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Abstract

The n-cube graphs (or the n-hypercube graphs) 9, could be seen as the Cayley graph Cay(G,S) for
G-= EBZEZ and S = {E;; = (eop)1<o,p<n | €ij =1 & eop = 0 for 0 # i and p # j}. It is a well-known result
r

that the quantum automorphism group Gqaut(2Qx) := H,; is isomorphic with the anticommutative
orthogonal quantum group O(O; '), for some r dependent on 1 (here in this paper we will try to specify
r) but our knowledge helps, as we talk, the main generators of G ga,t(Qxr) have not been observed yet.
So, in this paper we tried to study them along with the Cayley graphs such as Cay(Kj, S) for the free
group on two generators Ky, and the folded n-cube graphs FQ, and their generalized versions JFQ,,.
In the last part of this paper, we tried to study the quantum symmetric groups of infinite dimensional
spaces, by looking at them as arbitrary matrix spaces with points considered arbitrary matrices! We
believe that this way of observation might help providing a partial answer to the open problem on the
unit distance graphs and their quantum symmetries!
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1. Notations

Throughout this paper, by K, := K(x1, x2, -+, x;) we mean the free group on the set of generators
X ={xy,---, x5} for an algebraically closed field K. Note that, this notation also could be used in order
to present the free associative algebra on n generators.

2. Introduction

Let us start this paper with a quote from Arthur Cayley,

“As for everything else, so for a mathematical theory: beauty can be perceived but not explained.”

The main purpose of this paper is to study the Cayley graphs, which are named after Arthur
Cayley, and are one of the important concepts in mathematics relaiting the group theory with the
theory of locally finite regular (di)graphs. In order to have a Cayley graph, one needs a finite group G
and a generating set S closed under inverse and 15 ¢ S.

Cayley graphs are important in order to encode the relevant information about the group, such as
its size and the number of generators. But in our opinion, the most important future of the Cayley
graphs could be providing us with some very interesting sets of regulated (di)graphs. For example,
the free groups on n elements K, := K(xq,x2, -, x,) and the associated Cayley graphs ¢k, = (Kn,S;l)
could be one of those important examples. Here n goes back to the order of the free group K,, and i
indicates the different set of generating sets.

Let G be an arbitrary finite group and S be a generating set of it.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202511.0666.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 November 2025 d0i:10.20944/preprints202511.0666.v1

20f19

Definition 1. The Cayley graph T = Cay(G, S) is an undirected graph having vertex set T° = G and the edge
set TV = {(g1,82) : 918, € S}, meaning that there is a vertex for every element in G, and an edge from g to sg
for every g € G and s € S. (Parallel edges and loops are allowed)

Remark 1. (I) Note that the condition of being undirected goes back to the fact that S is invertible.
(11 We mostly are interested in infinite families of Cayley graphs which are expanding as one structure.
(1) As the Cayley graph depends on the chosen generating set, hence it is not unique in most cases.

Following Remark 1(III), consider the free group K, = K(e,a,b) and let ¢ : K - X = {1,2,3} be a
pointwise isomorphism. Let S = {2,3} be the generating set. Then we have the following result.

Proposition 1. The quantum automorphism group G qaut(Cay(Ky, S)) is non-trivial.

Proof. To prove this assertion, by following the approach used in our paper [14], we know that in
order to find if G gaut(Cay (KK, S)) is non-trivial, we have to prove that Cay (KK, S) possess quantum
symmetries, meaning that for the adjacency matrix Acay(k, ) there exists a noncommutative projective
unitary matrix u = (u;;);;, such that Acay(k,,s) "% = 1 Acay(K,,s), and to do that, we need to put a
reasonable orientation on Cay(Kjy,S) in a way that the quantum automorphism group of the non-
oriented could be identified with the oriented one!

As stated earlier in this paper, the goal is to work with the infinite Cayley graphs, but to proceed

1]

smoothly, let us start with the following.

1]

a
]

0]

6]
Figure 1. Cayd (Ky,S)

It is not too difficult to observe that the only noncommutative projective unitary matrix u = (;;); ; such
that ‘ACayd (Ky,S)
for p,q,¢, and s mutually noncommutative entities.

U=1u- ACayd(Kz, s) satisfies, for ACayd(Kz, S) the adjacency matrix, will be as follows,

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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s 01-s 0 0 0O 0 0O O 0 0 0 000 0 0
o 1.0 0 0 0O 0O 0 0O 0 0O 0 00000
1-s 0 s 0 0 0 0 0 0 0 0 0 00000
0o 0 0 ¢ 01-¢£ 0 0 0 0 0 0 00000
o0 0 0 1 0 0 0 0 0 0 0 00000
0o 0 0 1-£0 ¢ 0 0 0O 0 0O 0 00000
o 0 0 0 0 0O 4 01-g 0 0 0 00000
o0 0 0 0 0O 0O 1 0 0 0 0 00000
Acagizys)=| 0 0 0 0 0 0 1-g0 g 0 0 0 0000 0
o0 0 0 0 0 0 0 0 p 01-p 00000
o0 0 0 0 0O 0O 0 0 0 1 0 00000
o0 0 0 0 0 0 0 0 1-p0 p 00000
o 00 0 0 0O 0O 0 0O 0 0 0 10000
o 00 0 0 0O 0O 0 0O 0 0 0 01000
o0 0 0 0 0O 0O 0 0O 0 0 0 00100
o 00 0 0 0O 0O 0 0O 0 0 0 000710
o o0 0 0 0 0 0 0O 0O O 0 00O0O0 1]

and for the infinite expandable Cayley graph ooCayd(Kz,S ) associated with Ky, and illustrated in
Figure 2, the noncommutative projective unitary matrix will be as follows.

i)

o

£ |,
PN

S
‘T‘f;%,_ ,%,;&*
S
T
‘ii oy

Figure 2. wCayd (Ky,S)
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(A1 0 0 000 0]
0 Ay O 0 0 O 0
0 0 0 0 0 0
: Ao 0 0 0 0
A ot (10,5) = | 0 1.0 0 0},
: 0 0 1 0 0
: 0 0 ' 0
: 0 0 1 0
| 0 0 0 0 0 1}
P 0 1-P
where A;, i € I = {1,---, 00}, are Sudoku unitary matrices A; = 0 1 0 | for s, ke]-=
1-P 0 P
{j1,++ joo }, distinct orthogonal projections, meaning that P]'i1 b # B, Pjil for any iy,ip € I.

O

2.1. n-Dimensional Hyperoctahedral Group

Consider the set of segments I;, for i € {1,---,n}, and let H, be the space consisting of symmetries
o; such that each o; turns I; and keeps the other segments fixed. Note that elements o7, --, 0, have
order two and commute with each other, and hence they could be considered as the generators of the
product of n copies of Z,. Let us call this new non-free group L, = Z5 = Zp ® - & Zy.
On the other hand, the symmetric group S, could act on L, by permuting the segments, and
Hy = Ly xSy = Zy Sy, could be defined by using this action as the symmetric group of the graph
formed by the n segments I;, or in other words the n-dimensional Hypercube K. Note that as a
symmetric group, we have
S, cH,cO,. (1)

As in [10], one may look at the n-dimensional Hypercube Q, = (QY, Q.) as the Cayley graph
of L, with respect to the generating set E = {¢; | 1 < i < n} consisting of the canonical generators
€ =(0,--,0,1,0,---,0), where 1 is located in the ith coordinate, and two vertices in Kg are connected if
and only if their difference belongs to E.

Let us start with the n = 3 case, which is the usual 3-dimensional cube. Its symmetric group is
Hj = Zg x S3 and we have the following minor result.

Proposition 2. The quantum automorphism group of Qs is nontrivial.

Proof. To prove this claim, we will follow the steps taken from our previous work [14] and illustrated
in Proposition 1. This means that we try to have a reasonable orientation on K3 and then we prove that
the oriented one has quantum symmetries, such that its quantum automorphism group coincides with
the non-oriented one. So let us consider the following oriented version of Q3.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 3. Qg

It is not too difficult to observe that the only noncommutative projective unitary matrix u = (uij)lgi,jgg
that could commute with the adjacency matrix A 44 could be formulated as follows, for the orthogonal
3

projections p, g such that pg # gp.

1 0 0 0 0 0 0 0

0 g 0 0 0 1-4 0 0

00 1 0 0 0 0 0

0 0 0 0 0 01

o=l PP g 1 0 0 op’ @

01-g 0 0 0 g 0 0

00 0 0 0 0 1 o0

0 0 01-p 0 0 0 p |

meaning that Qg possesses quantum symmetry and its quantum automorphism group is non-trivial.

In conclusion, one may check the truthfulness of the relation “A o4 = ©Ag;, resulting in the non-triviality
3

of the quantum automorphism group of Q3. O

In [15] we studied the actions of .2}, = C(m) on matrix groups. It is already known that

—_————
n times
A 0 - 0
A : i 1-4 S
the generators of %, are of the form . O for A; = (1 1 7 qiq ) such that '/ # ¢/¢'
0 0 - A,

fori+je{l,--, n}

Hence one might think of 2, as the free (quantum) group of order n, generated by ¢',---,4",
with the associated Cayley graph studied in the previous section. However, this study is important
because of the study conducted in [4], Theorem 10.1, and the subsequent discussion for the possible
generalization to the n-dimensional Hypercube.

In [9,10], it has been shown that the quantum automorphism group of L, is the anticommutative
orthogonal quantum group

] ]

iod o di kok o kokoio ]
Uy = —uly, U; uj = u]-ui, wuy = u

00,1 = c*(u;i

ub = 1, uut = 1y, = ttu, )
i
U
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which clearly proves the truthfulness of our result obtained in Proposition 2 for case n = 3.

Remark 2. Note that the claim stated in Proposition 2 has been thoroughly studied in [5] and, as a result, we
know that the quantum automorphism group of the n-dimensional Hypercube is the quantum Hyperoctahedral
group Hy = Zn 2. S;; seen as a subgroup of S3, [7], and in particular we have Hy = O5'. But the advantage of
our study is that we will completely clarify the generators of H, thoroughly, which is important!

The following result has been extensively studied in [9,10], but as has been already mentioned,
the advantage of our study is studying generators of O(O;") in general and O(0O7}) as the special
case.

Proposition 3. The quantum automorphism group of the 4-dimensional Hypercube graph Q4 is nontrivial and
is equal to O(O7}).

Proof. The proof will proceed along exactly the same lines as in Propositions 1 and 2.

To do this, we try to have a reasonable orientation on Q4 that makes our job a lot easier in finding
if Q4 possesses quantum symmetries or not! (By the way, we already know that the last statement is
true!)

So, consider the orientation imposed in the following way. Note the sink and source vertices!

Figure 4. QZ

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202511.0666.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 November 2025 d0i:10.20944/preprints202511.0666.v1

7 of 19

1 0 o o o o0 O o0 o o o o o o0 o0 o
o ¢ 0 o O O O o o0 o o0 o 01-q 0 O
o o 1 o0 O O O O o o o o o0 0 o0 o0
o o0 o0 p»p O O O O O O O01-p 0 0 0 O
o o o0 o0 1 0 O O O o o o o0 0 o0 o0
o o o0 O O s O O O01-s 0 O O O 0 O
o o o0 o0 o0 o0 1 o0 O 0o o o o0 0 o0 o0
A - o o o 0O O O o ¢ o0 O O O O 0 0 1-¢
2%2°lo o o 0o 0 0 0 0 1 0 0 0 0 0 0 0]
o o o0 O O01-s 0 O O s O O O O o0 O
o o0 o0 o o0 o0 o0 o0 o0 o 1 0 o0 o0 o0 O
o o0 01-p 0 O O O O O O p O 0 0 O
o o0 o0 o o0 o0 o o o0 o o o 1 o0 o0 O
o1-4g 0 0 0 O o0 O O O O O 0 g 0 O
o o0 o0 o o0 o0 o o o0 o o o o0 o 1 o0
o o o o o O O1-¢0 O O O O O 0 ¢ |

It is not too difficult to observe that the only projective unitary matrix u = (u;j)1<;j<16 such that
uAga = Agau satisfies for the adjacency matrix 04 could be formulated as above, as a generator of the
4 4

anticommutative quantum group O(O;,) as expected, for p,q,s, and ¢ mutually noncommutative.
In conclusion, one may check the truthfulness of the relation “A ,q = “Ag,, resulting in the non-triviality
4

of the quantum automorphism group of Q4. O

Remark 3. (i) Note that a one-dimensional Hypercube is a line. A two-dimensional Hypercube is a square.
A three-dimensional Hypercube is a cube. A four-dimensional Hypercube is what which is called the
Tesseract that consists of two entangled cubes. A five-dimensional Hypercube consists of three entangled
cubes and an n-dimensional Hypercube for n > 3 consists of n — 2 entangled cubes.

(ii) The main generator of the quantum automorphism group of the 3-dimensional Hypercube graph from
the Proposition 2 could be identified with the free group K, generated by (p,q), and the main generator
of the quantum automorphism group of the 4-dimensional Hypercube graph from the Theorem 3 could be
identified with the free group Ky generated by (p, q, s, £). Following this Alghoritm that has been proven,
one may suggest that the main generator of the quantum automorphism group of the 5-dimensional
Hypercube graph could be identified with the free group Ks generated by (p,q,s,¢, m,n).

(i) For the n-dimensional Hypercube graph Q,, = (Q%, Q}), for n > 3, we have | QY| = 8(n - 2).

(iv) Then one gets that |[Kp| = 2, [Ky4| = 4, and |Ks| = 6, and the claim is that for n > 3 we should have

0
K| = 2ol = 2(51-2).

We can now prove the main result of this section. But before doing so, let us see how one could
proceed to “A,s as the main generator of the quantum automorphism group of the n-dimensional
Hypercube graph Q.

2.1.1. The Algorithm

In order to generate the generators of Ggaut( QZ) or equivalently Goaut(Qn), we need a process,
some sort of an (maybe not exactly) “Algorithm”. We propose the following approach.

Let u = (ujj)1<ij<n be the main generator of the quantum automorphism group of the n-
dimensional Hypercube graph Q¢ that is

GQAut(QfZ) = {u = (ujj)1<ij<n | u is projective unitary & u.AQﬁ = Agzu}.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Note that the entries of 1 belong to the set {0, 1, qi, 1- qi} forie{1,--,2(n-2)}, and we have

n n
Zui]':1 :Zui]‘ (3)
i=1

j=1

imposed by u being a projective unitary matrix.

So, starting from the main diagonal of # and the first entry w11, let 417 = 1, and as we know that
there are exactly 2(# - 2) noncommutative entries g for i € {1,---,2(n —2)} in the associated free group
F, = (ql, ey qz(”‘z) ), the process will be as follows.

After ugp = 1, let up = ql, uzz = 1, uyy = qz, and so on till Ug(p-2) = qZ(n—Z), Ug(n-2)+1 = 1,
Ug(n-2)+2 = qz(”*z)*l, and so on till ug(,_2y_» = 7', Ug(n-2)-1 =1, tg(n-2) = qz(”*z), and we will be done
with the diagonal. Then, by using the characteristic 3 one could get the whole matrix. For example, for

Qs we have the following generator of GAer for pip; # pjpi, i,j € {1, 5}.
5

1 0 0 0 0 0 0 o o0 0 o0 O
0 ps 0 O 0 0 0 0 0 0 1-ps 0 O
o o 1 0 0 0 0 0 o o0 0 o0 O
0o 0 0 ps 0 O 0 0 1-ps O 0O 0 O
o 0 0 0 o o0 o0 0 ©
o 0 o0 0 0 m 0 0 0 0 0 1-p
o o0 0 0 S oo o o0 0 0 ©0
0 0 0 1-ps 0 O 0O 0 ps 0O O 0 O
o 0 0 O 0 0 0 0 o 1 0 0 O
0 1I-p¢ 0 0O 0 0 0 0 0 0 ps 0 O
o 0 0 O 0 0 0 0 o o0 o0 1 o0
0o 0 0 0 0 0 1-pp 0 O o 1 0 0 p |
which could be quite easily extended to the general case of G 4 o fori,je{l,-, n}.

We are almost ready to prove the main theorem of this section that we have already promised.

Theorem 1. The quantum automorphism group of the i-dimensional Hypercube graph Q; is nontrivial and is
equal to (9(08‘(11.72)) fori>3.

Proof. The proof will proceed by induction on i. We have already seen in Propositions 2 and 3 that the
induction steps for n = 3,4 satisfy. Let us assume that the claim of the Theorem also works for i = n

Thenas2((n+1)-2)=2(n-1) = lQ”“l = |F,41] holds, and we have |F, ;1| - |Fs| = 2, then one should
easily get the result by employing ”the Algorithm”! O

Remark 4. (i) Note that the orientation defined in 4 is not the only orientation, but somehow it is the best
one that suits our purposes for this paper, that is finding out that if the quantum automorphism group
of Qy is noncommutative or not.

(ii) But this orientation is not good for the purposes of the paper [13], because in this case we obtain no
Hamiltonian paths, and the paths terminate before reaching the maximum size.

(i) Let E={e;=(0,--,1,---,0) | fori e {1,---,n} be the set of orthonormal basis e; of C", and in order to

———
ith component

fulfill the condition stated in the second part of the current remark (ii), and as in [17], for n > 3 let us

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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consider Q, = (QY, QL) such that Q0 = {jv = (v1,,0n) €Zy |v; €{0,1} forie {1,-,n}and j €
{1,---,8(n-2)}} and

Q'l1 - {( Y ijv)
172

Definition 2. The orientation on Q will be defined as follows. Let 7 = { jU€ Q| o€ E} and ¥; be
the set consisting of the rest of vertices minus the array with entries all 1, that isv = 11---1.

JUE Q% fork e {1,--,n} s.t. (I), (II), and (I11)hold for some i}. 4)
k

——
n times
(D For U0 € N, if |2]-v - 1jv| = ¢; € E, then the orientation will be U
(II) For JUE Y1 and L€ V5, the orientation will be two sided, that is U0
(1) For jv e V5 and v as in the statement of Definition 2, the orientation will be OV

(iv) For example in Qs, the orientation will be as follows.

o p

Figure 5. Qg

Note that Qg has three distinct Hamiltonian paths.

2.1.2. A Variant of Folded n-Cube Graphs

Cayley graphs associated with Z are generally called cubelike graphs as a generalization of the
n-dimensional Hypercube graphs (n-cube graphs) Q, = Cay(Z%, {e,,ex}) for n > 3 and ¢; the i*"
standard basis vector of Z5. In [12,17] folded n-cube graphs FQ,, were introduced and studied, which
are the n-hypercube graphs Q,, such that the opposite vertices are connected by an edge.

Definition 3. For 1 < n € N and e; as above, let C = {e1,--,e,,_1,€1 + - + e,_1} be the (not unique) set of
generators of Z3~1. Then the cubelike graph FQ, = Cay(Z4~1, C) is known as the folded n-cube graph.

Some of the main properties of the folded n-cube graph FQ,, are listed in the following remark.

Remark 5. [12]

(1) FOQ,, is constructed from Q,,_1 by connecting the vertices with the maximum distance n — 1 from each
other.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(ii) The order of FQ,, agrees with its degree.
(iii) For n an even number, FQ,, is a bipartite graph and for n an odd number, FQ,, has vertex chromatic
number 4.
(iv) FQ,, is always a distance transitive graph.

The example which we will consider could be set up as a partially folded n-cube with one face
literally less than FQ,,. Starting from FQ,. Consider two of its sides opposite to each other, and add
equal number of triangles to both of them. This extension could be repeated in many possible steps,
say an infinite number and call it }FQ,, where oo indicates the number of triangles. For example
consider 2FQ; illustrated in Figure 6.

Figure 6. §F D

Lemma 1. The quantum automorphism group of 2FQ, is noncommutative.

Proof. It is not too difficult to observe that the following matrix is the only noncommutative projective
unitary matrix that commutes with the adjacency matrix Az, of ZFQ,.
A

10 0 00O
01 0 0O
u=|0 0 A 0 0],
00 0 10
00 0 01
g 0 0 1-g
for A = 0 po1-p . Thatisu-A- =A> -u satisfies. [
0 1-p p AFQ AFQ

Claim 5. The quantum automorphism group of “A\F Qy is noncommutative.

Proof. Here we present an idea on how to proceed, and the proof is also a claim!
The claim is that the only noncommutative projective unitary matrix that may commute with the
adjacency matrix Aegg, has to be the following matrix.

eI = I = I = I = N o N = S < S
SO 0000 0Ok O -
SO 0O 00 0O R OO -
N I = i = Bl R N S o i o Bl <SP
SO 0O 00O P>PO OO O -
I I = R S IR =R =R = N
SO OR OO0 000 O -
SO R, 000000 O -
O 00 0000 O -

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 7. AFQ3

Remark 6. (i) Note that for n > 2, the graphs NF Q, studied in Claim 5, and their higher orders which
will come later, are not exactly the folded n-cube graphs FQ,, introduced and studied in [12,17], but in
some sense could be considered as the generalizations of FQ,, for n > 2.

(ii) Note that for the folded 3-cube graph FQ3, matrix u = Agg studied in Proposition 2 will also play the

role of the main generator of the quantum automorphism group G Qaut(FQ3) = G qaut (FQ3) of the
folded 3-cube graph F Q3.

Proposition 4. The quantum automorphism group of &FQg is noncommutative.

Proof. It is not too difficult to observe that the following matrix is the only noncommutative projective
. . . . . 1
unitary matrix that commutes with the adjacency matrix A 1Fo; of ,FQ3.

1 0 O
u=10 AQQ 0],
0o 0 1

for A Q4 s in Proposition 2. That is uA 1FQ, = A 1Eg, ¥ satisfies and the quantum automorphism group

G aut( Al FQ3) is noncommutative. [J
Claim 6. The quantum automorphism group of X F Q3 is noncommutative.

Proof. Here, the same as what we did to present a glimpse of what has to be done in the proof of Claim
5, we once again claim that the only noncommutative projective unitary matrix that may commute
with the adjacency matrix A=p g, has to be the following matrix.
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g

for Agu = Ag; = Apoi = Arg, as in the proof of Proposition 2.
3 3
O

Claim 7. Let \FQ,, to be the generalized folded n-cube graph. The claim is that its quantum automorphism
group G qaut (AFQn) has to be as follows for the adjacency matrix Axpg, of AFO.

GQaut(AFQn) = {u = (u;);;

u is a projective unitary matrix & u - A=gg, = A=pg -u}, (8)

for u defined as in the following noncommutative projective unitary matrix.

L O 000 OO0 O R O -
SO 000 OO R OO -
o o000 oOorRr oo o
-oooo@:r>
=R
cCooOoRrRr OO0 o oo
N N N = === =R =R
L O R 00 OO0 O O O -
T OO0 OO0 OO0 O -

for Agi = Ag, = Apgi = Arg, the adjacency matrix of the n-cube graph Q.

3. Hyperbolic Cayley Graphs

Studying noncommutative properties of (directed) graphs have gained much importance these days,
as we observe unpresented progress in the theory of quantum computing, with the story motivated by
the following question.[8]

“What happens when one studies the representation theory of a (directed) graph in a non-
commutative algebra?”

The notion of hyperbolicity used in this section is due to Gromov [11] and is defined as follows.
Definition 4. [8] For a graph T and its set of vertices 19, let v; e TO, forie{1,2,3,4}, and let

dy = d(v1,02) +d(v3,04),
dy =d(v1,03) +d(va,v4),

ds3 = d(v1,v4) +d(v2,03),
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and if for 0 € S3, d(1) 2 dy(2) 2 dy(3) holds, then define h(vy,v2,v3,v4) = dg(1y = dg(2y. The hyperbolicity of
G, denoted by §(G) will be defined as follows.

1
8(G) = 5 maxe,c h(o1,03,03,03), ©)
for d the usual distance metric on a graph.

Remark 7. (i) Graph T will be called 5-hyperbolic, for some & > 0, if h(vy,v2,03,v4) < 6 for all v; € T°,
andie{1,2,3,4}.

(ii) On the other hand, T will be called hyperbolic if its hyperbolicity is finite.

(iii) Of the graphs with finite hyperbolicity, 0-hyperbolic graphs are of great importance to us, as they are in
close relation with block graphs.

Definition 5. A block graph is a graph all of its blocks are complete graphs.

Remark 8. (i) Almost all trees are considered to be block graphs.
(ii) Almost all 0-hyperbolic graphs are considered to be block graphs.
(ii) Note that usually, the hyperbolicity of a graph is considered for the non-oriented version.

Example 10. For example, let us consider the Cayley graph of the free group K, studied in Proposition 1 and
illustrated in Figure 1, that is Cayd(Kz,S). But as pointed out in Remark 8(iii), the hyperbolicity of a graph,
mostly studied for the non-oriented versions. However, hopefully, in the case of Cay (K, S), the oriented version
is also 0-hyperbolic, and it is not too difficult to observe this fact by using the 4-point condition from Definition
4. Note that this coincidence is not an accident. This happened because of the choice of orientation.

Let n € N and consider the following sets
Ay O
0 A
G:={AeGL,|4<r<mn},

E:={A-= (”ij)lsi,jsé eGLy|a;=0& ajj = lfori+jand ¢ > 2},
I

ll-j =0, otherwise.

Mg,k:={A=|: :||AZEM6&AkEMk},

ij=1, if i=n&l<j<n,orj=n&l<i<n,

L= {(lij)1<ij<n} s-t. {
K = {(kij)1<ijce | kii =1 & kijj = 0 for i # j},
N:=E+Kzolf,

Remark 9. Matrices involved in L are called cherries! Mono, double, triple cherries, and so on.

Note that G with its current presentation is not a group, but with some minor changes one might get a
group structure. Anyway, instead of doing it so, let us consider the following set

'G={AeN|2<lk<n&k+l=7},

where A is a block matrix consisting of a £ x £ matrix A; and a k x k matrix Ay. Note that ,fG is a monoid.
Now consider

X = {Ae(G|Are X & Ap = (0)1jck ),
X'={A (G| Ay e E & A= (0)14jk )
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Lemma 2. For H a subgroup of GL, for r = £+ k, and A € H, consider the following action [15]
¢:Sy ~ B(H)
n n
u= @(u)(A):= Y Eij Y. bmotjjiig. (11)

i,j=1 m,0=1
Then the claim is that this action keeps X unchanged if n > £ +2.

Proof. The proof will follow exactly the approaches used in the proof of Proposition 3.15 from [15], by
getting help from the fact that one may rearrange the main generator u = (u;j)1<;,j<x of C(S;;) using a

finite number of elementary row column operators as an element 7,; € C(Zy * --- * Zp). [
———
n times

The main goal of this section is to provide a possible answer to a question raised in [18], asking “if the
unit distance graphs U; possess quantum symmetries or not, for d > 1”. However note that our study
might not provide a direct answer, but the study could help in reaching to some conclusion!

The plan is to define a (directed) block graph br= (bFO, bfl) with 10 = X, meaning that the vertices
will be 7 x r matrices for 4 < r = k + £ < n, and hence we have |'T?| = o0, and our working space will be
infinite dimensional!

Definition 6. The orientation in *T will be defined as follows for B,C € "0
(i) For B,C € 'X, there will be an oriented edge from B to C or C to B, if B—C or C — B belong to E

respectively.
(ii) Otherwise there will be no connection between B and C.
Remark 10. (i) Note that by following Definition 6 , we obtain a block graph br consisting of disjoint

blocks which are n-cube graphs Qy, for n > 1, plus an infinite number of isolated vertices!

(ii) Note that as stated in [18] and as our method of construction (making these kinds of graphs) presents,
n-cubes are considered to be unit distance graphs.

(iii) In'r, if we consider the orientation in a way that B and C be connected if |B - C| = 1, for I, the identity
{ x 0 matrix, then we will obtain a block graph °T  consisting of disjoint union of folded n-cube graphs
FQy, for n > 1, together with an infinite number of isolated vertices!

(iv) Also note that the above described process will almost present the nature of quantum permuting and
provides us with the sufficient information on how could it be done for an infinite dimensional space by
using the structures studied and introduced in [18]!
We will return to this discussion later.

4. Quantum Symmetry Groups of Infinite Dimensional Spaces

We started by looking at the Cayley graph Cay(Kj, S) associated with the free group K, = K(e, a,b) by
letting S = {a,b} as usual, and by considering the fact that its Cayley graph is a block graph.

Cayley graphs are important because of the bridge they make between group theory and the theory of
graphs. Also their importance in our study is providing us with interesting examples in graph theory,
on which we call toy examples! However, for the study conducted in this paper, their connection with
the n-cube graphs is of immense importance.

Suppose we have given an infinite-dimensional mathematical space. So, it could be the usual Euclidean
space RY, for d > 1. Note that for d a complete number 12 for some 7, one gets the usual point-wise
identification RY = M, (R), and likewise for C¥ = M, (C). Hence, it is not far from reality if we consider
the initial given space to be the usual matrix space, meaning that to allow matrices to play the role
of the points of our space. The plan is to give it a shake, to sit and observe the changes, but as a
mathematician!
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For finite-dimensional spaces, the trick is to use the (compact) quantum permutation group S;;. But
when our space is no longer finite, there is the so called infinite quantum permutation group Sym,,
which is a discrete quantum group, studied and introduced in [18] as the discretization of S;;.

4.1. Quantum Permutations

Fix a set X. It could be finite or an infinite dimensional set.

For a (locally) compact (quantum) group G, let C/(G) to be the full algebra of the associated functions,

and let u = (u;j)1<; j<r=¢+k be an r x r matrix with its entries u;; being orthogonal projections in B(C"),

the space of bounded linear operators on C", such that ¥ u;; = 1 = ¥ u;;, called the projective unitary
! ]

matrix (or the magic unitary matrix). Then one obtains the quantum permutation group S; for
X ={1,-,n}, asin [19].

Definition 7. The quantum permutation group S;; is the compact quantum group (C(S;), u) for u a projective
unitary matrix, equipped with the usual comultiplication A : C(S};) - C/(S};) ® Cf(S;)) - ujj = Aujj) =

n
2 Uik ® ;.
k=1

Remark 11. (1) Note that S;; is the quantum automorphism group of C".

(ii) One obtains the injection S, — S, and by using the Gelfand spectrum, one gets the corespondent
surjection Cf(S};) - C(Sy,) for C(Sy) the Abelianization of Cf(S}}).

(iii) It is not too difficult to observe that for n = 1,2,3, one obtains S}, = S, and for n > 4, S\ is totally
noncommutative.

(iv) Note that the noncommutativity of Sy, for n > 4 is examined by observing its main generator u =
(4ij)1<i j<n, in the case if it is a noncommutative projective unitary matrix.

To continue let us follow the notation used in [18]. Consider Sym(X) to be the group of symmetries
(permutations) of X, for X as before. Note that in [18] they consider X to be countable, and the original
definition of the projective unitary matrices, stated above, is based on the index set X := I = {1,---,n}
over the Hilbert space C". So, if one considers an arbitrary set X and an arbitrary Hilbert space H, one
obtains the quantum permutation of X defined in [18] and could be summarized as follows.

Definition 8. For a set X, its quantum permutation o is the pair (H%,u”) consisting of an underlying Hilbert
space HY and the matrix of projections u” indexed by X, such that

(i) For all z € X, u7, and u3, are pairwise orthogonal projections.
(ii) Forall x,y € X,

Zu‘;Z:l:Zugy,

zeX zeX

satisfies.

Remark 12. (i) The quantum permutation o defined in definition 8, will also be referred as the magic
unitary indexed by X.

(ii) When X = {1,---,n} then one obtains the usual magic unitary matrix.

(iii) Note that as mentioned before, previously defined magic unitary matrices were known as the projective
unitary matrices. But from now on, we will refer to them as the quantum permutation matrices indexed
by X, for arbitrary set X.

As stated in [18], for X an infinite dimensional set, the free version of Sym(X), that is Sym*(X) is a
discrete quantum group and one may interpret this statement by saying that Sym* (X) acts discretely.
Meaning that in order to study its action on X, one has to study its action on its set of non-crossing
subsets as in Definition 8!
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However, to do so, one needs to understand the language of the C*-tensor categories, which is not
included in the goals of this paper. But recall that a C*-tensor category is a category with Hilbert
spaces playing the role of its objects and morphisms are bounded linear maps having a tensor product
and a C*-algebra structure on the morphisms. A C*-tensor category will be called rigid if each object
has a dual.

Remark 13. Note that there are as many as possible finite dimensional quantum permutations of X as the
objects of the rigid C*-tensor category Sym* (X).

Definition 9. [18] For X as before, the (discrete) quantum permutation group Sym™ (X) is obtained from
Sym™ (X)) together with its tutological fiber functor via Tannaka-Krein reconstruction.

Remark 14. Definition 9 could be simplified by phrasing that the underlying C*-algebra of functions on
Sym™ (X) could be seen as the C*-direct sum of matrix algebras

C(Sym" (X)) = @B(H"),

over any possible quantum permutation o = (H?,u”) of X.

4.2. Discussion

Following the notations and the constructions from the previous sections, suppose that we are given a
set X with a countable number of elements.
Without loss of generality, for simplicity, let us assume that our working space is M, , meaning that

A
¢ 0 ], for arbitrary ¢ x ¢ matrix Ay and an arbitrary k x k matrix

our space consists of points like [ 0 A
k

Ay

Lemma 3. Following Lemma 2, if we act C(S;;) on My, then the following cases might occur.
B, 0

(i) For 0,k > 4, and N as before, matrices Ny = {B = [O B
k

] | By € N & By € N'} will be kept
unchanged.
(ii) Let Ay = (0), the null matrix, for k > 2. Then matrices /\/fk ={B= [%ﬂ Ig ] | By e N & Br = (0)}
’ k

will be kept unchanged.
Proof. The proof will follow exactly the same lines as in the proof of [15, Theorem 3.18]. O

Remark 15. (i) Note that this paper will be mostly concerned with the second case in Lemma 3, since

these kinds of block matrices could be easily identified with @ Z;Z forr =k +{. However, the general
P

case will also work!

(ii) By using the first part of the current remark, one may extend the orientation defined in Definition 2 in
order to obtain a disjoint union of n-cube graphs, for n > 1, together with an infinite number of isolated
vertices!

4.2.1. A False Attempt, as a Small Portion of Unit Distance Graphs

As mentioned before, there is an open problem raised in [18] asking if in general, the unit distance
graphs U, for d > 1 possess quantum symmetries. This is an NP problem with few known possible
examples, from which one may outline the line graph U (the unit distance graph for d = 1), the
hypercube graphs, and the cycle graphs. However, the process introduced in this paper might provide
aroad, almost a paved one, to study this problem, hopefully!
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Returning to the main purpose of this paper, which was to study the quantum permutations of
X = My, let us use the extended version of the orientation introduced in Definition 2, recalled in
Remark 15(ii), and obtain a set of structures consisting of an infinite number of isolated vertices and a
disjoint union of n-cube graphs, for n > 1, and let us call it G, and to present the disjoint union of
n-cube graphs with GHe, := (GHY,, GHL, ).

Concerning the following lemma, and the free product between quantum groups, the interested reader
is referred to the section 9 of [16].

Lemma 4. We have

n
Gqaut(Ge) = Sym* (X/GHL,) « [T Hy,

* =2

for X/ GHY, the set of isolated vertices, and x the free product.

Proof. Since our space is divided into disjoint union of n-cube graphs, for n > 1, and an infinite number
of isolated vertices, therefore, by following section 5 of [1], and the results obtained in [16], we know
that for a disjoint union of pairwise non-quantum isomorphic connected graphs {I’;};»1, the quantum
automorphism group of the union will be identified by the free product of the quantum automorphism
group of the individual participated graphs I';.
We also know that the quantum automorphism group of a null graph T = (T'?, ') with infinite number
of isolated vertices will be identified by Sym*(T?) which is a (discrete) quantum group, and the
quantum automorphism group of disjoint union of j-cube graphs Q;, for j > 1, will be the direct free
product
[T®H,
* i=2
for H; the associated quantum hyperoctahedral groups as the quantum automorphism group of i-cube
graph Q;.
In summation the desired result will follow!
O

e Please note that this study still is not completed!

5. Concluding Remarks

As a generalization of compact (matrix) groups in noncommutative geometry, in 1987, compact (matrix)
quantum groups (CQG) came into reality by Woronowicz [20], and later on in 1988, one of the most
important tools in studying CQGs, that is the monoidal *-category of representations and intertwiners
introduced in [21] as a generalization of the Tannaka-Krein duality. Following Woronowicz’s works
and as a result of an attempt in answering a question raised by Connes, asking the possibilites of
quantization of the usual permutation groups S in the category of quantum groups, and in search of
quantum symmetries, Wang came with a sharp sophisticated answer emphasizing that following the
construction from compact (matrix) group G to compact (matrix) quantum group (A, u) by using the
coordinate functions u;; : G - C: g = u;j(g) := gjj, for A = O(G) the coordinate algebra generated by
ujj, the quantum permutation group S;; = (C(Sy;), u) is the compact (matrix) quantum group

C(Sy) = {u = (uijr<ijen | wij = uj; = u?j & Yujj=1=3 uy},
i j

based on the Gelfand-Naimark construction and the Gelfand spectrum.
Later on, as a result of Wang's construction and the Frucht theorem on the existence of simple finite
graph for a given finite group, and its quantum version, quantum symmetries of graphs have been
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introduced and studied in [3,6] as a generalization of the classical symmetric group of graphs as an
invariant space.
¢ But why all of these are important?

Note that, maybe the current paper is a wrong place to look for an answer to the above mentioned
question! But however, what we can say is that graphs with quantum symmetries have shown
possessing interesting properties. For instance, the quantum automorphism groups of (directed)
graphs on n vertices with quantum symmetries, are noncommutative, and as a quantum subgroup of
S;;, they might provide us with new examples of compact, or discrete quantum groups (discrete for
the case where the number of vertices is infinite [18]).

On the other hand, in our previous works [13-16], we have shown that (directed) locally finite graphs
with quantum symmetries might provide us with entangled quantum systems as in [16], where the
associated quantum systems with set of directed graphs an for n > 4 are entangled! However, the
importance of examples like an other than having physical applications is their relation with quantum
hyperoctahedral groups as the quantum automorphism group of the n-cube graphs, which could be
studied as Cayley graphs with vertices belonging to ? Z”Z, making a small portion of unit distance

graphs; and this was almost the main purpose of this paper!

Summarized, we tried to find out about main generators and the quantum automorphism groups of
some certain (directed) Cayley graphs with infinite number of vertices, in order to study the problem
concerned with the quantum symmetric group of an infinite dimensional space, also studied in [18],
and the open problem concerning the unit distance graphs, also with the same reference!

However, our study still is not completed as working with disjoint union of graphs cannot provide us
with the desired vision!

So, the future plan could be to try to partially answer the following question quoted from [18].

“Do, in general, unit distance graphs U for d > 1, possess quantum symmetries?”
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