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Abstract

The classical Maxwell equations, while foundational to electromagnetism, exhibit an inherent asymme-
try in their treatment of electric and magnetic sources-electric charges and currents are explicit, yet
magnetic monopoles remain absent. Prior works, such as those by Milton (2006) and Griffiths (2013),
have formally extended Maxwell’s equations to incorporate magnetic monopoles, but they stop short
of exploring the equations” geometric structure and calculus properties under the exterior differential
form framework, especially the critical distinction between the classical form dF = 0 (no magnetic
sources) and the generalized form dF = pgJ,; (with magnetic sources). Additionally, these works
lack a rigorous construction of the Lagrangian density for the generalized system and a derivation
of the equations via Noether symmetry, which are essential for linking the theory to fundamental
principles of symmetry and conservation. In this work, we revisit the generalized Maxwell equations
with magnetic monopoles from a perspective rooted in Dirac’s emphasis on mathematical consistency,
symmetry, and physical intuition. We first contextualize our work within existing literature, explicitly
acknowledging the contributions of Milton and Griffiths in formulating the vectorial extension of
Maxwell’s equations with magnetic sources. We then advance the field by: (1) systematically ana-
lyzing the geometric structure of the generalized equations in exterior differential form-including
cohomological properties of the field strength 2-form F and the role of the Hodge dual in preserving
duality symmetry; (2) constructing a gauge-invariant Lagrangian density that couples both electric
and magnetic sources to the electromagnetic field, and deriving the generalized equations via the
principle of least action; (3) applying Noether’s theorem to the Lagrangian, showing that duality
symmetry implies the conservation of both electric and magnetic charges, and that the equations
themselves emerge as a consequence of this symmetry. Our formulation maintains manifest Lorentz
covariance and duality symmetry, resolving ambiguities in vectorial descriptions and providing a uni-
fied geometric framework for electromagnetism with magnetic monopoles. We verify consistency by
decomposing the 4-dimensional differential form equations into 3-dimensional vector form, confirming
correspondence with charge conservation and dimensional analysis. Finally, we connect our results to
Dirac’s original work on monopole-induced charge quantization, showing that our Lagrangian and
symmetry arguments reinforce the necessity of the Dirac quantization condition.

Keywords: Maxwell equations; electric and magnetic charges; differential forms; Lagrange; Noether;
Dirac quantization condition

1. Introduction: Contextualizing the Generalized Maxwell Equations

Electromagnetism, as codified by Maxwell’s equations, represents one of the most elegant and
successful frameworks in theoretical physics. Its predictive power spans classical phenomena-from
electromagnetic waves to the behavior of charged particles-to quantum electrodynamics (QED), where
it describes the interaction of light and matter at the subatomic scale. Yet, for all its success, the theory
harbors a striking imbalance: electric charges (and their associated currents) act as fundamental sources
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of the electromagnetic field, but magnetic monopoles-hypothetical "north" or "south" magnetic charges
analogous to electric charges-are conspicuously absent from the classical equations.

This asymmetry is not a consequence of experimental negation. While no definitive observation
of a magnetic monopole has been reported to date [1-3,5-7,10], null results from decades of searches
(e.g., the MoEDAL [8] experiment at CERN, the Super-Kamiokande detector [9]) have only placed
upper bounds on monopole flux and mass, not ruled out their existence. Instead, the absence of
monopoles in classical electromagnetism is a historical artifact: Maxwell’s original formulation was
built on observations of macroscopic magnets, which always exhibit both north and south poles,
and the equations were later refined without compelling experimental evidence to include magnetic
sources.

Theoretical motivation for magnetic monopoles, however, has been compelling since the early
20th century. Dirac’s landmark 1931 paper [1] demonstrated that the mere existence of a single
magnetic monopole would explain a long-standing puzzle in physics: the quantization of electric
charge. Dirac showed that the wavefunction of a charged particle in the presence of a monopole must
be single-valued, leading to a quantization condition: eg = %n (in Gaussian units), where ¢ is the
electric charge, g is the magnetic charge, and 7 is an integer. This result linked two seemingly unrelated
phenomena-monopoles and charge quantization-elevating the monopole from a mathematical curiosity
to a theoretically motivated construct.

1.1. Prior Work: Extending Maxwell’s Equations with Magnetic Sources

In the decades following Dirac’s work, researchers have sought to formalize the extension of
Maxwell’s equations to include magnetic monopoles. Two key contributions that frame our work are
those of Milton [6] and Griffiths [7].

(a) Milton (2006): In his comprehensive review of magnetic monopole theory and experiments,
Milton explicitly lists the vectorial form of Maxwell’s equations extended to include magnetic charge

density p;; and magnetic current density J,;. He notes that the classical equation V - B = 0 (Gauss’s
9B

law for magnetism) must be modified to V - B = ppy;, and Faraday’s law V x E = —%; must include
a magnetic current term: V X E = — %—? — toJm- Milton’s work focuses on experimental constraints

and theoretical motivations for monopoles but does not explore the mathematical structure of these
extended equations beyond vector calculus, nor does it address Lagrangian formulation or symmetry
arguments.

(b) Griffiths (2013): In his widely used textbook Introduction to Electrodynamics, Griffiths presents a
pedagogical derivation of the extended Maxwell equations with magnetic monopoles. He emphasizes
consistency with charge conservation-showing that the modified equations imply a magnetic continuity
equation V - [, + ag—tm = 0-and discusses duality symmetry (the interchangeability of electric and
magnetic quantities). Like Milton, however, Griffiths restricts his analysis to 3-dimensional vector
form. He does not translate the extended equations into exterior differential forms, nor does he derive
them from a Lagrangian or connect them to Noether’s theorem.

Both works are critical for establishing the validity of the extended Maxwell equations, but they
leave three key gaps that our work addresses:

1. Geometric Structure in Exterior Differential Forms: The vectorial description of electromagnetism
obscures Lorentz covariance and duality symmetry, which are manifest in 4-dimensional exterior
differential forms. Neither Milton nor Griffiths analyze the generalized equations in this framework,
nor do they compare the geometric implications of dF = 0 (classical) and dF = ], (generalized).

2. Lagrangian Formulation: A Lagrangian density is essential for connecting a theory to quantum
mechanics (via path integrals) and to symmetry principles (via Noether’s theorem). No prior work
constructs a gauge-invariant Lagrangian for the extended Maxwell equations that includes both electric
and magnetic sources.

3. Noether Symmetry Derivation: The extended equations should emerge naturally from symmetry
principles. Neither Milton nor Griffiths show how duality symmetry or gauge symmetry leads to the
generalized equations, or how these symmetries imply the conservation of magnetic charge.
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1.2. Dirac’s Perspective: Symmetry, Consistency, and Physical Intuition

Our work is guided by Dirac’s approach to theoretical physics, which prioritizes three principles:
1. Mathematical Consistency: A physical theory must be free of contradictions (e.g., non-single-valued
wavefunctions, violated conservation laws) and must respect fundamental mathematical structures
(e.g., Lorentz covariance, differential geometry).

2. Symmetry as a Guiding Principle: Symmetries (e.g., gauge symmetry, duality symmetry) are not
mere aesthetic features but dictate the form of physical laws. Dirac’s work on monopoles, for example,
showed that duality symmetry implies a link between electric and magnetic charges.

3. Connection to Experiment: Even hypothetical constructs (like monopoles) must have observable
consequences (like charge quantization) that can be tested.

In line with these principles, we structure our work as follows: Sec. II: We review the vectorial
form of the extended Maxwell equations, explicitly citing Milton and Griffiths, and verify consistency
with charge conservation and dimensional analysis. Sec. III: We translate the equations into exterior
differential forms, analyzing the geometric structure of F, ., and J;, and comparing the classical and
generalized equations. Sec. IV: We construct a gauge-invariant Lagrangian density for the generalized
system and derive the extended Maxwell equations via the principle of least action. Sec. V: We apply
Noether’s theorem to the Lagrangian, showing that duality symmetry implies the conservation of
magnetic charge and that the generalized equations emerge from this symmetry. Sec. VI: We connect
our results to Dirac’s quantization condition, showing that our Lagrangian and symmetry arguments
reinforce the necessity of eg = %n. Sec. VII: We discuss experimental implications, referencing
Milton’s review of monopole searches and proposing how our geometric framework might guide
future experiments.

2. Generalized Maxwell Equations in Vector Form: A Review of Prior Work

Before advancing to differential forms, we first review the vectorial extension of Maxwell’s
equations, as presented by Milton [6] and Griffiths [7]. This serves two purposes: it acknowledges the
foundational work of these authors, and it provides a basis for verifying the consistency of our later
4-dimensional formulation.

2.1. The Extended Equations: From Milton and Griffiths

The classical Maxwell equations (without magnetic monopoles) are:

v.E="F, (2.1a)
€0
JoB
VxE=-5, 2.1b)
V.-B=0, 2.1¢)
oE
V X B =pupJe+ yoeog. (2.1d)

Here, E is the electric field, B is the magnetic field, p, is the electric charge density, J. is the electric

current density, €y is the permittivity of free space, and p is the permeability of free space (with

¢ = -1, c being the speed of light).

" Ho€o’
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Milton [6] and Griffiths [7] extend these equations to include magnetic monopoles by modifying
Egs. (2.1b) and (2.1c) to incorporate magnetic charge density p,, and magnetic current density J,,. The
generalized equations are:

v.E="Fe, (2.2a)
€0
B
V xE = —%—t — woJm, (2.2b)
V- B = popm, (2.2c)
oE
V x B = poJe + Ho€o 5, - (2.2d)

The motivation for these modifications is duality symmetry: the equations should be invariant
under the interchange of electric and magnetic quantities (up to sign). As Griffiths [7] notes, if we
define a duality transformation:

B 1
E < —, Pe A4 Om, Ie A ]m/ €0 < —,
Ho Ho

Egs. (2.2a)-(2.2d) remain unchanged. This symmetry is absent in the classical equations (2.1a)-(2.1d)
due to the absence of p;; and Jy;.

2.2. Consistency with Charge Conservation

A critical test of any physical theory is consistency with conservation laws. For the classical
equations, the continuity equation for electric charge (V - J. + % = 0) follows from taking the
divergence of Eq. (2.1d) and substituting Eq. (2.1a). Milton [6] and Griffiths [7] show that the
generalized equations imply a similar continuity equation for magnetic charge.

To derive the magnetic continuity equation, take the divergence of Eq. (2.2b):
9
V'(VXE):—E(V-B)—yOV-Im. (2.3)

The left-hand side (LHS) vanishes because the divergence of a curl is identically zero (V - (V x A) =0
for any vector A). Substitute Eq. (2.2c) (V - B = yppm) into the right-hand side (RHS):

0
0= —g(ﬂopm) — oV - Jm- (24)
Dividing through by —ug gives the magnetic continuity equation:

o0om
V-Im+W—O. (2.5)

This confirms that the generalized equations respect conservation of magnetic charge, just as the
classical equations respect conservation of electric charge.

2.3. Dimensional Analysis: Verifying Units

As Griffiths [7] emphasizes, dimensional consistency is essential for a physical theory. We verify
the units of each term in Eqs. (2.2a)-(2.2d) using SI units (Table 2.1).
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Table 1. Dimensional consistency of terms in the generalized Maxwell equations (SI units).

Equation | Term SI Units Consistency
(22a) | V-E V/m? = kg/(Cs?) Vv
pe/ €0 (C/m?)/(F/m) =kg/(Cs?) v
(22b) | VXE V/m? = kg/(Cs?) N
oB/ot T/s = kg/(Cs?) v
o (H/m)(A/m2) = kg/(Cs?) v
(2.20) V-B T/m =kg/(Csm) N
HoPm (H/m)(A/m?) = kg/(Csm) v
(2.2d) V X B T/m =kg/(Csm) Vv
HoJe (H/m)(A/m?) = kg/(Csm) v
to€gdE /ot | (1/c?)(V/ms) = kg/(Csm) Vv

All terms in each equation have identical units, confirming the dimensional consistency of the
generalized equations - a result first highlighted by Griffiths [7] and later reinforced by Milton [6] in
his review.

2.4. Limitations of the Vectorial Description

While the vectorial form is intuitive for 3-dimensional problems, it has two critical limitations
that motivate our move to differential forms:
1. Lack of Manifest Lorentz Covariance: The vectorial equations treat space and time as separate,
obscuring their invariance under Lorentz transformations. In contrast, 4-dimensional differential forms
unify space and time, making covariance manifest.
2. Obscured Duality Symmetry: While duality symmetry is present in Egs. (2.2a)-(2.2d), it requires a
manual interchange of variables. In differential forms, duality symmetry is encoded in the Hodge dual
operator, making it a natural property of the equations.

These limitations are not merely aesthetic. As Dirac [1] noted, a theory’s mathematical framework
should reflect its fundamental symmetries. For electromagnetism with magnetic monopoles, exterior
differential forms provide the appropriate framework.

3. Generalized Maxwell Equations in Exterior Differential Forms: Geometric
Structure

The exterior differential form framework, developed in the early 20th century by mathematicians
like élie Cartan, provides a coordinate-independent language for describing geometric structures
in arbitrary dimensions. For electromagnetism, this framework unifies space and time into a 4-
dimensional Minkowski spacetime, making Lorentz covariance and duality symmetry manifest. In
this section, we translate the generalized Maxwell equations into differential forms, analyzing their
geometric structure and comparing the classical (dF = 0) and generalized (dF = /) equations-a
task not undertaken by Milton [6] or Griffiths [7].

3.1. Mathematical Preliminaries: Differential Forms on Minkowski Spacetime

We work in 4-dimensional Minkowski spacetime M with coordinates x* = (ct, x,y,z) (where
# = 0,1,2,3) and metric signature (+, —, —, —) (i.e., the spacetime interval is ds?> = (cdt)? — dx? —
dy? — dz?). Key mathematical objects for our analysis include:
(a) Differential p-Forms: A p-form w € QF (M) is a fully antisymmetric tensor field of rank p. For
p = 0, 0-forms are scalar fields; p = 1 (1-forms) correspond to covariant vector fields; p = 2 (2-forms)
are antisymmetric bilinear forms; p = 3 (3-forms) describe source terms; and p = 4 (4-forms) are
volume elements.
(b)Exterior Derivative d: The exterior derivative is a linear operator d : QP (M) — QPT1(M) that
generalizes the gradient (p = 0), curl (p = 1), and divergence (p = 2) of vector calculus. It satisfies
three key properties: 1. Linearity: d(w + 1) = dw + dn for all w,y € QP(M). 2. Leibniz Rule:
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dlwAn) =dwAny+ (—1)Pw Ady forw € QP (M) and 17 € Q7(M) (where A is the exterior product).
3. Nilpotency: d> = 0 (applying d twice yields the zero form).

(c) Hodge Dual *: The Hodge dual is a linear operator * : QO (M) — Q*~P(M) that maps p-forms to
(4 — p)-forms, preserving the inner product of forms. For a 2-form F = }F,,dx" A dx¥ (where Fy, is
the antisymmetric field strength tensor), the Hodge dual is defined as:

1
(*F)tx}S = Eeaﬁyvar 3.1

where €44, is the Levi-Civita symbol (ep123 = 1, antisymmetric) and FF = g/? §"7Fyo (with gM" the
inverse metric tensor, g#” = diag(1, —1, —1, —1)).

3.2. The Electromagnetic Field Strength 2-Form F

In differential form electromagnetism, the electric and magnetic fields are unified into a single
2-form F-the field strength 2-form. This unification is the key to manifest Lorentz covariance: F
transforms as a tensor under Lorentz transformations, ensuring the equations of motion are invariant.

3.2.1. Components of F

The field strength tensor F,, (which defines F) encodes the electric and magnetic fields. As
Griffiths [7] notes in the vectorial context, the antisymmetry of F,, (F,w = —F,;,) implies it has
6 independent components-exactly the number of components of E (3) and B (3). In coordinates
xt = (ct,x,y,z), Fyy is:

Ey E E,
g -2 < -7
= 0 -—-B, B
Fu = ECy z Yy (3.2)
< B 0 —By
E B, B, 0
The factor of % ensures that F,, has consistent units (T) across all components.
The 2-form F is then written as:
1
F= EFwdx” AdxV. (3.3)
Expanding this using Eq. (3.2), we get:
F = Exdx Ndt + Eydy A dt + E;dz A dt + Bydy A dz + Bydz N dx + Bzdx N\ dy. (3.4)

This decomposition separates the "electric" parts of F (involving dt, coupling to time) and the "magnetic"
parts (purely spatial, coupling to space)-a distinction that vanishes under Lorentz transformations (e.g.,
a boost in the x-direction mixes dx and dt, converting electric fields to magnetic fields and vice versa).

3.2.2. Geometric Interpretation of F

The field strength 2-form F describes the "curvature" of the electromagnetic gauge bundle-a
geometric interpretation that is absent in vector calculus. In classical electromagnetism (without
monopoles), the gauge potential is a 1-form A = A,dx" (with Ag = ¢/c, ¢ the electric potential, and
A the magnetic vector potential), and F = dA. The nilpotency of d (4> = 0) implies dF = 0-the classical
equation for the absence of magnetic sources.

For the generalized equations (with monopoles), F is no longer exact (i.e., F # dA globally),
because dF = ], 7# 0. This means the gauge potential A cannot be defined globally; instead, it must
be defined on overlapping patches of spacetime, with gauge transformations relating the patches on
their intersections. This is the geometric origin of Dirac’s "string" - a singular line where the local gauge
potential is undefined, but which is unobservable due to quantum mechanical phase cancellations [1].

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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3.3. Source 3-Forms: |, (Electric) and ], (Magnetic)

In differential form electromagnetism, source terms (charge and current densities) are described
by 3-forms-consistent with the exterior derivative mapping 2-forms to 3-forms (dF € Q3(M)). We
define two source 3-forms: J. (electric sources) and J,;, (magnetic sources).

3.3.1. Electric Source 3-Form J,

The electric source 3-form J, encodes the electric charge density p, and electric current density J,.
In coordinates x* = (ct, x,y,z), J. is:

Je = pedx Ndy A dz — % (Jexdy Ndz Ndt + Joydz Adx Ndt+ Jodx Ady Adt). (3.5)

This form is constructed to ensure that the classical equation d(«F) = o], reduces to the vectorial
equations (2.1a) and (2.1d) when J;; = 0 (no magnetic sources).

3.3.2. Magnetic Source 3-Form J;,

By duality symmetry, the magnetic source 3-form |, (encoding p,; and J;) should have the same
structure as J.. We define:

Jim = pmdx ANdy Ndz — % (Jmxdy Adz Ndt + Juydz Adx Adt+ [y zdx Ady Adt). (3.6)

This form ensures that the generalized equation dF = ], reduces to the vectorial equations (2.2b)
and (2.2c) when expanded to 3 dimensions.

3.3.3. Continuity Equations from Nilpotency

A key advantage of the differential form framework is that charge conservation follows directly
from the nilpotency of 4 (d* = 0)- a result that is less transparent in vector calculus. For the electric
source 3-form J,, apply d to both sides of the classical equation d(*F) = poJe:

d>(+F) = pod].. 3.7)

The LHS vanishes (42 = 0), so dJ, = 0. Expanding this in coordinates recovers the electric continuity
equation (V - J. + % =0).
For the magnetic source 3-form J;, apply 4 to both sides of the generalized equation dF = g Ju:

d*F = podJm. (3.8)

Again, the LHS vanishes, so dJ,, = 0. Expanding this recovers the magnetic continuity equation
V- Jm+ ag%" = 0)- a result first derived in vector form by Griffiths [7] and Milton [6], but here shown
to be a natural consequence of the geometry of differential forms.

3.4. The Generalized Maxwell Equations in Differential Forms

With F, J., and [, defined, the generalized Maxwell equations take a compact, geometric form:

dF = yuoJm, (3.9a)
d(xF) = poJe. (3.9b)

These equations are the 4-dimensional differential form equivalent of the vectorial equations
(2.2a)-(2.2d). Their simplicity and symmetry are striking:
(a) Eq. (3.9a) describes the coupling of the magnetic source 3-form J,, to the exterior derivative of the
field strength 2-form F.
(b) Eq. (3.9b) describes the coupling of the electric source 3-form J, to the exterior derivative of the
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Hodge dual of F.
(c) Under the Hodge dual transformation (F <> *F, [, <> J.), the equations are invariant-manifest
duality symmetry.

3.4.1. Duality Transformation and Complex Representation

The two field equations can be written as a single complex equation by defining
F =F+ix*F, T = Je+i]m. (3.10)

Then
dF = puoJ. (3.11)

Under a duality rotation by angle 6, 7 and J transform simply as
F—=ebF, T (3.12)

This complex formalism elegantly expresses the continuous U(1) dual symmetry of the vacuum
Maxwell equations. In the absence of sources, dF = 0 implies F = d.A locally, for a complex potential
A = A +iC, which simultaneously encodes electric and magnetic vector potentials.

3.4.2. Comparison to Classical Equations

In the classical case (no magnetic monopoles), [, = 0, so Eq. (3.9a) reduces to dF = 0. This is the
differential form equivalent of the vectorial equations (2.1b) (Faraday’s law) and (2.1c) (Gauss’s law
for magnetism). The key geometric difference between the classical and generalized equations is:

(a) Classical (dF = 0): F is an exact form (locally, F = dA) with zero curvature in the gauge bundle.
There are no magnetic sources, so magnetic field lines form closed loops.

(b) Generalized (dF = pgJu): F is a closed form only if ], = 0 (since dF = pig ], implies d*F = odJm =
0, so ] is closed but not necessarily exact). Magnetic field lines emanate from magnetic monopoles
(om > 0) and terminate on anti-monopoles (o, < 0), just as electric field lines emanate from positive
electric charges and terminate on negative ones.

This geometric distinction is critical for understanding the role of magnetic monopoles in electro-
magnetism. Milton [6] and Griffiths [7] do not address this distinction, as their analyses are restricted
to vector calculus.

3.4.3. Decomposition to 3-Dimensional Vector Form

To verify consistency with prior work, we decompose Egs. (3.9a) and (3.9b) into 3-dimensional
vector form, recovering the equations of Milton [6] and Griffiths [7].

Step 1: Decompose dF = pgJm: From Eq. (3.4), F = Exdx A dt + Eydy A dt + E;dz A\ dt + Bxdy N\
dz + Bydz A dx + Bzdx N\ dy. Compute dF using the Leibniz rule and nilpotency of d:

dF = d(Exdx A dt) + d(Eydy A dt) + d(E.dz A\ dt) + d(Byxdy A dz) + d(Bydz A dx) + d(B.dx A dy).

Expanding each term (e.g., d(Exdx A dt) = a%dy Ndx Adt + aa%dz Adx A dt) and grouping by basis
3-forms (dx A dy A dz, dy A dz N\ dt, etc.), we find:

(a) Coefficient of dx A dy A dz: V - B (matches Eq. (2.2c) when equated to popm)-

(b) Coefficient of dy Adz Adt: (V x E)x — a{% (matches Eq. (2.2b) when equated to —pigJim,x)-

Step 2: Decompose d(*F) = pipJ.: Using the Hodge dual of F (Eq. (3.1)), we find *F = —Bydx A
dt — Bydy A dt — B,dz AN dt — E,dx N dy + Eydx A\ dz — Exdy A dz. Computing d(*F) and grouping by
basis 3-forms, we find: (a) Coefficient of dx A dy A dz: —V - E (matches Eq. (2.2a) when equated to
—HUope/€0). (b) Coefficient of dy Adz Adt: —(V X B)y — aaEt" (matches Eq. (2.2d) when equated to

—HoJex)-
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This decomposition confirms that our differential form equations are fully consistent with the vec-
torial equations of Milton [6] and Griffiths [7], while providing a more general, geometric framework.

4. Lagrangian Formulation of the Generalized Maxwell Equations

A Lagrangian density is the foundation of any quantum field theory, as it connects classical
equations of motion to quantum mechanical path integrals. It also provides a natural way to derive
equations from symmetry principles (via Noether’s theorem). Despite the importance of Lagrangians,
neither Milton [6] nor Griffiths [7] construct a Lagrangian for the generalized Maxwell equations with
magnetic monopoles. In this section, we fill this gap by developing a gauge-invariant Lagrangian
density that includes both electric and magnetic sources, and deriving the generalized equations via
the principle of least action.

4.1. Guiding Principles for Lagrangian Construction

A valid Lagrangian density £ for electromagnetism must satisfy two key principles:
1. Gauge Invariance: The Lagrangian must be invariant under gauge transformations of the gauge
potential A. For classical electromagnetism, a gauge transformation is A — A + dx (where x is a
0-form scalar field), which leaves F = d A unchanged. For the generalized equations, this invariance
must be preserved.
2. Duality Symmetry: The Lagrangian must be invariant under the duality transformation F <+ *F,
Je <+ Jm, to reflect the symmetry of the generalized equations.
3. Linear Coupling to Sources: The Lagrangian must couple the field strength F to the source forms J,
and J,; linearly (consistent with the superposition principle of electromagnetism).

4.2. The Lagrangian Density for the Generalized System

We start with the classical Lagrangian density for electromagnetism (without monopoles), which

is: 1
Lclassical = _ryoF]WFVV - A,‘u]gl- (4.1)

Here, F, F* = 2(%,2 — BZ) (from Eq. (3.2)), and A, J¥ is the coupling term between the gauge
potential A and the electric current 4-vector Ji = (p.c, J.)-

To extend this to include magnetic monopoles, we need to:
1. Add a coupling term for magnetic sources J;.
2. Ensure the Lagrangian is duality-symmetric.

4.2.1. Duality-Symmetric Lagrangian

Recall that the Hodge dual of F (+F) is a 2-form that encodes the magnetic field in the same way F
encodes the electric field. To include magnetic sources, we introduce a "magnetic gauge potential” C-a
1-form analogous to A-such that *F = dC (by duality symmetry, since F = dA in the classical case).
The magnetic source coupling term will then involve C and J,.

The duality-symmetric Lagrangian density is:

1

L= —%(Fwﬁ“’ + (%F)u (+F)") — AuJt — Culi- 4.2)
Here:
(a) The first term (— i (Fu F*Y + (%F), (xF)*Y) is the kinetic term for the field, invariant under
4]10 | I
F <> xF.

(b)The second term (—AP,]EV ) couples the electric gauge potential A to the electric current 4-vector JE.
(c)The third term (—C, Jh) couples the magnetic gauge potential C to the magnetic current 4-vector

];:41 = (PmC/ Im)
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4.2.2. Simplification Using Duality

We can simplify Eq. (4.2) using a key property of the Hodge dual: (x)2F = —F for 2-forms in
4-dimensional Minkowski spacetime (with signature (+,—,—,—)). This implies:

(*F)uy (xF)# = Fy FM. (4.3)

Substituting Eq. (4.3) into Eq. (4.2) reduces the kinetic term:

—41110 (FuwF* + Fu FHY) = _2;1401:WPW' (4.4
However, we must be careful: in the classical case (J,, = 0), we expect to recover the classical
Lagrangian (4.1). This requires that the magnetic gauge potential C is not independent of A, but rather
related via duality. For the classical case, d(xF) = pgJ, and dF = 0, so xF = dC implies d*C = 0
(consistent with dF = 0). In the generalized case, dF = o], implies d(xF) = poJ. (by duality), so C is
determined by A via *F = dC.
Thus, the independent field variable is still A (the electric gauge potential), and C is a dependent
variable defined by *F = dC. This allows us to rewrite the Lagrangian in terms of A alone, ensuring
consistency with the classical case.

4.3. Deriving the Generalized Equations via the Principle of Least Action

The principle of least action states that the action S = [ Ld*x (where d*x = dx%dx!dx?dx® =
cdtdxdydz) is stationary with respect to variations of the field variables (JS = 0). For our Lagrangian,
the field variable is the gauge potential A, (since C is dependent on A).

4.3.1. Variation of the Action

First, compute the variation of the action S = f dLd*x. From Eq. (4.2) (with C dependent on A),
the variation of L is: 1
oL = —%mew — SALJY = 5Cu T (4.5)

Recall that F,, = 9,A, — 9, Ay, s0 0F,y = 9,0A, — 9,0A;, = d(6A),y (the exterior derivative of the
1-form 6 A). Also, since *F = dC, we have §(«xF) = d(5C), which implies 6C is related to 6 A via the
Hodge dual.

4.3.2. Integrating by Parts (Stokes” Theorem)

To isolate A (the variation of the independent field variable), we use Stokes’ theorem for
differential forms, which states that [, dw = [, w for any form w (with dM the boundary of M). For
the kinetic term, we have:

/ FudFMdby = / Fu (900 As — 9,0A,)g" g 7 dx. (4.6)
M M

Integrating by parts (using 9 (F,y 8" 8" 0 As) = 0p(Fuvg"* 8" )0 Ay + Fuy gt 8" 9p0 Ay) and assuming
the boundary term vanishes (fields go to zero at infinity), we get:

[ Fwerratx = — [ (3,F)sA,dtx. 7)
M M

For the magnetic coupling term (— [}, 5C,4],’f1d4x), we use *F = dC to relate 0C to §A. Taking
the Hodge dual of both sides of F = dA, we get xF = *dA = dC, so 6C = *JA (up to a gauge
transformation, which vanishes due to boundary conditions). Thus, 6C,, = (*(5A)y, and the magnetic
coupling term becomes:

_ /M(*sA)H],P;d4x —_ /M S Ay (xJm) My, (4.8)
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where *J,, is the Hodge dual of the magnetic source 3-form J;, (a 1-form, since * : Q*(M) — Q' (M)).

4.3.3. Euler-Lagrange Equations
Substituting Eqs. (4.7) and (4.8) into §S = 0, we get:

/ (1apFPV S (x ]m)V) 5Ad4x = 0, 4.9)
M\ Ho
Since this must hold for all variations § A,, the integrand must vanish:
1
V—SPFF"’ =T, + (*Jm)". (4.10)
0

This is the Euler-Lagrange equation for the generalized system. To recover the differential form
equations (3.9a) and (3.9b), we take the exterior derivative of both sides (for the magnetic source term)
and the Hodge dual (for the electric source term), leading to:

dF = poJm, d(xF) = uole. (4.11)

This confirms that our Lagrangian density correctly reproduces the generalized Maxwell equations-
filling a key gap in the work of Milton [6] and Griffiths [7].

4.4. Gauge Invariance of the Lagrangian

A critical check of our Lagrangian is gauge invariance. For a gauge transformation A — A +dx
(with x a 0-form), we have F = dA — d(A +dx) = dA + d?>x = F (since d> = 0). Thus, the kinetic
term (— Z:TOFWFW) is invariant.

For the source terms:

(a)(The electric coupling term: —A;Jg — —(Au + ayx)]zf = —AH]e” — aHX]f. The additional term
—0y xJ¥ integrates to — || v (x ¥ Ydtx + / M XE)H]E” d*x. The first term is a boundary term (vanishes),
and the second term vanishes because d], = 0 (electric continuity equation), so d,, ]g[ =0.

(b)The magnetic coupling term: Since C is dependent on A, C — C 4 di (a gauge transformation for
C) when A — A + dy, so the magnetic coupling term —C, Ji is invariant by the same logic (using
dfm = 0).

Thus, our Lagrangian is gauge-invariant-essential for consistency with quantum electromag-
netism.

5. Noether Symmetry and the Generalized Maxwell Equations

Noether’s theorem [11], formulated by Emmy Noether in 1918, is one of the most profound
results in theoretical physics: it states that every continuous symmetry of the action corresponds to a
conserved quantity. For electromagnetism, gauge symmetry implies charge conservation, and Lorentz
symmetry implies energy-momentum conservation. In this section, we apply Noether’s theorem to
our Lagrangian density, showing that duality symmetry implies the conservation of magnetic charge,
and that the generalized Maxwell equations emerge as a consequence of this symmetry. This analysis
is entirely new-neither Milton [6] nor Griffiths [7] explore the connection between Noether symmetry
and the extended equations.

5.1. Noether’s Theorem for Differential Forms

For a general action S = [}, Ld*x with a symmetry transformation ¢ — ¢ + ¢ (where ¢ is a field
variable), Noether’s theorem states that there exists a conserved current 3-form | such thatd] = 0
(the current is closed, implying conservation). The conserved charge is then Q = ;. J, where L is a
3-dimensional Cauchy surface (a spatial slice of spacetime).

For our generalized Maxwell system, the relevant symmetries are:

1. Gauge Symmetry: A — A + dx (implies conservation of electric charge).
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2. Magnetic Gauge Symmetry: C — C + dy (implies conservation of magnetic charge).
3. Duality Symmetry: F <+ *F, A < C, ], <> [ (unifies electric and magnetic charge conservation).

5.2. Magnetic Charge Conservation from Noether’s Theorem

We first derive conservation of magnetic charge using the symmetry of the action under C —
C + dip (magnetic gauge symmetry). Recall that our Lagrangian (Eq. (4.2)) includes the term —Cy,J},
so the variation of the action under C — C 4 di is:

5S = — /M dip, Tl d*x. G.1)

Using Stokes’ theorem ([, d A J;u = [53, ¥ A Jiu) and assuming the boundary term vanishes, we get:

55:—AM¢A]m:0. (5.2)

For this to hold for all ¢, the magnetic source 3-form J,, must be closed: dJ,, = 0 (as derived earlier in
Section 3.3.3). The conserved magnetic charge is then:

Qm = /Z Jm, (5.3)

where X is a 3-dimensional spatial slice. The closure of [, (d],, = 0) implies that Qy, is independent of
the choice of £ (by Stokes’ theorem), confirming conservation.

This result is the Noetherian origin of magnetic charge conservation-a result first inferred from
vectorial equations by Griffiths [7] and Milton [6], but here derived rigorously from symmetry.

5.3. Duality Symmetry and the Form of the Generalized Equations

Duality symmetry (F <> *xF, A <+ C, ], <+ ) is a global symmetry of the action (Eq. (4.2)),
meaning it leaves the action invariant: S — S under the transformation. To see how this symmetry
dictates the form of the generalized equations, we consider the variation of the action under an
infinitesimal duality transformation:

F—F+exF, *«F—=*xF—€F, Jo—=Je+€m, Ju—Jm—¢€e (5.4)

where € is an infinitesimal parameter.
The variation of the action under this transformation is:

08 = /M (—Z:l(FW(SFW + (*F) w0 (+E)) — SAuJY — AudTt — 6Cu i — cﬂ5]¢>d4x. (5.5)
0

Substituting the infinitesimal variations (Eq. (5.4)) and using F,, (+F)*" = 0 (orthogonality of F and *F
under the inner product), we find that the variation of the kinetic term vanishes. For the source terms,
we use A <> C and J, <+ [, to show that their variations also vanish, confirming invariance.

By Noether’s theorem, this duality symmetry implies a conserved current-the "duality current" -
which unifies electric and magnetic charge. More importantly, the invariance of the action under duality
dictates that the equations of motion must be duality-symmetric. This means that if d(«F) = pg].
(electric equation), then the magnetic equation must be dF = ygJ;;, (by replacing F <+ *F and J. <+ [u)-
exactly the generalized Maxwell equations (3.9a) and (3.9b).

This is a key insight: the form of the generalized equations is not arbitrary (as might be in-
ferred from vectorial descriptions), but is a direct consequence of duality symmetry-one of the most
fundamental symmetries of electromagnetism.
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5.4. Lorentz Symmetry and Energy-Momentum Conservation

Lorentz symmetry (invariance under boosts and rotations) is another critical symmetry of the
action. By Noether’s theorem, this symmetry implies the conservation of energy-momentum, encoded
in the electromagnetic stress-energy tensor TH".

For our Lagrangian density (Eq. (4.2)), the stress-energy tensor is derived using the formula for
Noether currents associated with spacetime translations:

oL

w 9% v MY
T a(ayAp)a Ap— g L. (5.6)

Substituting £ = —ﬁFWFW — Ap]ep — Cp]f,)1 and using Fyr = dp Ay — ds Ay, we get:

1 1
The conservation of energy-momentum follows from the Euler-Lagrange equations (% =9y %),

leading to 9, T"" = F'f J + (*F)¥PJh, (the 4-force density on electric and magnetic charges).
This result extends energy-momentum conservation to include magnetic monopoles, confirming
that the generalized system respects all fundamental conservation laws-a critical consistency check.

6. Connection to Dirac’s Monopole and Charge Quantization

Dirac’s 1931 work on magnetic monopoles remains the cornerstone of monopole theory, as it
linked the existence of monopoles to the quantization of electric charge. In this section, we connect our
generalized Maxwell equations (in differential forms) and Lagrangian formulation to Dirac’s original
result, showing that our framework reinforces the necessity of the Dirac quantization condition.
We also discuss how our work addresses the "Dirac string" problem-a singularity in the vectorial
description that is resolved by the geometric structure of differential forms.

6.1. Dirac’s Quantization Condition Revisited

Dirac’s key insight was that the wavefunction of a charged particle in the presence of a magnetic
monopole must be single-valued, leading to a quantization condition for electric and magnetic charges.
To derive this condition using our framework, we consider a point magnetic monopole with magnetic
charge g at the origin of spacetime. The magnetic source 3-form for this monopole is:

Jm = g5(3) (r)dx Ndy N dz, (6.1)

where 63 (r) is the 3-dimensional Dirac delta function (vanishing everywhere except at r = 0).

From the generalized equation dF = yiJ;;, we can compute the magnetic field B by integrating F
over a 2-sphere S of radius r around the monopole. Using Stokes’ theorem ([s, F = 1,5 dF, where D?
is the 3-ball bounded by S?), we get:

JoF =10 [ I = og. (62)

The left-hand side is the magnetic flux through S?, which for a point monopole is [, B - dS = 47r?B
(since Bisradial, B = %i’). This confirms the Coulomb-like form of the monopole magnetic field-first
derived by Dirac [1] and later discussed by Milton [6] in his review.
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6.1.1. Single-Valuedness of the Wavefunction

In quantum mechanics, the wavefunction ¥ of a charged particle with electric charge e in the
presence of a gauge potential A acquires a phase factor when the particle moves along a closed loop 7:

¥ — pexp (iéﬁA). 6.3)

For the wavefunction to be single-valued, this phase factor must be 1 (i.e., the exponent must be an
integer multiple of 277) for any closed loop <y that does not enclose the monopole. For a loop that
encloses the monopole (e.g., a circle around the z-axis), the phase factor involves the magnetic flux
through the surface bounded by 7.

Using our differential form framework, the phase factor can be written in terms of the field

ﬁA:[SdA:/SF, (6.4)

where S is a surface bounded by 7. For a loop enclosing the monopole, the flux through S is £32 (since

strength 2-form F:

the total flux through a sphere is ypg, and S is a hemisphere). Substituting into Eq. (6.3), the phase

factor is:
exp (i% . %) =1. (6.5)
This implies:
eggg —2nn (n€l), 6.6)
or in Gaussian units (where o = 4T”):
eg = %n. (6.7)

This is Dirac’s quantization condition-exactly the result derived by Dirac [1]. Our framework confirms
that this condition is not a mere artifact of vector calculus, but a natural consequence of the geomet-
ric structure of the field strength 2-form F and the single-valuedness of the quantum mechanical
wavefunction.

6.2. Resolving the Dirac String Problem

A long-standing issue with Dirac’s original monopole is the "Dirac string"-a singular line of
magnetic flux extending from the monopole to infinity, where the gauge potential A is undefined.
In vector calculus, this singularity is necessary because the magnetic field of a monopole cannot be
described by a single globally defined vector potential (since dF = o] # 0, F is not exact globally).

Our differential form framework resolves this problem by recognizing that the gauge potential
A does not need to be defined globally-only locally, on overlapping patches of spacetime. This is
the standard approach in fiber bundle theory, where the gauge potential is a local section of the
electromagnetic gauge bundle, and gauge transformations relate the sections on overlapping patches.

For a point monopole at the origin, we can define two local patches:

1. Northern Patch: z > —e (excluding a small disk around the negative z-axis), with gauge potential
Ay = 2 (1 — cos0)d¢ (azimuthal gauge).

4mr
2. Southern Patch: z < € (excluding a small disk around the positive z-axis), with gauge potential
A_ = — 33 (1 + cosb)d¢ (azimuthal gauge).

On the overlap of the patches (—e < z < ¢€), the gauge potentials are related by a gauge
transformation: Ay — A_ = d(£-¢), which is a smooth, non-singular transformation. The Dirac
string-originally associated with the singular line where A is undefined-now corresponds to the
boundaries of the patches, but since the patches overlap and the gauge transformation is smooth, the
singularity is unobservable.

This resolution of the Dirac string problem is a direct consequence of the geometric nature of
differential forms and fiber bundle theory-frameworks that were not fully developed in Dirac’s time,
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but which our work incorporates. Milton [6] discusses the Dirac string in the context of experimental
searches but does not address its geometric resolution, while Griffiths [7] mentions the string as a
mathematical artifact but does not connect it to fiber bundles.

7. Discussion: Experimental Implications and Future Directions

The generalized Maxwell equations with magnetic monopoles, as formulated in this work, have
far-reaching implications for both theoretical physics and experimental searches. In this section, we
discuss how our framework connects to existing experimental constraints (referencing Milton’s 2006
review) and propose future directions for theoretical and experimental research.

7.1. Experimental Constraints on Magnetic Monopoles

Milton’s 2006 review [6] provides a comprehensive summary of experimental searches for mag-
netic monopoles, spanning cosmic ray detectors, laboratory experiments, and astrophysical observa-
tions. Key results include:

- Cosmic Ray Detectors: Experiments like the MoEDAL [8] (Monopole and Exotics Detector at the
LHC) and the ANTARES neutrino telescope have placed upper bounds on monopole flux: ®,, < 10716
cm~2 sr~! 57! for monopoles with mass 1, > 10* GeV.

- Laboratory Experiments: Superconducting quantum interference devices (SQUIDs) and ion traps
have searched for monopoles by detecting their magnetic flux or ionizing effects. These experiments
have constrained the magnetic charge of monopoles to be at least 137¢ (consistent with Dirac’s quanti-
zation condition, eg = %n).

- Astrophysical Observations: The Super-Kamiokande detector has searched for monopoles via the
Rubakov-Callan effect (monopoles catalyzing proton decay), placing bounds on monopole mass:
My > 10° GeV.

Our framework does not contradict these constraints; instead, it provides a more rigorous theo-
retical basis for interpreting future experiments. For example, the Lagrangian formulation (section 4)
can be used to compute the cross-section for monopole production in particle colliders (e.g., the LHC),
which could guide MoEDAL's search strategy. Additionally, the differential form description of the
monopole’s magnetic field (section 3) can be used to model the interaction of monopoles with matter,
improving the sensitivity of SQUID-based detectors.

7.2. Theoretical Directions

Our work opens several avenues for theoretical exploration:
1. Curved Spacetime Extensions: General relativity modifies Maxwell’s equations in curved spacetime
via the metric tensor. Extending our differential form framework to curved spacetime would allow us
to study monopoles in gravitational fields (e.g., near black holes or in cosmological contexts).
2. Quantum Field Theory with Monopoles: While we derived a classical Lagrangian, quantizing
the generalized Maxwell equations would require path integral methods, accounting for the non-
trivial topology of the gauge bundle (due to the Dirac string). This could shed light on monopole
contributions to quantum phenomena like vacuum polarization.
3. Non-Abelian Generalizations: 't Hooft [3] and Polyakov [4] showed that monopoles arise naturally
in non-abelian gauge theories (e.g., SU(2) with spontaneous symmetry breaking). Extending our
exterior differential form approach to non-abelian theories could unify the description of monopoles
in both abelian (Maxwell) and non-abelian contexts.

7.3. Implications for Fundamental Physics

The existence of magnetic monopoles would have profound implications for fundamental physics:
- Grand Unified Theories (GUTs): Monopoles are predicted by GUTs, which unify the electromagnetic,
weak, and strong forces. Observing a monopole would provide indirect evidence for GUTs and
symmetry breaking in the early universe.
- Charge Quantization: As Dirac [1] showed, monopoles explain why electric charge is quantized-a fact
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that remains unexplained in the Standard Model. Our framework reinforces this connection, showing
that charge quantization is a natural consequence of the geometric structure of the electromagnetic
field.

- Duality Symmetry: The manifest duality symmetry of the generalized equations suggests that electric
and magnetic phenomena are two facets of a more fundamental entity. This symmetry could be a clue
to a deeper unification of forces, akin to the unification of electricity and magnetism by Maxwell.

8. Conclusions and Perspectives

In this work, we have advanced the theory of electromagnetism with magnetic monopoles
by building on the vectorial extensions of Milton [6] and Griffiths [7] and developing a rigorous
framework based on exterior differential forms, Lagrangian mechanics, and Noether symmetry. Our
key contributions are:

*  Geometric Formulation: We translated the generalized Maxwell equations into 4-dimensional
exterior differential forms, showing that the equations dF = ygJ,, and d(«F) = jioJ. are manifestly
Lorentz covariant and duality-symmetric. This formulation clarifies the geometric distinction
between the classical (dF = 0) and generalized equations, highlighting the role of F as a curvature
form in the electromagnetic gauge bundle.

* 2. Lagrangian Derivation: We constructed a gauge-invariant, duality-symmetric Lagrangian
density that includes both electric and magnetic sources, deriving the generalized equations via
the principle of least action. This fills a critical gap in prior work, providing a foundation for
quantum mechanical treatments of monopoles.

*  Noether Symmetry: We applied Noether’s theorem to show that duality symmetry implies the
conservation of magnetic charge and that the form of the generalized equations is dictated by this
symmetry. This connects the equations to fundamental principles of symmetry, reinforcing their
physical relevance.

*  Dirac Quantization: We linked our framework to Dirac’s original result, showing that charge
quantization arises naturally from the single-valuedness of the wavefunction in the presence of a
monopole, and resolving the Dirac string problem using fiber bundle theory.

Our work confirms that the generalized Maxwell equations with magnetic monopoles are not only
mathematically consistent but also deeply rooted in symmetry and geometric principles. While
experimental searches for monopoles continue [6,8], our framework provides a robust theoretical
foundation for interpreting future results and exploring the implications of monopoles for fundamental
physics.

By introducing magnetic monopoles and their corresponding gauge fields, we have revealed
a deeper symmetry structure in electromagnetism: electromagnetic duality. This is not merely an
extension of the theory, but a sublimation of thinking, pushing our understanding of electromagnetism
to a new level.

1. Duality symmetry is the sole axiom: The logical starting point of the theory is no longer the
single local U(1) gauge symmetry, but the more profound electromagnetic duality symmetry.
This principle requires that physical laws remain invariant under the exchange of electricity and
magnetism (E <> B) as well as electric charge and magnetic charge (e <+ g). It replaces the bias
that "electricity is fundamental while magnetism is derivative", placing the two on an entirely
equal footing and establishing them as the ultimate cornerstone for constructing the theory.

2. Dual interactions are an inevitable product: To uphold this more rigorous duality symmetry, the
theory is compelled to introduce two gauge fields: the electric potential A, and the magnetic
potential C;,. The coupling between the electric field and electric charge is no longer the only
forced choice; instead, it forms a pair of inevitable, symmetric interactions together with the
coupling between the magnetic field and magnetic charge. The electromagnetic structure of the
universe turns out to be a direct manifestation of this dual symmetry.
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3. Complete field equations are a logical deduction: Based on this dual-potential structure, its
simplest dynamical form uniquely derives the fully symmetric Maxwell’s equations. This means
that what was once regarded as a "source-free" identity (e.g., V - B = 0) is now endowed with
profound dynamical meaning (V - B = py). All four Maxwell’s equations are no longer a
patchwork of empirical laws, but inevitable results deduced logically from the principle of duality
symmetry, collectively depicting a cosmic picture of perfect symmetry between electricity and
magnetism.

4. Dual conservation laws are inherently self-consistent: Finally, the significance of conservation
laws has also been perfectly extended. Electric charge conservation: d(dF) = podJu = 0
and magnetic charge conservation: d(d(*F)) = podJ, = 0 are no longer isolated assumptions,
but mathematical self-consistency requirements jointly embedded in the theoretical structure.
Together, they form the harmonious cornerstone of the entire dual gauge theory, ensuring that
the total amount of both electricity and magnetism remains constant in the universe.

In summary, we have achieved a cognitive leap from "monopole" to "dipole". The ultimate law of
electromagnetism does not originate from the observation of electric charge, but from a profound belief
in the perfect symmetry between electricity and magnetism. The true greatness of Maxwell’s equations
lies in the fact that they are not only an accurate description of the electromagnetic phenomena we
know, but also likely a perfect low-energy projection of a more grand and symmetric theory-one that
includes both electric and magnetic charges. The search for magnetic monopoles is the ultimate test of
this deepest and most elegant symmetry of the universe.

As Dirac [1] noted, "One would be surprised if nature had made no use of it," referring to the
symmetry between electric and magnetic charges. Our work strengthens the case for this symmetry,
offering a more complete picture of electromagnetism-one that may yet be confirmed by experiment.
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