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Abstract

This paper presents a unified categorical formulation of mass generation, combining the Higgs mecha-
nism of the Standard Model with the gravitational Higgs phenomenon leading to a massive graviton.
Using the machinery of higher category theory, derived geometry, and functorial constructions, we
propose a framework in which both gauge and gravitational symmetry breaking are viewed as nat-
ural transformations within a shared categorical structure. The Standard Model Higgs mechanism,
modeled as a functor between principal gauge bundles and vector representations, is shown to have a
functorial dual in a gravitational Higgs mechanism where diffeomorphism invariance is spontaneously
broken through a scalar-tensor correspondence. The resulting equivalence establishes a categorical
isomorphism between gauge and gravitational symmetry reductions, unifying internal and spacetime
symmetries through the introduction of the Symmetry Stack S(M) = Hom(Pg, TM). We further define
a right Kan extension that formalizes the holographic relation between electroweak and gravitational
vacua, demonstrating that gravitational mass generation can be holographically reconstructed from
the boundary Higgs dynamics. Quantum aspects are incorporated through a categorical path integral
over objects of the spontaneous symmetry breaking category Cssp, yielding a quantized interpretation
of vacuum transitions and entanglement entropy. The paper culminates in the proposal of a super
3-category Cror, wherein matter, forces, and spacetime appear as different morphic layers of a univer-
sal functorial symmetry descent. This categorical Theory of Everything provides a mathematically
consistent foundation for viewing mass, geometry, and quantum structure as emergent from higher
symmetries and natural transformations in Crof.

Keywords: Higg’s Boson; massive graviton; standard model; category theoretical framework

1. Introduction: The Higgs Mechanism in the Standard Model

Let M be a smooth 4-dimensional Lorentzian manifold representing spacetime. Consider a
principal G-bundle P — M, with G = SU(2); x U(1)y, the electroweak gauge group. Let V = C? be
the standard representation of SU(2).

The Higgs field is a smooth section ¢ : M — E = P x, V, where p : G — GL(V) is the
representation. The Lagrangian density includes a potential term:

V(p) = w’¢p'op+A(pT9)? (1)

For > < 0and A > 0, the minimum of V occurs not at ¢ = 0, but on a sphere |¢| = v/+/2 where
v = \/—p?/A. The vacuum manifold is:

Muyac = SU(2) x U(1)/U(1)pm = §°/5' = §? ()

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202511.0091.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 November 2025 d0i:10.20944/preprints202511.0091.v1

2 0of 29

In categorical terms, define the category G of G-principal bundles over M, and the category V of
complex vector spaces. The Higgs field is modeled as a functor:

7—[5 M- M =G £> v (3)
Spontaneous symmetry breaking is expressed as a natural transformation:

1 :Hsm = Evev (4)

where Eygy is a constant functor mapping every x € M to the vacuum value v € C2.
Mass terms for W and Z bosons are generated by replacing gauge covariant derivatives in the
Lagrangian with:
Dy = (9 — igWyt" — ig'B,Y )9 )

The resulting masses are:

1 1
my = 580, mz = 5\/g*+g"% (6)

2. Category-Theoretic Modeling of Massive Gravitons

Let M be a Lorentzian manifold, and let Fspin be the category of symmetric rank-2 tensor fields
hyy over M. A massive spin-2 field requires breaking the diffeomorphism invariance of General
Relativity. The Boulware-Deser ghost problem imposes constraints on acceptable Lagrangians, but
ghost-free massive gravity theories (e.g., dRGT) have been constructed.

We define a hypothetical gravitational Higgs functor:

HGrav : M — ngggs — F Spin2 (7)

Here, Sﬁfggs is a category of scalar or tensor fields responsible for symmetry breaking. We propose

a natural transformation:
NGrav - 7%ull = Eroken (8)

mapping the space of metric fields invariant under Diff(M) to a reduced symmetry configuration with
5 degrees of freedom for a massive graviton:

DOFmassive = 2transverse + Zshear + 1longitudinal =5 )

The mass term for a linearized spin-2 field is of the Pauli-Fierz type:

1
Lmass = —Emz(hwhw — 1) (10)

where It = I, u- The Higgs mechanism would provide the longitudinal polarization state analogous to
how it does in the Standard Model.

3. Equivalence Conjecture and Unified Categorical Structure

We now propose a categorical equivalence between the SM Higgs mechanism and gravitational
symmetry breaking. Define a 2-category Catsgp of spontaneous symmetry breaking systems. Objects
are triples (C, G, ¢), where C is a category, G a group object in C, and ¢ a symmetry-breaking field.

Define a 2-functor:

F : GaugeHiggs — GravHiggs (11)

mapping:
Gew — Diff(M), ¢+ @grav, V +— Sym*(T*M)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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We conjecture that:

F(Hsm) =~ Herav (12)

This equivalence would unify both types of symmetry breaking into a common framework of
functorial geometry. The categorical mass generation mechanism is encoded as a colimit over gauge or
metric orbits:

47massive = hﬂ 47g (13)

geG

4. Framework Setup: Two Mathematical Universes

In this section we establish the mathematical foundation for comparing the Standard Model
Higgs mechanism and a hypothetical gravitational Higgs mechanism responsible for giving mass to
a spin-2 graviton field. The formulation proceeds by defining two distinct but structurally parallel
categories, denoted Cgauge and Cgray, €ach encoding the geometric and algebraic structures relevant to
the respective domains of particle physics and gravity. The goal is to develop a unified categorical
language that treats both symmetry-breaking phenomena as instances of natural transformations
between functors acting on bundles and fields. This will allow us to identify the mathematical
equivalence between gauge-theoretic and geometric formulations of mass generation in field theory.

Let us begin with the Standard Model side. The category Cgauge is defined such that its objects
are smooth manifolds M equipped with a principal Ggw-bundle, where Gy = SU(2)r x U(1)y is
the electroweak gauge group [1]. Morphisms in this category are smooth maps between manifolds
that preserve the bundle structure. The associated vector bundle E = P X, V carries the Higgs field as
a smooth section ¢ : M — E, where p : Ggyy — GL(V) is a complex representation acting on V = C2.

We can define the Lagrangian density for the electroweak sector as

1 1
Low = = Wi, W — 2 BB + [Dygl* — V(9), (14)

where the potential takes the familiar form

V(p) = p'ep+A(pT9)?, (15)

with #2 < 0and A > 0 ensuring spontaneous symmetry breaking. The vacuum expectation value is

_‘uZ
0=/ —— ~ 246 GeV. (16)

This leads to the mass terms for the W and Z bosons:

1 1
mw =580, Mz = Ev\/gz + 87, (17)

as shown in experimental observations at the LHC [2].

We now transition to the gravitational analogue. In the gravitational context, the base category
CGrav consists of objects that are Lorentzian manifolds (M, g,) equipped with metric-compatible
connections, and morphisms are diffeomorphisms that preserve the Lorentzian structure [4,7]. The
symmetry group here is the diffeomorphism group Diff(M), and its breaking is hypothesized in
massive gravity theories where the graviton acquires a finite mass through an interaction potential.
The background metric g, plays the role of a fixed reference configuration that defines the symmetry-
breaking pattern.

Let the spin-2 field &, represent the perturbation around a background metric g,:

S = Suv + h;w/ (18)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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where the background is assumed to be Minkowski or de Sitter. The kinetic term for the graviton is
Ciin = — 203 @ Y + 3,179y, — 3,0 + Lo ha 19
kin—_i)\]w +]4 Av = Y v+§/\ ’ ( )

and the Fierz-Pauli mass term is
1
Linass = —Emz,(hw,h’“’ —1?), (20)

where m, is the graviton mass, constrained observationally to mg < 1072 eV [6].

We define the gravitational Higgs field ¢ : M — R as a scalar field responsible for breaking
diffeomorphism invariance through a non-minimal coupling with the metric. The corresponding
action can be expressed as

1 1 1
SGravHiggs = /d4x vV 8 [ZKR - ng/a]lq)avq) - V(QD) - Emﬁ(hl/“/h;w - hz) 4 (21)
where k¥ = 87G. The spontaneous symmetry breaking pattern is
Diff(M) — Stabg,, (¢), (22)

which mirrors the pattern Ggy — U(1)gp in the electroweak sector.
In category-theoretic language, this defines a functor

Harav : CGrav — F Spin2/ (23)

that assigns to each Lorentzian manifold a space of rank-2 symmetric tensor fields with mass and
longitudinal components generated by the gravitational Higgs field. This functor can be interpreted as
the gravitational analogue of the electroweak Higgs functor Hgsys defined in Eq. (40).

We can then posit a correspondence

F CGauge — CGrav, F(Hsm) = Heravs (24)

suggesting that mass generation mechanisms for vector bosons and spin-2 gravitons share a func-
torial and symmetry-breaking structure, differing only in the algebraic category and symmetry
group involved.

5. Standard Model Higgs as a Functorial Structure

Let M be a smooth 4-dimensional spacetime manifold, typically taken to be Minkowski space
R'3. Consider a principal bundle
P(M,G) — M, (25)

where G = SU(2) x U(1)y is the electroweak gauge group, acting on the righton P as (p,g) — p- &
The Lie algebra of G is
g=su(2) du(l), (26)

with generators T? for su(2) and Y for u(1), satisfying
[T% T?] = ie®®°T,  [T%Y]=0. 27)

Letp: G — GL(V) be a complex representation of G on a two-dimensional complex vector space
V = C?. The associated vector bundle is then

E=Px,V, (28)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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whose fiber at each x € M is the representation space V. The Higgs field ¢ is defined as a smooth
section of this bundle,
¢: M — E. (29)

Explicitly, in local coordinates, ¢(x) transforms under G as
P(x) = e TP (), (30)

where a?(x) and B(x) are local gauge parameters for the SU(2); and U(1)y components, respectively [1,2].
The Higgs potential, governing the dynamics of ¢, is given by

V(p) =u’p'ep+A(gpT9)?, (31)

where 2 < 0and A > 0. The vacuum expectation value (VEV) of ¢ is

_ 1 (o Y i
This breaks the gauge group as
SU(Z)L X U(l)y — U(l)EM, (33)

where U(1)gp corresponds to electromagnetism, generated by the electric charge operator Q = T2 + Y.
To express this construction functorially, define the following categories. Let M denote the
category of smooth manifolds, and G denote the category of G-principal bundles over manifolds with
morphisms given by smooth bundle maps preserving group action. Define V to be the category of
finite-dimensional complex vector spaces with linear maps as morphisms. The associated bundle

construction defines a functor
&G —V, (34)

which assigns to each principal bundle P the vector space V equipped with the representation p. The
Higgs field is then a section, corresponding to a natural transformation between the functor £, and the
identity functor Z on M:

TTHiggs * 7= gp- (35)

The value #7piggs (x) at each point x € M corresponds to the field value ¢(x) in Eq. (29).
The covariant derivative acting on ¢ is given by

Dy = 9y — igWyT ¢ — ig'B. Y, (36)
and the gauge-invariant kinetic term is
Lyin = (Du¢)" (D"9). (37)

After spontaneous symmetry breaking, the quadratic terms in the gauge fields lead to mass terms for

the W and Z bosons: 1 1
—_— — 0 /02 ) _
mw—zgv, mz—zv g+ g% my = 0. (38)

The photon remains massless because the electromagnetic U(1)gy symmetry remains unbroken.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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6. Category-Theoretic Encoding of the Standard Model Higgs Mechanism

Each principal bundle P(M, G) in G admits an associated vector bundle via a representation
p:G — GL(V), where V = C? is the fundamental representation of SU(2). This defines a functor

£:G—V, (39)

where V is the category of finite-dimensional vector spaces over C, with morphisms given by linear
transformations. For each object P € G, the functor &, assigns the associated vector bundle E = P x, V.
The Higgs field is then expressed as a functor

Hop: M 256 2y, (40)

where @1 assigns to each manifold M its principal G-bundle P(M, G), and &, maps each such bundle
to its associated vector space through p. Hence, the composition Hgpr = Py o P; defines the Higgs
field as a covariant functor from M to V. For each point x € M, the fiber V, of E satisfies

e 2 C2, (41)

representing the local internal space on which the gauge group acts.

The physical content of the Higgs mechanism arises when this functorial structure undergoes
spontaneous symmetry breaking. This is represented categorically as a natural transformation between
two functors, namely the Higgs field functor Hgsy; and a constant functor £ygy which maps every
object of M to the vacuum expectation value (VEV) vector v € C2. The natural transformation

1 Hsm = Evev, (42)

encodes the process of symmetry breaking by assigning, to each object M € M, a morphism # :
Hspm (M) — Eyev (M) satisfying the naturality condition for every smooth map f : M — N:

Evev(f) onm = nn o Hsm(f)- (43)

This expresses the compatibility of the vacuum configuration with respect to smooth mappings
between spacetimes, ensuring functorial coherence [1,8].

The potential governing the Higgs field is defined on the total space of the associated bundle E,
and its minimum determines the image of #. Specifically, the Higgs potential is

V(9) = 129"+ A(979)%, (44)
where yz < 0and A > 0. The minima form a degenerate vacuum manifold M, given by
Moge = {p € C? | p'p = v?/2} = &3, (45)
which, upon gauge identification, becomes the quotient
Mouac/ Gew 2 §%. (46)

The vacuum expectation value, defining the constant functor Eyry, is thus

fI/IZ
0=/ —— ~ 246 GeV. (47)

The functorial structure of the Higgs field implies that spontaneous symmetry breaking can be
regarded as a natural transformation #7 whose components #, select preferred sections of the associated

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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vector bundle at each spacetime point. The gauge boson masses arise as local curvature-dependent
quantities induced by 7. Specifically, the covariant derivative acting on ¢ is

Dy = 9y — igWy T — ig'B, Y9, (48)
and after the transformation 7 fixes ¢(x) to its vacuum configuration, the kinetic term
1 |
Dugl? = 582 WWH + 2(8% + 8%)0%Z, 2" (49)

yields the boson masses

1 1
mw = 580, mz = Ev\/gz + g2, m, = 0. (50)

7. Gravitational Higgs Functor and the Massive Graviton

In the Standard Model, the vacuum state of the Higgs field plays a pivotal role in symmetry
breaking and mass generation. Mathematically, the vacuum expectation value (VEV) corresponds to
a natural section forming a colimit over the gauge orbit of the Higgs field. This construction selects
an equivalence class under the gauge group action. The residual symmetry group is the stabilizer
subgroup of the vacuum, denoted by

Stabg (v) = U(1)Em, (51)
We define the gravitational Higgs functor
HGrav : M — Sﬁfggs — ]:Spian (52)

The Lagrangian density for a massive spin-2 field coupled to a scalar field is expressed as

1 1 1
L=v-8|5.R=58"VupVip—Vl(p) - 4£FP(h;w)}r (53)
where ¥ = 871G is the gravitational coupling constant, and Lgp(h,y) is the Fierz-Pauli term given by
Lrp () = m2 (" = 1), (54)

Here m¢ denotes the graviton mass, constrained by observations to mg < 10~23 eV [6]. The potential
V(¢), chosen to have a minimum at ¢ = v, provides a gravitational vacuum analogous to the Higgs
vacuum in the Standard Model:

. | =13
V(ip) = yéq)z + /\g(p4, with ve = ng. (55)

The gravitational vacuum expectation value v, defines the background metric around which small
perturbations h, propagate as massive modes.
To preserve consistency and avoid ghost degrees of freedom, the constraint

is imposed, ensuring that the field propagates only five physical degrees of freedom:

d'o'f'(h]ﬂ/) = 2transverse t 2shear + 1longit‘udinal =5. (57)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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The longitudinal mode corresponds to the additional degree of freedom arising from the spontaneous
breaking of diffeomorphism symmetry by the gravitational Higgs field ¢. The analogy with the
Standard Model becomes apparent: just as the gauge symmetry Ggy is reduced to U(1)gpy, the
full diffeomorphism group Diff(M) is reduced to the stabilizer of the background metric and Higgs
field, denoted

Diff(M) — Staby,, (¢). (58)

Categorically, this process corresponds to a natural transformation

NGrav - Tral = TBrokens (59)

where Tgy denotes the functor describing full diffeomorphism-invariant configurations and 7pyoken
the functor describing reduced-symmetry massive configurations. The natural transformation #Gray
defines, at each manifold M, a morphism selecting the gravitational vacuum, analogous to the vacuum
section 77 in the Standard Model Higgs theory.

8. Graviton Polarization as Fiber Decomposition in the Gravitational
Higgs Framework

Let (M, guv) be a smooth Lorentzian manifold representing spacetime, and let Fspino denote
the bundle of symmetric rank-2 tensor fields over M. The local fiber at each point x € M is the
ten-dimensional real vector space Fy = Sym?(T;M). The equations of motion for the linearized
gravitational field in the absence of mass are derived from the Einstein-Hilbert Lagrangian expanded
to second order in h,,:

Lo = —%aAhwaAW + 3 h" My, — 3k Ik + %aAhaAh, (60)

where indices are raised and lowered using the Minkowski metric 17, and h = h', u- The corresponding
field equations are invariant under the infinitesimal diffeomorphism transformation

My — My + 0,8y + 094Gy, (61)

where ¢, is an arbitrary smooth vector field on M. This gauge freedom removes unphysical degrees of
freedom, leaving two physical polarizations for the massless spin-2 field, often denoted as /4 and /.
Hence, the fiber F can be decomposed into an orbit under the diffeomorphism group Diff(M):

]_-massless
x

— OrbDiff(M) (hVV) — ]:ngrtl‘ansvers(g), (62)
where the orbit captures the equivalence class of physically indistinguishable field configurations.

When a mass term is introduced, the diffeomorphism invariance is broken, and the graviton
acquires additional polarization states. The Fierz-Pauli mass term is given by

1 2

Lmass = _Emg(h;whyv - h2)1 (63)

where m, is the graviton mass. The equations of motion following from the total Lagrangian
L = Lo+ Lmass yield a constrained system, leading to the elimination of the ghost degree of freedom
and leaving a total of five physical modes:

d.O.f.(h;W) = 2transverse t 2shear T 1longimdinal =5. (64)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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This decomposition may be interpreted geometrically as a fiber decomposition of the graviton bundle
Fspin2 at each spacetime point x € M. We propose that the local fiber decomposes as

]:x _ ]:Jtcrans D ]:)1601'13, (65)

where Fa" denotes the transverse-traceless subspace corresponding to the two massless helicity-2
modes, and ]:.chong represents the longitudinal subspace associated with the additional degree of free-
dom emerging in the massive case. The introduction of ]__chong signals the breaking of diffeomorphism
invariance, as the longitudinal component cannot be gauged away.
We define a global section
o: M —s Flong (66)

which selects the longitudinal component of the graviton field at each spacetime point. The field o(x)
corresponds to the gravitational Higgs mode, arising from a scalar field ¢ that spontaneously breaks
diffeomorphism invariance. The expectation value (¢) = 0y defines the background configuration,
determining the longitudinal propagation mode. This can be formally described by the constraint

Vi = aV,0, (67)

where « is a coupling parameter linking the spin-2 and scalar sectors. In the limit « — 0, the
longitudinal mode decouples, and the field reduces to a pure transverse configuration, recovering
general relativity as a massless limit.

From a categorical viewpoint, the decomposition (65) defines a functorial splitting of the gravi-
ton field space. Let Fgpinz be regarded as an object in the category of tensor field bundles, and
let ngggs denote the category of scalar gravitational Higgs fields. Then the section ¢ induces a
natural transformation

Mo+ Stitass = Fopins (68)

mapping scalar field configurations to the longitudinal components of the graviton field. The functorial
decomposition becomes

Herav (M) = Fii™ @ ﬂﬂ(sgir;gs(M))/ (69)

demonstrating that the longitudinal graviton polarization is functorially induced by the gravitational
Higgs field.

9. Categorical Symmetry Breaking in Gravity

Let M denote the category of smooth Lorentzian manifolds (M, g, ), with morphisms given by
smooth diffeomorphisms f : M — N such that f*gn = gp. The gravitational field configurations are
represented by a functor

Teull : M — Fspina, (70)

where Fgpiny denotes the category of symmetric rank-2 tensor fields hy, on M. The functor Tgyy
encodes all diffeomorphism-invariant configurations, corresponding to the massless spin-2 theory
(General Relativity). The Lagrangian density in this case is given by

1
Ley = Y -8R, (71)

where ¥ = 871G and R is the Ricci scalar curvature. This theory propagates only two transverse
polarizations, corresponding to helicity-1-2 massless gravitons, with the number of degrees of freedom
given by

d.0.f.massless = 2. (72)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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To incorporate mass generation, we consider a second functor
7?3roken ‘M > Ji MassiveSpin2s (73)

where Fiassivespin2 1S the category of massive graviton field configurations. Objects of this category are
pairs (h,y, ¢), where h, is a rank-2 tensor field and ¢ a scalar gravitational Higgs field responsible for
symmetry breaking. Morphisms in Fyjassivespin2 are smooth transformations preserving the structure
of the massive Lagrangian and its constraints. The Pauli-Fierz Lagrangian for the linearized massive
graviton reads

1
Lpp = Lo — Emg,, /=g (M — h?), (74)

where L is the kinetic term of the massless theory and m, is the graviton mass parameter, constrained
observationally to my < 10-2eV [6,7]. The inclusion of this term breaks the diffeomorphism in-
variance of the full theory, reducing the gauge symmetry group Diff(M) to a smaller subgroup, the
stabilizer of the background metric and the scalar field. The resulting number of degrees of freedom is

d-o-f-massive =5 = 2transverse + 2sl'\ear + 110r1gitudir1a1- (75)

The transition from Tgyp to Tproken 1S represented as a natural transformation

NGrav * Teut = TBrokens (76)

which we define by specifying a collection of morphisms #s : T (M) — Tgroken (M), one for each
object M € M, such that for every diffeomorphism f : M — N, the naturality condition

Eroken (f) oM = 1N © 7izull (f) (77)

is satisfied. This expresses the compatibility between the full and broken configurations under smooth
mappings, ensuring that the symmetry-breaking process is geometrically coherent across spacetimes.

In physical terms, the natural transformation 7y acts as a morphism mapping the space of
diffeomorphism-invariant configurations to the reduced configuration space corresponding to the
massive graviton regime. The gravitational Higgs field ¢ provides the dynamical order parameter for
this mapping, with its nonzero vacuum expectation value (@) = v, defining the broken phase:

12
p(x) =vg+09(x),  vg=| 21;’ (78)

where y§ < 0and A¢ > 0 define the gravitational Higgs potential

V(p) = uz9” + Ago*. (79)

The expectation value vy spontaneously breaks diffeomorphism invariance, introducing longitudinal
graviton modes and endowing the spin-2 field with mass through the coupling term

where « is a dimensionless coupling constant characterizing the strength of mixing between the scalar
and tensor sectors.

The functor 7gy) corresponds to the object in the higher category of gauge-theoretic geometries
characterized by full diffeomorphism invariance, while Tpoken corresponds to its quotient under a
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gravitational Higgs functor H g,y as defined previously. In categorical terms, this relationship can be
expressed as a colimit construction:

Rroken(M) = h_n;l ﬁull(M)/ (81)
Diff(M)

representing the quotient of the full diffeomorphism orbit by the stabilizer subgroup Staby,, (¢). This
parallels the electroweak case, where the Higgs vacuum selects a coset Ggyy /U (1) gpr corresponding to
the broken phase [1,2].

10. Duality and Equivalence between Gauge and Gravitational Higgs Mechanisms

The Lagrangian of the electroweak sector can be expressed as

1
ﬁGauge = _ZF;WFWU + |D}t¢‘2 - V(‘P)r (82)

where Fj, is the field strength tensor, D, = 9, — igW;T" —ig’B,Y is the covariant derivative, and
V(¢) is the Higgs potential given by

V(9) = 15979 + A 9"9)" (83)
The vacuum expectation value v = y/—pu?/A minimizes the potential, leading to symmetry breaking
Gew = SU(2)L x U(1)y — U(1)gm- (84)

This results in mass terms for the gauge bosons,

1 1
mw = 580, my = Ev\/gz + g2, m, = 0. (85)

The gravitational counterpart to Eq. (95) can be written as

1 1 1
’CGI”aV = £1 / —gR — Egl/“/v‘uq)vvq) — V(q)) — Em‘o%(h’“/hw} — hz)’ (86)

where R is the Ricci scalar, ¥ = 87tG, and the last term corresponds to the Pauli-Fierz mass term with
graviton mass gy < 10723 eV [6]. The scalar field ¢ plays the role of the gravitational Higgs, acquiring

_yé
(p) =vg = \/ EI (87)

which breaks the diffeomorphism invariance from Diff(M) to Stabyg,, (¢).

a nonzero vacuum expectation value

The duality between these two formulations can now be expressed as a functorial correspondence
between Cgauge and CMetric,
D: CGauge < CMetric/ (88)

such that
D(A) =gw, D@ =¢,  D(G)=Diff(M). (89)

Under this correspondence, the connection one-form A, on the principal bundle is mapped to the
Levi-Civita connection associated with the metric g;,,, while the Higgs field ¢ is mapped to a scalar
field ¢ in ngggs, and the gauge symmetry group G is mapped to the diffeomorphism group Diff(M).

The duality therefore induces a categorical equivalence between the gauge and gravitational
sectors,

CGauge = CMetricr (90)
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which holds under the mapping of objects and morphisms defined in Eq. (89). This equivalence
identifies spontaneous symmetry breaking in gauge theory with the diffeomorphism symmetry
breaking in gravity, both mediated by scalar Higgs-type fields. In this sense, the Higgs mechanism and
the gravitational Higgs mechanism represent two manifestations of a single categorical process: the
functorial reduction of symmetry from a full group to a stabilizer subgroup.

To encode this duality in a higher categorical framework, we introduce a unified category Cunified,
whose objects are tuples

OUnified = (M/ G, uvs A]xl/ ¢, q))r 1)

and whose morphisms are natural transformations preserving both gauge and diffeomorphism struc-
tures. The category Cupifieq thus contains Cgauge and Cpetric @s subcategories, i.e.,

CGauger CMetric € Cunified- (92)

In this unified framework, both gauge and gravitational Higgs mechanisms are functorially embedded
as natural transformations between subobjects of Cypifieq- The electroweak Higgs field ¢ and the
gravitational Higgs field ¢ appear as components of a bifunctor

HUnified : CUnified — VFields (93)

where Vg;e1q is the category of smooth vector or tensor fields, depending on the target theory.
The existence of such a bifunctor and its natural transformations #7piges and 7Gray formalizes
the duality
Higgsg,, «— Gravitational Higgs, (94)

under a functorial correspondence that preserves symmetry-breaking structures, vacuum sections,
and mass-generating dynamics. This categorical unification offers a novel pathway toward a deeper
geometrical understanding of mass generation and a potential foundation for a unified field theory
that treats gauge and gravitational sectors as dual components within a higher categorical symmetry-
breaking scheme [4,6,7].

11. New Categorical Conjecture: Higgs—Graviton Functorial
Equivalence Hypothesis

Loauge =~ gFuF™ + (Dy9)* (D'9) = V(9), 95)

where F, is the curvature of the connection and V/(¢) = 1#2pTp + A (¢ $)? is the potential. The vacuum
expectation value

) =0 =/ 5= (%)

defines a natural transformation #7niggs : Trull = TBroken Within GaugeHiggs, expressing spontaneous
symmetry breaking Ggyw — U(1)epm [1,2].

Analogously, let GravHiggs denote the 2-category of gravitational Higgs structures. Its objects
are triples (M, Suvs ¢), where M is a Lorentzian manifold, Suv is the metric, and ¢ is a scalar field acting
as a gravitational Higgs field. The 1-morphisms are diffeomorphisms preserving the metric structure
and the Higgs coupling, while the 2-morphisms are field redefinitions that leave the Lagrangian
invariant. The corresponding Lagrangian is given by

1 1 1
’CGI’aV = £1 / —gR — Egl/“/v‘uq)vvq) — V(q)) — Emé(hyvhw/ — hz)’ (97)
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where R is the Ricci scalar and V(¢) = yé @* + Ag¢*. The vacuum expectation value
N G
(p) =vg = 2, (98)

defines the gravitational vacuum and induces mass for the graviton, breaking the diffeomorphism
group Diff(M) to Stabg,, (¢) [6,7].

11.1. Definition of the 2-Functor

We conjecture the existence of a 2-functor
F : GaugeHiggs — GravHiggs, (99)

which establishes a structural correspondence between gauge-Higgs and gravitational-Higgs categories.
This 2-functor F preserves the essential categorical features of spontaneous symmetry breaking, namely:

1. Preservation of natural transformations.

For every natural transformation 77piggs in GaugeHiggs, there exists a corresponding #Gray in
GravHiggs such that

F(ﬂHiggS) = "Grav, (100)

and the diagram of functorial commutativity holds for all morphisms between field configurations.

2. Preservation of bundle structures.

F maps principal bundles to metric bundles via the correspondence
F(P) = (Mgw),  F(Aw) =Tuw,  F@)=¢, (101)

where 1";}1, is the Levi-Civita connection. This establishes an equivalence between gauge curvature F,
and Riemann curvature Ry under the mapping

F(F‘uy) — R‘uypg', (102)
yielding a functorial geometric duality between internal and spacetime symmetries [4].

3. Preservation of mass generation.

The functor F preserves the mass acquisition process by mapping categorical limits and colimits
in GaugeHiggs to those in GravHiggs. Specifically,

F(lim Tgur) = lim Ty, (103)

Gauge Grav

representing the equivalence of vacuum selection procedures in both categories. Thus, the graviton
mass 1mg appears as a geometric analog of the gauge boson masses myy, myz, satisfying the proportion-
ality relation

2 2

m m

& W (104)
2 2 7

M5 v

where Mp is the Planck mass and v the Higgs vacuum expectation value.
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11.2. Unified Category of Symmetry Breaking

The existence of the 2-functor F allows the definition of a higher category Cssp, representing
the unified structure of spontaneous symmetry breaking across all field types. The objects of Cssp
are tuples

Ossp = (M, S,11,(¢), (9)), (105)

where S denotes the symmetry group, 7 the natural transformation realizing its breaking, and (¢), (¢)
the vacuum expectation values in gauge and gravitational sectors, respectively. The morphisms are
2-natural transformations preserving the relationships between field configurations, vacuum states,
and mass spectra.

The category Cssp thus generalizes the Higgs mechanism as a universal categorical process,
describing the emergence of mass and structure through functorial reductions of symmetry. In this
framework, the Higgs and graviton appear as categorical duals, united under the equivalence

F : GaugeHiggs ~ GravHiggs. (106)

This conjecture provides a new mathematical foundation for the unification of gauge and gravita-
tional symmetry breaking mechanisms, suggesting that the Higgs boson and the graviton are related
by a functorial transformation within a 2-categorical context. Further exploration of Csgp could lead
to the discovery of higher symmetries governing mass generation and the potential realization of a
categorical Theory of Everything [1,6,7].

12. Unified Category of Spontaneous Symmetry Breaking Cssp

Let Cssp be a higher (2-)category whose objects represent physical systems possessing local or
global symmetries, whose morphisms represent dynamical transformations preserving or breaking
these symmetries, and whose 2-morphisms represent natural transformations encoding vacuum
selection. Each object of Csgp is a quintuple

OSSB = (M/ S, D, 1, <(I)>)/ (107)

where M is a smooth manifold representing spacetime, S is a symmetry group (such as a gauge or dif-
feomorphism group), ® is a field valued in a fiber bundle associated to S, 7 is a natural transformation
realizing the symmetry reduction, and (®) is the vacuum expectation value defining the broken phase.

The morphisms in Csgp are functors between such objects preserving the local geometric and
algebraic structures. A morphism f : O; — O, is defined by

f=(m fs fo fy fra))s (108)

where each component is a smooth map or group homomorphism preserving the categorical relations

from =mo fo. (109)

This condition ensures that symmetry breaking behaves functorially with respect to morphisms of
field configurations. The 2-morphisms in Csgp are natural transformations between these morphisms,
representing higher-order relations between vacuum structures.

12.1. Functorial Structure of Cssp

To formalize the dynamical properties of symmetry breaking, we define a functor

HSSB : -FFields — VVacua/ (110)
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where Fgie1ds is the category of field configurations equipped with symmetry actions, and Vy,ey, is the
category of vacuum manifolds (minima of effective potentials). The functor Hgsgp assigns to each field
® its vacuum expectation value (®), determined by minimizing the corresponding potential V(®).
For example, in the electroweak sector, the Higgs potential

V(p) =u?p'op+A(gpT9)?, (111)

has minima satisfying

ov I
=0 = @=v=y3 (112)

Analogously, in the gravitational sector, the potential

V(p) = 1z9* + Agg*, (113)

_P‘(%
(p) = Ug = \/ Er (114)

which defines the gravitational vacuum responsible for giving mass to the graviton.

has the minimum

Thus, Hssp provides a unified functorial description of vacuum selection processes across different
field theories. The image of Hsgp, denoted Im(Hgssp), corresponds to the moduli space of vacua,
equipped with morphisms induced by deformations of the potentials V().

12.2. Categorical Symmetry Reduction

Spontaneous symmetry breaking corresponds to a reduction of the symmetry group S to a
stabilizer subgroup H, where

H =Stabs((P)) ={s € S |s- (D) = (D)} (115)
Categorically, this reduction is represented by a natural transformation

7ssSB %ull = 7?3r0ken/ (116)

where Tgy and Tproken are functors describing field configurations before and after symmetry breaking,
respectively. The colimit construction

Eroken(M> = h_n;l%ull(M)/ (117)
S

defines the broken configuration space as the quotient of the full symmetry orbit by its stabilizer,
generalizing the concept of vacuum manifolds in the Higgs mechanism.

12.3. Metric and Gauge Equivalence in Cssp

The category Cssp contains both gauge and gravitational Higgs systems as subcategories. Specifically,
GaugeHiggs, GravHiggs C Csgp. (118)

The embedding functors i : GaugeHiggs — Cssp and ig : GravHiggs — Cgsgp preserve the relevant
bundle and symmetry structures, allowing for a categorical equivalence mediated by a bifunctor

F : GaugeHiggs <+ GravHiggs, (119)
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as previously defined. The action of F satisfies

E(V(¢)) =V(p),  F({#) =(9)  F(Scauge) = Diff(M). (120)

Hence, both electroweak and gravitational symmetry breakings are manifestations of the same higher-
categorical transformation encoded in Cggp.

12.4. Physical Implications of Cssp

The categorical unification under Csgp implies that all Higgs-like phenomena can be viewed as
instances of functorial symmetry reduction. The dynamical equations of motion for each field emerge
from the variational principle applied to the corresponding object in Csgp. For a generic field ®, the
Euler-Lagrange equations are obtained from

oL oL

5o v”é(vyfb) =0, (121)
which apply equally to both gauge fields and metric perturbations. Consequently, Cssp encodes
a universal variational structure that unites internal and external symmetries under a common
categorical formulation.

The proposed unified category Cssp thus serves as the mathematical foundation for a higher-level
synthesis of symmetry-breaking phenomena, suggesting that gauge, gravitational, and potentially
even quantum symmetries are related through categorical equivalence principles [1,4,6,7].

13. Higher-Categorical Field Theory of Mass Generation in C é?éz)

In this section, we extend the categorical framework Cgsp into a higher-categorical structure,
denoted C égoéz), which encodes not only the classical aspects of spontaneous symmetry breaking but
also quantum and topological effects. The motivation for this generalization arises from the observation
that quantum mass corrections, vacuum fluctuations, and tunneling phenomena can all be interpreted
as higher-order morphisms between field configurations.

13.1. Objects and Morphisms of Céc;oéz)

The objects of C é?éz) are field stacks §, which assign to each spacetime M an co-groupoid of field
configurations. Explicitly, each object is given by

§(M) = Map(M, F), (122)

where F is the derived moduli stack of fields, e.g., for the Higgs sector, Friggs = [E/G], and for the
gravitational sector, FGray = [Met(M)/Diff(M)]. Morphisms between field stacks are higher functors
that preserve gauge and diffeomorphism symmetries:

F: %1 — 3’2/ F e Funoo(gl/ 3'2)/ (123)

while 2-morphisms correspond to homotopy natural transformations between such functors. These
2-morphisms encode quantum tunneling processes and instantonic transitions between vacua.

13.2. Vacuum Structures as Higher Morphisms

The vacua of the theory correspond to points in the derived moduli space 77p(F), but their
quantum corrections are governed by the higher homotopy groups 7, (F). Thus, the vacuum man-
ifold is upgraded to a homotopy type Ve, with morphisms representing quantum fluctuations and
topological transitions:

Obj(Veo) = {(®i)}, Mor(Veo) = Hom((®;), (®))) = 711 (F). (124)
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Instanton configurations I : M — F define morphisms between vacua corresponding to tunneling
amplitudes, given semiclassically by
Ay~ e~ Sil®l/n (125)

where S;[®] is the Euclidean instanton action. These amplitudes correspond categorically to 2-

. . 2 . . . .
morphisms in C éosoB ), connecting vacuum objects via quantum deformations.

13.3. Quantum Functorial Flow and Renormalization as a 2-Functor

The renormalization group flow, traditionally expressed as a scale-dependent evolution of cou-
pling constants, can be reformulated in the higher-categorical setting as a 2-functor

R:ClP — el (126)

acting on both fields and morphisms. Given a quantum field ®(A) at scale A, the beta function
equations are represented functorially as

B _pily) e R@(A) = e(Ac), (127)

This formalism allows renormalization to be seen not merely as a dynamical flow but as a higher
natural transformation between scale-dependent field functors. Thus, R acts as a morphism in the

2-category of categorical flows Fun,(C éc;oéz), C é?éz) ).

13.4. Categorical Path Integrals and Quantum Homotopy

In this framework, quantum expectation values become integrals over higher categorical struc-
tures. The path integral is generalized as an co-colimit over the field stack §:

Z[) = [ 0D — ZlelG =t S (128)
d Feoni(cl)

This definition allows the inclusion of higher homotopy contributions to the partition function, where
each level of morphism contributes to the amplitude with a weighting factor determined by its
homotopy class.

Quantum tunneling between vacua corresponds to nontrivial 2-morphisms in this integral, pro-
ducing corrections to the effective potential. The resulting effective potential is a derived object in
Fune (Céosoéz), R):

Vg = ' In Z[C{37)). (129)

13.5. Physical Interpretation and Implications

Am3 ~ W (F), (130)

thus providing a topological measure of radiative mass generation. Similarly, gravitational mass terms
induced by vacuum condensates, such as (R) in curved spacetime, are understood as morphisms
connecting metric field stacks under the action of R.

Consequently, Cé?éz) provides a unified framework that encodes both classical and quantum
aspects of mass generation. Quantum fluctuations of the vacuum, renormalization effects, and
instanton transitions all appear as higher morphisms in a coherent categorical system. This approach
offers a potential route toward a geometric and categorical interpretation of quantum field theory
itself [6,7,9,10].

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202511.0091.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 November 2025 d0i:10.20944/preprints202511.0091.v1

18 of 29

14. The Symmetry Stack Hypothesis: A Unified Framework for Gauge and
Gravitational Symmetries

Let M be a smooth four-dimensional spacetime manifold, P; — M a principal G-bundle associ-

ated with a gauge group G, and TM the tangent bundle of M endowed with a Lorentzian metric g, .

We define the Symmetry Stack & as a fibred category over M, assigning to each open subset U C M
the groupoid

G(U) = HOII’I(PG|u, TM|u), (131)

where Hom denotes morphisms of bundles that preserve the fibered structure. Each morphism

¢ € S(U) corresponds to a local correspondence between internal gauge degrees of freedom and

spacetime directions. The collection {&(U)}, with restriction maps on intersections U N V, forms a
stack in groupoids over M.

14.1. Geometric Structure of the Symmetry Stack

Each element ¢ € &(M) induces a morphism between the gauge connection A, on P; and the
Levi-Civita connection T’)}V on TM, defined locally by

¢(Au) = Tpy, (132)
subject to the compatibility condition
FZVT,Z = Ryyporef ®@e7, (133)

where F;‘fv is the Yang-Mills curvature and Ry, is the Riemann curvature tensor. This condition
establishes the fundamental equivalence between gauge curvature and spacetime curvature at the
level of the stack &. The connection A, and rﬁu thus appear as two aspects of a single object A4 € G,
the universal connection on the symmetry stack.
We can formally write
A= (A,T},) € Obj(8), (134)

with curvature

F=dA+ANA, (135)

which decomposes into internal and external parts:

F = (P2, Ruypo). (136)

This unified curvature 2-form captures the combined dynamics of gauge and gravitational fields.

14.2. Spontaneous Symmetry Breaking in the Symmetry Stack

The spontaneous breaking of & corresponds to a reduction of the structure group of the stack.
We define a vacuum object Vs as a global section of & minimizing an effective potential V[A]. The
symmetry-breaking pattern is expressed as

& — Stabg (Vg), (137)

where Stabg (Vi) is the stabilizer substack of the vacuum section. This reduction simultaneously
generates mass for both gauge bosons and gravitons through a universal mechanism encoded in V.
The effective potential is given by

VIA] = %Tr(]:wfw) FA(Te(ATA) - vg)z, (138)

where vg is the vacuum expectation value associated with the unified symmetry breaking scale.
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The vacuum expectation value (A) defines a section
(A): M — Vg, (139)

which splits the universal connection into massive and massless modes. The masses of the gauge
bosons and gravitons are determined by the quadratic fluctuations around this vacuum:

2

3 = avg, (140)

2 2.2
my = 8 0g, m

where g is the gauge coupling and « is the dimensionless gravitational coupling constant. The
proportionality between m 4 and m, arises naturally from the shared vacuum structure V.

14.3. Categorical Formulation of the Symmetry Stack

The stack & forms a fibred 2-category over the site of smooth manifolds, Man. The objects are
pairs (Pg, TM), the 1-morphisms are bundle maps preserving both internal and external connections,
and the 2-morphisms are natural transformations between such bundle maps. Formally,

S : Man’? — 2Groupoids, (141)

where 2Groupoids denotes the 2-category of groupoids with higher morphisms. The homotopy
type of G encodes both the gauge and gravitational topological invariants, such as Chern-Weil and
Pontryagin classes. These are unified in the characteristic class of &,

Ch(6) = Ch(Pg) + Ch(TM), (142)
implying a deep correspondence between gauge instantons and spacetime curvature defects.

14.4. Physical Implications

The Symmetry Stack Hypothesis leads to several striking consequences. First, it predicts the
existence of a universal coupling scale v, potentially near the Planck scale, that determines both the
masses of gauge bosons and the graviton. Second, it provides a categorical mechanism for unifying
curvature and field strength. Third, it suggests that vacuum fluctuations in & may account for the
small but nonzero cosmological constant A, as the residual vacuum energy density is given by

A ~ AvE. (143)

Finally, & furnishes a natural bridge between the Standard Model and quantum gravity, since both
arise as different local truncations of the same higher stack structure [4,6,7,9,10].

15. Categorical Holography for Spontaneous Symmetry Breaking

15.1. Formal Categorical Framework

Hspn : Csm — Vs, (144)

where Vs is the category of vacuum configurations. This functor maps each object (Pg, Ay, ¢) to its
vacuum expectation value (¢) € C? satisfying the potential minimization condition

oV(¢)
o9

Similarly, define the gravitational Higgs functor

=0, V(p)=up'¢p+A(pTp)% (145)

HGrav : CGrav — VGravs (146)
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which assigns to each gravitational field configuration (M, g,v, ¢) a vacuum section (¢) € R minimiz-
ing the gravitational potential
V(p) = 1g9” + Agp". (147)

15.2. Holographic Embedding and Right Kan Extension

The core categorical idea is that the bulk gravitational Higgs functor Hgy,y is a right Kan extension
of the boundary electroweak Higgs functor Hgy along an embedding functor

i CSM — CGravr (148)

which encodes the inclusion of 4-dimensional boundary data into a 5-dimensional bulk spacetime.
Formally, we write
HGray = RKani(HSM)r (149)

where RKan; denotes the right Kan extension along the embedding i. The Kan extension provides a
universal way to extend the boundary theory functor Hgy into the bulk, ensuring compatibility of
field configurations and vacuum structures.

Explicitly, for any bulk object X € Cgyay, the value of the right Kan extension is given by the limit

Hepay(X) = lim  Hep(Y), 150
Grav (X) o sm(Y) (150)

which represents the holographic reconstruction of the gravitational Higgs field ¢ from boundary
Higgs data ¢. This correspondence establishes a formal functorial duality

Hsm < Hgrav, (151)

where the information about bulk mass generation is encoded in the categorical structure of the
boundary Higgs theory.

15.3. Mathematical Structure of the Duality

Let M4 be the 4-dimensional boundary spacetime and Bs a 5-dimensional bulk manifold such that
0Bs = M. Then Cgy is the category of gauge-Higgs configurations on My, while Cgyay is the category
of gravitational-Higgs configurations on Bs. The embedding i acts on objects and morphisms as

i(PG' A}" (P) = (B5r SMN/ (P)r (152)

where (grmn, @) extend (A, ¢) smoothly into the fifth dimension. The bulk field ¢ satisfies boundary
conditions determined by ¢:

v
Py =¢ dyeplm, = agp), (153)

where y denotes the bulk coordinate. The corresponding bulk potential includes a higher-dimensional
term coupling the metric and scalar field:

1
Voulk (¢, §MN) = Plzf(/’z + Ag‘P4 + 2751% [gmN]- (154)

The gravitational Higgs vacuum (¢) can thus be reconstructed via the Kan extension from the boundary
Higgs vacuum (¢).

15.4. Physical Interpretation and Holographic Mass Correspondence

The categorical holographic framework implies that the Higgs and gravitational Higgs mecha-
nisms are two manifestations of the same underlying structure viewed at different categorical levels.
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The 4D Higgs field encodes the boundary degrees of freedom, while the 5D gravitational Higgs field
represents the bulk realization of these symmetries. The holographic correspondence

L
w2 = [ f)my, (155)

relates the bulk graviton mass 7, to the boundary Higgs mass mpy, with the kernel f(y) deter-
mined by the geometry of the extra dimension. For a simple warped background with metric
ds? = e My, dxVdx" + dy?, the kernel takes the form

fly)=e 2, (156)
leading to the suppression of the gravitational mass relative to the electroweak scale:
me & mpe <L, (157)

This exponential hierarchy between the Higgs and graviton masses thus emerges naturally from the
categorical holographic setup.

15.5. Implications for Quantum Gravity and Unification

Furthermore, quantum corrections on the boundary can be lifted to the bulk via higher natural
transformations, implying that the renormalization group flow in the boundary theory corresponds to
a 2-functorial flow in the bulk [9,10]. The resulting unified framework connects the electroweak Higgs
field and the gravitational Higgs field as dual aspects of a categorical mass-generation principle.

16. Categorical Vacuum Entanglement in Cgsp
16.1. Vacua as Objects and Transitions as Morphisms

Let Cssp be the category of spontaneous symmetry breaking mechanisms, where the objects
are vacua {V;} corresponding to different field theories (for instance, Vg for the electroweak Higgs
vacuum and Vg, for the gravitational Higgs vacuum). Morphisms in this category are natural
transformations 77;; : V; — V; representing transitions between vacua induced by quantum or
cosmological processes.

Formally, we define

Obj(Cssp) = {Vi},  Mor(Cssp) = {n;;: Vi = V;}. (158)

These morphisms 7;; correspond physically to field redefinitions or phase transitions connecting the
vacuum expectation values of different sectors. Each such transformation possesses an adjoint 11;;-,
satisfying the categorical relation

(7f: 0 i) (Vi) = idy;. (159)

16.2. Categorical Density Operators and Vacuum States

Analogous to quantum mechanics, where mixed states are represented by density operators p, we
define a categorical density morphism for vacuum states as

oc=noy, (160)

where 7 is a natural transformation encoding the transition between two vacua. The categorical density
morphism captures the correlations and coherence between different vacuum configurations. For
example, a transition between electroweak and gravitational vacua is represented as

NEW—Grav - VEw = VGrav, (161)
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with the corresponding density morphism ppw-Grav = #EW—Grav © ’7]ng \Grav*
The vacuum entanglement entropy is then defined as the categorical trace of this morphism:

Scat = _TrCSSB (PC lan)l (162)

which generalizes the von Neumann entropy to the categorical setting. The categorical trace Trc,, is
taken over the hom-set Hom(V;, V;), ensuring that the entropy measures intrinsic coherence within
the category.

16.3. Functorial Construction of Vacuum Entanglement

To formalize the categorical structure of vacuum entanglement, we define a bifunctor
E:Cohp x Cssp — Vect, (163)

which assigns to each pair of vacua (V;, V;) a vector space E(V;, V;) representing the entanglement
correlations between them. The natural transformations act as linear maps between these spaces:

E(y;j) : E(V;, Vi) — E(V;, V). (164)
The vacuum entanglement entropy is then given by the categorical trace over this bifunctor,

Scat(Vi, Vi) = =Trg (v, v (i © 71;;')- (165)

This formalism naturally captures the idea that vacua across different physical theories are not
isolated but rather functorially related through quantum entanglement at the categorical level.

16.4. Vacuum Mutual Information and Coherence

We can define a categorical analog of mutual information between two vacua V; and V; as
Icat(Vi : V]) = Scat(Vi) ‘|’Scat(vj) _Scat(Vi/ V]) (166)

This quantity measures the extent to which the two vacua share entanglement within Csgg. A nonzero
Icat indicates coherence between different symmetry-breaking sectors. For instance, electroweak and
gravitational vacua could remain correlated through their shared categorical structure even if their
respective field theories appear decoupled at low energies.

The categorical mutual information can also be interpreted geometrically in terms of the overlap
between the derived moduli stacks Mgw and M ;ay Of the two theories:

Icat(VEW : VGrav) = VOl(/\/lEW N MGrav)/ (167)

where Vol denotes an appropriate measure on the intersection of the moduli spaces.

16.5. Physical Interpretation and Cosmological Implications

Moreover, vacuum transitions mediated by natural transformations 7;; can be interpreted as
tunneling events between vacua, contributing to quantum fluctuations of the cosmological constant A.
The categorical entropy difference between vacua can thus serve as a measure of the vacuum instability:

AN o g~ A5eat, (168)

Hence, Cssp not only unifies Higgs and gravitational mass generation but also provides a mechanism
for connecting their vacuum structures through entanglement.
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Finally, the categorical density morphism (160) allows one to define a categorical decoherence
functional D(V;, V;) measuring the loss of coherence between different vacuum sectors:

D(V, V) =1 - Sa(Vi), (169)

which vanishes for perfectly coherent vacua and approaches unity for decohered sectors. This es-
tablishes a direct link between categorical quantum information theory and cosmological vacuum
dynamics [6,7,9-11].

17. Gravitational-Gauge Equivalence via Derived Geometry
17.1. Derived Moduli Space of Higgs Fields

Let @ denote a general Higgs-type field, either an electroweak doublet ¢ or a gravitational scalar
¢. We define the derived moduli space of such fields as the derived stack

DM(®) = Spec(Sym*T*[®]), (170)

where T*[®] denotes the cotangent complex of the field configuration space. The symmetric algebra
Sym®T*[®] captures infinitesimal deformations of ®, including both classical and quantum corrections.
The derived stack DM(®) thus encodes not only field configurations but also their tangent and
obstruction spaces, allowing the simultaneous treatment of gauge and metric deformations.

The derived category of quasi-coherent sheaves on DM (®), denoted

Cssp = D(QCoh(DM(®))), (171)

serves as the universal category of spontaneous symmetry breaking mechanisms. Objects in Csgp
correspond to derived sheaves representing different phases or vacua of the field theory, while
morphisms correspond to derived natural transformations representing physical transitions between
these phases.

17.2. Equivalence Between Electroweak and Gravitational Moduli

The derived moduli space DM(®) admits two natural truncations corresponding to the elec-
troweak and gravitational sectors. The electroweak moduli space is given by

DMgw = [Eniggs/Gew],  Gew = SU(2)L x U(1)y, (172)

where Epjges is the associated vector bundle for the Higgs field. On the other hand, the gravitational
moduli space is
DMg;ay = [Met(M) /Diff(M)], (173)

representing metrics on a spacetime manifold M modulo diffeomorphisms. The derived geometric
equivalence postulated here identifies these two moduli stacks through a derived equivalence functor

Fpg : D(QCoh(DMgw)) — D(QCoh(DMgrav)), (174)

which maps electroweak Higgs deformations to metric deformations. This equivalence captures the
categorical essence of the Higgs—graviton correspondence proposed in earlier sections.

17.3. Derived Critical Points and Symmetry Breaking

In derived differential geometry, physical vacua are realized as derived critical loci of an action
functional. For the Higgs field ®, the potential energy functional V[®] defines a derived critical stack

Crit(V[®]) = Spec((a;(;[/@(;]q))), (175)
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encoding the equations of motion as derived equations. The derived enhancement accounts for
quantum corrections by incorporating higher homotopy data into the critical equations. For the
gravitational sector, the Einstein-Hilbert action

1 4
Senlgl = 5.3 /MR(g) V—8d'x, (176)
gives rise to a derived critical stack
. R )
Crit(S = Spec| ——"F—— ), 177
(Ser) = Sp ((55EH/58M {177

whose derived structure encodes the gravitational Higgs mechanism as a deformation of metric
configurations. The equivalence between Egs. (175) and (177) is expressed categorically as

Fpc(Crit(V[®])) = Crit(Sgn), (178)

signifying that the gravitational vacuum is a derived critical image of the electroweak vacuum under
the functor Fpg.

17.4. Derived Deformation Quantization and Physical Implications

The derived moduli stack DM(®) supports a canonical symplectic structure induced by the
cotangent complex T*[®], which allows for derived deformation quantization. The quantized derived
category Cé‘s  then represents the space of quantized symmetry-breaking phenomena. The derived
symplectic form

wpGg = d<5q>,57‘(q>>, (179)

defines a Poisson bracket on functions over DM(®), satisfying
{F,G}pg = wp (dF, dG). (180)

Quantization then proceeds by replacing the commutative algebra Sym®T*[®] with its deformation
quantized version, leading to the derived quantized stack DMy, (®).
In this quantized framework, symmetry breaking appears as a derived critical functor

Hpg : DMy, (Q)) — Crit(Seff), (181)

mapping quantum field configurations to the effective critical loci of the renormalized action Se¢. This
perspective reveals that mass generation and vacuum selection are functorial consequences of derived
critical geometry.

17.5. Conclusion: Matter—Geometry Unification via Derived Structures

This framework provides a categorical and geometric pathway toward the unification of particle
physics and gravity, grounded in derived geometry and higher category theory [6,7,9,12,13].

18. Quantization of the Category Cssp
18.1. Categorical Path Integral Definition

Let Cssp denote the category of spontaneous symmetry breaking, whose objects are field configu-
rations or vacua ® € Obj(Cssp), and morphisms 77 : &; — ®; represent transitions or transformations
between them. We define the categorical path integral as an integral over equivalence classes of objects
inC SSB:

Z[Cssi] = | ¢S Do, (182)
Obj(Cssp)/~
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where D is the categorical measure that accounts for automorphisms of ® within the category,
and S[®] is the classical or effective action functional associated with the object ®. The equivalence
relation ~ identifies objects that are related by natural isomorphisms or gauge-equivalent transforma-
tions. Thus, integration occurs over equivalence classes of categorical objects rather than pointwise
field configurations.

Formally, one can interpret this integral as a homotopy colimit over the groupoid of field objects:

Z[Cssp] = hocolimgpecy,,e™* /", (183)
which generalizes the conventional path integral to a higher-categorical context.

18.2. Categorical Measure and Automorphism Group

The categorical measure D® is defined as an integral over the moduli stack M of field objects:

D®naive
Do = TAut(®)]’ (184)
where Aut(®) denotes the automorphism group of the object ®, representing internal redundancies
such as gauge transformations. This normalization ensures that the categorical path integral properly
counts distinct field configurations up to isomorphism, consistent with principles of homotopy theory
and derived geometry.
The automorphism group can be explicitly expressed as

Aut(®) = { : & — P |y is an isomorphism in Cssp }, (185)

and contributes a Faddeev—Popov-like determinant to the measure. The categorical generalization of
the Faddeev—-Popov factor is therefore

Acat[®@] = |Aut(®)| 7, (186)
which ensures the correct weighting of each object in the categorical integral.

18.3. Homotopy Quantum Amplitudes and Higher Morphisms

Each morphism 7 : ®; — ®; in Cgsp contributes to the quantum amplitude as a phase factor
determined by the action difference between the two vacua:

Aly] = efS(@)-sl@/n (187)

Higher morphisms, corresponding to 2-morphisms in the extended category Cé?B, describe homotopy
transitions between transformations—such as quantum tunneling or vacuum instanton processes—and

contribute multiplicative correction factors to the partition function:

Zicsss) = X [ Al Dy (188)

(Dirq)j 1’/:<I>i—>q>]'

This expression generalizes the notion of the path integral as a sum over histories to a sum over
categorical morphisms, incorporating topological and functorial aspects of quantum transitions.

18.4. Categorical Expectation Values and Observables

Given an observable functor O : Cssg — Vect, assigning to each object @ a vector space of
measurable quantities, we define its categorical expectation value as

(O) = o

- 0[®] 5® Do, 189
Z|[CssB] /Obj(csss)/N [®e (189)
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For morphism-dependent observables O[], the expectation value includes an additional integration

over morphism spaces:

1 .
Oeat = ———— Ol St py. 190
< > t Z[CSSB] U:q);q)j/ [’7]6 n ( )

These categorical expectation values generalize standard path-integral observables to functorial
contexts, allowing for the computation of quantum correlation functions between symmetry-
breaking sectors.

18.5. Categorical Renormalization and Quantum Corrections

The renormalization group in Csgp is realized as a 2-functor
R : Cssp — Cssp, (191)

which acts on both objects and morphisms by rescaling the effective action:

A
Sp/[@] = Sa[@] +/A/ B(g)dIn A, (192)

where B(g) denotes the categorical beta function encoding the running of coupling constants. The
renormalization of the categorical partition function then follows as

Zr[CssB] = R(ZA[Cssp)), (193)
ensuring consistency of the quantization procedure across scales.

18.6. Physical Interpretation and Quantum Gravity Implications

In the gravitational context, quantizing Cssp implies integrating over the derived moduli stack of
metrics, effectively producing a functorial version of quantum gravity that is consistent with massive
graviton models [6,7]. The categorical path integral hence represents a fundamental bridge between
quantum field theory and higher category theory [9,10,12,13].

19. Categorical TOE: A Super 3-Category Framework for Matter, Forces,
and Spacetime

19.1. Structure of the Super 3-Category Crog

We define Cror as a super 3-category with graded morphisms, whose objects and morphisms
correspond to the fundamental physical entities:

Obj(Croe) = {M | M is a Lorentzian spacetime manifold}, (194)

1-Mor(Crog) = {Cssg(M) | Cssp is a category of symmetry-breaking field configurations over M},
(195)

2-Mor(Crog) = {Zint | Zint encodes interaction functors (Yukawa, gauge, gravitational)},  (196)

3-Mor(Crog) = {€ent | Eent represents quantum entanglement transformations between sectors}.
(197)
Each level of morphism adds a layer of physical abstraction. The 0-objects represent spacetime
itself; 1-morphisms describe categories of fields that inhabit spacetime; 2-morphisms describe physical

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202511.0091.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 November 2025 d0i:10.20944/preprints202511.0091.v1

27 of 29

interactions, such as gauge couplings or graviton exchange; and 3-morphisms capture quantum
correlations and entanglement across field sectors.

19.2. Functorial Symmetry Descent and Physical Hierarchy

The categorical TOE is constructed to satisfy the principle of functorial symmetry descent, repre-
senting the flow from fundamental unified symmetry to effective physical theories. This principle is
encoded as a sequence of functorial projections:

Croe = Cssp = Cpnysicss (198)

where the projection Cror — Cssp represents the emergence of symmetry breaking and vacuum
structure from the unified categorical object, and Cssg — Cppysics represents the emergence of observed
low-energy physical laws from broken symmetries.

Mathematically, this descent is a composition of two adjoint pairs of functors:

(Funify, Gbreak) : CToE S Css, (Hquant/ Kelass) : Cssp = CPhySiCS‘ (199)
y

Here, Fnify is the functor that collects all symmetry-breaking categories into the unified super-category,
while Gpreqk represents the process of descending from unified symmetry to individual physical vacua.
Similarly, H quant lifts classical physics into the categorical quantum framework, and K, recovers
classical observables from categorical data.

19.3. Mathematical Dynamics: 3-Morphisms and Quantum Correlation

In the super 3-category Ctog, quantum entanglement is represented as 3-morphisms between
2-morphisms, encoding transformations between interaction channels. Let Z;,Z; denote two interac-
tion functors. Then a 3-morphism

ETh=1 (200)

represents the quantum entanglement transformation between the two interaction sectors. This
includes not only quantum correlations between particles but also topological entanglement between
field sectors. The composition of such 3-morphisms defines the structure of categorical quantum
interference:

Epp o0&y =B gy, (201)

where 01,3 denotes the phase induced by interference of entangled morphisms. The categorical trace
over 3-morphisms defines a generalized quantum partition function:

Zroe = Trepy, (16108, (202)
which encodes contributions from all spacetime, field, and interaction levels.

19.4. Lagrangian Density as a 3-Functor

Within Crog, the physical action functional is replaced by a 3-functor
L3 : Ctop — Vect, (203)

assigning to each 2-morphism (interaction) a Lagrangian density in the target category of vector spaces.
The total action arises as a 3-integral over this functor:

Sror = / o, (204)
Obj(CroE)
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which recovers conventional field theory actions in the appropriate low-energy limit. For example,
integration over 2-morphisms reproduces the electroweak or gravitational actions, while integration
over 3-morphisms yields entanglement entropy and quantum coherence terms.

19.5. Physical Interpretation and Unification Implications

The categorical TOE provides a formal and conceptual framework uniting matter, forces, and
spacetime as manifestations of a single categorical structure. The hierarchical organization of mor-
phisms reflects the ontological structure of physical reality: spacetime provides the background
manifold (0-objects), fields populate spacetime as morphisms (1-morphisms), interactions connect field
categories (2-morphisms), and quantum entanglement binds these interactions into coherent quantum
systems (3-morphisms).

In summary, Crog provides a mathematically rigorous path toward a unified framework for all
interactions, where quantum gravity, gauge theory, and matter are expressed as interrelated levels of
categorical morphisms [6,7,9,10,12,13].

20. Conclusions

The framework developed in this work establishes a categorical and geometric unification of mass
generation mechanisms, bridging the Higgs field in the Standard Model and the gravitational Higgs
concept responsible for the mass of the graviton. By embedding both within the same categorical
infrastructure, the study demonstrates that symmetry breaking, vacuum selection, and mass acquisition
can be understood as universal functorial processes operating across gauge and gravitational sectors.

Our approach revealed that the Higgs mechanism, represented as a natural transformation
between gauge-theoretic functors, finds a precise categorical analog in the context of massive gravity.
The gravitational Higgs functor, acting on fields defined over Lorentzian manifolds with broken
diffeomorphism symmetry, leads to the emergence of massive spin-2 modes with two transverse and
one longitudinal degree of freedom.

The introduction of the unified category of spontaneous symmetry breaking, Cssp, provides a
higher-categorical platform that generalizes Higgs-like phenomena beyond conventional field theories.
Within Cgsgp, electroweak and gravitational vacua are represented as objects connected by natural trans-
formations encoding transitions between symmetry phases. This category admits higher morphisms
that correspond to quantum fluctuations and renormalization effects.

The conceptual progression toward a higher categorical Theory of Everything, Crop, illustrates
that all known physical interactions—gauge, gravitational, and quantum—may be viewed as successive
layers of morphisms within a super 3-category. Here, spacetime corresponds to 0-objects, fields to
1-morphisms, interactions to 2-morphisms, and entanglement to 3-morphisms. This hierarchical
description reflects the deep structural unity of matter, geometry, and quantum information.

In summary, the categorical synthesis proposed in this paper extends the language of theo-
retical physics into a new mathematical domain where mass, symmetry, and information coexist
within a single formal architecture. The Higgs boson and the massive graviton, traditionally viewed
as distinct physical manifestations, emerge as functorially equivalent components of a universal
categorical mechanism.
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