5 n;l _Pm + w2 X2 | 4+ AoSXy + Xy m; CnXm  (205)

Again by defining 602 = ¥, c2,v;,2 and the bath spectral function

2
Jsg(w) = 271ng — V) = n;f/—:é(w — Vp) using g = \/62%11 (206)

Then, again proceeding in the same fashion i.e. by replacing the system hamiltonian by a classical
coordinate § moving in a potential U(q) along with the replacement of the system operator S by g
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and the bath mode operators by usual position and momentum operators we can write the classical
counterpart of the initial hamiltonian and the transformed hamiltonian respectively as,

qu 005 5 1 2 2.2
H, = —+U(g)+—9 +qzcmxm+*z Pn + VinXm (207)
R qu (SQ% 2 1 2 22 1 2 2 32
Hif = SF+U(0) + 00+ doaXa + 5 | PR+ wiXf | + 5 Y|P+ @i Xp | + X1 ) CuXan
m=#1 m#1
(208)
Now the hamilton’s equations of motion for 4 and x,, from the hamiltonian H, will be,
ou

i+ 20 502 1Y e = 0 (209)

99 m
Xm + vixm +gcm =0 (210)

After taking the fourier transform of the both sides of the above equations just like before and then
eliminating x,, we found,

_ U (a)
K(2)q(z) = L;;q) 11)
o i 1 [° )
where K(z) = [_224—50%_;1/,2;22} - [—224—503— ;/0 (:‘2’2"(“2)014 (212)
K(z) = { — 22+ 603 — ;Wo(z)} (213)

Like before again we can define the cauchy transformation of Jsg(w) such that,

_ 2 [® wfsp(w) 1 [ Jsp(w)

Such that, the fourier space operator becomes, Ia(z) =[- 22 4+ 603 — %WO (z)]. Further calculation

using the fact that,
_ 1 [ Jsp(w) 1
2_\Vv 2,2 _ 1 _ 1
005 = Em CoVm™ = 7_[/0 ” dw 2WO(O) (215)
we get
. 2 1 [ Jsp(w)
o N p— R A */ _JSBA)_ 21
K(z) z7 |1+ L2 2 —22) z= |1+ 7 )y w(w2—zz)dw (216)

Further evaluating the integral using the cauchy residue theorem we get,
K(z) = [-2* —2iJsp(2)] (217)

and then replacing z — (w + i€) we get,

Jsp(w) = —%lig(l)]lm[l@(w—kie)] (218)
Jsp(w) = l% Im|[Wy(w + i€)] (219)

Now similarly from the Hamilton’s equations of motion of the transformed hamiltonian i.e. HZ,2 we

can write,
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ou
g+ —agq) + 0039 + AoX1 =0 (220)
X+ wiXi+ Ao+ Y, CuXm =0 (221)
m
X 4+ w2 X 4+ CnX1 =0 (222)
Taking the Fourier transform of both sides of above written equations we can write,

S Cm )?1 (Z)
X = 55 223
m(z) 22— Wl (223)
Xi(z) = — Aoi(2) (224)

[_7‘2“"1 Lo

Eliminating X,,(z) and X (z) and expressing everything in terms of §(z) we can write the operator
equation such that,

A2 oL (q) ~ )
240k - 0 i) = -4 Royae) = ~U@ (g
0 2 1 2 a 1)1 9q 1 9q
[ —z¢+ w1 — Zm m]
- A2
K(z) = [ — 22 + 6005 — 0 (226)
[_22+w1 me 722]
We define the spectral function of the Residual bath as,
CZ
Jre(w) = 7} —5(w — wn) (227)
m Wm
with, Wy (z) = 2 ;7 ‘(‘Zﬁcg‘zj))dw =171 I’fg Z)dw we can write,
- 2 2 )‘%
K(z) = {—z + 605 — (228)
0 [— 22+ w? — Wi (2)]
Where we have used the fact that,
w]rc(w 1
Zm — / wz — Zz d(,d = EWl (Z) (229)

Now we can compare (213) and (226) them such that with the exactness condition of the RC Mapping
we can directly write,

1 A3
2 2 2 2 0
—z-4+005— Wo(z)| = | —z°+ 005 — 230
0= 3ol )] { O[22 4wk Im(2)] (230)
1 A3
— -Wy(z) = 0 (231)
2 S T - W)
From the above equation we can write,
43
Wi(z) = =222 4+ 203 — 0 232
1(2) z° + 2wj o) (232)
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Such that with, 6QF = %Wi(O) for i = 0,1 we can write a slightly modified equation connecting
502 =Y, C3w,? and 603 such that,

2 o Af
503 = w? — =0 (233)
603
Then following the same method and with lirré Wo(w + ie) = Wy (w)we can write,
€E—
423 )sB(w)
Jre(w) = =020 (234)
Wy (@) 2

Now lets simplify the denominator part which can be written in terms of the older bath spectral
function and the Cauchy principle value of Jsg(w). We can write,

Wo(w) :% ]cif(i)d = Wolw +ie) = i/w % (235)
Wo(w + i€) / ]SB o ‘:),_:_J;le)dw’ (236)

lig(l) Wo(w +ie) = llg(l) Re |[Wo(w +i€e)] + zg}) Im [Wo(w + i€)] (237)
Ree [Wo (w + i€)] = % j; ]z’i (‘i’?d(,‘;’zl;;) (238)

Tm [Wo(w + ie)] = % /7 o; %dw’ (239)

we know 6(w — ') = lim

Hom = limﬂm[wo<w+ie>] =Jss(w)  (240)

Re [Wo(w +ie)] = 73 / Js(w (241)
2 2
then |W, (w)|* = 1111(1] [Wo(w + ie)|> = 1117((1J { (lRe [Wo(w + ie)}) + (]I]m [Wo(w + ie)]) } (242)
) / 2 2
— [7177)/_00 de’} + |:]SB(OJ):| (243)
Then we can finally write,
2
Jre(w) = Pofsn(e) (244)

[177f Lg(er) dw']z-i- [ISB(W)T

1.2. Equation of Motion Technique to Find the Relation Between the Residual bath Spectral Function and the
Initial Spectral Function for the Case of Particle and Phonon Mapping

The mapping visualized by the symplectic mapping is called the phonon mapping and the one
achieved through the unitary transformation is called the particle mapping. In this section we will
discuss the most general way to map between the spectral functions using the Heisenberg equation
of motion technique[3]for both the cases of phonon and particle mapping for both the bosonic and
fermionic case. First lets consider the situation for the phonon mapping.

1.2.1. Heisenberg Equation of Motion Technique for the Phonon Mapping
Phon mapping maps the two hamiltonians H and Hy, such that,
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H=Hs+Y vmihim+SY (hmim + 1,0}, (245)
m m
Hr = Ur AU = Hg + wibiby + AS(by + 57) + Y wbl b + (b1 + 8) Y (Hubw + H,b) (246)
m#1 m#1

Now for any arbitrary hermitian operator of the system say, A we can write the Heisenberg equation
of motion for it. We have,A(t) = /" Ae~H* such that,

=i AC] = TG0 = 80+ ir0) () + 5] 247
all) i)~ 5,500 s
dﬁ{;t(t) = ivydtl, (1) + i S (1) (249)

Where we have defined, $; = [Hs, A] and 5, = [$, A] and also keeping in mind that any arbitrary
operator O can be expressed in the Heisenberg picture such that, O(t) = e/#*Oe~"H! Then let us define
the Fourier transformation of any arbitrary operator P(t) such that,

P(z) = / P(t)e*dt with Tmz > 0 (250)

Taking the Fourier transformation of the both sides of the above equations we get,

I1,5(2)

izl (2) = —iVmAm(z) —ih;,S5(z) = dm(z) = “mt2) (251)
At e oA At _ hwS(2)
izdy, (z) = iVmdy, (2) +ihyS(z) = a4,,(z) = Ztvm) (252)

o i . . i e
izA(z) = i$1(z) + oy ;/ So (2 Vb (z — 2')dz' + = ;/ Sy (245, (z — 2')dZ (253)

It is important to note that, the operators 4,,(z) and 4}, (z) will not be hermitian conjugate anymore in
the fourier space and this is also true for by, (z) and b}, (z) as well. We can see that,

am(z) = / N A (t)edt (254)
at(z) = / " al (Hedt (255)
then [a,,(z)]" = /_ Tt (eHdt —s |at (—z) = [4m(2)]" (256)

To derive the last equation we have used the convolution property of the Fourier transform. Lets
illustrate it mathematically starting from the definition of convolution. In general the convolution of
two functions f(t) and g(t) is defined as follows,

(Fe9) =5 [ fgli=wdn @)

such that the Fourier transform of the convolution of two functions is the product of their individual
Fourier transformations. Such that,
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T[f*g] =+ N (f*g)ei“’tdt = % /oo /Oo F(u)g(t — u)e dudt (258)
217_[ [271 / g(t “"tdt} du = —/ F(u)G(w)e“"du (259)
where G(w) = 7 / g(t)e™!dt along with F.T[g(t — u)] = €“"G(w) (260)
— F.T[f*g| = G(w)F(w) with F(w / F(u)e“du (261)

Where in the last step we have invoked the shifting property of the Fourier transformation. So, thye
inverse fourier transformation of the product of the fourier transformations of the functions f(t)
and g(t) will be the convolution of the two functions i.e. (f * ). Such that, in the above mentioned
heisenberg equation of motion for A(t) we can write,

izA(z) = i81(z) + i—)‘ / N So(t) [by () + B3 ()] e dt (262)
with / So()by (£)edt = /Sz Vb1 (z — 2)dz' (263)
and / So ()bt (t)e*dt = n/SAz(z’)E]L(z—z’)dz’ (264)

Using the inverse fourier transfomation result with,

/ F(w)G(w)etdw = % / F(u)g(t — u)du (265)
Then substituting 4,,(z) and 4}, (z) from (251) and (252) and then substituting it back in (253) we can
write,
izA(z) = iS1(z) + i S Y, Mﬁ(z —2Nd7Z (266)
r T
| *vm 1 wjo(w)
with ;( )12 7 )y o) wzdw (267)
2 [* wl(w Jo(w)
and Wy(w) = = /0 w2 = 22 / — z (268)
izA(z) = i8(z /Sz / L()dw S(z—2)dZ (269)
2 (z—2')2 — w?
= - — /Sz WO z—2)8(z—2)d7 (270)
ZA(z) = /Sz Wo z—2)8(z —2)d7 (271)

It is important to note that, Jo(w) = 271 Y, [hm|?6(w — vy) and the fact that, lin}) Im [Wy(w +i€)] =
€—

Jo(w). Now applying the same set of Heisenberg equations of motion for any arbitrary hermitian

operator of the system as mentioned in this context A starting from the hamiltonian obtained after the

reaction coordinate mapping i.e. Hz such that we can write,
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d‘zgt) = iS1(t) +irSy () [br () + b} (1)] (272)

db;it) = —iwiby (t) —iAS(t) — i; [Hibo () + HLBE (1)] 273)
7t

DO b0+ 1800+ (ML) + Ha (1) o

Bnlt) — bt~ 113 1)+ B0 o

% = iwmby, () + iH by () + b (¢)] (276)

Again by taking the fourier transformation of both sides of the equations and then eliminating the
operators by (z), b} (z) and then by, (z), b}, (z) sequentially we can write the following equations.

izA(z) = i51(z) + zA/Sz(z bi(z—2') +bf(z—2')]dz (277)
izby (z) = —iw1 by (z) —iAS(2) — 1Y [Hubm(z) + Hjb},(2)] (278)
* 7 Pt 5 pt
bute) = - “’ifif ) ana ) - Mol <) -
, 2 )
Zbl (Z) = —w1b1 Z — ( ) + bl (Z)] (280)
) A Hp2wm .
by (Z) = — (Z n (U1) S(Z) + Z (wl |—|—Z)|(wc20 — ZZ) [bl (Z) + b-ll-(Z)] (281)
5 As Hp |*2wm 5 N
b2 = =S - L5 _'w1)|(w‘2" () + (2] (282)
bi(z—2)+bi(z—2) = 2Awi5(z = 2) (283)
{(z —Z)2— w44y, —(LHM ;]"';)lz}
Then we can write,
S 21 S(z—2)d7 (284)

A 1 (.
M@:&@+E/&&T@ZW im ]
o t 4y, Haae,

wi—(z—2')2

Now by defining J1(w) = 27 Y., |Hm|?*6(w — wy) and the Cauchy transformation of J1(w) as Wy (z)

by,
2 whi(w Ji(w)
Wi =2 [ M= L [ Bl (285)
Such that by invoking,
|Hm| wn 2wy /°° wh(w) B o
4w12 —G—72 " 1 Jo w2_(z_z,)2dw—w1W1(z z") (286)
we can finally write,
2
zA(z) = 51(z) + % / $(2) 2w S(z—2)dZ (287)
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Now by comparing (287) and (271) we can write that,
2
Wz —2) = - 2 (288)
(z—2')2 — w2+ wiWy(z —2')
, /\2 ZZ
. _ _ _ = 2
putting z' = 0 we get Wy(z) e +wq o (289)
Now by substituting z — (w + i€) we can write,
4N Jo(w)
hw) = ——=5 (290)
Wo' (@)

by using the fact that,lirrg) Im J;(w +i€)] = Ji(w) fori =0,1and W (w) = lir% Wo(w + i€). We have
€—r €—
already shown the identity for [W," (w)|? i.e.

Wi @) = [ 1 [ 2L dw’r+ [mw)r (291)
7T w —w
Such that, we can write, ,
() = W) (292)

prrta] ]

The result can be generalized by writing in terms of a recursive relation which relates the bath spectral
function at the present step with that in the preceding step such that,

liir(l)]lm[wn(w%—ie)] = Jn(w) (293)
2
Jns1(@) = () : (294)
1P |+ )
422 ], (w)
Jns1(w) = W (@) (295)

1.2.2. Heisenberg Equation of Motion Technique for the Particle Mapping in the Bosonic Context

Now we will derive the relation between the Spectral density function of the Residual bath and
that of the initial bath using the Heisenberg equation of motion technique in the case of the particle
mapping which maps the two hamiltonians F and Hy such that,

H=Hs+ Y vnlydn + 2 S + 1}, 54 ] (296)
m
H’R = GRHU% = HS + CUlEIBl + Z wmIS,‘;bm + /\[ I;l BH + Z [Hml;.{l;m + H:;,%B,L] (297)
m#1 m#1
With,
Jo(w) = 271; B *6(w = vin) (298)
Ji(w) = 271; |Hpy |20 (w — wim) (299)

Now for any Hermitian operator A for the system we can write the heisenberg equation of motion
with the hamiltonians H and Hy, respectively. Starting with the Heisenberg equation of motion with
A at the first place we can write,
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AW _ira, At)] and PO _ (8, a,(0)] (300)
dt dt
After substituting [ we get,
dA t A . At A . Pal ~
d—i) =iS1(t) =i Y hwS3am(t) +1Y 15, So(t)ah, () (301)
m m
d”;’;t(t) = il (F) — i, 8(8) (302)
daf, (¢ R
“l";t( ) it (1) + il S (1) (303)
Where in the above equations we have defined, [H S, A] = Sy and [§, A] = S, such that we can write,
[§+, A] = —S§}. And just to mention that any operator O in the Heisenberg picture is defined as,
O(t) = eHtOe~iHt (304)

Now taking the fourier transfomation of the both sides of the equations we can write with P(z) =
' P(t)e*dt for Imz > 0,
=

R R 1 A T owrs (o e
2A2) = $1(2) — 5 X / SV (=~ )i + 5 LI, / St (z—2)dZ (305)
m m
. &
120y (2) = —iVlm(2) — ih3,8(z) = dm(z) = S (2) (306)
Z+ Up
&t
iz}, (z) = ivpal,(z) + ih},St(z) = al(z) = h;”s—v(z) (307)
— Vm
h:S(z —2') huSt(z —2')
P Sy = _m ~t oy = tm
am(z —2") e and 4,,(z — ') E—— (308)
zA(z) = $1(z) + €L /ﬁz(z’) ZMSA*(Z —7')dZ' + €L /S”r(z') Zﬂﬁ(z —z')d7'
27 —z—z — vy 2 | 72 — 72—z 4+ vy
(309)
We can write ) -
—Z—VUp 0 2mz—w

. Now we can write the Heisenberg equation of motion starting from the transformed hamiltonian Hz
such that for any arbitrary operator O in the heisenberg picture we can write,

O(t) = efirt O~ 1Hr! (311)

such that fore the system operator A and for by and by, for m # 1 we can write the equations of motion
in the Heisenberg picture such that,
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d‘Z—it) iS1(t) +iASy(1)bE(t) —iAST ()b (1) (312)
dbcllit) = —iw by (t) —iAS(t) =i} Hubp(t) (313)
m
dbi (¢ . R X
Llit( ) _ iwi b3 (1) +iAST(t) +i Y Hy, b (1) (314)
m
dbgt(t) = —iwybm(t) — iHbi (1) (315)
it
% = iwy b}, (t) + iHy bl () (316)
Taking the fourier transformation we get,
zA(z) = $1(z) + 21 / S ()b (z — 2 )dZ — A / 83 (2)by(z — 2 )dZ (317)
T 2r
- . . - H;by(z
2 (2) = —wmbp(z) — Hiby(z) = by(z) = ‘zm+—1a§) (318)
m
A . A A Hy, bt (2
zb! (2) = wpbl (z) + Hmb{(z) — bt = zm——iu() (319)
m
ZEl (Z) = —w1b1 ZHm m (320)
zbi(z) = wibi(z) + AST(z) + ZH,’;bfn (z) (321)
m
After a little bit algebraic simplification we can write,
SO
bi(z—2) = — AS(z—7) : (322)
|:Z —F @=L z—Iz_{Tj-cUm]
&t _
biz—2) = ATz - 2) (323)

|:Z—Z’—(U1 Em—l—z |Hmw }

Then after substituting by (z — ') and b} (z — 2’) in (317) along with a little simplification we get,

2
zA(z) :§1(z)+;\—n/§2(z’) ! - Stz —2')d7
[z -z - Y = le' ]
o S¥( ! S "dz' 324
+E 2(2") 2 (z—2)dz (324)
[z—z/—i-wl ZmZ Z’iwm]

Now by comparing equation (324) and (309) we can write,

| h |2 22
Y i (325)
" {Z —Z =@ L z— = —wm
2
and 2 2 = A (326)

z—z' + vy

—Z 4w —-% |Hm |2
z—2' +w m z—z/+wy
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putting z’ = 0 in the above equation we get,
h A2

Y z| —m1|/ (327)

me [z w1 =Lz

hin|? A2
and ) Z' fl = (328)
m m

Hpul?
[le—Zm l+—wm]

It is important to note that the two equations written above are not independent of each other. If we
replace z — (—z) in the first equation then we obtain the second one. Then we can write,

| Ho? A2
- — 2
z w1 — Z 7 — (Um E |hm|2 (3 9)
m z—vm
Substituting z — (w + i€) writing,
, |Hul> A2
wtie—w ;w—i—ie—wm N [ 2 (330)
M w-+ie—vy
We can write that,
. ®dw’ (@) A?
w+1€—w1—/0 E(w—l—ie—w’) fooda/ Jo(w') (331)
21 (w+ie—w')
Using the fact that,
2 00 /
ZM = i/ de’ (332)
~w+ie—wy 21 )y (w—w +ie)
> _ 1 /°° Jo(«') /
Slmllarly Z m o 0 (w L le) dw (333)
. , dw’  Jo(w') p
with y + 8 /0 27 (wtic = @) (334)
we can write, )
, ®do’ (W) A% (y —i0)
w+ze—w1—/0 27 (wHie—w') 92+ 82 (339
Now comparing the imaginary part and taking the limit e — 0 we can write,
1 —A%Jo(w) /2
—5h(w) = Jol 2) 5 (336)
[anf dw’] + [%]o(a))]
Using the fact that,
€
— S(lw—o' 7
gg})(w w')? + €2 = mlw ) (337)
Such that,
[ |* , /°° dw' — Jo(«') 1 Jo(w') , ) i
— -1 il - do' — =
Y= llmzw+le—vm Py 0o 27 (w—w +ie) 27TP w—w" ZIO(W) (338)

o Hu 7 _ . /°° dw'  h(@) ) _ 1
similarly }Tlil(l)]lm Zw—l—ie—wm = lim Im S e e | 2]1(0.)) (339)
m
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Now from (336) we can finally write,
422 Jo(w)
2 2
{1 P f = w, dw’} + []o(cu)}

hi(w) = (340)

which essentially gives the relation between the Spectral function of the residual reservoir to that of
the bath spectral function before the RC mapping.

1.3. Heisenberg Equation of Motion Technique for Fermionic Particle Mapping Case

In this section we will derive the relation between the bath spectral functions before and after
the RC mapping for the fermionic case using the Heisenberg equation of motion technique. In the
fermionic particle mapping we discuss the mapping between the hamiltonians H and Hp, such that,

H= H5+Evmc cm—|—2 mC e+ 15,E ] (341)

Agp=¢ thcm th* et (342)

H=Hs+ vacmcm +é thcm - Cthn(’fL (343)
m m m

Hr = UrHUL = Hs + wndidi + Y, wndlydw + Ad'dy — Aed} +dl Y Hyudy —di Y Hydh, (344)
m##1 m m

While writing the interaction Hamiltonian to maintain the hermiticity we have properly used the
fermionic anti-commutation relation. The for the system operator ¢(t) and &, (¢) with the Hamiltonian
H in the first instance, we can write the Heisenberg equation of motion such that with,

O(t) = ¢t O 1t (345)

Where O(t) being any arbitrary operator in the Heisenberg representation.

o =i[H,e(t)] =iS(t) =i} hmlm(t) (346)
dégt(t) = — iVl (t) — i}, E(1) (347)
dé%t(t) iVmCh (8) + it (1) (348)

Where we have defined $ = [Hs, ¢] such that, $(t) = [Hs(t),é(t)] Taking the Fourier transformation
of the both sides of above equations we get,

28(z) = 5(z) = Y hmém(z) (349)
en(z) = ) (350)

. e |
26, =5(z) =) mc(z) (351)

Now writing the Heisenberg equation of motion for &(t) with the transformed Hamiltonian i.e. H we
get,

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202511.1317.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 18 November 2025 d0i:10.20944/preprints202511.1317.v1

28 of 39
d‘;(:) = i$(t) — iAd, (1) (352)
ddy (t s ‘ ,
;t( ) _ —icndi(t) —i Y Hudp(t) (353)
m#1
dd;”f” = —iwpdy (t) — iH:d (t) (354)
Taking the fourier transformation of both sides of the above equations we get,
i oy Hudi(2)
dm(z) = T Ztwy (355)
; Aé(z
i) = - B (356)
[Z w1 — L z+'ZJ|m}
izé(z) = i8(z) — iAdy (z) (357)
A A?
z6(z) = S(z) + ; é(z) (358)
[z +w1— Y, ler’ZJm}
Now comparing equation (351) and (358) we can write,
I T 65
S fre-n ]
Now we can write theb terms inside summation in terms of integrals such that,
= Z+ Uy feo 21T W+ 2z
E |Hm|2 :/oo d_a)ljl(w/> (361)
—~ z+ W oo 27T Z4 W'
Now replacing z — (—w + ie) with e — 07 at both sides of (359) we get,
) o dw’ Il (w/) _ AZ
{_W+Z€_/_wz(w’—w+ie)}__ o dw' _Jo(w) (362)
—00 27 (w'—w-tie)
We can write that,
. ® duw’ Jo(w') B ® do’ Jo(w') i
i v e Sl /,mﬁw/_w ~)olw) (363)
- o (Cdo’ (o) (% dd () i
simiary liy [ 52 e =P e 1h@) ooy
From (362) we can write by comparing the imaginary part of the above equation,
®do’ (o) _ M
G_Hm{/_mﬁ(w’—w-l-ie)} ~ (a24p2) (365)
(o] / /
witha+ip— [ 4 Jolw) (366)

oo 27 (W' — w + i€)
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Now taking lirr(l) of the both sides of the equation and using (363), (364) we can write,

e—
AN ]o(w
Ji(w) = hiw) , (367)
1 00 ]
(o7 2 ]+ ]
Where we have used the fact that,
. (&) dw, ]1(60,) s (o] dw/ ]1((0,)
_llg(l)]hm oo 27 (W —w Fi€) llg(l)ﬂm E(w—w’—ie) (368)
) ®do’  ef1(W)

T (w—w')?+ e 7]1( ) 6%
im < = 7w — ') (370)

0 (w—w')?+ €2

2. Quantum Master Equation Using the Reaction Coordinate Mapping

As mentioned in the earlier context that, the method of reaction coordinate transformation is
used to analytically bypass the situation where the system under consideration is strongly coupled to
the bath. After one step of the reaction coordinate mapping if we want to describe the dynamics of
the extended system (System+R.C) along with the usual weak coupling approximation between the
extended system and the residual environment then it can be described by the usual Born Markov
approximated Master equation popularly known as the Redfield Q.M.E. This will eventually lead
to the markovian dynamics of the extended system which captures the collective information of the
system and some part of the original reservoir which is the reaction coordinate itself but as there is no
restriction over the coupling strength between the system and the reaction coordinate the dynamics of
the system of interest will be strictly non markovian in nature. The reduced density operator of the
system of interest strongly coupled to the bath can be finally obtained by taking the partial trace over
the reaction coordinate states after the reaction coordinate mapping. The mentioned prescription can
be utilized to investigate the dynamics of the systems strongly coupled to the bath as we cannot write
a general master equation to describe the dynamics of such strongly interacting quantum systems.

Here we will consider some examples which describes the modeling of such dynamics of strongly
interacting systems using the reaction coordinate mapping and Quantum master equations describing
the dynamics of the extended system weakly coupled to the residual reservoir. In the first example
we consider a three level atom to be more precise a three level maser connected to two different and
independent bosonic or fermionic reservoirs which are non-interacting and the system is strongly
coupled to both of them such that we will apply the reaction coordinate mapping over bothy the
reservoirs to analyze the dynamics of the extended system and later to extract the dynamics of the
three level atom.

In the second example we will consider the model of the single electron transistor where a spinless
quantum dot is coupled to two fermionic reservoirs independent of each other and at the same time the
quantum dot is also connected to a phonon bath essentially bosonic in nature such that, we will apply
the reaction coordinate mapping over the phonon bath to describe the dynamics of the extended system
in the weak coupling limit. Later we will explore the Reaction Coordinate Polaron Transformation
method [4]a little bit of extension of the reaction coordinate mapping, with the polaron transformation
followed by the reaction coordinate mapping over the initial hamiltonian.

2.1. Three Level Atom Connected to Two Independent Bosonic Reservoirs

For the present discussion we will assume the baths to be bosonic in nature and derive the master
equation for the extended system in the weak coupling limit and later generalize the results for the
fermionic reservoir case. There are three different configuration to describe the three level atom with
the A type, V type and the Ladder configuration E type. In general we can start with any one of the

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202511.1317.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 18 November 2025 d0i:10.20944/preprints202511.1317.v1

30 of 39

configuration and eventually can write the equations for the other types just by inspection but here
we will consider the commonly used A type configuration of the three level atom connected to two
independent non-interacting Bosonic reservoirs characterized by different inverse temperatures say,
B1, B2 respectively. As the baths are bosonic in nature we can take the chemical potentials of the baths
to be zero.

In the A configuration of the three level atom setup we consider only two allowed transitions and
one transition which is strictly forbidden due to the selection rule. Here we consider that, the three
level atom has three possible states which are generally taken to be the eigen-state of the Hamiltonian.
Let us denote the states by, |m) for m = 1,2,3. We consider that only transition between |1) <+ |3) and
|2) <> |3) are allowed by the selection rules but the transition between |1) < |2) is forbidden. Such
that we can think that it has three possible energy eigen-states i.e. three energy levels with the energies
corresponding to them being E,, for m = 1,2,3. Let us alos consider that, E3 > E; > E;. With [1)
being the ground state and |3) being the excited state and just to mention that in the A type atomic
configuration the intermediate state with energy eigenvalue E; and the excited state with Energy
eigenvalue Ej are narrowly degenerate states. As they are the eigen-states of the system hamiltonian
we can write with, Hs |m) = E,, |m) such that due to completeness relation and the orthonormality i.e.
(m|n) = dun we can write,

Y Im) (m| = B3 (371)
m
Then we can write using the spectral decomposition theorem,

HS = ZEm ‘m> <m| (372)

The full setup of the three level atom coupled with two independent and non-interacting Bosonic
reservoirs can be modeled by the Hamiltonian,

H= HS + HB + HSB (373)
Hs =) Ey |m) (m| (374)
m
A A © ~ ~
Hp = EHBm = 2 2 Ve by (375)
i r=1m=L,R
Hgg =) Hgp, = Hsp, + Hsg, (376)
m
Hsp, =) {Kﬂgfsi’rl + Kflglsgfl} (377)
T
Hsp, =), [Krzégfvrz + x;‘zs}géiz} (378)
r

Here we define the raising and lowering operators connecting the upward and downward transitions
occurring between [1) > |3) described by the set of hermitian conjugate operators 5;; = [1) (3|
and 5;; = [3) (1] and similarly the interplay between the transitions occurring between |2) < |3) is
governed by another set of hermitian conjugate operators 55, = |2) (3| and S; = |3) (2|. They are
equivalent of the raising and lowering pair ¢, 5~ for the two level atoms.

It is important to note that, SAi,), SAZ*3 are the lowering operators with the hermitian conjugates
being the raising ones. In general for the case of thtree level atom it is usually customary to define then
operators, Sy, = |m) (m| and Sy, = |m) (n| such that we can write, can write,

Hs =Y EnSmm (379)

m
S5 13) = 1), 55, = Si3and S5 = |3) (1] = S5; with S5 [1) = [3) (380)
similarly 53, [3) = |2), 553 = Sp3 and 533 = Sz = |3) (2] with S5 [2) = [3) (381)
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Modelling of this type of Interaction hamiltonians can be done assuming the interaction of the three
level atom with two different incoherent bosonic baths visualized via two different Radiation fields
such that, when the three level atom is interacting with one of the radiation field it allows the transition
between |1) <+ |3) only and when the atom interacts with the other radiation field then it will only
allow the transition between |2) <+ |3) only and in the presence of both of them the other transition
is forbidden. Such interaction Hamiltonian written above can be systematically derived using the
dipolar and rotating wave approximation.

2.1.1. Modeling of the Interaction Hamiltonian for Three Level Atom Set-Up

The quantized radiation field can be described in general for multi mode case with its electric
field and the free radiation field hamiltonians are given by,

]
zz Z <2€0V> [ams(if)eik’“'7 — ﬁ;seik"l'?] s (382)

m s==+
Hfield = Z Z wma;zsﬁms (383)
m s==+
Ams (1) = Amse”“mt and at ((t) = af et (384)
1
2 N 7 o

Finally we have written the Electric field operator in the Schrodinger picture with ;s being the
polarization vector. Due to the conservation of the parity we can say that the parity operator and the
Hamiltonian Hs have the simultaneous eigenstates which means each eigenstate of the Hamiltonian
has a definite parity. Here we can construct the parity operator as I'T = exp(ir|3) (3|) = exp(i 7r§1+3 SA;E,)
Such that, we can write, [H s, ] = 0. So, the eigenstate of the Hamiltonian will carry either even or
odd parity which enables us to write the interaction hamiltonian of the three level atom coupled to the
radiation field in the dipolar approximation such that,

A

Hutom—field ~—d-

FHD

(7) (386)

A

3
d= Z m|d|m) [m) {m| +dy3 1) (3] +diz |3) (1 + di2 1) (2] +d5 [2) (1] +da3 |2) (3] + 35 [3) (2]

By definition the parity operator defined as, IT = ¢/ 33 = (—1)5T35A1_3 it has eigenvalues +1 such
that, we can say I'1? = [. Parity operator is an involutory operator. We know that parity operation is
an unitary operation such that, I[T'IT = [ such that with I'T?> = IT we can write, [T" = IT~!. Due to

the definite parity of the energy states and the fact that the dipole moment operator being a vector

operator under the parity operation i.e. 14T = —d we can say that,
Ao = (m|£|m> = - <m|ﬁzfﬁ|m> form=1,2,3 (387)
with IT|m) = (=1)” |m) form =1,2,3and p = 0,1 (388)
dym =0 (389)

Due to the definite parity of the energy states the diagonal matrix elements of the dipole moment
operator in the eigenbasis of the system hamiltonian vanishes and due to hermiticity we can say that,
dym = d=,, with, dy, = <m|j'|n) Now if we neglect the spatial variation of the electric field associated
with the incident radiation in the region where the atom is sitting i.e. throughout the length scale of
the atomic spatial extent which will be off the order of few angstroms or alternatively we can invoke
the long wavelength approximation such that the wavelength of the incident radiation field is very
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large compare to the atomic bohr radius of the three level atom under consideration we can further
approximate the interaction hamiltonian in the dipolar approximation as,

A

Hatomffield A —d-

L

(Fa) (390)

Where we stick to the fact that along the length scale of the atomic spatial extent the spatial variation
of the electric field is negligible. Now using the definitions of the raising and lowering operators the
expression of the dipole moment operator can be further simplified to,

d= 1355 + jfﬁfs + Jl3SA2_3 + ‘1;35?3 + Jl2§f2 + ‘ffzsA;rz (391)

Then putting the expression of the electric field in (390) we can write,

1/2 - A . - R
Hﬂf = _iz Z <2C:0mv> [(dlz-éms)elkm'mdmssl_z - (dlz-éms)e_lkm.mﬁjnssl_z

m s==+

1/2 ¢ L ) B o 1
_iz Z (;:O";/) (dla'éms)eka.rAﬁmSSig _ (dls.éms)efzkm-rAﬁ;rnsslf3

1/2 ¢ .
Wi T oA ik Tan A— 7oA —ik T At A—
) (d23.6ms )€™ T Adys S5y — (d12.ms)e ™" " Ay, S5

2¢9V
s==+ 0 L J
1/2 ¢ .
. w — n 7 T n A -, N _-4 Fa A A
iy n (d%.ems)eZk'" "AfnsSyy — (dy3.6ms)e ikm rAa;rnsS;% (392)
M os—+ 2€0V ]

Now if we consider the entire hamiltonian of the atom coupled with the radiation field then it will be,

H = Hs + Hpjorg + Hop = Y EnSum + Y, Y Wnilhysms + Hyy (393)
m

m s=+

Now if we write the interaction hamiltonian i.e. H, £ in the interaction picture then there will be some
counter rotating terms. Using the fact that,

eiHStSAlf?)efiHst — glfse*wmt with ws; = E3 — E; (394)
iﬁst &+ —iHst _ &+ iw31t

e'lstShe =S5 (395)

elfstS e st = oo™l with wsy = E3 — Ep (396)
iI:Ist &+ *I'I:Ist _ &+ iaJ32t

e'stS e =53¢ (397)

eiHsfsAl—ze—iHSt = §1_2e_w21t with wy; = E» — Eq (398)
ifgt a4 ,—iAgt __ &+ jiwst

e'’stShe =5he (399)

eleieldfﬁmSe*lHjiezdf — flmse_iw’”t (400)

eleiedea;iSe*lHﬁemi - ﬁ;rnselw’"t (401)

we can see that the following combinations produces counter rotating terms which can be dropped by
using the rotating wave approximation for the small detuning cases. We have,
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fs (1) S35 (F) &2 s Se W F@mt ()85 (F) & s Spye (W1 eom)t (402)

i35 (S5 (8) ~ a5, She! ot eomt al (DS (1) ~ af Sielnton)t (403)

s (1) S35 (F) A Bys Spge ™ (@atemlt gt (1) SE () ~ S el (watwm)t (404)

The only surviving combinations that does not produce counter rotating terms will be,

s ()15 (1) ~ s Shpe 1 @m=w2)t gt (18T () ~ S el (@m—wn)t (405)

s (1)S 15 (1) & Sz 1n st g% (H)S5(t) & s Spye st (406)

s ()55 (8) & Bys Sfze ™ (0m=ws2)t gt (1)S (1) ~ 4 S5l (@n—wn)t (407)

Then after dropping the counter rotating terms in the interaction hamiltonian in the interaction picture
we will convert it back to the Schrodinger picture. Now if we consider that the interaction of the
radiation field with the three level atom only causes the transitions between the states |1) <> |3) which
can be mathematically justified by the fact that with, 1?12 s =0 = 0723 - €5 then with,

1/2
. Wm T A E 7

gy = <260V> (85 - éms)e™n ™2 (408)
we can write the interaction Hamiltonian in the Schrodinger picture in the following form in the
dipolar and rotating wave approximation given by,

Hyp =3}, (g{”;ﬁms% + ga’?*azzsﬁm) (409)
m s=d4

where, g1 defines the coupling coefficient of the system operator with mth mode of vibration and

sth polarization state of the radiation field. In general if the coupling of the three level atom with the

radiation field does allow all the three types of transition irrespective of the configuration we have

discussed before then then the most general form of the atom field interaction hamiltonian can be

written in the dipolar and rotating wave approximation as,

& _ ms &+ 4 msx &— at ms &+ 4 msx &— at ms &+ 4 msx &— at
Hyp=) ), <813 S138ms + 813 S130ms + 823 S23fms + 823 Spalims + &§12 S1pfms + 812 512”ms)

m s==+

with the other interaction coefficients defined as,

1/2 L

315 = _i(zcggnv) (d53 - bms) T (410)
1/2

S w NN

8 = ~i(5o7) (e @)
1/2

ms .+ Wm P KT a 41

8§12 = —1 2e0V (diy - ems)e (412)

Now there can be two different situations firstly if the matrix element of the dipole moment operator
say cflz,afzg vanishes then automatically the number of terms in the interaction hamiltonian will
decrease and we get back (409) and alternatively if the polarisation vector of the incident radiation
field is such that, &y, - aflz = Cus - 5?23 = O1i.e. the polarization vector being orthogonal to the vectorized
matrix element then also we get the same thing. Now if for the time being we don’t consider the
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polarisation degree of freedom of the radiation field then the interaction hamiltonian will be reduced
to,

Hyp =Y (kS50 417 S35a)) (413)

m

There is an alternate way to cast the hamiltonian in the similar form. Let us define the new set of
operators Bm, l?fn such that,

~

Z M 8ys = Kby and Z grstat =« bl (414)

Hap =Y (k:S550r + 7 8550]) (415)

r

Now we know [ams,pﬁ ,S,] = O,y ss and [ams, Ay s/} =0= [ ;rns, a;,s,} . Based on that if we insist to

satisfy the usual bosonic commutation relations between b, Bfn then with, [@m, E;] = 0un We must

have,

; 815 12 =Y [xm? (416)

2.1.2. Quantum Master Equation for the Three Level Atom

At first we will consider the three level atom is weakly coupled to two different radiation fields
(with the polarization degrees of freedom has not been considered) or say two independent bosonic
reservoirs described by the hamiltonian,

A= HS"‘HB"'HSBl +H532 (417)
= Y En|m) (m| (418)
m
HB = szrmﬁjmﬁrm (419)
r m
Hsp, = Zr; <Kﬂ§1+3a,1 + K;qs]gﬁjl) (420)
Hsp, = Zr; <Kr2§£r3ﬁ72 + K;‘zsAzsﬁ;rz) (421)

Now with the usual assumption that initially the state of the supersystem i.e. the three level atom
coupled with the bosonic reservoirs being uncoupled we can write py(0) = p5(0) @ pp, (0) ® p,(0).
Now if we assume that,
—piHp —piHp .
pp(0)=— ¢ ~ " with Z; = Tr, [eﬂlHBz} forl =1,2 (422)
Trp, {eﬁlHBl} !

Then after the partial tracing with respect to the bosonic reservoirs at the limit of weak coupling
the dynamics of the three level atom can be described by the Born Markov master equation in the
Schrodinger picture given by,

dﬁ;t(t) - i{ﬁs(t),Hs} - ;/Ooo Tr, Hﬁs(t) ® P8, (0),H53m(—s)],H53m] ds (423)

After simplification the above master equation reduces to the usual Lindblad form without invoking
any further approximation apart from the fact that we have neglected the Lamb and Stark shift
Hamiltonian. The final form of the master equation will be,

dp;t(t):’{pS(t)'HS}+71ﬁ1£[§1+s}ﬁ5(t)+71(ﬁ1+1)f3[§} s() + 12 L[85]0s (1) + 12 (i + 1) L[S5]ps () (424)
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where we have defined, y1 = J1(w31), 72 = 2(wsp) along with, iy = 7i(ws1, T1) and 7y = 7i(wsn, Tz).
The average excitation number of the bosonic bath is defined by the usual Bose distribution defined as,

A(w, T) = ﬁ (425)
And the lindbladian is generally defined as,
£[C1os(0) = Gas(6* -~ 3{6"C.ps(0) (426)
And we have defined the spectral function of the mth bath as,
Jm(w) = 27‘[; K |26 (w0 — Ve (427)

Let us consider the situation when the three level atom is coupled to two independent radiation fields
characterized by their hamiltonians such that the coupling of the atom with the first radiation field
then it will lead to the transition between |1) <+ |3) such that the polarization vectors associated with
the radiation field say, ¢}, satisfies the orthogonality condition, dip -8l = 0 = dps - &, And the
interaction of the atom with the other radiation field only allows the transition between |2) <> |3)
such that the polarization vector associated with the radiation field will satisfy the other orthogonality
condition dy3 - &2.=0= dy - é2 ;. Assuming that the radiation fields has been quantized within the
cavity of same volume , we can write the hamiltonian of the full set-up; the three level atom coupled to
two distinct radiation fields can be written as,

A= HS +Hp + HSB (428)
Hs =Y Ep|m) (m| =Y EnSpm (429)
m m
HB = ZZ Z Vmag:rnsal;msa (430)
m a s=+
HSBl = Z Z Cmslgigl;msl + g;slglgl;;sl (431)
m s=+
Hsg, = Y Y Cns2S33bmsr + EnsaSaabiea (432)
m s=+
Where we have defined,
vy \V2 .
Cms1 = _i<2€no1v> (dT3 : é\}ns)elkm.rA (433)
2 V20 o
na = —i(30%) (- ) 34

Again with the same initial assumptions we will get back (424) with the coefficients y1, 72 has to be
written properly such that we can write,

m—ngfm@w%ﬂwwﬂmwz (435)
r=nrY [ |&ks)g(Kk)d(ck — ws)dk (436)
s=+

2.2. Single Electron Transistor

The single electron transistor can be mathematically modeled by a single spinless quantum dot
[5] connected to two different independent and non-interacting fermionic reservoirs and at the same
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time connected to a phonon bath which is bosonic in nature. All the three baths are independent and
non-interacting such that the entire system can be described by the Hamiltonian of the following form,

H= HS + Hel + th + Hs,el + Hs,ph (437)
Hs = wod'd (438)
Hel = szrmf;rmérm (439)
r m
Hs =YY" [K,md“*c*,m + K:mCA,deA:| (440)
r m
. 1. X
A= 3 T |+ i ()
. . W2
Hs_pp=—d'dY hpky + (d'd)*y_ 2 (442)
m m wm

The last term in Hg_ ph is essentially treated as the system renormalization term which is generally
dropped while deriving the quantum master equation for the system but it can be absorbed in the
hamiltonian of the system itself with,

003 = th —2 (443)
Such that we can write,
H = Hg + H + Hpy, + Hs (444)
Ay, = ; Z [ﬁ% + @2 (fm Zd“*d”)z (445)
Z 2 Vel Crm (446)
As g=Y Y [Krmd Crm 4 K5 Et dA} (447)
o

Now if we apply the reaction coordinate mapping for the phonon bath then after the reaction coordinate
mapping the hamiltonian will become,

N » T oa R PR 1[4 A
A = wydtd + ZZvrmcjmcrm +Y ) [K,mdﬁcrm + K;‘mcjmd} + 5 [ 2 4 Q%Xﬂ
r m r m
1 R R o 2
+5 Yy [P,i + Qixﬂ —AodtdX — X4 Zcmxm + Z "21 (d'd)? (448)
m#1 Wiy

5Q) J 1. .
_ <w0 " )d“rd L tntinéon + LT [Krmd o+ Ko d} - [plz 4 Q%X%}
1 . . SO .
+5 Y {P}‘n + Q%nxﬁ,] — Nod dXy — X1 Y CuXon (449)
m#1 m
= H/xt + Ezvrmcrmcrm + ZZ {Krmd Crm + Kym + } + E E |:Pr2n + Q%nxrzn:| -Xi Ecmxm (450)
m m

Where we have defined the extended system which comprises of the single spinless quantum dot
coupled with the reaction coordinate such that,

. s 1[4 . o
A, = whdtd + 5 [Pf + Q%X%} — Aod'dXy (451)

503

where wj = wg + — >

(452)
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Finally writing the operators X, and P, in terms of new pairs of bosonic creation and annihilation
operators (&, d},) such that with,

1 1
o R P Y A A

we can write,

Ny st 7t st 7
H= By + Y vl + Y [K,md b + K:mc,md]
m r m

r
+ Y Oualam — (a+a") Y. Hu(am +4,) (454)
m##1 m

A, = wid'd+Qata—Ad'd(a+a") (455)
H = Ay + Hy + Hs o1 + HﬁhE + Hre-re (456)
ARE = Y OQpatfam, Arc_re = —(6+a%) Y Hy (a + a,) (457)

m#1 m
Hjy = wha'd + Hre + Hs_rc (458)
Arc = Qa'a, As_pc = —Ad'd(a+a") (459)

Where we have denoted the residual phonon bath hamiltonian by quh, re and Hgc_gE describes the
interaction of the reaction coordinate and the residual phonon bath hamiltonian. Where we have

redefined the interaction coefficients respectively as, A = \/?2070) and H,, = \/4%"%. We have also

renamed 41 = 4 and )y = Q) such that the frequency for the reaction coordinate is (). Just to mention
that the exactness condition of the reaction coordinate mapping gives,

d'dY hwtm = Aod'dXy = A\j=Y_h3, (460)
m m

Along with the other conditions establishes before in the section of reaction coordinate mapping given
by,

Qz%cézxﬁ = 2 WiAzxmA/Sm (461)
m

Now as we can see that due to the interaction between the quantum dot and the reaction coordinate the
Hamiltonian of the extended system i.e H’,, is not diagonal. So in order to diagonalize the Hamiltonian

Y/
Hext "
the Hamiltonian H, ,. Let us define,

we can use a specific unitary transformation called the Polaron transformation which diagonalizes

U = exp [gd“*d(a —at )} (462)

such that it satisfies the unitarity condition i.e. Ut = [ which can be readily understood from the
fact that the fermionic creation and annihilation operators commutes with the corresponding bosonic

counterparts. Then with the unitary transformation of F.,, with U it can be made diagonal such that,

xt
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Hp, = UH,, 0" (463)
un,,at = UAsut + UArcU' + UAs_gcUY (464)
UAU = whd'd (465)
UArcUY = QUatttuatt’ = 0 [a + gd“*ai] {a’f + gd“*cf} (466)
T vt P P AR )
UHg gcU" = —Ad'd|a+a +6d d (467)
N 5 A% s .
UA,, 0" = whd'd + Qata — ﬁd“fd = wod'd + Qa'a (468)
Where we have introduced the redefined quantum dot frequency denoted by, @y defined as,
A2 1w k2, A2
- /
And we have used the B.H.C equality such that with,
eABe A =B+ [A, B] + % [A, A, B]} + . (470)

Now with, A = %cﬁdA (a—a%) and B = 4" we get, [A, Bl = %dA*dA such that due to the commutation

of the fermionic operators with the bosonic operators we can write [A, [A, B]} = 0 such that, we can

directly write,
dtd (471)
d'd (472)

Such that the diagonalized Hamiltonian of the Extended system obtained after the Reaction Coordinate
polaron Transformation is given as,

AP, = @yd'd + Qata (473)

As we can see that AP, is just the sum of the hamiltonians of the quantum dot with a modified
frequency @wg and the Hamiltonian of the reaction coordinate such that the energy spectrum of the
diagonalised hamiltonian is readily obtained. As HL), is separable and can be written as the sum of
the micro-hamiltonians of the quantum dot and the reaction coordinate then the energy eigenvalues
will be the sum of the energy eigenvalues of the quantum dot and that of the reaction coordinate
which is equivalent to a 1D harmonic oscillator, such that due to the fact that, (d'd)? = d'd i.e. the
fermionic number operator is idempotent then it can have only eigenvalues 0 and 1 respectively and
the eigenvalues of the reaction coordinate Hamiltonian will be nQ) apart from the zero point energy
term. Such that the energy eigenvalues of H2, will be,

ES = @op +nQ (474)

where, p can be either 0 or, 1 and 7 goes from 0, 1, .., co.
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