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Abstract

Given Hilbert space operators A, B and X, let A4 p and J4 g denote, respectively, the elementary
operators Ay p(X) = I — AXB and the generalised derivation 64 g(X) = AX — XB. This paper
considers the structure of operators Dﬂ’l'i, i (I) =0and DtTl, 4, compact, where m is a positive integer,
D= Aord,dy = Apspxordp«p and dy = Ay g or o g. This is a continuation of the work done by

C. Gu for the case A 5 (I) = 0, and the author with LH. Kim for the cases TAY S (I)=0
or A(’{I‘V,B*’ 545 18 cOMpact, and 5ZA*/B*, Ans (I) =0or 5ZA*/B*, 545 18 cOmpact. Operators Dy 5,(1) =0

are examples of operators with finite spectrum, indeed the operators A, B have at most a two point
spectrum, and if D' ; is compact, then (the non-nilpotent operators) A, B are algebraic. Dy’ ;, (I)=0
implies Dy ;. (I) = 0 for integers n > m: the reverse implication, however, fails. It is proved that
Dy le(I ) = 0implies Dy, 4,(I) = 0 if and only if of A and B (are normal, hence) satisfy a Putnam-
Fuglede commutativity property.
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1. Introduction

Given a complex infinite dimensional Hilbert space (# ; (.,.)), let B(H) denote the algebra of
operators, equivalently bounded linear transformations, on  into itself. For an operator A € B(H),
let Ly and R4 € B(B(H)) denote, respectively, the operators

La(X) = AXand Ry (X) = XA

of left multiplication by A and right multiplication by A. For A, B € B(H), the elementary operator
A 4 p of length two and the generalised derivation 64 g € B(B(7{)) are defined by

AA,B(X) = (I - LARB)(X) =X —AXBand 5A,B<X) = (LA — RB)(X) =AX — XB,

respectively. We say that the pair (A, B) of operators in B(H) x B(H) is m-isometric (resp. , m-
symmetric) for some positive integer m if

np(l) = (I—LaRg)"(I) = <i<—1>f< ; )LQR’;;) (1)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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m-isometric and m-symmetric operators 2

(In the case in which the pair (A, B) is the pair (T*, T) for an operator T € B(# ), we shorten (T*,T) is
m-isometric (resp., m-symmetric) to T is m-isometric (resp., m-symmetric).) Structural properties of
m-isometric and m-symmetric pairs (A, B), and their connections with classical function theory, non-
stationary stochastic processes, Toeplitz operators and nilpotent perturbations of Hermitian operators
(etc.), have been studied by a number of authors in the recent past: see [2—4,8,18,25,37,39] for further
references.

A characterisation of m-isometric operators with a finite spectrum has been carried out in [29,
34,37]. An example of such an operator, first considered by Botelho and Jamison [12,13] for the cases
m = 2 and m = 3, is the operator

m . . . . .
AT R LRy (1) = E(—l)]< 17 )A*]A]B]B*] =0;A,B < B(H).
=0

It is straightforward to see that if A is in the approximate point spectrum ¢,(B*) of B*, then
AR ) = 0, ¢(AA) is a subset of the boundary dD of the unit disc D C C and 1 -

(Aoa(A*))(Aoa(A)) = 0. There exists a non-trivial scalar B, || = 1, such that A« = B and
Aa = % = B forall a € o,(A). We assert that 0,(B*) consists, at most, of two points. For if
there exist non-trivial 71,7V € 0,(B*), u # A # v, then 03(A) = 0a(AA) + 0,((p — A)A) and
0a(VA) = 0,(AA) + 04((v — A)A): since 0 ¢ 0,(A), not both of these translates of 0;,(AA) are in

dD. This argument applies equally to 0;(A); hence 0(A) and ¢(B) consist at most of two points. A

version of the preceding argument applies to m-isometric operators Ag’;* s das (I) = 0. Indeed Gu, [24]
proves that if Ag';* A (I) = 0 for some operators A, B € B(#), then A, B have spectrum consisting

at most of two points. An extension of this result to operators (5ZA* s Dan (I) = 0 has recently been
considered by Duggal and Kim [22]. ' ’

For operators A, B € B(H), let D;”l, b (I) denote the operator defined by the choices

D = Aor 5, dl = AA*,B* or 5A*,B* and dz = AA,B or 5A,B-

This paper considers the structure of the resulting eight operators, two of which have already been
discussed in [22,24], to prove that the spectra 0(A) and o(B) consist at best of two points. It is fairly
easily seen that D’ ;. (I) = 0 implies Dy 4, (I) = 0 for all integers n > m. The reverse problem of does
Dy 4, (I) = 0imply Dy 4, (I) = 0 for some positive integer n < m does not, in general, have a positive
answer. We prove that a necessary and sufficient condition for D;’i, b (I) = 0 toimply Dy, 4,(I) = 01is
that the pairs of operators (a1 A + B1,22B + B2), «; and B; (i = 1,2) scalars, satisfy a Putnam-Fuglede
commutativity property [28,32,35] The paper considers also the case in which the operator D' , is
compact. Here it is seen that the operators A and B (are algebraic operators, and as such) have a finite
spectrum consisting of poles (of the resolvent) of the operators.

2. Complementary Results: The Adjoint Operator (Dj ; ()"

In the following, A, B will denote Hilbert space operators such that 0(A) # {0} # o(B), and
m will denote a positive integer. Given complex scalars «; and ;, 1 < i < 2, we say that the pair

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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of operators (a1 A + B1,a2B + B2) satisfies the Putnam-Fuglede commutativity property, shortened to
(x1A + B1,a2B + Ba) € (PF), if
71 71 . J—
Dvc1A+/51,oczB+ﬁ2(0) - DEA*JFE,,TZBW@(O), D= Aord.

It is well known, see [28,36], that if A, B are normal operators, then the pair (a1 A + B1, 2B + B2) €
(PF).

The ascent (resp., descent) of A, denoted asc(A) (resp., dsc(A)), is the least positive integer n
such that
A= (0) € A7"(0) (resp. A"(H) C A"TH(H)).

Finite ascent and finite descent implies their equality [5,38]; we say that a point A of the spectrum
o(A) of Ais a pole (of the resolvent) of A if asc(A — A) = dsc(A — A) [5,38]. (Here, and in the sequel,
we write A — A for A — AI.) We observe here that if A € 0(A) is a pole of A, then necessarily A is
an isolated point of c(A) (i.e., A € isoc(A)). We say that DZ}B(O) 1 Dy p(H),ie. the kernel of the
operator D 4 p is orthogonal to the range of D 4 p in the sense of James [14,31], if

IX]] < X+ Y]], all X € D, };(0) and Y € Dy p(B(H)).

The following lemma, linking “range-kernel orthogonality" to the “ascent" of operators satisfying the
(PF)-property, will be useful in our considerations below.

Lemma 2.1. [16, Proposition 2.26]. If Dy g € (PF), then (D;}B(O) L Dy p(H), hence) asc(Dap) <1

The quasi-nilpotent part Hy(A — A) of an operator A € B(H) at A € C is the set
Ho(A = 2) = {x € H: Jim [[(A— A)'[|}]] = 0}

[5, Page 119]. A has SVED, the single-valued extension property, at Ag if for every open disc Dy,
centered at A¢ the only analytic function f : D), — H satsifying (A —A)f(A) = O forall A € D, is the
function f = 0 [5,23]; A has SVEP if it has SVEP at all A. Operators A with a countable spectrum have
SVEP, and if 0(A) = {ay,- -+ ,ap} for some natural number p, then A = @Al (a—a,) [5, Page 303,
Lemma 4.17]. A necessary and sufficient condition for the points «; to be poles of (the resolvent of) A of
order t;, for some positive integers t;, 1 < i < p, is that Hy(A — a;) = (A — ;) 'i(0) [5]. Observe that
if o(A) = {a,- - ,&p} and the points a; are poles of A of order t;, then A = EBIP:lA|(A7M)7ti ot N
for some nilpotent operator N.

The operator A is algebraic if there exists a non-trivial polynomial p(.) such that p(A) = 0. Itis
well known, see for example [5, Theorem 3.83], that A is algebraic if and only if o(A) is a finite set
consisting of the poles of A (i.e., if and only if o(A) is finite and A is polaroid [5]). Recall from Boasso
[10] that A is polaroid, i.e. points A € isoc(A) are poles of A, if and only if L4 and Rp are polaroid.
The (Banach space) operator d 4 p is algebraic if and only if A, B are algebraic. L 4 Rp algebraic does not
imply A and B algebraic, only that at least one of A and B is algebraic [16, Proposition 2.6].

A is nilpotent, more precisely A is n-nilpotent for some positive integer n, if A" = 0. Either of A
and B nilpotent implies L4 Rp nilpotent; conversely, L 4 Rp nilpotent implies, at best, that at least one
of A and B is nilpotent. We consider next the adjoint of the operator D' | (I).

Start by observing that for all X € B(H),

(64,8(X))" = ((La —Rp)(X))" = (Ra+ — Lp+)(X*) = (=1)ép+ 4+ (X*)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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and
(Aap(X))" = ((I - LaR)(X))" = (I = Lp-Ra+)(X*) = Aps a«(X").

Hence:
(JAB(X) = (—1)"0p+ 4+(X");
(80" = oK)
(A4 B*(AA B(X)))" = Apa((Aap(X))") = Apa(Lpea-(X¥));
(Oasp+(6a,8(X)))" = (=1)0p,4(64,8(X))*) = (—1)?0p,4(3p+, 4+ (X*));
(Aanp(6a,8)(X)))" = Lpa((64,8(X)))") = (=1)Ap a(0p, 4+ (X*)) an
(6axp- (D ap(X))" = (=1)dp,a((A (X)) = (=1)0pa(Ape a(X ))
Letting

VEF(X) = (I + LgRp)(X) and ¢ r(X) = (Lg + Rp)(X)

for Banach space operators E, F and X, we have:

(1) (28 D)

Il
I 1
/—
N———

S

S
—
>

m\n
*

S

*

—~

—~

S—

S—

@ (s 0an D)
= (i@(—l)]< m >5:741*_B*(A]AB(I))>
j=

() (A%, D) =V, (D
@ (0%, 5 (D) =08, (D
5) (D%, D) =% a1
(6) (8 poans(D) = (=183 s (D)
) (0%, nns D) =02 (D

® (Ag:*,B*/‘SA,B(I)) = g:s,AﬁB*,A* (D).
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3. The Spectrum

The approximate point spectrum of an operator being a non-empty set, if the pair (A, B) satisfies
the operator equation Dgi,dz(l) =0,D=Aord, di = Apep-0rdgp-anddy = Agpordap,
then there exist non-trivial scalars « € 0;(A) and A € 0,(B*). (We assume in the following that
d(A) # {0} # o(B*); see [30] for the spectra of left and right multiplication operators.) By definition

ol -
/\
~.
v
h
<,
S
*
]
*
=
<,
BN
W
S~—
~—~
—
S~—

m
5A* B*,04, B Z
]:

Gl el o

A*(=p) gi—kgkp*p

- ng *(j—p) A=k BkB*P s

where Cy- = C(m, j, p, k) denotes

e foo (5 ()

and &g r is the operator

A similar argument shows that
AS’E,A,&B*,A* (1) = CZng—VB*(f—P),A*kAP .

Ifa € 0,(A) and A € 0,(B*),and {x,}, {y»} C H are sequences of unit vectors such that lim_,c (B* —
Mxp =0 = limy_,c0(A — &)yy, then forall x,y € H

[‘E‘A*(i*P)AJ‘*k,BkB*P (x® xn)] Xn

A*(]'_p)A(j_k)x<xn, BPB*kxn>
and

[ng*PB*(f*P>,A*kAP (y® yn)} Yn
= B PB*U Ry (y,, A AFy,).

(Here, and in the sequel, (.,.) denotes the inner product on H.) Thus, if A" Do g, B( ) = 0, then (for all
x e H)

0 = lim CyA*U=P) AU x(x,, BPB*x,)

n—oo

= Cr(ATAU=P)y(AkATF)x

_ ﬁ(—l)j( m ) i<_1)p< j ))LPA*(]'—P)<i(—1)k< j ))\kA] k)
j=0 J p=0 P =0 ‘

- i<—1>f( " ) (A° ~T)i(A - M)x,

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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ie.,
A _ga (1) =0. (9a)
A similar argument shows that if A} S pn (I) =0, then
Ig—a,B*—&(I) =0. (9b)
If ATX*—X,A—/\(I) =0= A} ,p_z(I) thenoy(A — A) and 0, (B* — &) are subsets of the boundary oD of

the unit disc in the complex plane C. Considering 0,(A — A),if i € 0,(B* — A), then o, (A —A — ) € 9D
and, foraf € 0;(A—A),1=|0,(A—A—pu)| = |oa(A—A) — | = |B—ul|. Let u = €|y, then |u| <2
and

B—pl=1= > —e'|ulp+e* =0
. / _ 2
. ﬁ:ezt<|y|ir4 ] )

A similar argument shows if v = ¢ |v| € 0,(A — ), then |v| < 2 and, for every T € 0,(B* — &),
g y

IT—v|=1= 12— vt + ¥ =0

— T:eie(|v|ii\/4—|v|2>'

2

Spectra 0(A) and o(B) consist at most of two points: for if 71,77 € 0;(B* — A), then 0,(A — A — 1) =
0a(A—A—u)+ (4 —1),and both 0,(A — A — 1) and its non-trivial translates can not be in dD. The
following proposition encompasses this known result.

Proposition 3.1. Given a € 0,(A) and A € 7,(B*), if

(i) AT (I) =0, then

§A*/B*/5A,B

AK*,X,A,/\(I) =0= rBﬂfa,B*fﬁ(I)/

. / _ 2 ) _
C(A—A) = 0u(A—A) = {elt<”‘|i’— V4|”|> 7= ety € 0u(B* =)0 < t < 271, || < 2}

2
and
. AT ,
0(B—a)=0a(B—a) = {w(M) cu=e'ul €0(A—w), 0<t <2m, |yl < 2}.

) OR . petns (I) =0, then
@) O aeaaD) = 0= 01 51 ap-(1);
(b) there exist real scalars By and By, B1 < Ba,such that

{Ac(A)} A{ao(B)} € [1— B2, 1= Bl

(c) 0(A) and o(B) consist at most of two points.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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N

Proof. Part (i) having already been proved, we start proving part (ii) by proving 6™ =0=

[-AA*, - aalD
7" u,1_zp+(I). By definition

m —
AA*,B*,AA,B(I) = Cy, € pwp px prpey and

m —
TP g0 g0 4o (1) = Cr, Epppet ask prs

Cr, = C(m,j,p.k) = f(_nf( i ) [mzj(_l)p< " ) (i(_l)k< ’]‘ >>1
= j =0 P k=0

Arguing as above, it is seen that

where

0 = lim X, a0

= lim Cy, A" A¥x(x,, B'B*¥x,)

n—o0

= Cp, (A7) (N AF)x

= i(—l)]( " ) me(—l)”( m=] )X'M*P(i(_l)k< j >/\kAk>
j=0 1) Lp=0 p = k

= i 1)]( ]> — AAF)"I(I - AA)x,
=0

for all x € H and

0 = Ilim JXB,AIAB*,A*(I)

n—oo
= lim Cy, BYB™y(ys, A A'yn)
= Cy, (aBP) @By

= Y (W L JT—aB)" I (I-7A)y
=0 ]
for ally € H. Hence

O zaraall )=0 (10a)
and
1-aB,1—ap-(I) =0 (10D).

This proves (a). To prove (b), we start by observing from the spectral mapping theorem that

a(I = AA*) — 0a(I — AA) = (I — Aoa(A*)) — (1 — Aoa(A))

= o0,(I—aB)—0,(I —aB*) = (1 — ao,(B)) — (1 — wo,(B*)).
Hence there exist real numbers B;, 1 <i < 2, such that
1—Ac(A) C [B1, B2], equivalently Ac(A) C [1— B2, 1 — B1].

(This inclusion being true for all A € ¢,(B*), we have also that ac(B) C [1 — 2,1 — B1].) To prove (c),
assume that there exist distinct scalars y, v such that 7,V € 0,(B* — A). Then A + pand A + v € 0,(B*),
and hence

{(A+ oA} A{(A+v)o(A)} 1= B2, 1= Bl

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Recalling the hypothesis that 0,(A) # {0}, we have

(I = (A+v)A) = ou(l = (A +p)A) + (4 — v)oa(A)
= (A +v)ea(A) S [1 =B, 1= pa] + (p —v)ou(A) £ 1= B2, 1 - B1l,

since 1 — By + (g —v)oa(A) > 1—B1if (p—v)oa(A) > 0and 1 — Bo+ (4 —v)oa(A) < 1— By if
(y —v)oa(A) < 0. A similar argument proves that 0;(A) consists at most of two points. O

The point 0 can not be in both ¢ (B*) and 0, (A) in the case in which Ag';* e AD (I) = 0. This follows
from the following argument. If 0 € 0,(B*), then (see above) for all x € H,

(I) = 0 = Cy A*U=P) Al *x 1im (B*Px,,, A™x,,)

m
éA*/B* ,(SA’B n—,oo

= Oforallp,k >0andif p =k =0, then
m . m . .

Y.(-1 T JATAx = AL ,(D)x =0
- AHA?*/A(I):O.

Thus, A is m-isometric, and hence 0;(A) C dD. A similar argument shows that if 0 € 0,(A), then B*

. y . " . . : . m — :

is m-isometric and o, (B*) C oD. This fails for operators A, B satisfying & Ao e Bap (I) = 0. Consider,

for example, the operators A, B such that o(A) = {ae'?,0}, 0(B) = {be=,0} for some real numbers
— pi0 I e (4 A - m —

aband 0 < 0 < 27, A = ae"l 0l and B = be 11 ®0I; [ = I ® I;. Then 5AA*,B*,AA,B(I) =

Cy, (I ®0L) = 0.

The following theorem proves that the conclusion ¢(A) and ¢(B) consist at most of two points
holds for the remaining six choices of the operators D, d; and d; (in Dy’ ;. (I) = 0). For continuity,
we keep the numbering above — thus our theorem starts with case (iii) and ends with case (viii). We
assume in the proof of the theorem that {x, } and {y,} are sequences of unit vectors in H such that
limy 00 (A — a)x, = 0 = limy 00 (B* — A)y, = 0. (Thus, a € 0,(A) and A € 0,(B*).)

Theorem 3.2. (iii). IfArKA*,B*rAA,B(I) = 0, then A}anA*,If/\A =0 = AP g1 gp- (1) and for each
a € 0(A)and A € o(B) there exists 1 0,0 < 0 < 27, such that |aA| = 2(1 — cosb).
() . If AR B*r‘SAB(I) =0,then A" = | =0= V] pp_z(I) and there exists a non-zero scalar
B such that o '
1Bl iy/4B0— B) — |pl* B2 £ i\ /4p(1 ) |l
A= = and o = — .
2p 2p
(v). IfAZ;* s Das (I) =0, then A%+ =0=V}g_ | sp(I) and there exists a non-zero scalar
B such that ' ’ ’
(B2 4+ —B) — (g% 245 —B)_ 8%
L IBPEiVABA B (B |BR+iVaB(—B) B
28 2p
(vi). Ifég';*/B*,éA’B(I) =0, then

(SZ*_X,A_/\(I) =0= 5?704,3*75(0/
0 € 04(A) (resp., 0 € 0,(B*)) implies B* (resp., A) m-symmetric, and o,(A) C {r + A : A € 0,(B*),r real}.

(©id). If 65 AL, (I) = 0and A — I, B+ I are non-nilpotent, then

(S;n—XA*,A—A(I) =0=0pp—x(l)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

d0i:10.20944/preprints202511.1034.v1


https://doi.org/10.20944/preprints202511.1034.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 November 2025 d0i:10.20944/preprints202511.1034.v1

m-isometric and m-symmetric operators

and there exists a scalar B such that

_ —2
A:—Bii\/zi(ﬁ—l)—ﬁz BEiy/4(B—1)—P

> and « = 5

m _ B .
(viii). If(SAA*,B*/‘SA,B (I) = 0and A — I, B+ I are non-nilpotent, then

T—XA*,A—)\<I) =0= <>?171XB,B*7E<I)
and there exists a scalar B such that

BN -p

> and o =

BEiy/4(B—1)—p
3 .
Furthermore, the spectra o(A) and o(B) consist at most of two points in each of the (six) cases.
Proof. The proof of (iv) and (v), and (vii) and (viii), is similar: we prove (iii), (iv), (vi) and (vii).
Case(iii). We start by proving that I — AA and I — aB* are m-isometric. By definition
AKA*,B*'AA,B (I)

() (1))

Hence, for all x € H,

n—o00

= CyA*PA*x lim (B*Px,, B**x,,)
n—oo

0 = [lim A% a (D@ )]

= Cy(AA")P(AA)kx
f(—w’( " >(I—XA*)f(I—)LA)fx
j=0 J

_ m
= AI—XA*,I—AA(I)X'

Hence A™

" 14 114 (1) = 0. A similar argument, working this time with

0 = lim [A%, (D@ ya) |y
= CpBPB™x lim (APy,, A'y),

We claim that 0;(A) and 0, (B*), hence also ¢(A) and ¢(B), consist at most of two points. Assume

to the contrary that (alongwith ) v € 0,(B* — A); v # p. Then 0, (I — (A +v)A) C 9D and

0a(l = (A+v)A) = au(I = (A + p)A) + (g — v)ou(A).

Since 0, (A) # {0} and 05(I — (A +u)A) C 9D, 04 ((I — (A +v)A) is a translate by a non-zero scalar of
points in dD, hence not a point in the boundary of D. This being a contradiction, our claim is proved.
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The operators I — AA and I — aB* being m-isometric, the spectra o,(I — AA), 0,(I — ¥B*) are
subsets of dD and the operators I — AA, I —aB* are (left invertible, hence) invertible.The spectral
mapping theorem implies that

T(Ap g persgy) =0 = @A +ad = [wA]?

fora € ¢(A) and A € ¢(B). Since (I — AA) C {¢},equivalently, A« C {1 — ¢}, for each & € 0(A)
and A € o(B) there exists a 0 < 6 < 27t such that |aA| = 2(1 — cosf).

Case (iv). Westartby proving AT -\ | ' =0= V]’ 55 z(I)foralla € g (A) and A € 0,(B*).
Arguing as above,
0 = lim [A”&A*B*,‘;A,B(I)(x ® xn} xn, X €H

= C):A*”Aj_kx lim (B*Px,, B*kxn>
n—oo

(g () (o)
j=0 J p=0 p k=0 k

- f(—nf( " )(I—/\A*)f(A—A)jx

j=0 J
= Olspa (D) =0
and
0 = lim|VE s (D@ |y xeH

= OB () (e (h)e Jamersnd)
- BB (5 o) (mor (L))

= Vipp—all) =0.
If AT < s 4 (I) = 0, then (by the spectral mapping theorem)
1—(1-Ax)(a —A) =0; alla € 0,(A) and A € 0,(B*).
Consequently, there exists a non-zero scalar § such that
1-Aq = ;,a—/\—ﬁ:ﬁ)x2+|/3|2)\+(l—ﬁ) =0

and this (solving for A and «) implies
—|BI* +i\/4B(1 - B) — |Bl* nd B +i\/4B(1 - B) — Iﬁl4
26 = 28

0(A) =0,(A) and 0(B) = 0,(B) consist at most of two points. (In particular, if 0 € ¢(B), then f =1,
c(A)={0,1} and ¢(B) = {—1,0}.)

Case (vi). We have
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m-isometric and m-symmetric operators 11
0 = n]grgo [(52?4*,3*’5&3(1)(36 ®xn)}xn, xeH

- czlA*(m*]‘*P)A]‘*kx Jﬂ(]g*r’ym]g*ky@

_ i(—l)]( m > (iiﬁ—l)”( m—j >XPA*(m—j—p)> (i(_l)k< J )AkAj—k>x
j=0 J p=0 p k=0 k
5" .

=0 ]
= Oh qaa)=0
Again,
0 - nlE)I(-)lo [522:,,4/53*,,4* (I)(x ®y”)}yn

= C):le_j_pB*(j_k)xnli_{rgo(A’”yn,Akyn>

= i(_l)j< m )(i(—l)l’( m-—j )amejP> <i(_1>k< J )(RkB*(jk)>x
j=0 J p=0 4 = k

- f(—l)f( " )(B—a)m—fw* ~ )

Thus
5741*—X,A—?L(I) =0= 5?—&,3*—&(1)

foralla € 0,(A)and A € 0,(B*).

Evidently, A — A and B* — & are m-symmetric. Furthermore, since &'
(0 —A) — (0 —A) =0, S = A for all « and A. Hence

*—X,A—A(I) = 0 implies

0a(A) C{r+A: A € 0,(B*),rreal}.

Trivially, if 0 € 0,(A), then B* is m-symmetric, and if 0 € 0,(B*), then A is m-symmetric. The
set {c(A) — A} being a compact set, there exist scalars ;, 1 < i < 2, such that (87 < B, and)
o(A) — A C [B1,B2]- Suppose that there exist scalars 1,V € 0,(B* — A), 4 # v. Then (A + p and
A+v € 0y(B*), hence) 0, (A—A—u) =c(A—A—pu)and 05((A — A —v) = (A — A —v) are subsets
of [B1, B2]. Since

c(A=A—v)=0(A—A—u)+ (p—v), where0 # u — visreal,
Br—(u—v)<prif (u—v)>0and o — (p—v) > Brif (u—v) >0,

we have a contradiction. Conclusion: ¢(A) and o(B) consist, at most, of two points.

Case(vii). In this case

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202511.1034.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 November 2025 d0i:10.20944/preprints202511.1034.v1

m-isometric and m-symmetric operators 12
0 = nlgrc}o [(52/4*,3*,5&3(1)(95 ®xn)}xn, xeH

= Cy,A"PA*x lim (B*Px,, B*x,)

(_1)f< m ><mz_j(_l)p( m—j )(X)PA*P> (i(_nk( ] )/\kA] k)
0 ] p=0 p k=0 k

(-1)1‘( '7 ) (I—AA*)(A—A)x

|
™=

]

I
™=

j=0

= I

~§

—AA*,A— /\(I)

cmewsn-£(5 ) () ()]

Then, for all x € H,

Let

0 = lim [Og;,AldB*,A* (I)(X (9 ]/n):| Yn

n—o0

= Cy,BPBUx lim (APy,, Ayy)

S E( g (o)
j=0\ / p=0 P k=0 k

- i( " )(I—XB*)mf(B—A)J’x
=0\ J
<>I A

=N m—)\B,B*—i(I> :0.

This proves 51 A A(I) =0= OT_“B,B*_R(I)-

The conclusion 47" & A% A ,(I) = 0 implies (by the spectral mapping theorem) that (1 — ar) —

(x — A) = 0 for all non-zero a € ¢,(A) and A € 7,(B*). Hence there exists a non-zero scalar 8 such
that
a—A=B=1-aA= A2 +BA+(B—-1)=0

—BEi\/4(p—1) - p?

= A= 5 and
_BENE-1) P
= 5 .

Evidently, 0,(A) = 0(A) and 0,(B) = o(B) consist, at most, of two points (which, if 0 € o(B), so that
B =1, are respectively the sets {0,1} and {—1,0}; observe that I — A is m-nilpotent if 0 € ¢(B) and
I + B is m-nilpotentif 0 € 0(A)). O

The conclusions of Theorem 3.2 help in building a picture of the operators A, B satisfying Dj' ;. (I)=0.
The following examples consider cases (iii), (iv), (vi) and (vii) of the theorem.
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Example 3.3. 0 may be in both 0,(A) and o,(B*) in the case in which AZA*,B*, AA,B( I) = 0: consider,

or example, the operators A, B such that o,(A) = {0, ey 0.(B*) = {0,a}, A = 0; @ 1—e I, and
p p

a a

B=0L ®aly, 0 #areal and 0 < 0 < 27t. It is seen that

Apegetipg ()

1_ei® \7 1—e—i0 \F
= c2<011@ - 12) (011@ : 12> (on @ a7+1,)

= Cp(0n e (1-e")P(1—e ) = f(—l)]‘( ’]” ) (L@ LY (L ® e 1)
j=0
= 0.

Example 3.4. If A" (I) = 0O, then 0 may belong to both 0,(A) and o,(B*) (consider, for example

AA*,B* r‘SA,B

the operators A = I & 0L, and B = 01 & —1I»), or, 0 may just be in one of 0,(A) and 0,(B*) (consider the
operators A =1 & (1 — \/g)lz and B=0L & (-1 — \/g)lz).

Example 3.5. In the case in which 5(’5’2*/3*, Sap (I) = 0,0 € o,(B*) implies A is m-symmetric (thus o(A) is real)
and 0 € 0,(A) implies B* is m-symmetric (thus o(B) is real). If a, b, 11,5 are real numbers, c(A) = {a,r, +
ib}, and 0(B) = {0,r, +ib}, then A = aly & (r1 +ib)Iy and B = 011 & (rp + ib) I, is an example of a pair of
operators satisfying (ng*/B*,{SA,B(I) = 0. Again, ifwelet p=iand A=1, & (—1—i)hL, B=(14+i)[ & -]

(in the proof of case (vii)), then 64,5(I) = —il, A ps p=(I) = il and 6, 1. 5, ,(1) = (I — LigR_i;)(I) = 0.

4. Equivalence D! ; (I) = 0 <= Dy, 4,(I) = 0 and The Putnam-Fuglede Property

It is well known (indeed, easily proven) that if a pair (A, B) of (Banach space) operators is m-
isometric (similary, m-symmetric), then it is n-isometric (resp., n-symmetric) for all integers n > m
[18]. The proposition that (A, B) is m-isometric (or, m-symmetric) implies it is n-isometric (resp.,
n-symmetric) for some positive integer n < m fails. A prime example here is that of strictly m-isometric
(resp., strictly m-symmetric) operators, where an operator A is strictly m-isometric (resp., strictly m-
symmetric) if A, ,(I) = 0and A’X;}](I) # 0 (resp., %), 4(I) = 0 and 5%;}1(1) # 0). Partial results
exist. Thus, if T € B(H) is such that 67\ (I) = 0 for some even positive integer m (resp., AT, (I) =0
for some invertible T € B(#) and a positive even integer m), then 5?{%(1 ) =0 (resp., AT, +(I) = 0);
see [22], Theorem 3 and Proposition 1, respectively. Again, if T is power bounded, i.e. sup,, ||T"|| < M
for some positive real number M, then A%, (I) = 0if and only if A7+ r(I) = 0[21]. Equivalently, if
T is power bounded and AT (1) = 0, then T is isometric. More generally, if S € B(#) is a power
bounded operator such that AT 5(I) = 0 for some operator T € B(*) and positive integer m, then S
is similar to an isometric operator (where we may choose the invertible operator effecting similarity
to be a positive operator) and T is similar to 5* [15, Theorem 2.4]. The following theorem considers
the equivalence D' , (I) = 0if and only if Dy, 4,(I) = 0 for the operators D, d; and d, of Theorem
3.2. It is seen that just as for the cases AZ;*,B*/‘SA,B (I) =0and 5ZA*,B*rAA/B (I) = 0 considered in [22], a
necessary and sufficient condition for the required equivalence is that the operators A and B satisfy
a Putnam-Fuglede commuatativity property. Before, however, going on to state the theorem, we
consider a few examples.

Example 4.1. Given Agg (I) =0, let 0,(B*) = {0, u} for somel non-zero real number y . Then

*,B*IéA,B

0a(A—p) = 0a(A—(0+p)) :%\/4—7#2
U'u(A) = {w} _ {ei", _671‘9}

—
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forsome 0 < 6 < 27t. Letting
A=eL @ —e Pl and B =01 @ uly,
it is seen that

A () =1— ("1 &~ +mh)(h &~ + b))

dp% B*,04,B

= 1= (B o +pe +e)A)L) =0,

since e’ + e~ = —y. Define operators E,F € B(B(H)) by E = 54+ p- and F = 54 . Let N € B(H) be an n-
nilpotent operator, N = NyIgNpIp; let Ly = Ny and Ly = Ny. Then 64+ N+ g+ = O+ g+ + Ly = E4+ N
and 6o np = F+ Na, where N;, 1 < i < 2, are n-nilpotent operators. Trivially, A}Q*_%A_”(I) = 0and,
since N is n-nilpotent, A%jrllxi*—y,AJrN—y(I) = 0 (see [7,18]). Similary, A%TI\}—e*i",B*JrN*—e*m(I) =0
However, neither of A}S+N1,F+N2(I)' A%*JFN*_H’AJFN_H(I) and A%}Jereie,B*qLN*fe*ie (I) is the O operator.
Example 4.2. For some non-zero real numbers r,r1,1p and 0 < 6 < 2m, let 0(A) = {a1, a0} =
{r1e7®,1e7%}, 0(B) = {\} = {re!?}, A = re I, © re L, and B = re'® (I © I,).Then

1 _ * ¥ o
5AA*,B*/AA,B(I) - (I_A B ) - (I_AB) =0.
Let N = N(I @ Ip) be an n-nilpotent operator in B(H). Let Ag«p« = E, App = F, DN peine g =

I —Lp+Rps — Ly+Rps = E+Njand Apynp = F+ Ny Then, Nj, 1 < i < 2, are n-nilpotent operators
such that N7 commutes with E, N commutes with F and , see [18], (5%2’:/\/21 FiM, (I) = 0. Evidently,

5}7XA*,17/\A(I) =0="0] g1 ap(I),

hence
2n—1 a0 o1
] 1 1 .
However, neither 0f5171(A*+N*),17A(A+N) (I) and 5AA*+N*,B*,AA+N,B (I) is the 0 operator.

Observe here that the operator A 4+ N is not normal in either of the above examples.

Theorem 4.3. If A, B € B(H) are such that (A) # {0} # 0(B), a € 0,(A) and A € 0,(B*), then:

(i) A} (I) = 0 implies N, ,. 5, (1) = 0 if and only if the pairs of operators (A* — A, A — A)

§A*/B*/§A,B

and (B — o, B* — &) are (PF)-pairs.

(i1) (52A*,B*/AA,B (I) = Oimplies O, ., ., A, 5 (1) = Oif and only if the pairs of operators (I — AA*, [—)A)
and (I — aB, I —&B*) are (PF)-pairs.

(iii) AZA*,B*/AA,B (I) = 0implies Ap . o, 5 (1) = 0 if and only if the pairs of operators (I — AA*, T —
MA) and (I — «B, I — &B*) are (PF)-pairs.

(iv) A (I) = Oimplies Ap ., 4, 5, (1) = Oifand only if the pairs of operators (I —AA*, A=)

A px g OB

and (I — aB, & — B*) are (PF)-pairs.

(v) A (I) = Oimplies Ns . .. A, 5 (I) = Oif and only if the pairs of operators (A* — A, 1 — AA)

5A*,B* ’AA,B

and (B — a,&B* — I) are (PF)-pairs.
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(vi) (5(’;;*/3*,5&3 (I) = 0 implies b5, ;. 5,5 (1) = 0 if and only if the pairs of operators (A — AA—=D)

and (B — o, B* — &) are (PF)-pairs.

(vii) O} (I) = 0 implies 65, ,. A, ,(I) = Oifand only if the pairs of operators (A* — A, 1 — AA)

5A*,B* /AA,B

and (B — a,®B* — I) are (PF)-pairs.

(viii) 6! (I) = Oimplies 5 . . 5, 5 (1) = O if and only if the pairs of operators (I — AA*, A — A)

AA*/B*,JA,B

and (I — aB, & — B*) are (PF)-pairs.

Proof. Before going on to prove the theorem, we make a few observations (which we will use in
the sequel without further reference). As seen in the proofs of Proposition 3.1 and Theorem 3.2, if
D;’i,dz(l) = 0 for any of the choices D = A or 6, d; = A g+ g+ or 4+ g+ and dy = A 4 p or 64 p, then the
spectra 0(A) and ¢ (B) consist at most of two points. Consequently, 0,(A) = ¢(A) and 0,(B) = ¢(B);
also,if  —AA or A — A, similarly I — AB or A — B, is left invertible for some scalar A, then it is invertible.
Furthermore, if A (similarly, B) is normal, then the spectral points of A (resp., B) are (simple poles of
the resolvent of the operator, hence) normal eigenvalues of the operator. The operator A (resp., B) has
a direct sum decomposition A = a1l; @ axl (resp., B = Al1 © A2lp), [ =11 @ I, and to every x € H
there corresponds an & = &7 or ay (resp., A = Aj or Ap) such that Ax = ax (resp., Bx = Ax).

The proof for almost all the cases is similar, execept for differences in detail: we prove below cases
(i) to (iii) in some detail and provide a brief outline of the proof for cases (v) and(vi).

(). If AZ;*,B*réA,B (I) = Oimplies Ag,, ;. 5,5(I) =0, then A 4. 7 4 (1) = 0= Ap_gpe—z(I) for
alla € 0(A) and A € o(B) (see the proof of Proposition 3.1). The conclusion

Ay 3 4-,(I) =0= A — Aisleft invertible = A — A is invertible
and
Ap_gp—z(I) = 0 = B — wisright invertible = B — a is invertible.

(Indeed A — A and B — « are unitary.) Consequently,

(A*=A)(A—A)=1=(A—-A)(A" — ) = Aisnormal and
(B—a)(B*—w) =1=(B* —&) = Bisnormal.

Hence (A* — A, A — A) and (B* — &, B — a) are (PF)-pairs.
To prove the sufficiency, we recall from Proposition 3.1 that

Ag;lq*’B*,&A,B(I) = 0 :> AK*_X,A_A(I) = 0 = g’*l’é,B**&<1)

foralla € 0(A) and A € o(B). The hypothesis on the (PF)-property implies (that the ascent is less
than or equaltoone, hence)

AAMX,AA(I) =0= AAfA,A*fX(I)

and
Ap_pp—a(I) =0= Apc_gp_o(I).
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Consequently, A, B are normal, A = @%lexili, B = 6912:1/\11“ (L ® I =1= L1 ® I1p), and for each
x € H there exists a A (= Aq or A,) such that

<A‘5A*,B*/‘5A,B (Ix,x) = ((I - A*"A+ A*B— B*A + B*B)x, x)
= (I-A"A+2A" —AA+ ]/\|2)x,x> = <AA*_X,A_/\(1)X/ x)
= 0.

This proves the sufficiency. (Observe that we also have A WB s g (I)=0.)

(ii). If 5XA*,B*/AA,B(I) = 0 implies 5AA*,B*,AA,B(I) =0,thend; 54.; 3a(I) =0=061_ap -z (I)

forallo € 0(A) and A € 0(B). Hence I — AA and I — «B are self-adjoint. Consequently, A and B are
normal, and the necessity is proved.

For sufficiency, we start by recalling (5%/‘*/3*/ AA,B(I) = 0 implies &7 & A 1A A =0 =
07 up_zp-(I) for all &« € o(A) and A € o(B). The (PF)-property hypothesis thus implies
‘SI—XA*,I—/\A(I) =0 = 51—AA,I—XA*(I) and 674 1-ap+(I) = 0 = d1_gp+,1-aB(I), A and B are nor-
mal operators with direct sum representaions of type A = &% ,a;I; and B = @©2_, A; ;. Furthermore,

for each x € H, there exists an A (= A1 or Ay) such that Bx = Ax. Since this implies

(88300200 (D)) 5,%) = ((AB — A"B)x, )
= ((AM =2AA")x,x) = (6; 34 _aa(Dx,x) =0,

the proof is complete. (Remark here that 6 ,, .. A, 5 (I) = =0, ;5,A . . (1), hence also OA 45O g pr (1) =
0.)

(iii). We start by proving the sufficiency of the conditions. If & € 0,(A) and A € 0,(B*), then (see
Theorem 3.2)
AZA*,B*/AA,B (I)=0= AT—XA*,I—AA =0= AT—&B,I—EB* (1),

hence by the (PF)-property

Ay Fp1aal) =0=Ap_4p1-7p-(I) and
Apaarga (D) =0= D1 gpe1—ap(l).

Consequently,

[—(I-AA*)(I—-AA)=0=1—(1—-AA)(I—-AA")
= AA+AAY = |A2A*A = |APAA*

and

[—(I—aB)(I—&B*)=0=1—(I—&B*)(I —aB)
< aB+®B* = |a|?BB* = |a|*B*B.

Thus A, B are normal operators, A = a1[; @ axlp, B = A1111 @ Aylq5 (for some not necessarily distinct
scalars a;, A;; 1 < i < 2). Furthermore, to each x € H, there corresponds a A(= A; or Ay) such that
Bx = Ax. We have

((AZA/B, Ay (I))x,x) = <(XA* FAA— |/\|2A*A)x,x> =0
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for all x € H. Hence, also, AL A, (I) = 0. (Remark here that
A*,B*r—A,B

AlAA*,B*.AA,B(I) = (La*Rp +LaRp — La-LaRp+Rp)(I)
A*B*+AB— —A*AB*B
AB+ A*B* — AA*BB* = (L4Rp + La-Rg — LaL-RgRp:)(I)

1
AAA,BrAA*,B* (I)/

hence AlAA,B,AA*,B* (I)=0.)

To prove the necessity of the condition, we start,by observing that if AL A, (I)=0and 0 €

A* B*DAB
0a(B*), then (I — A) = 0 (argue as in the proof of Theorem 3.2), hence A isnormal, and Ap . 5, (1) =
I —(I§)(I — B) = 0. Thus, I — B is left invertible, hence invertible. But then (I — B*)(I — B) = I =

(I — B)(I — B*), which implies B is (also) normal. A similar argument shows that if 0 € 0;(A), then A

1

and B are normal. Considering now non-zero a € 0;(A) and A € 0,(B*), A A e Dag

(I) = 0 iimplies

AIJA*,FAA(I) =0,
Aq_ap1-zp+(I) =0,

i.e., I —AA and I — AB* are left invertible, hence invertible. We have
(I—AAS)(I—AA) =1= (I—AA)(I - LA*)
= AA"+AA - |APATA = AA* +AA — |APAA%, and
(I—aB)(I—&B*)=1= (I —aB*)(I —aB)
<= aB+&B* — |a|?BB* = «B +aB* — |a|*B*B,

i.e., once again the operators A and B are normal. Hence (I — AA*,I — AA) and (I — AB*,1 — AB) are
(PF)-pairs for all « and A..

An outline proof of (vi) and (vii). If 67

éA*,B* ,5,4’3

(I) =0 implies J5,, ,.5,,(]) =0, then
Spe 3 42(I) =0=10p_gp-—z(I) = A — Aand B — a self — adjoint.

Hence A, B are normal and the necessity follows. For sufficiency,

5{’57;*73*,(514,3([) = 0 = 52*—X,A—)L(I) = 0 = 5?—0&,3*—&(1)

5A*7X,A7)L(I) =0= 5B—a,B*—E(I)

A,Bnormal = ((5(5A* B*,(;A,B(I))x, x), x €H,

(Op 7 a_2(Dx,x) =0
5514*,3*(5,4/3(1) = 0

A

If 67

JA*,B*’AA,B

(I) = 0 implies d;,, ,. A, 5(I) =0, then

51_XA*,A_/\(I) =0= QI—aB,B*—&(I)
— (I—AA")(A—A) = (A— A)(I — AA*), (I — aB)(B* — &) = (B* —&)(I — aB)

—> A, B are normal.
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(Notice here thatif 0 € 0(A), then B= I and A* = A, and if 0 € ¢(B), then A = [ and B = B*.) This
proves the necessity. For sufficiency,

5%*/3*,AA’B(I) =0= 5?1XA*,A7A<I) =0= <>111171XB,B*7E(I)
Op qpranI) =0=rupp—a(l)
A, Bnormal = <<(5(5A* B*,AA,B(I))X’ x), x € H,

O xaraa(Dx,x) =0
ééA*'B*,AA,B(I) = 0

Ll

O

Remark 4.4. If AF ;5 (I) =0, then Theorem 3.2 implies 0 ¢ c(A—A)Ao(B* —w) foralla € o(A)

and A € ¢(B), and A — A and B* — « are invertible m-isometries. As such, A — a and B* — A (hence,
also B — A) are generalised scalar operators (see [19, Lemma 2.9], [9]). Since generalised scalar operators
are polaroid, and, since (for a non-constant) polynomial p(.), p(T) is polaroid for an operator T if and
only if T is polaroid [5], A, B are polaroid. If 0(A) = {ay, a2} and 0(B) = {A1, A2}, then there exists a
positive integer n (equal to the maximum of the order of the poles at the points a; and A;, 1 <7 < 2)
and nilpotent operators Nj, 1 <i < 2, such that

A= (Al A 10) ® Al(a-a)0)) +Ni

and
B= (B|(B—/\1)’”(0) ® B|(B—)\z)*"(0)) + Np.

(Here, either of the components in the representation of A, resp. B, may be absent.) This known

representation of operators A and B, see [19], extends to operators A, B such that A"&A*,B*, Mg (I)=0.
Proposition 4.5. Let A, B € B(H) be such that 0(A) # {0} # o(B). IfAZA* . AAB(I) = 0, then there

exist scalars a; and A;, nilpotents N; (1 < i < 2) and a positive integer n such that

A= (Ala-a0 © Ala-sgyr0)) + N

and
B= (Blis-1)-1(0) © Blig-rg)n(0)) + Vo

(Either of the components in the representation of A, resp. B, may be absent.)

Proof. The hypothesis AKA*’B*’ Mg (I) = 0 implies I — AA and [ — @B* are m-isometric left invertible
operators, hence invertible operators (since the spectrum consists at most of two poits). This implies
I — AA and I — aB* are generalized scalar, hence polaroid, operators. Consequently, A andB are
polaroid, and if 0(A) = {aq, a2} and 0(B) = {A1, A2}, then A and B have the representation of the

statement of the proposition. O

Do operators A and B satisfying the hypotheses of the remaining cases of Theorem 3.2 have
analogous representations? We do not know the answer to this question. However, the following
proposition shows that there is an answer in the affirmative for certain choices of the spectral points
« and A, and m (for the remaining cases). In the following proposition, the scalar § shall refer to the
scalar f (of the corresponding case) of the statement of Theorem 3.2. The scalar # in the statement of
the proposition is not necessarily the same in the direct sum representations of the operators A and B.

Proposition 4.6. Let A, B € B(H) be such that 0(A) # {0} # o(B).
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(a) If either ATKA*,B*r5A,B(I) =0,0r A(’};*,B*’AA,B(I) =0,—-1€0(B)(orlec(A)or|B|=1), then

A= (A|(A—1)*”(O) D A|(A+1_ei9)—n(0)> + Nj and
B= <B|(B+1)*”(O) S B|(B,1+eie)-n(0)) + N,

for some positive integer n, nilpotents N; (1 <i <2)and 0 < 0 < 2.

(b) Let m < 4.
(i) I either 6% A, (I) =0o0ré™

; AV O p*daB
(1 <i < 2)and a positive integer n such that

(I) = 0, then then there exist scalars a; and A;, nilpotents Nj

A= (Al 10) ® Al () 0)) + N

and
B = (Bl(s-) () @ Blis1,) #(0)) + No:
(ii) If either 5312,3*,&&3 (I) =0, or (SXA*,B*/M,B (I) = 0, the operators A — I, B + I are not nilpotent and

—1€0(B)(orl e o(A)orp #1isreal), then

A= (A|(A—1)*"(0) @ A|(A+1—ﬁ)*"(0)> + N and
B = (Bliss1)n0) ® Bl(s-115)n0)) + N2

for some positive integer n and nilpotents N; (1 <i < 2).
Proof. (a). If either of the hypotheses on ¢(A), o(B) and B, holds, then necessarily
o(A) ={-1+¢%1},0(B) ={-1,1—e®Yand A% 4, (1) =0=AF 5| 5 (])

(see Theorem 3.2). The operator A 4 I and I — B* being invertible m-isometric are generealised scalar,
hence polaroid. This implies A, B are polaroid, hence have the repersentation of the statement of the
proposition.

(b). Before going on to considering the operators 5ZA*,B*/ Mg (I) =0and 55’&’3*, Sap (I)=0,m <4,
we recall some facts. It is known, see [29,37], that an operator T € B(#H ) is 3-symmetric if and only if it
is unitarily equivalent to the restriction to a closed invariant subspace of the operator

%4
0 Vv

S = € B(H® M), [V,E] =0, V self adjoint.

Let Hy(p), p a positive integer, denote the class of operators T € B(# ) such that
Ho(T—A)=(T—A)"P(0), A ecC.
(Recall, Hy(T) denotes the quasi-nilpotent part
— T nylly
Ho(T) = {x € #: Jim [IT"]1# = 0)

of T [5, Page 119].)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.



https://doi.org/10.20944/preprints202511.1034.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 November 2025 d0i:10.20944/preprints202511.1034.v1

m-isometric and m-symmetric operators 20

Normal operators are Hy(1) operators [5, Theorem 4.46]. Since
15 = A" (x@y)|[5 = [|(V = A)"(x) + nE(V = A)"Ty|[x + [|(V — A)"x|| s
forallx @y € H®H, Hy(V — A) = (V — A)~1(0) implies
Ho(S—A) € (S—A)%(0).
The reverse inclusion (S — A)~"(0) C Hy(S — A) being always true,
Ho(S—A) = (5—A)"%(0), all A € C.

Property Hy(p) is inherited by restrictions to closed invariant subspaces [5, Theorem 4.36]. Hence “a
3-symmetric operator T € Hy(2)",i.e., Hy(T — A) = (T — A)~2(0) forall A € C.

(i). If o™

AA*,B* /AA,B

(I) = 0, then 5?1—XA*,I—AA(I> =0 = 6" g qp:(I) foralla € c(A) and
A € o(B). Recall from [19, Theorem 3] that if an operator T € B(#) is m-symmetric for an even
positive integer m, then it is (m — 1)-symmetric. Hence we may assume that our operators 1 — A A
and I — aB* are 3-symmetric (recall m < 4), and therefore Hy(2) operators. Since Hy(p) operators
are polaroid (of index p [5, Corollary 4.37]), 1 — AA and I — «B*, hence also A and B, are polaroid
operators. This implies that if 0 (A) = {a1, a2} and 0(B) = {A1, A2}, then A, B have the representation
of the statement of the proposition.

A similar argument applied to o7 (I) = 0 implies A — A and B* — &, hence A and B, are

04,504,
polaroid operators. Consequently, A and B have the representation of the statement of the proposition.

(ii). If 5(757;*,3*,AA,3 (I) =0 (or, (5ZA*,B*’5A/B(I) =0), then %, ,; ,4(I) =0=0f , zp.;(I) (resp.,
O 4o 4 (1) =0=07 g5 p.(I)); see Theorem 3.2. Furthermore, if A = —1 (or a = 1 or f is real),
then

c(A)={-1+pB,1}ando(B) = {—1,1— B}

(in both the cases). Observe here that g # 1: for if it were then we would have 0 € 0(A) and 0 € o(B),
which then forces A — 1 and B + 1 to be nilpotents (and by assumption 0(A) # {0} # o(B)). Evidently,
ifa =1,0or A = —1, then 5i*+I’A+I(I) =0= 5437113*71(1) implies that the operators A, B are polaroid
and have the stated representations. O

5. The Compact Case

We consider in the following the structure of operators A, B such that the operator D;’; 4, 18

m
) A% B* ,5 A,B
(SZA* g g M [22]. We start by recalling our standing hypothesis that A, B are not nilpotent (thus,

c(A) # {0} # o(B)).If Dy 4, is compact, then the Fredholm spectrum UE(D‘TI, 4,) of Dy 4, equals 0
[5,32], and this by the spectral mapping theorem implies

compact. The argument below is patterned on that used to consider the cases A and

0e(Day a,) = (0e(dr) —0(d2)) U (0(dr) — 0e(da)) = {0}, D =6

and
0e(Daya,) =1 — (0e(dr)o(d2) Uo(dr)oe(dz)) = {0}, D= A

[11]. In either case, there exists a non-zero scalar  (not necessarily the same for the two cases) such
that

Ue(dl) = O'(dl) = {ﬁ} = O'e(dz) = O'(dz) if D = (5, and ...
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cu(dh) = o(dh) = (B}, 0u(dy) = oldy) = {5}, iD= &

We prove that the operators A, B are algebraic.
Proposition 5.1. If Dy’ ; is compact, then A, B are algebraic.

Proof. By definition

i ™ iR
DJ 4, =01 4 = Z(:)(_l)]< ; )Ldl R), , and
]:

DI =AM = i(—w‘( " )Lf R
dy,dy dy,dp i dy =y’

j=0 J

We claim that the sequences

(L 7Yy, {R] Y1y i D = 6 and
(L), Yo, (R} if D = A

are linearly dependent. Suppose, for example, that the sequence {R{;l2 }]'-”:0 is linearly independent.

Then, since Y!"(—1)/ ( ’;1 )LZngz (similarly,

}":O(—l)j < " ) Lél R{b) is compact, the sequence {L;Tj }]’.”:0 (resp., the sequence {in1 };”:0) is com-
]

pact. In particular, Lgl = [ is compact. This being a contradiction, our claim is proved. The linear
dependence of the sequences implies that the operators L;, and Ry, are algebraic operators. Since the
operator Lg (or, Rg) is algebraic if and only if E is algebraic, and since (for non-nilpotent operators
A,B)dap = La—Rpand Ayp = I — LoRp are algebraic if and only if A and B are algebraic [16,
Proposition 2.6], the operators A, B are algebraic. O

If A, B are algebraic, and 0(d45) = {B} (resp., c(Aap) = {B}) for some scalar B, then there exist
finite sequences a = {aj}?zl and b = {b]'};?zl such that

o(0ap) = 0(A) —o(b) = {aj - b}, (=a—b)
(resp., 0(Aap) =1—0(A)or(B) ={1—a;bj}i_; (=1—ab).

The following table lists spectra o(Dy, 4,) for various choices of D, d; and d».

There exists finite scalar sequences sequences {aj};?zl, {bj};?zl and a scalar B such that if:
(A)(l) D= (S, dl = 51‘1*,3* and:

(a) dr = (SA,B/ then U(dl) = {ll] — bj}?:l = {ﬁ} = {{Jl] — b]}7:1 = U(dz),’

(b)dr, = AA,B/ then O’(dl) = {{1] — b]};l:l = {,3} = {1 — a]b]}?zl = O’(dz).

(A) (ll) D= 5, dl = AA*,B* and:
(a) dy = 04 p, then o(dy) = {1 — a]b] ]7-121 = {‘B} = {11] — b]}7:1 = 0(dy);
(b)dr, = AA,B/ then O'(dl) = {1 — ﬂ]b]}7:1 = {ﬁ} = {1 — ﬂ]b]}?:l = O'(dz).

(B)(l) D = A, dl = AA*,B* aT’lCL
(0)dy = D, then o(dy) = {1—a}y = {B}, o(d2) = {1—ab}, = {}};
(b) do = b, then o(dy) = {1 —ajbj}i_y = {B}, o(da) = {a; — b}y = {5}
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(B)(ii) D = A, dy =0 g+ and:
(@) dy = Dpp, then o(dy) = {a; — b}y = {B}, o(d2) = {1 —ajbi}i, = {3}
(b) dy = 65, then o(dr) = {a; = b}, = {B}, o(da) = {a; — b}y = {3}

The following theorem characterises operators A, B such that Dy ; is compact. Recall from [5,
Page 128] that a point A is a pole of A if and only if Hy(A —A) = (A —A)~"(0) for some positive
integer n.

Theorem 5.2. Let A, B € B(H) be such that 0(A) # {0} # o(B). The operator Dg 4, is compact if and only
if the following conditions are satisfied.

(i) There exist finite sequences a = {aj};;l co(A)and b = {bj};’zl € o(B), not necessarily the same
for the two cases under consideration, such that

O'(dl) = {a] — b]}7:1 if dl = 5A*,B* and O'(dl) = {1 - %}]n:l if dl = AA*,B*/
O'(dz) = {a] — b]};lzl if dz = 5A,B and O’(dz) = {1 — ﬂ]b]}?zl if dz = AA,B-

(ii) There exist decompositions

H = @ Ho(A—a)) = ®y (A —a))1(0), H = @ Ho(B — by) = & (B — b;) ™ (0),
A =8 A) = &1 (Alny(a—ap), B = Sj1Bj = By (Bly(s-1)

such that

A—a= @?:1 (A] — Ll]) and B—b = @;’:1(31' — b])

are nilpotent operators (of order r = max{rj : 1 < j < n} and s = max{s; : 1 < j < n}, respectively).

Proof. The necessity of condition (i) having already been seen, we prove the necesity of condition (ii).
The operators A, B being algebraic are polaroid (i.e., all isolated points of the spectrum are poles of the
resolvent of the operator [5, Page 299]). Since o (A), o(B) are finitely countable, (i) follows.

The proof of the sufficiency of the conditions requires some argument. However, the argument
being very similar in all cases, we restrict ourselves to considering cases D = A\, dy = 04+ g+, do = D
and D = 6,dy = Ap+p«,dy = 6ap. (Thecases D = A,dy = dy+p+,dy = dppand D = 0,d; =
A g+ pe,dy = A 4 g are proved in [22].)

The hypotheses imply that the spectral points a; and b; are poles of A, B respectively. Hence A
and B, consequently also L 4 and Rp, are polaroid operators. This, see [16, Proposition 3.1], implies that
the operator L4 Rp and L4 — Rp are polaroid. The functional calculus for polaroid operators [5, Page
305] now tells us that the operators A 4 g — p and 4 p — p (hence, also A g+ g+ — pr and d 4« g+ — ) are
polaroid for all scalars .

Considering first the case D = A,dj = d4+ p» and dp = A 4 g, we have from the above that the
operators d4,p« —fand Ay p — % are polaroid. Since 0(84+ p+) = {B} and o(Aap) = {%},

(Gpe 5 — B) = {0} = o(Lap - }3>
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and the operators d4+p« — fand Ay p — % are nilpotents of some orders r and s, respectively. Set
r+s—1=t Then

Db po g Dap = (I ~ Lo pe e RAA,B)

= (_1) <L5A*,B* *ﬁRAA,B + L.BRAA,B—E>

t

t t— t—
t _ (_1\t PP P P
A5A*’B*,AA,B - ( 1) pg%) < p > RAA,B ngLéA*/B* 7‘BRAA,B_%

= 0/

sinceRpA , =0forallp >s,andif p < s—1thent—p > t— (s—1) = r and this implies
ABTB
ngf,s** g= 0. Trivially, being nilpotent, A; ., .. A, ; is compact.
To complete the proof of the theorem, we observe thatif D = §,d; = Ay« g~ and dy = d4 p, then
there exist positive integers r and s such that

(A —B) =0=(0a5—B)

and
r4s—1 r+s—1
(5AA*,B*,5A,B) - (LAA*,B* - R5A,B)
r+s—1
= (LAA*,B**ﬁ - R5A,B—/3>
r4+s—1
r+s—1 r+s—1—
= —1)? P pP
= L (D ( . ) LAy g pRo,5-p
p=0
=0 ,
since REA,B*,B =0forallp >s,andif p < s —1,equivalently r +s —1 — p > r, then UAA*,B* = 0.
]
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