
Article Not peer-reviewed version

Constraint Qualifications and Optimality

Criteria for Nonsmooth Multiobjective

Mathematical Programming Problems

with Equilibrium Constraints on

Hadamard Manifolds

B. B. Upadhyay , Arnav Ghosh , I. M. Stancu-Minasian , Andreea Mădălina Rusu-Stancu *

Posted Date: 5 November 2025

doi: 10.20944/preprints202511.0170.v1

Keywords: constraint qualifications; optimality conditions; equilibrium constraints; Hadamard manifold

Preprints.org is a free multidisciplinary platform providing preprint service

that is dedicated to making early versions of research outputs permanently

available and citable. Preprints posted at Preprints.org appear in Web of

Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0

license, which permit the free download, distribution, and reuse, provided that the author

and preprint are cited in any reuse.

https://sciprofiles.com/profile/1945670
https://sciprofiles.com/profile/4862922
https://sciprofiles.com/profile/1998197
https://sciprofiles.com/profile/4111105


Article

Constraint Qualifications and Optimality Criteria for
Nonsmooth Multiobjective Mathematical
Programming Problems with Equilibrium Constraints
on Hadamard Manifolds
B.B. Upadhyay 1, Arnav Ghosh 2, I.M. Stancu-Minasian 3 and Andreea Mădălina Rusu-Stancu 3,*
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Abstract

In this article, we investigate nonsmooth multiobjective mathematical programming problems with
equilibrium constraints (NMMPEC) in the framework of Hadamard manifolds. Corresponding to
(NMMPEC), the generalized Guignard constraint qualification (GGCQ) is introduced in the Hadamard
manifold setting. Further, Karush-Kuhn-Tucker (KKT) type necessary criteria of Pareto-efficiency are
derived for (NMMPEC). Subsequently, we introduce several (NMMPEC)-tailored constraint qualifica-
tions. We establish several interesting interrelations between these constraint qualifications. Moreover,
we deduce that these constraint qualifications are sufficient conditions for (GGCQ). We have furnished
non-trivial numerical examples in the setting of some well-known manifolds to illustrate the signifi-
cance of our results. To the best of our knowledge, constraint qualifications and optimality conditions
for (NMMPEC) have not yet been studied in the Hadamard manifold setting.

Keywords: constraint qualifications; optimality conditions; equilibrium constraints; Hadamard mani-
fold

1. Introduction
In the theory of mathematical programming, a mathematical programming problem with equilib-

rium constraints (MPEC) belongs to a special class of constrained optimization problems, characterized
by some complementarity or some variational inequality constraints. One of the first attempts in
investigating such optimization problems is due to Harker and Pang [20], who explored the existence of
efficient solutions for (MPECs). Due to its immense scope of applicability in numerous fields of science,
technology, and engineering (see, for instance, [1,8,33]), (MPECs) have been studied by numerous
scholars in recent years. For further details and updated survey of (MPEC) and its applications, we
refer the readers to [36,37] and the references cited therein.

Optimization in the framework of manifolds has transpired as a very interesting and prominent
area of research in the theory of mathematical programming in the last few decades (see, [17,18,40,42]
and the references cited therein). The setting of Euclidean geometry has been traditionally employed
in data analysis in an extensive manner. In such a setting, the data points have been conveniently
represented in terms of coordinates on the Euclidean space by several researchers (see, for instance, [14]
and the references cited therein). In recent times, however, researchers have recognized the necessity
of employing non-Euclidean geometry, particularly Riemannian geometry, to accurately represent data
in more complex models (see, for instance, [5,14] and the references cited therein). Further, in various
fields related to engineering, technology, and science, several optimization problems arise which can
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be formulated in a more effective manner in Riemannian and Hadamard manifold setting, rather
than on Euclidean space, see [7,39]. It is worthwhile to note that extending as well as generalizing
different techniques involved in optimization theory from the setting of Euclidean spaces to the
setting of manifolds result in several crucial advantages. For instance, several complicated constrained
mathematical optimization problems can be conveniently converted into unconstrained problems,
and thereby the complexity of the original problem can be reduced (see, [11,37] and the references
cited therein). Furthermore, many non-convex programming problems can be converted into convex
problems by utilizing the Riemannian geometry framework (see, [29,31]). In light of these advantages,
various other notions and concepts involved in mathematical programming have been extended from
Euclidean spaces to Riemannian and Hadamard manifolds by several researchers (see, for instance,
[22,23,41,44,47] and the references cited therein).

Several regularity and optimality criteria for (MPEC) were investigated by Chen and Florian [10].
Abadie constraint qualification for (MPEC) was discussed by Flegel and Kanzow [15]. Various criteria
of optimality for (MPEC) were explored by Ye [51]. (GGCQ) as well as criteria of optimality for (MPEC)
were explord by Flegel and Kanzow [16]. Optimality conditions for nonsmooth (MPEC) were derived
by Ardali et al. [2] using the notion of convexificators. KKT-type criteria for optimality, as well as some
duality models for multiobjective (MPEC), were deduced by Singh and Mishra [36]. Pseudonormality,
local error bound and Abadie constraint qualification for multiobjective (MPEC) were investigated
by Hejazi [21]. Pareto efficiency criteria and some constraint qualifications for smooth multiobjective
(MPEC) were discussed by Zhang et al. [52]. Recently, Treanţă et al. [37] studied optimality conditions
for multiobjective (MPEC) on Hadamard manifolds.

It is worthwhile to note that optimality conditions for smooth single-objective, as well as mul-
tiobjective programming problems in the framework of manifolds, have been studied by several
researchers (see, for instance, [6,44] and the references cited therein). Moreover, constraint quali-
fications such as linearly independent constraint qualification, Mangasarian-Fromovitz constraint
qualification, Abadie constraint qualification and Guignard constraint qualification have been studied
by Bergmann and Herzog [6] for single-objective problems, and Abadie constraint qualification has
been studied by Tung and Tam [38] for multiobjective problems in manifold setting. In sharp con-
trast to Banach spaces, manifolds, in general, are not equipped with a linear structure. As a result,
new approaches are required to deal with nonsmooth functions on manifolds. In this regard, many
scholars have recently studied non-smooth analysis on manifolds, see, for instance, [4,19,22,23] and
the references cited therein. However, certain important constraint qualifications (such as, Abadie
constraint qualification, generalized Abadie constraint qualification, generalized Guignard constraint
qualification, Mangasarian-Fromovitz constraint qualification, Cottle constraint qualification, Slater
constraint qualification) and optimality criteria for (NMMPEC) have not yet been studied in the setting
of Hadamard manifolds using Clarke subdifferentials. The main objective of the present article is to
introduce the aforementioned qualifications and further establish optimality criteria for (NMMPEC)
on Hadamard manifolds using Clarke subdifferentials.

Motivated by the results established in [10,36,37,51], nonsmooth multiobjective programming
problem with equilibrium constraints (NMMPEC) is studied in the present article, in the setting of
Hadamard manifolds. Firstly, the generalized Guignard constraint qualification (GGCQ) for (NMM-
PEC) is introduced in the framework of Hadamard manifolds. We further establish the necessary crite-
ria of Pareto efficiency for (NMMPEC) using (GGCQ). Subsequently, we introduce several (NMMPEC)-
tailored constraint qualifications, for instance, Abadie constraint qualification, Cottle-type constraint
qualification, Slater-type constraint qualification, and Mangasarian-Fromovitz type constraint quali-
fication in manifold setting. We establish several interesting interrelations between these constraint
qualifications. Moreover, we deduce that these constraint qualifications are sufficient conditions for
(GGCQ). Non-trivial examples have been incorporated in the setting of some well-known manifolds to
justify the importance of the deduced results.
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The novelty and the contributions of the present paper are as follows. Firstly, motivated by the
results derived by Maeda [27], we introduce several constraint qualifications for (NMPPEC) in the
setting of Hadamard manifolds. It is noteworthy that constraint qualifications for (NMPPEC) have not
been studied before in manifold setting using Clarke subdifferential. Secondly, the results derived in
this article extend the corresponding notions of constraint qualifications studied by Flegel and Kanzow
in [15,16] in the setting of more general space, that is, Hadamard manifold, and generalize them for a
more general category of optimization problems, that is, (NMMPEC). Moreover, the optimality criteria
derived in the present article extend the corresponding results established by Treanţă et al. [37], for a
more general category of optimization problems, namely, (NMMPEC).

The rest of the article is organized in the following manner. In Section 2, we recollect some basic
concepts and mathematical preliminaries that will be helpful in the sequel. In Section 3, (NMMPEC-
GGCQ) is introduced in the setting of Hadamard manifolds, and KKT-type necessary criteria of
Pareto efficiency for (NMMPEC) are established. In Section 4, we present several (NMMPEC)-tailored
constraint qualifications and establish some interesting interrelations between them. We further
establish that these constraint qualifications are sufficient conditions ensuring the satisfaction of
(NMMPEC-GGCQ). In Section 5, we draw conclusions to our work in this article and discuss some
future research directions.

2. Mathematical Preliminaries and Definitions
The standard symbols Rn and N are employed to signify the Euclidean space having dimension n

and the set of all natural numbers, respectively. The non-negative orthant of Rn, denoted by Rn
+, is

defined as:
Rn
+ := {(z1, z2, . . . , zn) : zk ≥ 0, ∀k = 1, 2, . . . , n}.

We use the symbol ⟨·, ·⟩ to signify the usual Euclidean inner product on the set Rn. For arbitrary
α, β ∈ Rn, the following notation for inequalities will be employed in the sequel:

α ≺ β ⇐⇒ αk < βk, ∀k = 1, 2, . . . , n.

α ⪯ β ⇐⇒

αk ≤ βk, for all k = 1, 2, . . . , n; k ̸= r;

αr < βr, for at least one r ∈ {1, 2, . . . , n}.

Let Hn signify any n-dimensional Riemannian manifold. Then, Hn is termed as a Hadamard manifold
if Hn is geodesic complete, simply connected, as well as the sectional curvature of Hn is non-positive
everywhere. From now onwards, in this article, the symbol Hn will always indicate a Hadamard
manifold having dimension n, unless it is mentioned otherwise.

Let â ∈ Hn. The tangent space at the point â is denoted by TâHn. The exponential mapping
defined on the tangent space expâ : TâHn → Hn is a globally diffeomorphic map. Further, exp−1

â :
Hn → TâHn satisfies exp−1

â (â) = 0. For every â1, â2 ∈ Hn, some unique normalized minimal geodesic
νâ1,â2 : [0, 1] → Hn always exists, such that νâ1,â2(τ) = expâ1

(τexp −1
â1

(â2)), ∀τ ∈ [0, 1]. It is a well-
known fact that Hn is diffeomorphic to the n-dimensional Euclidean space Rn. For any differentiable
function W : Hn → R, the gradient of W , denoted by grad W , is a vector field on the manifold Hn

defined through dW(X) = ⟨gradW , X⟩ = X(W), where X is a vector field on Hn.
Now, we recall the definition of locally Lipschitz function in the setting of Hadamard manifolds (see,
for instance, [23]).

Definition 1. Let G ⊆ Hn and W : G → R be a real-valued function. Then W is referred to as locally
Lipschitz at z ∈ G with rank L (L ∈ R, L > 0), if for every z1, z2 lying in some open neighborhood of z, the
following is satisfied:

|W(z1)−W(z2)| ≤ Kω(z1, z2),

where ω(z1, z2) is the Riemannian distance between the points z1 and z2 on G.
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Remark 1. (a) If W is locally Lipschitz at every element z ∈ G, then W is said to be locally Lipschitz on the
set G.

(b) It is significant to observe that several functions which are not locally Lipschitz in Euclidean space setting,
can be locally Lipschitz in the setting of Hadamard manifolds. For instance, let us consider the set H

defined as:
H := {z = (z2, z2) ∈ R2 : z1 > 0, z2 > 0}.

Consider the real-valued function W : H → R defined as follows:

W(z) =
2

∑
i=1

ln(zi),

for every z = (z1, z2) ∈ H . One can verify that the function W is not a locally Lipschitz function on the
set H in the usual Euclidean sense. However, H can be considered as a Hadamard manifold by endowing
it with the Riemannian metric given by

⟨u, v⟩y = ⟨G (y)u, v⟩, ∀u, v ∈ TyH = R2, y ∈ H ,

where the symbol ⟨·, ·⟩ denotes the Euclidean inner product on R2 and

G (y) =

 1
y2

1
0

0 1
y2

2

.

Then, it can be verified that the function W is locally Lipschitz with rank 1 on the set H in the setting of
manifolds (see, for instance, [12]).

The following definition is from Udrişte [39].

Definition 2. Let D ⊆ Hn be non-empty. Then, D is termed as a geodesic convex set in Hn, if for every
y, ỹ ∈ D, there exists some unique minimal geodesic γy,ỹ : [0, 1] → Hn joining the points y and ỹ. That is, we
have

γy,ỹ(t) ∈ D, ∀t ∈ [0, 1].

The following definitions are from Barani [4].

Definition 3. Let F : Hn → R be a real-valued and locally Lipschitz function. Let x, y ∈ Hn be arbitrary
elements. Then, the generalized directional derivative of F at y in the direction v ∈ TyHn, is denoted by the
symbol F ◦(y; v), and is defined as follows:

F ◦(y; v) := lim sup
x→y,t↓0

F

(
expx t

(
d expy

)
exp−1

y x
v

)
−F (x)

t
,

where
(

d expy

)
exp−1

y x
: Texp−1

y x
(
TyHn

)
≃ TyHn → TxHn is the differential of the exponential function at

exp−1
y x.

Definition 4. Let F : Hn → R be a real-valued and locally Lipschitz function. Then, the Clarke subdifferential
of F at y ∈ Hn, denoted by ∂cF (y), is defined by

∂cF (y) :=
{
ζ ∈ TyHn | F ◦(y; v) ≥ ⟨ζ, v⟩, ∀v ∈ TyHn

}
.

The following lemma will be useful in the sequel (see, [23]).
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Lemma 1. Let F : Hn → R be a real-valued and locally Lipschitz function with Lipschitz constant L near
y ∈ Hn. Then

(a) The Clarke subdifferential ∂cF (y) is a nonempty, convex, compact subset of TyHn. Moreover, ∥ζ∥ ≤ L
for every ζ ∈ ∂cF (y), and ∂cF (y) is upper semicontinuous at y.

(b) For every w in TyHn we have

F ◦(y; w) = max{⟨ζ, w⟩ : ζ ∈ ∂cF (y)}.

(c) If {yn} and {ζn} are sequences in Hn and the tangent bundle THn, respectively, such that ζn ∈ ∂cF (yn)

for every n ∈ N, {yn} → y. Further, let ζ be a weak∗-cluster point of
{

P
y
ynζn

}
. Then, we have

ζ ∈ ∂cF (y).

Now, we recall the following lemma from Grohs and Hosseini [19].

Lemma 2. Let F : Hn → R be a real-valued and locally Lipschitz function. Let DW be the set of all points at
which the function F is differentiable on Hn. Then, DF is dense in Hn, and

∂cF (y) = co
{

lim
n→∞

grad(yn) : {yn} ⊆ DF , yn → y
}

.

The following definition is taken from Barani [4].

Definition 5. Let F : D → R be a real-valued and locally Lipschitz function defined on a geodesic convex
subset D of the Hadamard manifold Hn. Then, F is referred to as a geodesic convex function at x̂, provided that
for every x ∈ D and for every ζ ∈ ∂cF (x̂) we have

F (x)−F (x̂) ≥
〈
ζ, exp−1

x̂ x
〉

x̂
.

The function F is termed as a geodesic strictly convex function at x̂ ∈ D, provided that the
preceding inequality holds strictly, for x̂ ̸= x. The function F is termed as a geodesic (strictly) concave
function at x̂ ∈ D, provided that −F is geodesic (strictly) convex at x̂ ∈ D. A function that is both
geodesic convex and geodesic concave at x̂ ∈ D is said to be a geodesic affine function x̂ ∈ D.

Remark 2. It is worthwhile to note that several nonconvex functions in Euclidean space settings can be
suitably transformed into geodesic convex functions in the framework of manifolds. As a result, a wider range of
optimization problems can be explored by formulating the problems in manifold settings. For instance, consider
the set D ⊂ R2 defined in the following manner:

D :=
{
(y1, y2) ∈ R2 : y2 = y2

1, y1 ∈
[

1
2

, 1
]}

.

Let us now consider the function F : D ×D → R defined in the following manner:

F (x, y) = y2
1 − y4

1 + y2 + y2
2 − x2

1 − x2,

for every x = (x1, x2) and y = (y1, y2) in D . By elementary calculations, one can verify that the set D is not a
convex set in the Euclidean space in the usual sense.
However, one can view the set D as the image of a geodesic segment on the paraboloid of revolution P(u1, u2) =(

u2 cos u1, u2 sin u1, u2
2
)
, u1, u2 ∈ D , which is endowed with the Riemannian metric G , given by:

G (u1, u2) =

(
u2

2 0
0 1 + 4u2

2

)
.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 5 November 2025 doi:10.20944/preprints202511.0170.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202511.0170.v1
http://creativecommons.org/licenses/by/4.0/


6 of 25

It can be verified that the set D is a geodesic convex set on the Riemannian manifold formed by the image of the
paraboloid of revolution (see, for instance, [25]). Furthermore, the function F (x, ·) is not a convex function in
the Euclidean space setting. However, F (x, ·) is a geodesic convex function on the set D .

The following theorem is an extension of Lebourg’s mean value theorem on Hadamard manifolds
(see, for instance, [4]).

Theorem 1. Let F : Hn → R be a ral valued and locally Lipschitz function. Then, for every x, y ∈ Hn, there
exist t0 ∈ (0, 1) and z0 = ρ(t0), such that

F (y)−F (x) ∈
〈
∂cF (z0), ρ′(t0)

〉
,

where ρ(t) := expx
(
t exp−1

x (y)
)

and t ∈ [0, 1].

The following lemma from [46] is an extension of Motzkin’s theorem of alternative in the setting
of Hadamard manifolds.

Lemma 3. Let p ∈ Hn and A, B, C be matrices of order m1 × n, m2 × n and m3 × n, respectively, such that
every row of A, B and C is a tangent vector at p, that is, Ai ∈ TpHn, for every i = 1, 2, . . . , m1, Bj ∈ TpHn, for
every j = 1, 2, . . . , m2 and Ck ∈ TpHn, for every k = 1, 2, . . . , m3. Then, exactly one of the following assertions
(but not both) holds true:

(a) The system of inequalities:
⟨Ai, x⟩p > 0, ∀i = 1, 2, . . . , m1,

⟨Bj, x⟩p ≥ 0, ∀j = 1, 2, . . . , m2,

⟨Ck, x⟩p = 0, ∀k = 1, 2, . . . , m3,

has a solution x ∈ TpHn;

(b) The following equation:
ATz1 + BTz2 + cTz3 = 0,

has a solution z1 ∈ Rm1 , z2 ∈ Rm2 , z3 ∈ Rm3 , such that z1 ≥ 0, z2 ≧ 0.

For more comprehensive discussions on Riemannian manifolds, we refer to [28,34,39,43,48–50]
and the references cited therein.

3. Constraint Qualifications and Necessary Optimality Criteria for (NMMPEC)
In this section, a nonsmooth multiobjective programming problem with equilibrium constraints

(NMMPEC) is considered in the setting of Hadamard manifolds. We deduce KKT type necessary
criteria of Pareto efficiency for (NMMPEC) by employing the generalized Guignard constraint qualifi-
cation.
Let us consider the following (NMMPEC) in the setting of Hadamard manifolds:

(NMMPEC) Minimize F (y) := (F1(y), F2(y), . . . , Fr(y))

subject to Wj(y) ≤ 0, ∀j ∈ IW := {1, 2, . . . , l},

Vj(y) = 0, ∀j ∈ IV := {1, 2, . . . , p},

Cj(y) ≥ 0, ∀j ∈ T := {1, 2, . . . , m},

Dj(y) ≥ 0, ∀j ∈ T ,

Dj(y) Cj(y) = 0, ∀j ∈ T ,
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where each of the functions Fj : Hn → R (j ∈ I := {1, 2, . . . , r}), Wj : Hn → R, (j ∈ IW ), Vj : Hn → R
(j ∈ IV ), Cj : Hn → R, Dj : Hn → R (j ∈ T ) are assumed to be locally Lipschitz and are defined on
some Hadamard manifold Hn having dimension n, where n ∈ N.
Let S be the set containing every feasible solution of the considered problem (NMMPEC).

We recall the concepts of Pareto efficiency as well as weak Pareto efficiency in the following
definitions, which will be used in the paper (for instance, see, [27]).

Definition 6. Let ẑ ∈ S be arbitrary. Then ẑ is termed as a Pareto efficient solution of (NMMPEC), provided
that there does not exist any other feasible element z̃ ∈ S which satisfies the following inequality:

F (z̃) ⪯ F (ẑ).

Definition 7. Let ẑ ∈ S be arbitrary. Then ẑ is termed as a weak Pareto efficient solution of (NMMPEC),
provided that there does not exist any other feasible element z̃ ∈ S which satisfies the following inequality:

F (z̃) ≺ F (ẑ).

Suppose that ẑ ∈ S is any arbitrary feasible solution of (NMMPEC). The index sets defined below
will be crucial in the remaining part of the article.

A W (ẑ) := {j ∈ IW : Wj(ẑ) = 0},

R+0(ẑ) :=
{

j ∈ T : Cj(ẑ) > 0, Dj(ẑ) = 0
}

,

R0+(ẑ) :=
{

j ∈ T : Cj(ẑ) = 0, Dj(ẑ) > 0
}

,

R00(ẑ) :=
{

j ∈ T : Cj(ẑ) = 0, Dj(ẑ) = 0
}

.

Remark 3. (a) The index set A (ẑ) is termed as the set of all active inequality indices for the function W at
the point ẑ.

(b) The index set R00(ẑ) is termed as the degenerate index set at the point ẑ. The strict complementarity
condition is said to be satisfied at ẑ provided that R00(ẑ) = ∅.

(b) One can observe the fact that every index set that is defined above is dependent on the particular choice of
ẑ ∈ S . Nevertheless, in the remaining part of the article, we shall not indicate such dependence explicitly
when it will be easily perceivable from the context.

Let ỹ ∈ S be arbitrary. The sets Lk (for every k ∈ I) and L as defined below will be crucial to
discuss Guignard constraint qualification and optimality conditions for (NMMPEC).

Lk :=
{

y ∈ S : Fj(y) ≤ Fj(ỹ), ∀j ∈ I , j ̸= k
}

,

L :=
{

y ∈ S : Fj(y) ≤ Fj(ỹ), ∀j ∈ I
}

.

Remark 4. (a) From the above definitions of the sets Lk and L it is clear that

⋂
k∈I

Lk = L.

(b) In case I = {1}, then (NMMPEC) reduces to a nonsmooth single-objective optimization problem with
equilibrium constraints. Then

L1 = S .

In the next definition, we recall the notion of the contingent cone for any subset of Hn (see, [24]).
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Definition 8. Let D ⊆ Hn and a∗ be some arbitrary element in the closure of the set D. Then the contingent
cone (in other terms, Bouligand tangent cone) of the set D at the element a∗ is symbolized by the notation
C Tan(D, a∗) and is given by:

C Tan(D, a∗) := {ŵ ∈ Ta∗Hn : ∃σn ↓ 0, ∃ {ŵn}∞
n=1 ⊂ Ta∗Hn, ŵn → ŵ,

expa∗(σnŵn) ∈ D ∀n ∈ N}.

With the aim to introduce (GGCQ) for our considered problem (NMMPEC), we now define the
notion of (NMMPEC)-tailored linearizing cone in manifold setting using Clarke subdifferential.

Definition 9. Let a∗ ∈ S be arbitrary. The (NMMPEC)-tailored linearizing cone to L at the element a∗ is the
set defined as follows:

C Lin
MMPEC(L, a∗) :=

{
u ∈ Ta∗Hn : ⟨ζF

j , u⟩ ≤ 0 ∀ζF
j ∈ ∂cFj(a∗), ∀j ∈ I ,

⟨ζWj , u⟩ ≤ 0, ∀ζWj ∈ ∂cWj(a∗), ∀j ∈ A W ,

⟨ζVj , u⟩ = 0, ∀ζVj ∈ ∂cVj(a∗), ∀j ∈ IV ,

⟨ζCj , u⟩ = 0, ∀ζCj ∈ ∂cCj(a∗), ∀j ∈ R0+,

⟨ζDj , u⟩ = 0, ∀ζDj ∈ ∂cDj(a∗), ∀j ∈ R+0,

⟨ζCj , u⟩ ≥ 0, ∀ζCj ∈ ∂cCj(a∗), ∀j ∈ R00,

⟨ζDj , u⟩ ≥ 0, ∀ζDj ∈ ∂cDj(a∗), ∀j ∈ R00

}
.

Remark 5. (a) Definition 9 is an extension of Definition 3.1 presented by Maeda [27] from the setting of
Euclidean spaces to the setting of Hadamard manifolds. Furthermore, Definition 9 generalizes Definition
3.1 from Maeda [27] for (NMMPEC), which is a more general category of optimization problems.

(b) If Hn = Rn, then Definition 9 generalizes the definition of linearizing cone given by Singh and Mishra
[36] from smooth multiobjective (MPEC) to nonsmooth multiobjective (MPEC).

To derive KKT type necessary optimality criteria for (NMMPEC), we now define (NMMPEC)-
tailored (GGCQ) in the framework of Hadamard manifolds for (NMMPEC).

Definition 10. Let y ∈ S be arbitrary. The (NMMPEC)-tailored generalized Guignard constraint qualification
(NMMPEC-GGCQ) holds at the point y, provided that the following inclusion relation is satisfied:

C Lin
NMMPEC(L, y) ⊆

⋂
j∈I

cl co C Tan
(
Lj, y

)
.

The following lemma will be used in establishing the main results of this section.
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Lemma 4. Let a∗ ∈ S be any arbitrary feasible element of (NMMPEC) such that (NMMPEC-GGCQ) holds at
a∗. If a∗ is a Pareto efficient solution of (NMMPEC), then the system of inequalities given below

F ◦
j (a∗, w) ≤ 0, ∀j ∈ I ,

F ◦
k (a∗, w) < 0, for at least one k ∈ I ,

W◦
j (a∗, w) ≤ 0, ∀j ∈ A W ,

V◦
j (a∗, w) = 0, ∀j ∈ IV ,

C◦
j (a∗, w) = 0, ∀j ∈ R0+,

D◦
j (a∗, w) = 0, ∀j ∈ R+0,

−C◦
j (a∗, w) ≤ 0, ∀j ∈ R00,

−D◦
j (a∗, w) ≤ 0, ∀j ∈ R00,

(1)

does not admit of any solution w ∈ Ta∗Hn.

Proof. Given that a∗ ∈ S is some arbitrary feasible element of (NMMPEC) such that (NMMPEC-
GGCQ) holds at a∗. Let a∗ be a Pareto efficient solution of (NMMPEC).

By reductio ad absurdum, we suppose that some ũ ∈ Ta∗Hn exists, which satisfies the system
of inequalities in (1). In view of the fact that each of the components of the objective function and
constraints involved in (NMMPEC) are locally Lipschitz, we yield the following:

max
ζF

j ∈∂cFj(a∗)
⟨ζF

j , ũ⟩a∗ ≤ 0, ∀j ∈ I ,

max
ζF

k ∈∂cFk(a∗)
⟨ζF

k , ũ⟩a∗ < 0, for at least one k ∈ I ,

max
ζW

j ∈∂cWj(a∗)
⟨ζWj , ũ⟩a∗ ≤ 0, ∀j ∈ A W ,

max
ζV

j ∈∂cVj(a∗)
⟨ζVj , ũ⟩a∗ = 0, ∀j ∈ IV ,

max
ζC

j ∈∂cCj(a∗)
⟨ζCj , ũ⟩a∗ = 0, ∀j ∈ R0+,

max
ζD

j ∈∂cDj(a∗)
⟨ζDj , ũ⟩a∗ = 0, ∀j ∈ R+0,

max
ζC

j ∈∂c(−Cj)(a∗)
⟨ζCj , ũ⟩a∗ ≤ 0, ∀j ∈ R00,

max
ζD

j ∈∂c(−Dj)(a∗)
⟨ζDj , ũ⟩a∗ ≤ 0, ∀j ∈ R00.

(2)

Hence, it follows that:

⟨ζF
j , ũ⟩a∗ ≤ 0, ∀ζF

j ∈ ∂cFj(a∗), ∀j ∈ I ,

⟨ζF
j , ũ⟩a∗ < 0, for at least one j ∈ I , ζF

j ∈ ∂cFj(a∗),

⟨ζWj , ũ⟩a∗ ≤ 0, ∀ζWj ∈ ∂cW(a∗), ∀j ∈ A W ,

⟨ζVj , ũ⟩a∗ = 0, ∀ζVj ∈ ∂cVj(a∗), ∀j ∈ IV ,

⟨ζCj , ũ⟩a∗ = 0, ∀ζCj ∈ ∂cCj(a∗), ∀j ∈ R0+,

⟨ζDj , ũ⟩a∗ = 0, ∀ζDj ∈ ∂cDj(a∗), ∀j ∈ R+0,

⟨ζCj , ũ⟩a∗ ≤ 0, ∀ζCj ∈ ∂c(−Cj)(a∗), ∀j ∈ R00,

⟨ζDj , ũ⟩a∗ ≤ 0, ∀ζDj ∈ ∂c(−Dj)(a∗), ∀j ∈ R00.

(3)
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Then, in view of Definition 9, it is obvious that ũ ∈ C Lin
NMMPEC(L, a∗). Hence, without any loss of

generality, we may consider that

⟨ζF
1 , ũ⟩ < 0, ∀ζF

1 ∈ ∂cF1(a∗),〈
ζF

j , ũ
〉
≤ 0, ∀ζF

j ∈ ∂cFj(a∗), j ∈ I \ {1}.
(4)

Furthermore, we have that (NMMPEC-GGCQ) holds at a∗ ∈ S . Consequently, the following inclusion
holds:

ũ ∈ cl co C Tan
(
L1, a∗

)
.

As a result, one can obtain a sequence {ũm}∞
m=1 ⊆ co C Tan(L1, a∗

)
such that ũm → ũ as m → ∞.

Therefore, for each element ũm (m ∈ N) of the sequence, we have some D(m) ∈ N, satisfying:

D(m)

∑
i=1

ρmi = 1,
D(m)

∑
i=1

ρmi ũmi = ũm,

where ρmi ∈ R, ρmi ≥ 0 and ũmi ∈ C Tan(L1, a∗
)

for every i = 1, 2, . . . ,D(m). Then, in view of

Definition 8, there exist sequences
{

ũk
mi

}∞

k=1
, ũk

mi
∈ L1, for each k ∈ N and

{
σk

mi

}∞

k=1
, σk

mi
(> 0) ∈ R,

for each k ∈ N, with σk
mi

↓ 0, such that

lim
k→∞

ũk
mi

= ũmi , expa∗(σ
k
mi

ũk
mi
) ∈ L1.

We now define xk
mi

in the following manner:

xk
mi

:= expa∗(σ
k
mi

ũk
mi
), ∀k ∈ N.

Therefore, we obtain the following inequalities for every k ∈ N:

Fj

(
xk

mi

)
= Fj

(
expa∗(σ

k
mi

ũk
mi
)
)

≤ Fj(a∗), ∀j ∈ I \ {1},

Wj

(
xk

mi

)
= Wj

(
expa∗(σ

k
mi

ũk
mi
)
)

≤ 0 = W(a∗), ∀j ∈ A W ,

Vj

(
xk

mi

)
= Vj

(
expa∗(σ

k
mi

ũk
mi
)
)

≤ 0 = Vj(a∗), ∀j ∈ IV ,

Cj

(
xk

mi

)
= Cj

(
expa∗(σ

k
mi

ũk
mi
)
)

= 0 = Cj(a∗), ∀j ∈ R0+,

Dj

(
xk

mi

)
= Dj

(
expa∗(σ

k
mi

ũk
mi
)
)

= 0 = Dj(a∗), ∀j ∈ R+0,

Cj

(
xk

mi

)
= Cj

(
expa∗(σ

k
mi

ũk
mi
)
)

≥ 0 = Cj(a∗), ∀j ∈ R00,

Dj

(
xk

mi

)
= Dj

(
expa∗(σ

k
mi

ũk
mi
)
)

≥ 0 = Dj(a∗), ∀j ∈ R00.

(5)

By invoking the Lebourg’s mean-value theorem (Theorem 1), for every k ∈ N, one can yield some
τk ∈ (0, 1), zk = γ(τk), and βk ∈ ∂cF1(zk), such that

F1

(
expa∗(σ

k
mi

ũk
mi
)
)
−F1(a∗) =

〈
βk, γ′(τk)

〉
, (6)

where,
γ(τk) := expa∗

(
τk exp−1

a∗

(
expa∗(σ

k
mi

ũk
mi
)
))

.

Now, we observe that as τk → 0, zk → a∗. Then in view of Lemma 1, we can infer that there exits some
subsequence {βks}∞

s=1 of βk such that βks → β̂ and β̂ ∈ ∂cF1(a∗). Again, from (6), it follows that for
every s ∈ N,

F1

(
expa∗(t

ks
mi

ũks
mi
)
)
−F1(a∗) =

〈
βks , γ′(τks)

〉
.
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Again, since a∗ ∈ S is a Pareto efficient solution of (NMMPEC), we have

F1

(
expa∗(t

ks
mi

ũks
mi
)
)
−F1(a∗) ≥ 0.

Since
〈

βks , γ′(τks)
〉
→ ⟨β̂, ũmi ⟩, the above inequality implies that〈

β̂, ũmi

〉
≥ 0, for some β̂ ∈ ∂cF1(a∗).

By invoking the fact that the inner product is continuous, we get

⟨β̂, ũ⟩ ≥ 0, for some β̂ ∈ ∂cF1(a∗).

Continuing in a similar fashion, we arrive at the following system of inequalities:

⟨β̂, ũ⟩ ≥ 0, for some β̂ ∈ ∂cF1(a∗),

⟨ζF
j , ũ⟩ ≤ 0, ∀ζF

j ∈ ∂cFj(a∗), ∀j ∈ I \ {1},

⟨ζWj , ũ⟩ ≤ 0, ∀ζWj ∈ ∂cW(a∗), ∀j ∈ A W ,

⟨ζVj , ũ⟩ = 0, ∀ζVj ∈ ∂cVj(a∗), ∀j ∈ IV ,

⟨ζCj , ũ⟩ = 0, ∀ζCj ∈ ∂cCj(a∗), ∀j ∈ R0+,

⟨ζDj , ũ⟩ = 0, ∀ζDj ∈ ∂cDj(a∗), ∀j ∈ R+0,

⟨ζCj , ũ⟩ ≥ 0, ∀ζCj ∈ ∂cCj(a∗), ∀j ∈ R00,

⟨ζDj , ũ⟩ ≥ 0, ∀ζDj ∈ ∂cDj(a∗), ∀j ∈ R00,

which contradicts (3). Therefore, the proof is complete.

Now, we arrive at the main result in this section. The following theorem provides KKT-type
necessary conditions for the Pareto efficiency of (NMMPEC) in manifold setting.

Theorem 2. Let a∗ ∈ S be any Pareto efficient solution of (NMMPEC) such that (NMMPEC-GGCQ) holds
at a∗. Then, there always exist real numbers αj > 0 (j ∈ I), σW

j (j ∈ IW ), σV
j (j ∈ IV ), σC

j (j ∈ T ), σD
j

(j ∈ T ) which satisfy the following:

0 ∈ ∑
j∈I

αj∂cFj(a∗) + ∑
j∈IW

σW
j ∂cWj(a∗)+ ∑

j∈IV
σV

j ∂cVj(a∗)

− ∑
j∈T

σC
j ∂cCj(a∗)− ∑

j∈T
σD

j ∂cDj(a∗),
(7)

and
σW

j ≥ 0, σW
j Wj(a∗) = 0, ∀j ∈ IW ,

σC
j free, ∀j ∈ R0+, σC

j ≥ 0, ∀j ∈ R00, σC
j = 0, ∀j ∈ R+0,

σD
j free, ∀j ∈ R+0, σD

j ≥ 0, ∀j ∈ R00, σD
j = 0, ∀j ∈ R0+,

σC
j Cj(a∗) = 0, σD

j Dj(a∗) = 0, ∀j ∈ T .

(8)

Proof. From the given hypothesis, a∗ ∈ S is a Pareto efficient solution of (NMMPEC). Furthermore,
(NMMPEC-GGCQ) is satisfied at a∗. Since each of the components of the objective function and
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constraints involved in (NMMPEC) are locally Lipschitz, in view of Lemma 4, we infer that the
following system of inequalities does not admit of a solution ũ ∈ Ta∗Hn:

max
ζF

j ∈∂cFj(a∗)
⟨ζF

j , ũ⟩a∗ ≤ 0, ∀j ∈ I ,

max
ζF

k ∈∂cFk(a∗)
⟨ζF

k , ũ⟩a∗ < 0, for at least one k ∈ I ,

max
ζW

j ∈∂cWj(a∗)
⟨ζWj , ũ⟩a∗ ≤ 0, ∀j ∈ A W ,

max
ζV

j ∈∂cVj(a∗)
⟨ζVj , ũ⟩a∗ = 0, ∀j ∈ IV ,

max
ζC

j ∈∂cCj(a∗)
⟨ζCj , ũ⟩a∗ = 0, ∀j ∈ R0+,

max
ζD

j ∈∂cDj(a∗)
⟨ζDj , ũ⟩a∗ = 0, ∀j ∈ R+0,

max
ζC

j ∈(−∂cCj)(a∗)
⟨ζCj , ũ⟩a∗ ≤ 0, ∀j ∈ R00,

max
ζD

j ∈(−∂cDj)(a∗)
⟨ζDj , ũ⟩a∗ ≤ 0, ∀j ∈ R00.

By invoking Lemma 3, we infer that there exist real numbers αj > 0 (j ∈ I), σW
j ≥ 0 (j ∈ A W ),

σV+
j ≥ 0, σV−

j ≥ 0 (j ∈ IV ), σC
j ≥ 0 (j ∈ R0+ ∪ R00), σD

j ≥ 0 (j ∈ R+0 ∪ R00), which satisfy the
following

0 ∈ ∑
j∈I

αjζ
F
j + ∑

j∈A W
σW

j ζWj + ∑
j∈IV

σV+
j ζVj

− ∑
j∈IV

σV−
j ζVj − ∑

j∈R0+∪R00

σC
j ζ

C
j − ∑

j∈R+0∪R00

σD
j ζDj ,

where ζF
j ∈ ∂cFj(a∗) (j ∈ I), ζWj ∈ ∂cWj(a∗) (j ∈ A W ), ζVj ∈ ∂cVj(a∗) (j ∈ IV ), ζCj ∈ ∂cCj(a∗)

(j ∈ R0+ ∪R00) and ζDj ∈ ∂cDj(a∗) (j ∈ R+0 ∪R00).
Let us now set the following:

σW
j = 0, ∀j /∈ A W ,

σC
j = 0, ∀j /∈ R0+ ∪R00,

σD
j = 0, ∀j /∈ R+0 ∪R00.

As a result, the following relation is obtained:

0 ∈ ∑
j∈I

αjζ
F
j + ∑

j∈A W
σW

j ζWj + ∑
j∈IV

σV+
j ζVj

− ∑
j∈IV

σV−
j ζVj − ∑

j∈T
σC

j ζ
C
j − ∑

j∈T
σD

j ζDj .

On the other hand, we have Wj(a∗) = 0 (j ∈ A W ), Vj(a∗) = 0 (j ∈ IV ), Cj(a∗) = 0 (j ∈ R0+ ∪R00),
Dj(a∗) = 0 (j ∈ R+0 ∪R00). This entails that

σW
j Wj(a∗) = 0, j ∈ IW ,

σV+
j
(
Vj(a∗)

)
= 0, j ∈ IV ,

σV−
j
(
−Vj(a∗)

)
= 0, j ∈ IV ,

σC
j Cj(a∗) = 0, j ∈ T ,

σD
j Dj(a∗) = 0, j ∈ T .
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We now define the following:
σV+

j − σV−
j := σV

j , ∀j ∈ IV .

As a result, the relations stated in (7) and (8) follow. This concludes the proof.

Remark 6. 1. If each of the components of the objective function and constraints of (NMMPEC) are assumed
to be smooth, then Theorem 2 reduces to Theorem 4 established by Treanţă et al. [37].

2. Theorem 2 generalizes Theorem 3.2 of Maeda [27] from smooth multiobjective programming problems to
(NMMPEC) and extends it from Rn to the framework of Hadamard manifolds.

In the following numerical example, we demonstrate the significance of Theorem 2.

Example 1. Consider the set Hn ⊂ R2 defined as:

Hn := {y = (y1, y2) ∈ R2, y1, y2 > 0}.

Then Hn is a Riemannian manifold (see for instance, [34]). Hn is equipped with the metric as defined below

⟨w1, w2⟩y = ⟨G (y)w1, w2⟩, ∀w1, w2 ∈ TyHn = R2,

where the symbol ⟨·, ·⟩ is used to signify the Euclidean inner product on R2 and

G (y) =

 1
y2

1
0

0 1
y2

2

.

Further, it is a well-known fact that Hn is also a Hadamard manifold (see, for instance, [44]). For any y ∈ Hn

and w ∈ TyHn, the exponential function expy : TyHn → Hn is defined as given below:

expy(w) = (y1e
w1
y1 , y2e

w2
y2 ), ∀w = (w1, w2) ∈ Hn.

Consider the following (NMMPEC) on Hn:

(P1) Minimize F (y) := (|y1|, log y2),

subject to C(y) := ln y1 − 1 ≥ 0,

D(y) := y2 − e ≥ 0,

D(y)TC(y) := (y2 − e)(ln y1 − 1) = 0,

where Fi : Hn → R (i = 1, 2), C : Hn → R, D : Hn → R are functions defined on Hn. The set containing
all the feasible elements of (P1) is denoted by F, and is given by:

F := {y ∈ Hn : y1 ≥ e, y2 = e, or, y2 ≥ e, y1 = e}.
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Now, we choose the feasible element a∗ = (e, e) ∈ F. The following expressions can be easily obtained:

∂cF1(y) = co{
(
−y2

1
0

)
,

(
y2

1
0

)
},

∂cF2(y) = {G (y)−1

(
0
1
y2

)
} = {

(
0
y2

)
},

∂cC(y) = {G (y)−1

(
1
y1

0

)
} = {

(
y1

0

)
},

∂cD(y) = {G (y)−1

(
0
1

)
} = {

(
0
y2

2

)
}.

In view of the above expressions, one can obtain that:

C Lin
NMMPEC(L, a∗) = {w = (w1, w2) ∈ R2, w1 = 0, w2 = 0},

C Tan(L1, a∗) = {v = (v1, v2) ∈ R2, v1 ≥ 0, v2 = 0},

C Tan(L2, a∗) = {v = (v1, v2) ∈ R2, v1 = 0, v2 ≥ 0}.

Consequently, we yield that
2⋂

i=1

cl co C Tan
(
Li, a∗

)
= {(0, 0)}. (9)

Hence, it follows that (NMMPEC-GGCQ) is satisfied at the point a∗ = (e, e) ∈ F. By choosing multipliers as
α1 = 1

2 , α2 = 1
2 , σC = e

2 , σD = 1
2e , we obtain the following

α1ζ
F
1 + α1ζ

F
2 − σCζC − σDζD = (0, 0),

where, ζF
1 = (e2, 0)T ∈ ∂cF1(a∗), ζF

2 = (0, e)T ∈ ∂cF2(a∗), ζC = (e, 0)T ∈ ∂cC(a∗), ζD = (0, e2)T ∈
∂cD(a∗) . Thus, all the conditions of Theorem 2 are verified.

4. Constraint Qualifications for (NMMPEC) in the Setting of Hadamard Manifolds
In the present section, we introduce several (NMMPEC)-tailored constraint qualifications in the

setting of Hadamard manifolds. Several interesting interrelations between these constraint qualifi-
cations are established. In particular, we establish that these constraint qualifications are sufficient
conditions for (NMMPEC-GGCQ) to hold for our problem (NMMPEC).

We now modify several standard constraint qualifications and introduce the following (NMMPEC)-
tailored constraint qualifications in the framework of Hadamard manifolds.

Definition 11. Let a∗ ∈ S . Then, the (NMMPEC)-tailored Abadie’s constraint qualification (NMMPEC-ACQ)
is said to hold at the feasible element a∗ if we have the following:

C Lin
NMMPEC(L, a∗) ⊆ C Tan(L, a∗). (10)

Definition 12. Let a∗ ∈ S . Then, the (NMMPEC)-tailored generalized Abadie’s constraint qualification
(NMMPEC-GACQ) is said to hold at the feasible element a∗ if we have the following:

C Lin
NMMPEC(L, a∗) ⊆

⋂
i∈I

C Tan
(
Li; a∗

)
. (11)

The following lemmas readily follow from the definitions of (NMMPEC-ACQ) and (NMMPEC-
GACQ).

Lemma 5. Let a∗ ∈ S . If (NMMPEC-ACQ) is satisfied at a∗, then (NMMPEC-GACQ) is also satisfied at a∗.
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Lemma 6. Let a∗ ∈ S . If (NMMPEC-GACQ) is satisfied at a∗, then (NMMPEC-GGCQ) is also satisfied at
a∗.

The following definition of Cottle-type constraint qualification is extended from Maeda [27] for
(NMMPEC) in the setting of Hadamard manifolds.

Definition 13. Let a∗ ∈ S . Then, the (NMMPEC)-tailored Cottle-type constraint qualification (NMMPEC-
CTCQ) is said to hold at the feasible element a∗, provided that for every k ∈ I the system of equalities and
inequalities given below

F ◦
j (a∗, d̂) < 0, ∀j ∈ I and j ̸= k,

W◦
j (a∗, d̂) < 0, ∀j ∈ A W (a∗),

V◦
j (a∗, d̂) = 0, ∀j ∈ IV ,

C◦
j (a∗, d̂) = 0, ∀j ∈ R0+,

D◦
j (a∗, d̂) = 0, ∀j ∈ R+0,

−C◦
j (a∗, d̂) < 0, ∀j ∈ R00,

−D◦
j (a∗, d̂) < 0, ∀j ∈ R00,

(12)

admits a solution d̂ ∈ Ta∗Hn.

The following definition of Slater-type constraint qualification is extended from Maeda [27] for
(NMMPEC) in the setting of Hadamard manifolds.

Definition 14. Let a∗ ∈ S . Then, the (NMMPEC)-tailored Slater-type constraint qualification (NMMPEC-
STCQ) is said to hold at the feasible element a∗ if each of the functions Fj (j ∈ I), and Wj (j ∈ IW ), are
geodesic convex, Cj (j ∈ R00), Dj (j ∈ R00) are geodesic concave, Cj (j ∈ R0+), Dj (j ∈ R+0), Vj (j ∈ IV )

are geodesic affine. Furthermore, for every k ∈ I the system of inequalities given below

Fj(z) < Fj(a∗), ∀j ∈ I and j ̸= k,

Wj(z) < 0, ∀j ∈ A W (a∗),

Vj(z) = 0, ∀j ∈ IV ,

Cj(z) = 0, ∀j ∈ R0+,

Dj(z) = 0, ∀j ∈ R+0,

Cj(z) > 0, ∀j ∈ R00,

Dj(z) > 0, ∀j ∈ R00.

admits a solution z ∈ Hn.

The following definition of Mangasarian-Fromovitz constraint qualification is extended from
Maeda [27] for (NMMPEC) in the setting of Hadamard manifolds.

Definition 15. Let a∗ ∈ S . Then, the (NMMPEC)-tailored Mangasarian-Fromovitz constraint qualification
(NMMPEC-MFCQ) is said to hold at the feasible element a∗ if ζF

j (ζF
j ∈ ∂cFj(a∗), j ∈ I), ζVj (ζVj ∈
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∂cVj(a∗), j ∈ IV ), ζCj (ζCj ∈ ∂cCj(a∗), j ∈ R0+ ∪R00), ζDj (ζDj ∈ ∂cDj(a∗), j ∈ R+0 ∪R00) are linearly
independent and following system of inequalities

F ◦
j (a∗, v) = 0, ∀j ∈ I ,

W◦
j (a∗, v) < 0, ∀j ∈ A W (a∗),

V◦
j (a∗, v) = 0, ∀j ∈ IV ,

C◦
j (a∗, v) = 0, ∀j ∈ R0+,

D◦
j (a∗, v) = 0, ∀j ∈ R+0,

−C◦
j (a∗, v) < 0, ∀j ∈ R00,

−D◦
j (a∗, v) < 0, ∀j ∈ R00,

(13)

admits a solution v ∈ Ta∗Hn.

In the following theorem, we establish that the satisfaction of (NMMPEC-CTCQ) is a sufficient
condition for the satisfaction of (NMMPEC-GGCQ).

Lemma 7. Let a∗ ∈ S . If (NMMPEC-CTCQ) holds at a∗, then (NMMPEC-GGCQ) also holds at a∗.

Proof. According to the given hypothesis, a∗ ∈ S . Further, (CTCQ) is satisfied at a∗ ∈ S . Then there
exists some d̂ ∈ Ta∗Hn, such that the following system of inequalities in (12) hold true. Again, from
the provided hypothesis, every component of the objective function and constraints of (NMMPEC) are
locally Lipschitz. As a result, there exists some d̂ ∈ Ta∗Hn such that the following system of inequalities
hold true:

⟨ζF
j , d̂⟩ < 0, ∀ζF

j ∈ ∂cFj(a∗), ∀j ∈ I \ {1},

⟨ζWj , d̂⟩ < 0, ∀ζWj ∈ ∂cWj(a∗), ∀j ∈ A W ,

⟨ζVj , d̂⟩ = 0, ∀ζVj ∈ ∂cVj(a∗), ∀j ∈ IV ,

⟨ζCj , d̂⟩ = 0, ∀ζCj ∈ ∂cCj(a∗), ∀j ∈ R0+,

⟨ζDj , d̂⟩ = 0, ∀ζDj ∈ ∂cDj(a∗), ∀j ∈ R+0,

⟨ζCj , d̂⟩ > 0, ∀ζCj ∈ ∂cCj(a∗), ∀j ∈ R00,

⟨ζDj , d̂⟩ > 0, ∀ζDj ∈ ∂cDj(a∗), ∀j ∈ R00.

(14)

Let v ∈ Ta∗Hn be any arbitrary element of C Lin
NMMPEC(L, a∗). Then, in view of Definition 9, it follows

that
⟨ζF

j , v⟩ ≤ 0, ∀ζF
j ∈ ∂cFj(a∗), ∀j ∈ I ,

⟨ζWj , v⟩ ≤ 0, ∀ζWj ∈ ∂cWj(a∗), ∀j ∈ A W ,

⟨ζVj , v⟩ = 0, ∀ζVj ∈ ∂cVj(a∗), ∀j ∈ IV ,

⟨ζCj , v⟩ = 0, ∀ζCj ∈ ∂cCj(a∗), ∀j ∈ R0+,

⟨ζDj , v⟩ = 0, ∀ζDj ∈ ∂cDj(a∗), ∀j ∈ R+0,

⟨ζCj , v⟩ ≥ 0, ∀ζCj ∈ ∂cCj(a∗), ∀j ∈ R00,

⟨ζDj , v⟩ ≥ 0, ∀ζDj ∈ ∂cDj(a∗), ∀j ∈ R00.

(15)

To begin with, we claim that v ∈ C Tan(L1, a∗
)
. Let us consider a sequence {τn}∞

n=1 ↓ 0. Then we define
a sequence {vn}∞

n=1 as follows
vn := v + τnd̂, ∀n ∈ N. (16)
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Clearly, vn → v as n → ∞. From (14), (15) and (16), it follows that〈
ζF

j , vn

〉
< 0, ∀ζF

j ∈ ∂cFj(a∗), ∀j ∈ I \ {1},〈
ζWj , vn

〉
< 0, ∀ζWj ∈ ∂cWj(a∗), ∀j ∈ A (a∗),〈

ζVj , vn

〉
= 0, ∀ζVj ∈ ∂cVj(a∗), ∀j ∈ IV ,〈

ζCj , vn

〉
= 0, ∀ζCj ∈ ∂cCj(a∗), ∀j ∈ R0+,〈

ζDj , vn

〉
= 0, ∀ζDj ∈ ∂cDj(a∗), ∀j ∈ R+0,〈

ζCj , vn

〉
≥ 0, ∀ζCj ∈ ∂cCj(a∗), ∀j ∈ R00,〈

ζDj , vn

〉
≥ 0, ∀ζDj ∈ ∂cDj(a∗), ∀j ∈ R00.

Now, corresponding to every element of the sequence {vn}∞
n=1, we consider a sequence

{
λnk

}∞
k=1 ↓ 0.

Consequently, we may construct a sequence
{

znk

}∞
k=1 as:

znk := expa∗(λnk vn), ∀k ∈ N.

Clearly {znk} → a∗ as k → ∞. By Lebourg’s mean-value theorem (Theorem 1), for every nk ∈ N, there
exist some δnk ∈ (0, 1), ank = γ(δnk ), and βnk ∈ ∂cFj

(
ank

)
such that

Fj
(
znk

)
−Fj(a∗) =

〈
βnk , γ′(δnk )

〉
, ∀j ∈ I \ {1}, (17)

where
γ(δnk ) := expa∗

(
δnk exp−1

a∗
(
znk

))
.

Now, we observe that as δnk → 0, ank → a∗. Then, in view of Lemma 1 we can infer that there exits
some subsequence {βr

nk
}∞

r=1 of βn, such that βr
nk

→ β̂ and β̂ ∈ ∂cFj(a∗) (j ∈ I \ {1}). Again, from (17)
it follows that for every r ∈ N,

Fj

(
zr

nk

)
−Fj(a∗) =

〈
βr

nk
, γ′(δr

nk
)
〉

, ∀j ∈ I \ {1}.

Since
〈

βr
nk

, γ′(δr
nk
)
〉
→ ⟨β̂, vn⟩ < 0, for sufficiently large values of k, the following is satisfied:

Fj
(
znk

)
< Fj(a∗), ∀j ∈ I \ {1}. (18)

Similarly, for sufficiently large values of k, we have the following for every j ∈ A W (a∗):

Wj
(
znk

)
= 0. (19)

Now, for every j /∈ A W (a∗), it follows from the continuity of Wj that

Wj
(
znk

)
< 0, for sufficiently large k. (20)

Continuing in a similar manner, it can be shown that

Vj(znk ) = 0, ∀j ∈ IV , for sufficiently large k,

Cj(znk ) = 0, ∀j ∈ R0+, for sufficiently large k,

Dj(znk ) = 0, ∀j ∈ R+0, for sufficiently large k,

Cj(znk ) ≥ 0, ∀j ∈ R00, for sufficiently large k,

Dj(znk ) ≥ 0, ∀j ∈ R00, for sufficiently large k,

(21)

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 5 November 2025 doi:10.20944/preprints202511.0170.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202511.0170.v1
http://creativecommons.org/licenses/by/4.0/


18 of 25

Then it follows from (18), (19), (20) and (21) that

znk =
(
expa∗(λnk vn)

)
∈ L1, for sufficiently large k.

Without any loss of generality, we may assume that znk ∈ L1 for all k. This implies that

v ∈ C Tan
(
L1, a∗

)
.

By following exactly the same procedure, we can show that for every k ∈ I \ {1}, we have v ∈
C Tan

(
Lk, a∗

)
. Then it follows that

v ∈
⋂

k∈I
C Tan

(
Lk, a∗

)
⊆
⋂

k∈I
cl co C Tan

(
Lk, a∗

)
.

Therefore, the proof is complete.

In the following lemma we provide a relation between (NMMPEC-CTCQ) and (NMMPEC-
MFCQ).

Lemma 8. Let a∗ ∈ S . If (NMMPEC-MFCQ) is satisfied at a∗, then (NMMPEC-CTCQ) is also satisfied at
a∗.

Proof. According to the given hypothesis, (NMMPEC-MFCQ) is satisfied at a∗ ∈ S . This implies
that ζF

j (ζF
j ∈ ∂cFj(a∗), j ∈ I), ζVj (ζVj ∈ ∂cVj(a∗), j ∈ IV ), ζCj (ζCj ∈ ∂cCj(a∗), j ∈ R0+ ∪R00), ζDj

(ζDj ∈ ∂cDj(a∗), j ∈ R+0 ∪R00) are linearly independent.

Moreover, there exists some ũ ∈ Ta∗Hn, such that the system of inequalities and equalities in (13) hold
true. From the provided hypothesis, every component of the objective function and constraints of
(NMMPEC) are locally Lipschitz. As a result, we arrive at the following system〈

ζF
j , ũ

〉
= 0, ∀ζF

j ∈ ∂cFj(a∗), ∀j ∈ I ,〈
ζWj , ũ

〉
< 0, ∀ζWj ∈ ∂cWj(a∗), ∀j ∈ A W (a∗),〈

ζVj , ũ
〉
= 0, ∀ζVj ∈ ∂cVj(a∗), ∀j ∈ IV ,〈

ζCj , ũ
〉
= 0, ∀ζCj ∈ ∂cCj(a∗), ∀j ∈ R0+,〈

ζDj , ũ
〉
= 0, ∀ζDj ∈ ∂cDj(a∗), ∀j ∈ R+0,〈

ζCj , ũ
〉
> 0, ∀ζCj ∈ ∂cCj(a∗), ∀j ∈ R00,〈

ζDj , ũ
〉
> 0, ∀ζDj ∈ ∂cDj(a∗), ∀j ∈ R00.

(22)
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On the contrary, let us assume that (NMMPEC-CTCQ) is not satisfied at a∗ ∈ S . Then, there exists
some k ∈ I such that the system of inequalities given below〈

ζF
j , v

〉
< 0, ∀ζF

j ∈ ∂cFj(a∗), ∀j ∈ I and j ̸= k,〈
ζWj , v

〉
< 0, ∀ζWj ∈ ∂cWj(a∗), ∀j ∈ A W (a∗),〈

ζVj , v
〉
= 0, ∀ζVj ∈ ∂cVj(a∗), ∀j ∈ IV ,〈

ζCj , v
〉
= 0, ∀ζCj ∈ ∂cCj(a∗), ∀j ∈ R0+,〈

ζDj , v
〉
= 0, ∀ζDj ∈ ∂cDj(a∗), ∀j ∈ R+0,〈

ζCj , v
〉
< 0, ∀ζCj ∈ ∂c(−Cj)(a∗), ∀j ∈ R00,〈

ζDj , v
〉
< 0, ∀ζDj ∈ ∂c(−Dj)(a∗), ∀j ∈ R00,

(23)

does not admit of a solution v ∈ Ta∗Hn.

By invoking Lemma 3, one can obtain real numbers αj ≥ 0(∀j ∈ I , j ̸= k), σW
j ≥ 0

(
∀j ∈ A W),

σC
j ≥ 0 (∀j ∈ R00), σD

j ≥ 0(∀j ∈ R00), not all zero, and σV
j
(
∀j ∈ IV), σ̃C

j (∀j ∈ R0+), σ̃D
j (∀j ∈ R+0)

such that the following equation is satisfied:

∑
j∈I
j ̸=k

αjζ
F
j + ∑

j∈A W
σW

j ζWj + ∑
j∈IV

σV
j ζ

V
j + ∑

j∈R0+

σ̃C
j ζ

C
j +

∑
j∈R+0

σ̃D
j ζDj − ∑

j∈R00

σC
j ζ

C
j − ∑

j∈R00

σD
j ζDj = 0,

(24)

where ζF
j ∈ ∂cFj(a∗) (j ∈ I \ {k}), ζWj ∈ ∂cWj(a∗) (j ∈ A W ), ζVj ∈ ∂cVj(a∗) (j ∈ IV ), ζCj ∈ ∂cCj(a∗)

(j ∈ R00 ∪R0+), ζDj ∈ ∂cDj(a∗) (j ∈ R+0 ∪R00). From (22) and (24) it follows that

〈
∑

j∈A W
σW

j ζWj , ũ
〉
−
〈

∑
j∈R00

σC
j ζ

C
j , ũ
〉
−
〈

∑
j∈R00

σD
j ζDj , ũ

〉
= 0. (25)

Combining (22) and (25), we yield that σW
j = 0, ∀j ∈ A W , σC

j = 0, ∀j ∈ R00, σD
j = 0, ∀j ∈ R00. Then,

it follows from (24) that

∑
j∈I
j ̸=k

αjζ
F
j (a∗) + ∑

j∈IV
σV

j ζ
V
j (a∗) + ∑

j∈R0+

σ̃C
j ζ

C
j (a∗) + ∑

j∈R+0

σ̃D
j ζDj (a∗) = 0.

From the linearly independence of ζF
j (ζF

j ∈ ∂cFj(a∗), j ∈ I), ζVj (ζVj ∈ ∂cVj(a∗), j ∈ IV ), ζCj
(ζCj ∈ ∂cCj(a∗), j ∈ R0+ ∪R00), ζDj (ζDj ∈ ∂cDj(a∗), j ∈ R+0 ∪R00) we infer that

αj = 0, ∀j ∈ I , j ̸= k,

σV
j = 0, ∀j ∈ IV ,

σ̃j
C = 0, ∀j ∈ R0+,

σ̃j
D = 0, ∀j ∈ R+0,

which is a contradiction. Therefore, the proof is complete.

In the following lemma we provide a relation between (NMMPEC-CTCQ) and (NMMPEC-STCQ).

Lemma 9. Let a∗ ∈ S . If (NMMPEC-STCQ) holds at a∗, then (NMMPEC-CTCQ) also holds at a∗.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 5 November 2025 doi:10.20944/preprints202511.0170.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202511.0170.v1
http://creativecommons.org/licenses/by/4.0/


20 of 25

Proof. From the given hypothesis, (NMMPEC-STCQ) is satisfied at a∗ ∈ S . Then, it follows that each
of the functions Fj (j ∈ I), and Wj (j ∈ IW ) are geodesic convex, Cj (j ∈ R00), Dj (j ∈ R00) are
geodesic concave, Cj (j ∈ R0+), Dj (j ∈ R+0), Vj (j ∈ IV ) are geodesic affine. Moreover, for for every
k ∈ I , the system of inequalities given below

Fj(z) < Fj(a∗), ∀j ∈ I and j ̸= k,

Wj(z) < 0, ∀j ∈ A W (a∗),

Vj(z) = 0, ∀j ∈ IV ,

Cj(z) = 0, ∀j ∈ R0+,

Dj(z) = 0, ∀j ∈ R+0,

Cj(z) > 0, ∀j ∈ R00,

Dj(z) > 0, ∀j ∈ R00.

admits a solution zk ∈ Hn. Then, for every ζF
j ∈ ∂cFj(a∗) (j ∈ I , j ̸= k), ζWj ∈ ∂cWj(a∗) (j ∈ A (a∗)),

ζVj ∈ ∂cVj(a∗) (j ∈ IV ), ζCj ∈ ∂cCj(a∗) (j ∈ R00 ∪R0+), ζDj ∈ ∂cDj(a∗) (j ∈ R00 ∪R+0) it follows that〈
ζF

j , exp−1
a∗ (zk)

〉
≤ Fj(zk)−Fj(a∗) < 0, ∀j ∈ I , j ̸= k,〈

ζWj , exp−1
a∗ (zk)

〉
≤ Wj(zk)−Wj(a∗) < 0, ∀j ∈ A W (a∗),〈

ζVj , exp−1
a∗ (zk)

〉
= Vj(zk)− Vj(a∗) = 0, ∀j ∈ IV ,〈

ζCj , exp−1
a∗ (zk)

〉
= Cj(zk)− Cj(a∗) = 0, ∀j ∈ R0+,〈

ζDj , exp−1
a∗ (zk)

〉
= Dj(zk)−Dj(a∗) = 0, ∀j ∈ R+0,〈

ζCj , exp−1
a∗ (zk)

〉
≥ Cj(zk)− Cj(a∗) > 0, ∀j ∈ R00,〈

ζDj , exp−1
a∗ (zk)

〉
≤ Dj(zk)−Dj(a∗) > 0, ∀j ∈ R00.

Let us define vk := exp−1
a∗ (zk). Consequently, for every k ∈ I we have〈
ζF

j , vk

〉
< 0, ∀ζF

j ∈ ∂cFj(a∗), ∀j ∈ I and j ̸= k,〈
ζWj , vk

〉
< 0, ∀ζWj ∈ ∂cWj(a∗), ∀j ∈ A W (a∗),〈

ζVj , vk

〉
= 0, ∀ζVj ∈ ∂cVj(a∗), ∀j ∈ IV ,〈

ζCj , vk

〉
= 0, ∀ζCj ∈ ∂cCj(a∗), ∀j ∈ R0+,〈

ζDj , vk

〉
= 0, ∀ζDj ∈ ∂cDj(a∗), ∀j ∈ R0+,〈

ζCj , vk

〉
> 0, ∀ζCj ∈ ∂cCj(a∗), ∀j ∈ R00,〈

ζDj , vk

〉
> 0, ∀ζDj ∈ ∂cDj(a∗), ∀j ∈ R00.

Therefore, from the above inequalities it follows that (NMMPEC-CTCQ) is satisfied at a∗ ∈ S . There-
fore, the proof is complete.

The results derived in this section are summarized in the following theorem.

Theorem 3. Let a∗ ∈ S be a Pareto efficient solution of (NMMPEC) and let R00 = F . If any of the constraint
qualifications as defined in Definitions 11-15 is satisfied at a∗, then (NMMPEC-GGCQ) holds at a∗, and there
exist real numbers αj (j ∈ I), σW

j (j ∈ IW ), σV
j (j ∈ IV ), σC

j (j ∈ T ), σD
j (j ∈ T ) which satisfy equation

(7) and equation (8).
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Remark 7. Theorem 3 generalizes Theorem 4.1 of Maeda [27] from multiobjective programming problems to
(NMMPEC) and extends it from Euclidean spaces to the setting of Hadamard manifolds.

The results that are established in the present section can be summarized and conveniently
visualized from Figure 1.

NMMPEC-ACQ NMMPEC-GACQ

NMMPEC-GGCQ

NMMPEC-CTCQNMMPEC-MFCQ

NMMPEC-STCQ

Lemma 5

Lemma 6

Lemma 7

Lemma 9

Lemma 8

Figure 1. Interralations among the constraint qualifications for (NMMPEC)

In the following numerical example, we consider the Hadamard manifold consisting of the set of
all symmetric positive definite matrices, where the corresponding Riemannian metric is given by the
Hessian of the standard logarithmic barrier B(X ) = − ln det(X ), where X is any symmetric positive
definite matrix (see, for instance, [3,30]). Such manifolds widely appear in medical image processing,
for instance, in modeling of the covariance matrix of the Brownian motion of water in diffusion tensor
imaging (see, for instance, [32]).

Example 2. Let M2 denote the set of all symmetric matrices of order 2 × 2. For any matrix B, the notation
Tr(B) denotes the trace of the matrix B. Consider the set P2

+ ⊂ M2, consisting of every symmetric positive
definite matrix of order 2 × 2. Let A ∈ P2

+. The set P2
+ is a Hadamard manifold that is endowed with the

following metric (see, for instance, [13,26]):

⟨B1, B2⟩A := Tr (B2 A−1 B1 A−1),

for any arbitrary B1, B2 ∈ TAP2
+ = M2. Consider any arbitrary pair of elements X , D ∈ P2

+ and
B ∈ TXP2

+.
Then, the corresponding exponential function expX (B) : TXP2

+ → P2
+ is given by

expX (B) = X
1
2 Exp

(
X− 1

2 B X− 1
2
)
X

1
2 ,

where the symbol Exp stands for matrix exponential (see, for instance, [26]). Further, the inverse exponential
function exp−1

X : P2
+ → TXP2

+ is given by

exp−1
X (D) = X

1
2 Log

(
X− 1

2 D X− 1
2
)
X

1
2 ,
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where the symbol Log is the usual logarithm on P2
+ (see, for instance, [26]). For any real-valued function

F : P2
+ → R the Riemannian gradient is given by:

grad(F(X )) = X F′(X ) X ,

for any X ∈ P+
2 , where F′(X ) denotes the Euclidean gradient of the function F at X (see, for instance, [13]).

Consider the following problem (P), which is a (NMSIPMC):

(P) Min F (X ) = (F1(X ), F2(X )) := (−3 log c1 − 3 log c4,−5 − log c1 − log c4),

subject to C1(X ) := 1 − |c4| ≥ 0,

D1(X ) := 1 − |c1| ≥ 0,

C1(X )D1(X ) := (1 − |c4|)(1 − |c1|) = 0,

where Fi : P+
2 → R (i = 1, 2) and C1,D1 : P+

2 → R are locally Lipschitz functions and X =

[
c1 c2

c2 c4

]
∈

P+
2 .

We use the symbol S to signify the set consisting of every feasible element of (P). By simple calculations, we
obtain the following:

S =

{[
c1 0
0 c4

]
: c4 = 1, 0 < c1 ≤ 1, or c1 = 1, 0 < c4 ≤ 1

}
.

We choose the feasible element

X ∗ =

[
1 0
0 1

]
∈ S .

It can be verified that X ∗ is a Pareto efficient solution of (NMSIPMC). Then, we can obtain the following:

∂cF1(X ∗) =

{[
−3 0
0 −3

]}
, ∂cF2(X ∗) =

{[
−1 0
0 −1

]}
,

∂cC1(X ∗) =

{[
0 0
0 1

]}
, ∂cD1(X ∗) =

{[
1 0
0 0

]}
.

By simple calculations, we may obtain the following:

C Lin(L,X ∗) =

{[
0 c2

c2 0

]
: c2 ∈ R

}
,

C Tan(L, X ∗) =

{[
c1 c2

c3 c4

]
: c1, c2, c3, c4 = 0

}
,

Consequently, it can be verified that (NMMPEC-ACQ) is not satisfied at X ∗. Let us now choose real numbers
σF

1 = 1
2 , σF

2 = 1
2 , σC

1 = 2, σD
1 = 2. Then, we have

σF
1

[
−3 0
0 −3

]
+ σF

2

[
−1 0
0 −1

]
+σC

1

[
0 0
0 1

]
+ σD

1

[
1 0
0 0

]
=

[
0 0
0 0

]
.

As a result, we infer the fact that although (NMMPEC-ACQ) fails to be satisfied at X ∗, the conclusions of
Theorem 3 may still be satisfied. Consequently, this numerical example illustrates that satisfaction of (NMMPEC-
ACQ) is merely a sufficient, but not a necessary condition for satisfaction of KKT conditions at a Pareto efficient
solution of (NMMPEC).
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5. Conclusions and Future Directions
In this article, we have investigated a class of (NMMPEC) in the setting of Hadamard manifolds.

(NMMPEC-GGCQ) for (NMMPEC) has been introduced in the framework of Hadamard manifolds. We
have established the necessary criteria of Pareto efficiency for (NMMPEC) using (NMMPEC-GGCQ).
Subsequently, we have introduced several (NMMPEC)-tailored constraint qualifications, for instance,
(NMMPEC-ACQ), (NMMPEC-GACQ), (NMMPEC-CTCQ), (NMMPEC-STCQ), (NMMPEC-MFCQ)
in the Hadamard manifold setting. We have established several interesting interrelations between
these constraint qualifications. Moreover, we have established that these constraint qualifications are
sufficient conditions for (NMMPEC-GGCQ). We have furnished some non-trivial examples to justify
the importance of the deduced results.

The results derived in this article extend the corresponding results established by Maeda [27] for
(NMMPEC) in Hadamard manifold setting. Furthermore, the results derived in this article extend
the corresponding notions of constraint qualifications studied by Flegel and Kanzow in [15,16] on the
setting of more general space, that is, Hadamard manifolds, and generalize them for a more general
category of optimization problems, that is, (NMMPEC). Moreover, the optimality criteria derived
in the present article extend the corresponding results established by Treanţă et al. [37], for a more
general category of optimization problems, namely, (NMMPEC).

The results established in the present article leave numerous options for future research work.
For instance, it would be an interesting research problem to investigate constraint qualifications for
nonsmooth multiobjective programming problems with switching constraints on Hadamard manifolds
via convexificators. This would be our future course of study.
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