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Abstract 

In the domain of low-light image enhancement, both transformer-based approaches, such as 

Retinexformer and Mamba-based frame-works, such as MambaLLIE, have demonstrated distinct 

advantages alongside inherent limitations. Transformer-based methods, in com- parison with mamba-

based methods, can capture local interactions more effectively, albeit often at a high computational cost. 

In con- trast, Mamba-based techniques provide efficient global information modeling with linear 

complexity, yet they encounter two significant challenges: (1) inconsistent feature representation at the 

margins of each scanning row and (2) insufficient capture of fine-grained local interactions. To 

overcome these challenges, we propose an innovative enhancement to the Mamba framework by 

increasing the Hausdorff dimension of its scanning pattern through a novel Hilbert Selective Scan 

mechanism. This mechanism explores the feature space more effectively, capturing intricate fine-scale 

details and improving overall coverage. As a result, it mitigates informa- tion inconsistencies while 

refining spatial locality to better capture subtle local interactions without sacrificing the model’s 

ability to handle long-range dependencies. Extensive experiments on publicly available benchmarks 

demonstrate that our approach significantly improves both the quantitative metrics and qualitative 

visual fidelity of existing Mamba-based low-light image enhancement methods, all while reducing 

computational resource consumption and short- ening inference time. We believe that this refined 

strategy not only advances the state-of-the-art in low-light image enhancement but also holds promise 

for broader applications in fields that leverage Mamba-based techniques. 

Keywords: low-light image enhancement; mamba-based methods; Hausdorff dimension 

 

1. Introduction 

Low-light image enhancement is an essential but challenging topic in computer vision. It aims 

to restore the image degradation with low brightness, improve the visual quality of images captured 

under low-light conditions, and aid high-level visual tasks (e.g., object detection, face recognition, 

and action detection). 

Numerous traditional methods, such as histogram equalization [6,23] and Retinex theory [12,32], 

have been proposed to enhance low-light images. With the development of deep learning, many 

learning-based methods [4,33,40,47,60,75,79,80] have emerged, which improve visual quality by 

learning the mapping between low-light and normal-light images using end-to-end models or deep 

Retinex-based models to make them more robust than tradi- tional approaches. Recently, some 

methods [30,66] have explored wavelet transformation for low-light image enhancement, inte- grating 

wavelet information into convolutional neural networks (CNNs) or transformer models to achieve 
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impressive results. How- ever, CNNs [79] have limitations in modeling long-range dependen- cies 

and non-local self-similarity, resulting in challenges in address- ing image degradation effectively in 

low-light scenarios. In addition, the quadratic growth of the complexity of transformer models [4] 

results in inefficient use of computational resources. Both the CNN model [15] and the transformer 

model [68] achieve average per- formance only in both aspects of performance, as indicated by the 

PSNR scores and inference time. 

To overcome these issues, Mamba [10] is designed to model long- range dependencies and 

enhance the efficiency of training and inference through a selection mechanism and a hardware-

aware al- gorithm. For now, numerous studies have explored the applications of Mamba in computer 

vision. Vision Mamba [86] introduces the Vim block, incorporating a bidirectional state space model 

for effi- cient learning. Meanwhile, VMamba [42] introduces a CSM module to traverse the spatial 

domain, combining the advantages of CNNs and Visual Transformers (ViTs) while achieving 

computational effi- ciency in linear complexity without sacrificing the global receptive field. 

Additionally, U-Mamba [46] combines U-Net and Mamba mod- els to enhance medical image 

segmentation. SegMamba [65] utilises Mamba’s efficient reasoning and linear scalability to enable 

fast and accurate processing of large-scale 3D medical data. Additionally, WaveMamba [88], 

RetinexMamba [1], and MambaLLIE [61] demon- strate marvelous performance of Mamba in the 

field of low-light image enhancement, all of which generally applies Mamba along with U-Net 

backbone, significantly reducing the computational complexity compared with Retinexformer [4]. 

However, several challenges arise when incorporating Mamba with vision tasks. The primary 

challenge originates from the mis- match between the causal sequential modeling of Mamba and the 

two-dimensional (2D) data structure of images. Mamba is designed for one-dimensional (1D) causal 

modeling for sequential signals, which cannot be directly leveraged for modeling two-dimensional 

image tokens [3,25–29,41,67,76,82–84,87]. A simple solution is to use the raster-scan order to convert 2D 

data into 1D sequences. However, it restricts the receptive field of each location to only the previous 

locations in the raster-scan order, which means such type of raster scan, in some cases, fails to capture 

local interactions when dealing with features with more extensive areas in the images. Moreover, in 

the raster-scan order, the ending of the current row is followed by the beginning of the next row, 

while they do not share spatial continuity. 

To accurately evaluate the ability of a scanning path to cap- ture complicated patterns in an 

image, we propose the Hausdorff Dimension Measurement Method. The Hausdorff dimension of a 

scanning curve directly reflects its inherent complexity and capac- ity to capture local interactions 

[2,5,16–21,35,36,51–53,56,81]. A higher Hausdorff dimension indicates that the curve is not simply a 

smooth, predictable path but rich in intricate detail and subtle fluctuations. This complexity enables 

the scanning pattern to more effectively perceive local variations, ensuring that fine-scale inter- 

actions within the scanned area are not overlooked. In other words, as the Hausdorff dimension 

increases, it signals a more nuanced and densely packed trajectory that can more effectively capture 

local features while maintaining the ability of Mamba to understand long-range dependencies. 

Besides, we conduct extensive experiments to show that Mamba scanning patterns with higher 

Hausdorff dimension, Hilbert scan, and Peano scan, inspired by Hilbert curve [22] and Peano curve 

[50], can effectively prompt the performance of previous Mamba-based low-light image enhancement 

methods on several paired datasets. Hilbert and Peano scans not only leverage the Hausdorff 

Dimension of 2 but also map neighboring 2D points to nearby positions in the 1D sequence, which 

minimizes discontinuities and improves cache performance and data coherence. The visual 

presentations of different scanning patterns are provided in the supplementary material. 

Our main contributions are summarized as follows: 

• We propose an innovative method for evaluating scanning paths by employing the Hausdorff 

dimension. This met- ric measures the inherent complexity of a scanning curve, thereby assessing its 

capacity to capture intricate, fine-scale local variations and to effectively navigate complex image 

structures. 
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• We proved that scanning patterns with high Hausdorff Di- mension (eg, Hilbert scan, and 

Peano scan) leverage the curve’s intrinsic properties to capture local features effec- tively in larger 

regions, mapping neighboring 2D points to adjacent positions in the 1D sequence. 

• Experimental results on a comprehensive set of benchmark datasets consistently demonstrate 

the reliability of the mea- sure of Hausdorff Dimension and the effectiveness of Hilbert scan and 

Peano scan on improving the performance of exist- ing Mamba-based low-light image enhancement 

methods. 

2. Related Work 

2.1. Low-light Image Enhancement 

Following the development of learning-based image restoration methods [37,38,57,70], LLNet 

[43] synthesizes paired data by applying gamma adjustment and randomly adding noise to clean 

images. MBLLEN [45] extracts features at different levels using a multi-scale network structure to 

achieve better results. LightenNet [34] directly estimates the illumination map based on the input. 

RetinexNet [60] utilizes the Retinex theory to decompose low-light images into reflection and 

illumination components. ZeroDCE [13] proposed to transform LLIE into a curve estimation problem 

and designed a zero-reference learning strategy for training. Enlighten- GAN [31] adopted unpaired 

images for training for the first time by using the generative adverse network as the main framework. 

KinD++ [79] utilizes a layer-wise decomposition strategy for bright- ness adjustment and detail 

reconstruction to suppress noise in the reflection layer further. LLFlow [58] uses conditional 

normalization flows for low-light image enhancement. Restormer [73] designs a lightweight 

transformer for image restoration tasks. SNRNet [68] introduces an SNR-aware CNN-transformer 

hybrid network for low- light image enhancement. MBPNet [77] introduces a multi-branch 

progressive network for low-light image enhancement. Bread [15] decomposes low-light images into 

texture and chrominance com- ponents and suppresses complex noise through adjustable noise 

suppression networks. Retinexformer [4] combined the Retinex the- ory with the design of a one-

stage transformer, further refining and optimizing this approach. Diff-Retinex [72] designed a 

transformer- based decomposition network and adopted generative diffusion networks to 

reconstruct the results. Overall, they typically applied the Retinex theory directly, which may be 

limited for low light enhancement problems. 

2.2. Mamba-based Methods 

Recently, the success of State Space Models (SSMs) [11] has been increasingly recognized as a 

promising direction in research, which is proposed as a novel alternative to CNNs or Transformers 

to model long-range dependency. Contemporary SSMs such as Mamba [10] not only establish long-

distance dependency relations but also demonstrate linear complexity with respect to input size. 

Other methods introduce the state space models for visual applications. UMamba [46] proposes a 

hybrid CNN-SSM architecture to han- dle the long-range dependencies in biomedical image 

segmenta- tion. Vision Mamba [86] suggests that pure SSM models can serve as a generic visual 

backbone. SegMamba [65] introduces a novel 3D medical image segmentation model designed to 

capture long- range dependencies within volume features at every scale effec- tively. Swin-UMamba 

[39] introduces a medical image segmentation model based on Mamba, which utilizes pre-trained 

models from ImageNet to improve the performance of medical image segmen- tation tasks. 

Furthermore, LocalMamba [24] was focused on the local scanning strategy and preservation of local 

context depen- dencies. EfficientVMamba [54] designed a lightweight SSMs with an additional 

convolution branch to learn both global and local representational features. MambaIR [14] employed 

convolution and channel attention to enhance the capabilities of the Mamba. WaveMamba [88] 

focuses on applying Wavelet Transform along- side Mamba to mitigate information loss and address 

the limitation ofSSMs, which struggle to model noise effectively. In the case of low-light image 

enhancement, this insensitivity could lead to the inability to detect or leverage subtle noise patterns 
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that carry im- portant information effectively. RetinexMamba [1] uses SS2D to replace Transformers 

in capturing long-range dependencies. Mam- baLLIE [61] introduces a novel global-then-local state 

space block that integrates a local-enhanced state space module and an implicit 

Larger Hausdorff Dimension in Scanning Pattern Facilitates Mamba-Based Methods in Low-

Light Image Enhancement Retinex-aware selective kernel module. This design effectively cap- tures 

intricate global and local dependencies. However, although a number of applications of the Mamba-

based image restoration approach have been proposed, none of them have researched the fac- tors 

determining the effectiveness of a scanning pattern of Mamba. 

3. Preliminaries 

3.1. State Space Model 

SSMs, such as the structured state space sequence models (S4) [11] and Mamba [10], can be 

interpreted as continuous linear time- invariant (LTI) systems [62]. Given a one-dimensional input 

se- quence x (t) ∈ R, these models map it to an output sequence y (t) ∈ R by means of a hidden state 

h(t) ∈ Rm, where m is the dimension of the hidden state. The entire system is governed by the 

following linear ordinary differential equations: 

h/(t) = A h(t) + B x (t), 

y (t) = C h(t) + Dx (t). 

Here, A ∈ Rm×m is the state matrix, B ∈ Rm×1  represents the input projection, C ∈ R1×m  is 

the output projection, and D ∈ R denotes the feedthrough parameter. 

Since these state-space models are inherently continuous, they must be discretized for 

implementation on a computer. Using the zero-order hold (ZOH) method, the continuous matrices 

A and B 

are converted into their discrete counterparts Ā and B̄ as follows: 

Ā = exp (Δ A) ,     B̄ = (Δ A)−1 (exp (Δ A) − I) · Δ B,        (2) 

where Δ is the step size. Thus, the discrete formulation becomes: 

ht  = Ā ht −1 + B̄xt,    y t  = C h t  + Dx t .                 (3) 

However, this formulation remains static with respect to vary- ing inputs. To overcome this 

limitation, Mamba [10] introduces selective state-space models, where the parameters dynamically 

adapt based on the input, which is formulated as: 

B = fB (xt),    C = fC (xt),    Δ = θA 

(
P + fA (xt)

)
,            (4) 

with fB (xt), fC (xt), and fA (xt) being linear functions that expand the input features into the hidden state space. 

Although SSMs are effective at modeling long sequences, they may struggle to capture complex local details. To address 

this challenge in visual data, meth- ods such as VMamba [42] and Vim [86] employ specialized location- aware scanning 

strategies that preserve the two-dimensional struc- ture of images. 

3.2. Hausdorff Dimension 

The Hausdorff dimension provides a robust and precise method of quantifying the complexity 

of geometric objects, including fractals, whose dimensions are often non-integer and, therefore, 

cannot be described by traditional geometric measures [8,48]. 

To understand Hausdorff Dimension, we must first introduce the definition of Hausdorff 

Measure. Let s  ⊆ Rn  be a subset, a geometric object. For each real number d  ≥ 0 and every E  >  

0, define the d-dimensional Hausdorff content H (s) by: 

 
 

where diam(ui) is defined as diam(ui) = sup{|x − y | : x, y ∈ ui} represents the greatest distance 

between any two points within within subset ui. ui are subsets that "cover" the set s. The set s must 

be fully contained within the union U 1 ui. Typically, these can be intervals, balls, or cubes. E is a 

(1) 
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positive real number representing the scale we measure. Smaller E means subsets ui have smaller 

sizes. The infimum is then taken over all countable coverings {ui} ofs [8] as a measure of the total size 

of set s. 

Then the d-dimensional Hausdorff measure Hd (s) is defined as: 

 
Given the Hausdorff measure, the Hausdorff dimension dimH(s) of the set s ⊆ Rn  is defined 

as: 

dimH(s) = inf{d : Hd (s) = 0} = sup{d : Hd (s) = ∞}.      (7) 

Referring to equation 5, as E → 0, the value of diam(ui) will be very small, which means when d 

becomes too large, the value of Hd (s) would become 0. Vice versa, when d becomes too small, the 

value of Hd (s) becomes infinite. Intuitively, this dimension identifies a critical threshold separating 

two regimes: dimensions for which the measure is infinite and dimensions for which it collapses to 

zero [8]. 

The concept of Hausdorff dimension has wide-ranging implica- tions across mathematics and 

applied fields, particularly in analyz- ing the complexity and scaling properties of fractal objects, 

chaotic dynamics, and geometric complexity in nature and data sciences [8,48]. 

4. Methodology 

In this section, we first introduce how the Hausdorff Dimension of a scanning pattern of Mamba 

influences Mamba-based low-light image enhancement methods and then move on to the 

explanation of the superiority of the Hilbert scan and Peano scan in Mamba- based low-light 

enhancement methods. 

4.1. Hausdorff Dimension’s Implications for 

Vision Mamba 

In many vision applications, image processing and feature extrac- tion depend on how well a discrete set of samples 

approximates a continuous image function. In particular, the scanning pattern used to traverse the spatial domain of an 

image can have significant implications for the performance of downstream tasks. This section investigates the effect of 

employing a scanning pattern with a high Hausdorff dimension. This intuitively leads to more uniform and space-filling 

coverage, thus reducing the worst-case approximation error. 

Spatial Domain & Sampling Set:  We define Ω as the spatial domain of the original input images: 

Ω ⊂ Rn , 

where n denotes the number of spatial dimensions. For example, 

for a two-dimensional image of height H and width W, we have 

Ω = {(x, y) | 0 ≤ x < H,  0 ≤ y < W}. 

described as a function. 

f  : Ω → Rc , 

where c is the number of channels, e.g., c  = 3 for an RGB image. 

Note that Ω does not include any feature content of the image; it 

merely defines the locations over which the image f  is defined. 

We define P as the sampling set of the spatial domain Ω: 

P ⊂ Ω, 

where P is a collection of points from which the scanning algorithm extracts data. While a full ordinary raster scan 

in Mamba might have P  = Ω in a discrete sense, advanced architectures such as Vision Mamba often employ 

selective or non-uniform scanning strategies. In such cases, P is a proper subset of Ω, and the distribu- tion of points 
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in P, their density, uniformity, and fractal properties, directly influence the quality of the approximation of the 

continu- ous function f , which represents the original image. 

Function Spaces and Smoothness Conditions:  To rigorously analyze how well the continuous image function 

f   :  Ω  → Rc is approximated by its samples, we place f  within appropriate function spaces and assume 

certain smoothness conditions. These conditions, such as L2 integrability, Lipschitz continuity, and Hölder continuity, 

provide a mathematical framework that allows us to derive error bounds on the approximation quality. In this 

subsection, we describe these spaces and conditions in detail. 

A function f belongs to L2(Ω) if 

∥f ∥L2(Ω) = 2 dx

) 1/2  

< ∞.                     (8) 

This condition ensures that f  has finite energy, a natural re- quirement in signal processing and machine 

learning. 

A function f  : Ω  → R is said to be Lipschitz continuous if there exists a constant Lf   > 0 such that 

|f (x) − f (y)| ≤ Lf   ∥x − y∥  ∀ x, y ∈ Ω .                (9) 

This condition bounds the rate at which f can change between any two points in Ω, ensuring that the function 

does not exhibit abrupt transitions. 

More generally, f  is Hölder continuous with exponent α  ∈ (0, 1] if there exists a constant cf  > 0 such that 

|f (x) − f (y)| ≤ cf   ∥x − y∥α      ∀ x, y ∈ Ω .                (10) 

When α = 1, Hölder continuity is equivalent to Lipschitz conti- nuity. For α < 1, the condition allows for more 

gradual variations in f . These smoothness properties are essential for establishing rigorous error estimates in 

function approximation. 

Worst-Case Approximation Error from Sparse Sampling: This subsection examines the error incurred when 

approximating a con- tinuous function from discrete samples, which is central to under- standing the performance 

impact of different scanning patterns. 

Dispersion & Worst-Case Approximation Error: The dispersion of a sampling set P in Ω is defined as 

 
For each point x ∈ Ω, the term minp ∈p  ∥x − p ∥ is the distance from x to its nearest sample in P. Taking the supremum over x ∈ 

Ω yields the largest distance, quantifying the worst-case gap in the sampling coverage. A smaller ε(P, Ω) indicates 

that every point in Ω is close to at least one sample, which is critical for accurate approximation. 

Let F denote the class of functions defined on Ω that belong to L2(Ω) and satisfy Lipschitz or Hölder continuity. 

When approx- imating a function f   ∈ F using only its values at points in P, interpolation theory provides a 

pointwise error bound: 

|f (x) − f̂ (x)| ≤ K ε(P, Ω)α ,     ∀ x ∈ Ω,                  (12) 

where fˆ(x) is an interpolant off  from the samples P, and K is a constant dependent on the smoothness constants 

(e.g., cf   or Lf) 

[7], and α is the Hölder exponent. Integrating this error over Ω in the L2 norm yields the worst-case approximation 

error: 

 

This relation indicates that minimizing the dispersion ε(P, Ω) is key to reducing the overall approximation error in 

any f  ∈ F [7]. If the sampling points P are sparse or irregularly distributed, ε(P, Ω) will be larger, leading to a higher 

worst-case error. Hence, having a scanning pattern that minimizes this worst-case error is critical for faithful 

approximation. 

Scanning Patterns & Hausdorff Dimension:  In this subsection, we discuss how the fractal properties of a scanning 

pattern, as measured by its Hausdorff dimension, impact the dispersion and, consequently, the approximation error. 
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The Hausdorff dimension dimH(P) of a set P is defined using the s-dimensional Hausdorff measure: 

 

where δ → 0, and 

dimH(P) = inf{s : Hs (P) = 0}. 
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A higher Hausdorff dimension implies that P is more space- filling and provides a more uniform coverage of Ω . 

This concept has been thoroughly discussed in the literature [9,48] and plays a key role in determining the uniformity 

of the sampling. 

Under reasonable uniformity assumptions, if two sampling sets P1 and P2 satisfy 

dimH(P2) > dimH(P1), 

Then generally, according to [7,9,48], as scanning patterns with higher Hausdorff Dimensions cover the continuous 

image func- tion f more uniformly, higher Hausdorff Dimensions lead to lower dispersion value: 

ε(P2, Ω) ≤ ε(P1, Ω). 

which directly leads to a lower worst-case approximation error. 

Consider two scanning methods: ordinary raster scan and Hilbert scan. Raster scan follows a simple row-by-

row order. Its continuous parameterization is effectively one-dimensional (Haus- dorff dimension of one) even though 

it visits all discrete points. In contrast, Hilbert scan is a space-filling curve with Hausdorff dimension of two [9,48], 

designed to preserve more input features with its fractal nature. 

While both methods may visit every pixel in a discrete grid, in scenarios of selective scan in Mamba, the Hilbert 

curve typically yields a lower dispersion, thereby providing a more robust recon- struction of the underlying 

image function [9,48,49]. The same principle can also be applied to evaluate the effectiveness of the Peano scan. 

 

Figure 1: Visualization of self-similar nature of Hilbert curve [22]. Proper rotation and duplication can 

transform the pat- tern in (a) into (b), the second-order Hilbert curve. Vice versa for (c) and (d). 

4.2. Hilbert Scan & Peano Scan 

In this subsection, we introduce two distinct low-light enhancement methods, HilbertMamba 

and PeanoMamba, that leverage the supe- riority of the Hilbert curve [22] and Peano curve [50]. The 

Hilbert Scan builds on the principles of space-filling curves. It leverages the fractal geometry of the 

Hilbert curve and Peano curve [22,48,50] to address the challenges associated with mapping two-

dimensional image data to a one-dimensional sequence. Both methods are based on WaveMamba 

[88], where we replace its raster-scanning strategy with Hilber-scanning and Peano-scanning 

strategy, respectively. HilbertMamba: Based on WaveMamba [88], HilbertMamba lever- ages the 

superiority of the Hilbert scan, a scanning strategy inspired by the Hilbert curve [22], which is defined 

as a continuous mapping: 

H : [0, 1] → [0, 1]2,                              (15) 
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that fills the unit square. In our context, the Hilbert Scan reorders the pixels of an H ×W image 

grid into a one-dimensional sequence, denoted by I(x, y), such that adjacent 2D coordinates are 

mapped to nearby positions in the sequence. As shown in Figure 1, the Hilbert curve has a self-similar 

nature, which means the Hilbert curve at higher orders can always be formed by proper rotation and 

duplication of patterns of lower orders. Formally, for a pixel at spatial location (x, y) ∈ Ω, the Hilbert 

Scan assigns an index: 

I(x, y) = H-1 (x, y),                                (16) 

 

Figure 2. Visualization of self-similar nature of Peano curve [50]. Proper rotation and duplication can 

transform the pat- tern in (a) into (b), the second-order Peano curve. Vice versa for (c) and (d). 

thereby preserving the continuity of the spatial domain and ensur- ing that local neighborhoods 

remain coherent after transformation. PeanoMamba: PeanoMamba utilizes the Peano scan, inspired 

by the Peano curve [50], another space-filling curve, offering a distinct fractal approach compared to 

the Hilbert curve. The Peano curve similarly provides a continuous mapping: 

P : [0, 1] → [0, 1]2,                              (17) 

and ensures comprehensive coverage of the image domain through a unique traversal pattern. 

The Peano scanning patterns with differ- ent grid sizes are demonstrated in 2. Analogous to 

HilbertMamba, PeanoMamba transforms a two-dimensional image into a one- dimensional 

sequence, preserving local spatial coherence through the indexing: 

I(x, y) = P-1 (x, y).                              (18) 

Peano scan’s distinct fractal structure effectively maintains both fine-grained local details and 

global dependencies, contributing uniquely to low-light image enhancement. 

Superiority of HilbertMamba & PeanoMamba: The superiority of HilbertMamba and 

PeanoMamba becomes solid when addressing the two challenges in low-light image enhancement: 

1) preserving fine-grained local interactions and 2) maintaining global depen- dency modeling. 

Their advantages include: 1) The continuity of the Hilbert and Peano scans ensures that subtle 

local image features, such as tex- tures and edges, are sampled with high fidelity. This is particularly 

important in low-light conditions, where minor details significantly impact the perceived visual 

quality. 2)By providing a more uni- form sampling of the spatial domain Ω, Hilbert Scan lowers the 

dispersion ε(P, Ω). Under the assumption that the underlying image function f is Hölder continuous 

with exponent α, the worst-case error bound 

E(P, F) ≤ K′ ε(P, Ω)α , 

is directly minimized, resulting in higher fidelity in the recon- structed features. 
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Table 1. Quantitative comparisons of different methods on LOLv1 [60], LOLv2-real [71] and LOLv2-synthetic 

[71]. The best and second-best results are highlighted in bold and underlined, respectively. Note that we 

download the pre-trained models from the authors’ websites. 

 

 

Figure 3: Visual comparisons ofthe enhanced results by different methods on LOLv2-real. 

In summary, the Hilbert and Peano scans, by their space-filling and fractal properties, offer 

mathematically rigorous strategies that significantly enhance the performance of Vision Mamba. 
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We also introduce a spatial dispersion metric that quantifies discontinuities in scanning patterns 

by jointly considering the mag- nitude and frequency of index jumps. For full details and derivations, 

please refer to the supplementary material. 

5. Experiment 

5.1. Experiment Settings 

Datasets: We trained several Mamba-based low-light image en- hancement methods [1, 61, 88] 

on two datasets: LOLv1 [60] and LOLv2 [71]. LOLv1 contains 500 real-world low/normal-light image 

pairs, with 485 pairs for training and 15 for testing. LOLv2 is divided into LOLv2-real and LOLv2-

synthetic subsets. LOLv2-real contains 689 paired images for training and 100 pairs for testing, 

collected by adjusting the exposure time and ISO. LOLv2-synthetic contains 900 paired images for 

training and 100 pairs for testing. 

Evaluation metrics: To evaluate the performance of different methods and validate the 

effectiveness of the proposed method, we adopt full-reference image quality evaluation metrics to 

evaluate various low-light image enhancement approaches. We employ peak signal-to-noise ratio 

(PSNR), structural similarity (SSIM) [59], and learned perceptual image patch similarity (LPIPS) [78] 

as evaluation metrics to assess the model’s performance. Higher PSNR and SSIM values and lower 

LPIPS scores generally indicate more significant similarity between two images. 

Methods Comparisons: To demonstrate the superiority of the 

Mamba-based low-light image enhancement methods reinforced by 

scanning patterns with Hausdorff dimensions equal to 2, PeanoMamba and HilbertMamba, we 

compare these prompted baseline meth- ods with a great variety of state-of-the-art methods both 

quan-  titatively and qualitatively, including RetinexNet [60], MBLLEN 

[45], ZeroDCE [13], MIRNet [74], EnlightenGAN [31], KinD++ [79], LLFlow [58], URetinexNet 

[63], SNRNet [68], Bread [15], LANet [69], FourLLIE [55], Retinexformer [4]. For fair comparison, all 

codes are downloaded from the authors’ GitHub repositories, and all comparison results are gained 

from retraining based on their recommended experimental configurations. 

 

 

Figure 4: Visual comparisons ofthe enhanced results by different methods on LOLv2-synthetic. 

Scanning Paths Comparisons: To demonstrate the superiority of the scanning patterns with 

Hausdorff dimensions equal to 2 in Mamba-based low-light image enhancement methods, we 

compare our proposed Hilbert Scan and Peano Scan with other mainstream types of scans: raster 

scan [86], continuous scan [85], local scan [24], and tree scan [64]. We implement these scans on three 

differ- ent Mamba-based low-light image enhancement methods: Retinex- Mamba [1], MambaLLIE 

[61], and WaveMamba [88], respectively, to show the generalizability of the Hilbert Scan and Peano 

Scan in Mamba-based low-light image enhancement methods. For fair comparison, all codes are 

downloaded from the authors’ websites, and all comparison results are based on their recommended 

experi- mental configurations. 
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Implementation details: We implement our HilbertMamba and PeanoMamba models using 

PyTorch and train it for 500000 itera- tions on an NVIDIA GeForce RTX 4090D GPU. The AdamW 

[44] optimizer (β1  = 0.9, β2  = 0.99) is adopted for optimization. initial learning rate 5× 10-4 

gradually reduced to 1× 10-7 with the cosine annealing. During training, input images are cropped 

to 256×256 pixels to serve as training samples, with a batch size of 32. For the augmented training 

data, we use random rotations of 90, 180, 270, random flips, and random cropping to 256 × 256 size. 

To constrain the training of HilbertMamba and PeanoMamba, we use the L1 loss function. 

5.2. Comparison with State-of-the-Art Methods 

Results on paired datasets: Table 1displays the quantitative re- sults obtained from comparison 

methods, where it can be observed that our proposed methods outperform others in most cases, 

nearly securing the second-best results where they fall short. When com- pared with the recent 

transformer-based approaches, SNR [68] and Retinexformer [4], our method achieves 1.11, 5.94, and 

3.10 dB im- provement on LOLv1, LOLv2-real, and LOLv2-synthetic datasets. Especially on LOLv2-

real, the improvement is over 5 dB, as shown in Table 1. Compared with the recent Fourier-based 

method, FourL- LIE [55], our WaveletMamba yields 5.23, 6.38, and 4.12 dB on the three benchmarks. 

When compared with the recent CNN-based approaches, Bread [15] and LANet [69], our 

WaveletMamba gains 4.52, 3.43, and 11.78 dB on the three datasets in Table 1. Particularly, our 

method yields the best visually appealing results in real-world images, as shown in Fig. 3and Fig. 4, 

where our method effectively suppresses noise and restores image details, resulting in visuals that 

closely resemble the original scene. Please zoom in for a better view. The visual results on LOLv1 are 

provided in the supplementary material. All these results suggest the outstanding effectiveness and 

efficiency advantage of our HilbertMamba and PeanoMamba. 

5.3. Comparison with Different Scanning Paths 

Results with Different Scanning Patterns: Table 2 summa- rizes the performance of 

RetinexMamba [1], MambaLLIE [61], and WaveMamba [88] on the LOLv1, LOLv2-real, and LOLv2-

synthetic datasets using various 2D scanning paths. Our results clearly show that the dimension-2 

scans, PS2D (Peano) and HS2D (Hilbert), con- sistently outperform the dimension-1 scans (SS2D, 

CS2D, LS2D, TS2D) in terms of PSNR, SSIM, and LPIPS. 

For example, RetinexMamba with PS2D yields PSNRs of 23.8 dB (LOLv1), 29.25 dB (LOLv2-

real), and 25.54 dB (LOLv2-synthetic). Similarly, MambaLLIE achieves PSNRs of 22.62 dB and 23.36 

dB on LOLv1 and 29.76 dB and 29.99 dB on LOLv2-real using PS2D and HS2D, respectively. Notably, 

WaveMamba with HS2D reaches the highest PSNRs of 24.85 dB on LOLv1 and 31.04 dB on LOLv2-

real, surpassing its performance with any dimension-1 scan. The quali- tative comparisons 

implemented on the method WaveMamba [88] are shown in Fig 5, Fig 6and Fig 7. The qualitative 

comparisons of the other two methods are provided in the supplementary material. 

The dimension-1 scans include the normal raster selective scan (SS2D) [86], continuous scan 

(CS2D) [85], local scan (LS2D) [24], and tree scan (TS2D) [64]. Visualizations for SS2D, CS2D, and 

LS2D are provided in the supplementary material, while TS2D, being input-dependent, is detailed in 

[64]. 

6. Conclusion 

In this paper, we rigorously demonstrate both mathematically and empirically that the 

performance of Mamba-based low-light image enhancement methods can be significantly improved 

by adopting scanning patterns with higher Hausdorff dimensions. By introduc- ing HilbertMamba 

and PeanoMamba, our work pioneers a novel scanning paradigm that transforms the way state space 

models (SSMs) handle two-dimensional image data. Leveraging the frac- tal and space-filling 

properties of Hilbert and Peano curves, our approach reorders image pixels into a one-dimensional 

sequence in a manner that preserves delicate local features and enhances the reconstruction of fine-
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scale details under challenging low-light conditions. Our methodology effectively overcomes the 

inherent limitations of conventional raster scanning by reducing the ap- proximation errors typical 

in traditional mapping strategies. This allows SSMs to capture long-range dependencies while 

faithfully reconstructing local textures and edges critical for perceptual image quality. Extensive 

experiments on standard low-light benchmarks validate the theoretical benefits of high Hausdorff 

dimension scan- ning patterns, with our methods consistently achieving superior quantitative metrics 

and visually pleasing enhancement results compared to state-of-the-art approaches. In summary, by 

bridging the gap between fractal geometry and state space modeling, Hilbert- Mamba and 

PeanoMamba not only advance the state-of-the-art in low-light image enhancement but also offer a 

versatile framework that could reshape how we approach sampling and representation in a wide 

range of vision applications. 

Table 2. Quantitative comparisons of different scans implemented on Mamba-based low-light image 

enhancement methods, Retinexmamba[1], MambaLLIE[61], and WaveMamba[88] on LOLv1, LOLv2-real, and 

LOLv2-synthetic. SS2D[42] represents raster scan, CS2D[85] represents continuous scan, LS2D[24] represents 

local scan, TS2D[64] represents tree scan, PS2D represents Peano scan and HS2D represents Hilbert scan. 

LOLv1                              LOLv2-real              

         LOLv2-synthetic 

                                    PSNR↑     SSIM↑     LPIPS↓    PSNR↑     SSIM↑     

LPIPS↓   PSNR↑      SSIM↑     LPIPS↓ 
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Figure 5. Visual comparisons of results of different scanning paths (based on WaveMamba[88]) on LOLv1. 

 

Figure 6. Visual comparisons of results of different scanning paths (based on WaveMamba[88]) on LOLv2-

real. 

 

Figure 7. Visual comparisons of results of different scanning paths (based on WaveMamba[88]) on LOLv2-

synthetic. 
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