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Abstract

Let ¢(n), (n) and o(n) denote the Euler totient function and the Dedekind function respectively.
Using improved versions of the weighted AM-GM inequality, we obtain a series of sharp upper
bounds for

p(m)?W ()P and  @(n)PMp(n)?0),

improving previous bounds showed by Sdndor and Atanassov.
Keywords: inequality; arithmetic function

MSC: 11A25; 26D15

Seems horrible but actually trivial. —EthanWYX2009

1. Introduction

Let n be a positive integer. Let ¢ (1), ¢(n) and ¢(n) denote the Euler totient function, Dedekind
function and sum-of-divisors function respectively. For n > 1, we have

p(n)=n]] ijl and p(n)=n]] P_+1 (1)

psn p<n p

These arithmetic functions satisfy many important properties. For example, the following inequality is
well-known:

¢(n) < ¢(n) <o(n). 0

In this paper we are looking for bounds for quantities
p(n)?M ()P and  @(n)Y ()P,

In 2011, Atanassov [1] first obtained a lower bound for ¢(n)?("y(n)¥("). He showed that for any
n > 1, we have

(m)? ()P0 > n?", 3)
In 2013, Kannan and Srikanth [2] sharpened (3) by showing that

@(n)?M ()P0 > pe(n)+ein), (4)

Finally, Sandor and Atanassov [3] in 2019 proved the following refined estimates using the weighted
AM-GM inequality.

n@(m)+y(n) < <4)(n) _;¢(n)>¢(n)+¢(n) < q)<n>(p(n)lp(n)¢(n) < <4)(n)2+ll)<n)2) :

< lp(n)q)(n)w(n), (5)
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@(mg(m) (@(m) = p(m)\ "y et < (200090 T
( o(n)? +9(n)? ) < #mTpmT < <¢(n)+¢(n)>
< (p(myp(n) ™ < no v, 6)

For other types of inequalities between arithmetic functions, we refer the readers to [4] and its
references. In this paper, we shall use some refined inequalities to improve the upper bounds proved
by Sdndor and Atanassov [3].

Theorem 1. For any integer n > 1, we have the following inequalities:

p(n)? +4p(n/2p(n) + p(m)p(n)? + 2¢<n>3)“"(””"’("), (a1

ol < ( 2p(m) + ()

o(n n 2
200 () + 20~ () (o) = ()T — ()70
29(m) (g(n) + $()

p(m) 7)) <

—y(n) (4:(11) — (p(n)% — p(n) P90

29(m)(p(m) + () ' (B1)
3 3\ 2(p(n)+y(n))
) non) — [ P1)2 +p(n)2
@(n)?Mp(n)¥" < ( o)+ 00 , (C1)
3 1 @(n)+p(n)
) i) — [ 20(1)21(n)2 — @(n)y(n) +p(n)>
PRI S ( o(n) +y(n) ' D
@(n)+p(n)
(1) P p(n)P) < ¢(n)? + p(n)? : : , (E1)
+ 2_2 p(m)2+yp(n)2 . >
(o(m) lp(n))exp( ((@(m)2+9(n)2) (@(n)+p(n)))2
2 (n)+p(n)
¢<n)2+lp(n)2_ 34’(112)111(")(1#(”)—4)(71)) . ¢
(n) P(n) 2¢(n)*+8¢(n)p(n)+2¢p(n)
PNTEROTE S ( (n) +y(n) ’ 0
(n)+y(n)
o(n) ) — (—9(n)> +69(n)*p(n) + 34’(")#’(”)2)4)
o)y < ( psE R , (a2)
o(n) P\ 2
I (1900 o) 705597 — )0
n p(n
PP < 2900 (9 () T 9(1)
o N2y PO
=p(0) () = ()T — g ) 059 )
29(m) (p(m) + 9 () @2
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;o 2(p(n)+9(m)
p(m) () (p(m): +y(n)?)
900 ()90
P ‘\( mEEETey ) : “”
; p(n)+p(n)
o(n) ) — [ 20m)2p(n)2 + @(n)p(n) — (n)?
p(n)"p(n) " < ( 200+ 9(n) , (D2)
on)+(n)
()P0 ()P0 < 200m)glm) (E2)
o) + o)) exp | 2 2¢<n>z¢(n)z<¢<n>z+¢<n)z)
n n))ex — T
’ F (29 (m)g(n) (9(m)+9(0))) 2
" () ()
2p(n)p(n) — 2L g2\ PO
9() gy () 0 (1) Hp(n) 9 (m)g(m)+y(n)%)
@(n)""Wp(n)?" < ( 200+ 90 : (F2)

All inequalities above may be replaced with function o(n) instead of function p(n).

Note that we have
(B1) — (A1), (B2) — (A2),

(D1) = (C1), (D2) = (C2),

where X = Y means that X implies Y.

2. Refinements of the Weighted AM-GM Inequality

In this section we shall list several variants of the weighted AM-GM inequality. First, recall that
the classical weighted AM—GM inequality states that

Lemma 1. If real numbers aq, ...,y > 0satisfy aq + - - - +ay = 1, then for x1,...,x, = 0, we have
Xyt xt <y e+ dg X
Moreover, for n = 2 this becomes

< x'xp? < agxg + apxo.

InLemma 1, putx; =a,xp =b, a1 = u‘zﬂ and ap = % we get

Lemma 2 ([3], Proposition 1). Forany a,b > 0, we have
a+b 2 2\ a+b
a+b <a'b < a-+b .
2 a+b

Again, putx; =b,xp =a, a1 = ai—b and ay = ﬁ we get

Lemma 3 ([3], Proposition 2). For any a,b > 0, we have

ab(a+b)\""" _ . 2ab \ "
(¢ﬂ+b2> sevs\avs)

We remark that Sandor and Atanassov [3] used Lemmas 1-3 to prove their bounds.
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Next, we mention some results that yield improvements on Lemma 1. We will use them to prove
our Theorem 1 in the next section.

Lemma 4 ([5], Theorem, [6], Remark 3). Letn > 2, xq,...,x, = 0and aq,...,a, > 0. Suppose that
a1+ -+ ay = 1. Then we have

2
1
wi | x; — 2 XiXj
2max(x1, -+, Xn) 1<zz<:n < 1<j<n ! ]>
< Y owxy— [ A
1<i<n 1<i<n
: 2
< i ol x;— XjXj | .
X me(xll"'rxn) 1@271 l( i 1<]Z<n ] ])

Moreover, for n = 2 this becomes

- (061 (x1 — @121 — apx2)” + o (2 — g xy — ﬂézxz)z)
2max(x1, X2)
< (a1x1 4 apxp — x]1x32)

1

< - -
= 2min(x1, xz)

(041 (x1 — a131 — @2x2)* + g (x2 — g%y — a2x2)2>~
Lemma 5 ([7], Theorem). Letn > 2, xq,...,x, = 0and aq,...,a, > 0. Suppose that aqy + - - - +a, = 1.
Then we have

2
1 , |
2max(x1, -+ ,Xp) 2 ai<xi_ H x?’) S Z XX — H x;.

1<i<n 1<i<n

Moreover, for n = 2 this becomes

1 « 2 % 2 Xy 0
> max(x, 1) (oq (21 — x'x5%)" + ap (xp — x7'x5?) ) < (mx1 + apxp — x7'x52).

Lemma 6 ([6], Theorem 1). Letn > 2, x1,...,x, = 0and aq, ..., &, > 0. Suppose that 1 + - - - +a,, = 1.
Then we have

— e

2
) zxi(x}— ) ocjx.> < Y o — [T A

1<isn 1<j<n 1<i<n 1<isn

Moreover, for n = 2 this becomes

2 2
1 1 1 1 1 1
aq (xf —mxf — oczxzz) +ap <x22 —ax? — oczxzz) < (g1 + a0 — x71x52).

Lemma 7 ([8], Theorem 2.2). Letn >2,xq,...,x, 2 0and aq, ..., 0, > 0. Suppose that a1 + - - -+, = 1.
Then we have

2
1 : 2
T L |6 — ) )
—min(ay, -, &) 1<i<n 1<j<n
"
< ) wx— [T A
1<i<n 1<ign
2
1 3 :
S~ 2 &j xiz_ 2 chx]_z ’
min(aq, -, 0p) 1<i<n 1<j<n
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Moreover, for n = 2 this becomes
1 bt ) b )
— | a1 | ¥ —wx? —arx +a | xF —wqx? —anx
1 — min(aq, &) 1<1 1M 22) 2<2 1% 22)
< (a1x1 4 apxp — x]1x52)
1 LSS SN E YO S JE A
<—— | | 7 —agx7 —arx +oar| x5 —agx; —apx .
= min(ag, a0) 1(1 11 22) 2<2 1% 22)
Lemma 8 ([9], Corollary 2.3). Letn > 2,xq,...,x, 2 0and «q,...,a, > 0. Suppose that ag + - - -+, = 1.
Then we have

I

nmin(txl,---,lxn)<% Yoxi— 1 xi)

1<isn 1<i<n
o
< L owxn— [T«
1<isn 1<isn
1 1
<nmax(aq, -, 0p) - X — x;' .
1<isn 1<i<n

Moreover, for n = 2 this becomes

1 11 1
2min(aq, ap) <§(x1 +x2) — x7 x22> < (mx7 4 apxp — x7'x52) < 2max(ag, &) <—(
Note that the left—hand side is just [[10], Proposition 5.1].

Lemma 9 ([11], Theorem 1). Let n > 2, x1, .

., xp 2 0and ay,. .., &, > 0. Suppose that a1 + - - - +a, = 1.
Then we have )
Yi<ic<n %X} a
expl2-2 — H X' < 2 n;x;.
(Licicn 2ixi)? ) 1<i<n 1<i<n

Moreover, for n = 2 this becomes

1 1
2 2
a1xy + aox
exp|2— 2———1 =72 ’i‘lxgz < wpxy + &pxp.

-

(a1x1 + apx2)2

Lemma 10 ([12], Proposition 2.7). Letn > 2,0 < x1 < ..

< X;
Suppose that &1 + - - - + a, = 1. Then we have

i

K<< xpandaq,. .., 0, > 0.

B+ (s ) (0 =)
(4 +-- o)) F2 (- Fan) )X+ (g +-+an) +2(ag +--+a))

.
% S Ya<i<n @iXi — [Ticicn X'

Moreover, for n =2, j = 1and k = 2, this becomes

Baqap(xp — x1)2 o
< — %12
(day + 2ap)xo + (4ap +2007)x7 (@131 + a2xp — x7'%37)

3. Proof of Theorem 1
3.1. Proof of (A1) and (A2)

By Lemma 4 we know that for x1,x, > 0, a1, a2 > 0 and a1 +ap = 1, we have

LS %) 2 2
X1 X < ax —+ o x ——(06 X1 —X1X1 — K2 X + Ko (X — X1 — KX ) 7
N T ) 1(x1 — a1x1 — azxp) 2(x2 — 11 — a2x7) 7)
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For (A1), putx; =a,x =b, a1 = ;fj and ap = (7) becomes

a+b’

a_ b
aa+b ha+b

<aa—|—bb— ! aa—ua—bbz—l—bb—au—bbz
Sa+b a+b  2max(ab)\a+b a+b  a+b a+b a+b a+b
_ a4 1 a (a(a+b)—a>—1? 2+ b (bla+b)—a®—b\°
~ a+b 2max(ab)\a+b a+b a+b a+b

a? + b? ub b? + b [ab—a?\"
a+b Zmaxab) a+b\ a+b a+b\ a+b

a* + b? Ea ab — b?)? +b(ab—u2)2>
(o

a+b Zmaxab (a+b)
a? + b? ab ®)
a+b Zmaxub a—l—b

Leta = ¢(n) and b = ¢p(n). By (2) we have a < b, hence max(a, b) = b. Putting this into (8), we have

2 432 2
aﬁbﬁga +b 1 ab(a —b)
a+b  2max(a,b) \ (a+Db)?

_@+b 1 (ab(a—b)*
a+b 20\ (a+Db)?

(a® +b%)(a+b) — ja(a —b)*

(a+b)?
_a° + 4a?b + ab? + 2b° o)
N 2(a+0b)? !
3 2 2 3 4+t
app o [ ° +4a°b + ab” +2b
a’b” < ( 20a1b) (10)

Now (A1) is proved. For (A2), putx; = b= ¢(n), x2 =a = ¢(n),a; = ;{5 and ay = (7) becomes

u+b’

a b 1 a a b 2 b a b 2
< g _ _ _ _
Sarrt it 2b<a+b<b P a+b”> +a+b<a P a+b”>>
_2ab 1 ([ a (bla+b)—2ab 2+ b (a(a+b)—2ab\?
T a+b 2b\a+b a+b a+b a+b
_ 2ab _l a b2 — ab 2+ b a2 —ab 2
a+b 2b\a+b\ a+b a+b\ a+b

_ 2ab 1 ab(a — b)?
a+b 20\ (a+0b)?

_ 2ab(a+Db) — 3a(a—b)?

(a+0b)?
_3 2 2
_ —a’+6a b+3abl 1)
2(a+b)?
3 2 9\ a+b
P + 6a°b + 3ab 1
b < < 2(a+0b)? (12)
Now (A2) is proved.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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3.2. Proof of (B1) and (B2)
By Lemma 5 we know that for x1,x > 0, a1, a9 > 0 and a1 + ap = 1, we have
2 2
X192 < wgxg + apxp — T max(vr, %3] (ucl (1 — x71252) " + ap (20 — x71x3?) ) (13)
For (B1), put x; = a = ¢(n), xa = b = ¢(n), &y = 3 and ax = 773, (13) becomes

a b a b 1 a a b\ 2 b . b N2
b pah < e b I
a+bb+b\a—|—ba+a+bb 2b<a—|—b(a aat b+) +_a+b<b aat b+)>
a 2 B >
2y a(a—ai® —pan) 4 p(b—aits — )
B - 14
a+b 2b(a +b) ’ (14)

202D + 263 —a(a _qit —bﬁ)z —b(b—aa‘ﬁ _bﬁ)z i

2b(a+b)

a"bb < (15)

Now (B1) is proved. For (B2), put x; = b = ¢(n), x2 = a = ¢(n), &1 = Az and ay = u+b' (13)
becomes

bitiants < ——b+ b a—l< a (b—bﬁ—aﬁf—l— b (a—bﬂb—aa«lﬂby)

a+b a+b 2b\a—+b a+b
a b \2 a b\ 2
 oab _a(b—buTb —awit) 4 b(a—bifs —aws ”
a+b 2b(a+10) ’
. 2 2\ a+b
4ab2—a(b—bm —a$> —b(a—ba+b —aib)
bab < (17)
2b(a+1D)
Now (B2) is proved.
3.3. Proof of (C1) and (C2)
By Lemma 6 we know that for xq,xp > 0, a1, a2 > 0 and a7 + ap = 1, we have
e b4 1Y S S AT
X' x% < aqxy +axn — | 4 (xl — a1X] —a2x2> + ap (xz — a1X{ —a2x2> . (18)
For (C1), putx; = a = ¢(n), x =b = ¢(n), a1 = ;7 and ap = .73, (18) becomes
au%bbﬁ< 4 a+ b b— 4 az — 4 a? — b b%2
Sa+b  a+b a+b a+b a+b
b 1 a 1 boo1\?
a+b<b2 B a—l—ba2 _a—i—bbz) )
22+ b2 ab(a—l—b 2a2b%)
T atb (a+b)?
a3 +b% 2
_ <_a+b ) , (19)
3 3\ 2atDd)
apb < az +b2 2
a’b’ < <—a-|-b . (20)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Now (C1) is proved. For (C2), put x; = b = (n), x2 = a = ¢(n), a1 = ;45 and ay = %, (18)

becomes
pifiais < pg 0 0 (i 0y b Y
¢ a+b a+tb a+b a+b  a+b
n b 1 a1 b 1 2
ar b\ Tave T atb”
B 2ab _ab(a—i—b—Za%b%)
a+b (a+b)?
2
a%b%(a%+b%)
= ———F, (21)
a+b
2(a+b
a%b%(a%+b%) ()
P | — 7 . (22)
a+b

Now (C2) is proved.

3.4. Proof of (D1) and (D2)

By Lemma 7 we know that for x1,xp > 0, a1, 45 > 0 and a1 + ap = 1, we have

o2 1 SRS SN A SR S A
< - - - - - ,
X1 X" S a1Xy + KXo 1= min(ay, @) uq(xl Q1X{ oczx2> +oc2<x2 a1X] oczxZ)
(23)
For (D1), we putx; = a = ¢(n), x2 =b = ¢(n), a1 = ;45 and ap = %. Sincea+b >0anda <,
we have
n = ? < b =«
VU 0% Saxb ¥
hence 1 — min(aq, ap) = max(aq,ap) = ay = %. Then (23) becomes
a$b$<ia+ib—L ? (a2 — -2 g2 b b2 ’
Sa+b a+b % a+b a+b a+b
b 1 a 1 boo1\?2
+a+b<b2_a+ba2_a+bb2>>
24+ a+b ab(a—i—b—Za%b%)
“atb b (a+b)2
22 + b2 a(a+b—2a%b%)
T atb a+b
3 - 2
:2a2b2 ab—l—bl (24)
a+b
3,1 5 a+b
K(M> | 25)
a+b
Now (D1) is proved. For (D2), put x; = b = ¢(n), xo = a = ¢(n), vclza“ﬂandzxzzﬁ, (23)
becomes
LS A Sy (NN % DS R A
Sa+b a+b Lo\a+b a+b a+b

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

d0i:10.20944/preprints202511.0246.v1


https://doi.org/10.20944/preprints202511.0246.v1
http://creativecommons.org/licenses/by/4.0/

d0i:10.20944/preprints202511.0246.v1

90f13

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 November 2025

n b 1 a b% b 1 2
ar o\ T are T ave”
2ab a<a+b—2a%b%)
Tatb a+b
3.1
2a2b2 + ab — a?
- a+b ! (26)
(27)

3.1 a+b
pab < <2a2b2 +ab — a2> .
a+b
Now (D2) is proved.
We note that Lemma 8 and Lemma 7 actually yield the same result here. By Lemma 8 we know

that for x1,x, > 0, a1, a» > 0 and &1 + a» = 1, we have
1
(28)

1 11
x]1xg? < agxg + apxp — <2min(1x1,rx2) (E(xl +x2) — X7 xf))

b .
- Again, we have

)

= ﬁ and ap

For (D1), we put x; = a = ¢(n), x = b = ¢p(n), i
Then (28) becomes

b a b a 1 1 1
b hatt -2 — —b—a2b
N a+b(2”+2 4
az—l—bz—Za(%a—l—%b—u%b%)
- a+b

_a_

min(ay, a2) = a1 = 4.

NI—=

3.1
2a2b2 — ab + b?
BT )
3 l_ 5 a+b
apb < (—Zazl’za +”bb+b ) . (30)
b, (28)

_ a —
= g and a2 = 7,

Now (D1) is proved. For (D2), put x; = b = ¢(n), x;

becomes
a b a b a 1 1 11
it < — - Za—b2a2
aa+b hat \a+bb+a+ba 2a+b(2b+2a b a)
2ab—2a(%a+%b—a%b%)
- a+b
3.1 2
:2a2b2 +ab—a , 31)
a+b
3.1 ) a+b
bt < (M) , (32)
a+b

Now (D2) is proved.

3.5. Proof of (E1) and (E2)
By Lemma 9 we know that for x1,xp > 0, a1, > 0 and a1 + ap = 1, we have

n1X1 + apXxp

LS %)
X1 Xy < I TN
K1 X1 +rox.
exp<2—211—221>

(33)

(@11 +apx2)2

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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For (E1), putx; = a = ¢(n), x = b = ¢(n), a1 = ;4 and ay = 75, (33) becomes
a4 by
a#bﬁ < u-&-ba_: a;&-b .
exp (2 2 ”*”"H”*bbi )
(a‘ﬁa-‘ruﬁ—bb)z
212
= ac+b 3 ) (34)
a-+b)ex (2 — 2L>
(a+b)exp (2+12)(a+b))?
a+b
2 b2
B < G R (35)
a4+ b)ex (z _ 2%>
(a+b)exp (@4+2) (a+b)) 2
Now (E1) is proved. For (E2), put x; = b = 9(n), xa = a = ¢(n), a1 = ;4 and ap = 7, (33) becomes
b
bLbaLb < #b + ma
= 1 1
exp( 2&b2+"3’ai>
(spb+atse)?
2ab
B EICIN (36)
a a
a+b)expl2—2
(a+0)exp (2ab(a+b))2
a+b
2ab
b’ < 2 (37)
a2b2 <a7 +b7>
a+b)exp|2—2
(atb)exp (2ab(a+b))2
Now (E2) is proved.
3.6. Proof of (F1) and (F2)
By Lemma 10 we know that for 0 < x7 < xp, a1, 42 > 0and a1 + ap = 1, we have
Baqap(xy — x1)?
2482 < wqxq + apxn — 172 38
12 131 + 2% (4aq + 2a5)x0 + (4o + 2a7)xq (38)
For (F1), we put x; = a = @(n), xa = b = ¢(n), &y = 15 and ap = . Since a < b, we can write (38)
p 9 I 4D
as
a b _ )2
a#bbﬁg 4,4 b b 375 mp(b—a)
at+ba+b (45 2 0b+ (40 + 2.5 )a
3ab(b—a)>
a4 T
T a4b  2248ab12p?
a+b
2 ) 3ab(b—a)?
Y R (39)
N a+b !
a+b
22 —|—b2 . 3ab(b—a)?
2P < - -|2_u2b+8ub+2b2 ‘ (40)
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Now (F1) is proved. For (F2), we putx; = a = ¢(n), xp, = b = ¢(n), aq = ﬁ and ay = ;%5. Since
a < b, (38) becomes

b a (p_ )2
S P LA A ; Saip a5 (0 —2) .
atbatb (4gm +250)b+ (455 + 254
3ab(b—a)?
~ 2ab (a+D)2
T a+b 4P rdabrap?
a+b
3ab(b—a)?
2ab — 4(a2+ab+b2)
- a+b ’ (1)
_3ab(b—a)? atb
< (Zab 4(a+2JZ;ab+b2)> . 2)
a

Now (F2) is proved.

4. Appendix: An Application of Karamata’s Inequality

By the definition of ¢ (1), we can easily show that (1) > n + 1. By [[1], Lemma], we also know
that

p(n)+y(n) > 2n. (43)

Thus,
en)+yn)+on) =23n+1=(n-1)+2(n+1). (44)

In 2023, Dimitrov [[13], Theorem 1] proved the quadratic case of (44):
9> (n) + ¢*(n) +0*(n) > Bn* +2n+3) = (n = 1)* +-2(n + 1), (45)
and he [[14], Theorems 1 and 2] proved the cubic and quartic cases in 2024:
)+ )+ (n) = B +3n2 +9n+1) = (n -1 +2(n+1)3, (46)

¢*(n) + ¢*(n) +o*(n) = Bn* +4n® + 1812 +4n +3) = (n —1)* +2(n + 1)~ (47)

By (44)—(47), one can naturally conjecture that for any integer k > 0, we have
¢k (n) + 9 () + () > (n = 1)F +2(n + 1)~ (48)

In 2024, user EthanWYX2009 on AoPS gave a simple but amazing proof of (48). His proof is much
shorter than Dimitrov’s proof of cases k < 4. In this appendix, we shall rewrite his remarkable proof.

Theorem 2 (EthanWYX2009). For any integer k > 0, we have
" (n) +¢*(n) + () = (n —DF +2(n + 1)K,
Proof. We first make the definition of Weakly Majorization in an elementary manner.

Definition 1. A sequence ay, .. .,a, weakly majorizes a sequence by, ..., b, if and only if ay = --- = ay,
by >--->byand

a1>b1/
a1 +ap = by + by,
a1 +ap +az = by + by + b3,
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by,
<+ by

Moreover, if we also have
m+--+a,=by+---+by,

then ay, ..., a, majorizes by, ..., by.
By the definition, we know that
(p(n), p(n)) weakly majorizes (n +1,n — 1).

Next we shall provide the famous Karamata’s inequality in the form given by [15], which plays a
crucial role in the proof.

Lemma 11 (Karamata’s inequality). Let f : I — R be an increasing function on an interval I C R, and
letay,...,apand by, ..., by be two sequences of real numbers in 1. Suppose that a4, . .., a, weakly majorizes
by,...,by. Then

fla) +-- -+ flan) = f(b) + -+ f(bn).

Now, let a; = ¢(n), ap = ¢(n), by =n+1,by = n — 1 and f(x) = x*. By Lemma 11, the bound
o(n) > n+1and (43), the proof of Theorem 2 is completed. [
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