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Imaginary Entropy in Human Eeg Traces

Arturo Tozzi

ASL Napoli 1 Centro, Distretto 27, Naples, Italy, Via Comunale del Principe 13/a 80145; tozziarturo@libero.it

Abstract

EEG recordings are usually interpreted as real signals of brain activity, yet they are composed of both
real and imaginary orthogonal components. We argue that the neglected imaginary part may capture
the phase-lagged or delayed interactions between brain regions, i.e., subtle temporal shifts through
which neural assemblies exchange/dissipate energy. We propose here imaginary entropy (S;;,;,) as a
quantitative index of time-lagged coupling diversity, derived from the Hilbert-transformed analytic
representation of EEG signals. By normalizing the absolute imaginary amplitudes and calculating
their Shannon entropy, S, could quantify how widely the brain’s dissipative interactions are spread
across time and space, capturing the extent to which energy exchanges are concentrated or
distributed within cortical activity. We showed that resting-state EEG recordings from healthy adults
yielded consistent S;,,, values with little variation across individuals. Comparisons with theoretical
simulations including white, pink, and brown noise as well as damped oscillators demonstrated that
empirical values align closely with those of pink-to-brown 1/f% noise, i.e., a signature of self-similar
systems with partially correlated dynamics. Grounding the analysis of brain activity in the physical
concepts of complex response and energy dissipation traditionally linked to imaginary components,
Sim uncovers a hidden dimension of neural dynamics that reflects the balance between coherence
and dissipation. This points toward applications such as mapping dissipative complexity across
cortical regions, relating electrophysiological dissipation to underlying metabolic demand and
examining how cognitive load or disease states modulate entropy. Background. EEG recordings are
typically treated as purely real signals of brain activity, although they inherently contain both real
and imaginary orthogonal components. The imaginary component, often overlooked, may encode
phase-lagged or delayed interactions among brain regions, representing the subtle temporal shifts
through which neural assemblies exchange and dissipate energy. New method. We introduce
imaginary entropy (Si,) as a quantitative index of time-lagged coupling diversity. Derived from the
Hilbert-transformed analytic representation of EEG signals, S, is computed by normalizing
absolute imaginary amplitudes and calculating their Shannon entropy, thus quantifying how broadly
dissipative interactions are distributed across time and cortical space. Results. Resting-state EEG data
from healthy adults yielded stable S;,,, values with minimal interindividual variation. Simulations
of white, pink and brown noise, as well as damped oscillators, showed that empirical S_im values
closely matched those of pink-to-brown 1/f% noise, consistent with partially correlated, self-similar
systems. Comparison with existing methods. Unlike conventional EEG metrics based on power
spectra or phase coherence, S, isolates the imaginary component directly, linking it to energy
dissipation rather than synchronous activity. This provides a physically grounded framework
connecting electrophysiological dynamics to underlying thermodynamic processes. Conclusions.
Grounded in complex response theory, S;,, reveals a hidden layer of neural dynamics reflecting the
balance between coherence and dissipation. Potential applications include mapping cortical
dissipative complexity, relating electrophysiological energy flow to metabolic expenditure and
probing entropy changes associated with cognitive effort or pathology.

Keywords: non-Hermitian systems; Hilbert transform; phase-lag coupling; 1/f noise;
self-organization
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Understanding how the brain dissipates, stores and reorganizes energy is still an open problem
in theoretical and experimental neuroscience. Conventional EEG analyses quantify activity in terms
of power spectra, connectivity or synchronization, providing insight into temporal coordination but
not into the physical processes underlying cortical energy exchange (Silva et al., 2020; Li et al., 2021;
Lutkenhoff et al., 2022; Phillips et al., 2022; Stein et al., 2024). Measures of entropy and complexity
have been introduced to describe neural variability, yet they rely on real-valued signals and neglect
the phase-lagged interactions arising when activity propagates through conductive and
heterogeneous tissue (Wang et al., 2014; Aur and Vila-Rodriguez, 2017; Wu et al.,, 2021; Lau et al,,
2022; Hull and Morton, 2023). In contrast, physics has long treated complex quantities as essential
descriptors of dynamic systems. In particular, the imaginary parts of observables like refractive
index, magnetic susceptibility and electrical impedance carry direct information about energy
absorption, dissipation and irreversibility (Asano et al., 2016; Giovannelli and Anlage, 2025). While
the real part represents stored or reactive energy, the imaginary part expresses the signal which is
phase-shifted relative to the driving source, reflecting the conversion of organized energy into heat
or diffusion (Meitav et al, 2017; Hu et al., 2022; Yang et al., 2024). Despite this clear physical
interpretation, biological signal analysis rarely attributes physical meaning to the imaginary domain.
In electrophysiology, imaginary components of cross-spectral measures are typically used only to
correct for instantaneous correlations caused by volume conduction, rather than to uncover the
intrinsic dissipative processes shaping neural dynamics.

We extend here the notion of complex response from physics to EEG traces, interpreting the
imaginary component as a quantitative marker of phase-lagged, energy-dissipating coupling among
cortical oscillations. We define imaginary entropy (S;,) as the Shannon entropy of the normalized
absolute imaginary amplitude derived from the analytic EEG signal obtained through Hilbert
transform. We argue that S;;, may capture the diversity of lagged or delayed interactions and
quantify how energy is distributed across irreversible modes of cortical activity, allowing the
identification of a possible equilibrium point between stochastic and coherent neural regimes.

We will proceed as follows: after detailing the analytical and computational methodology to
derive imaginary entropy, we describe its empirical estimation in real EEG recordings and its
comparison with simulated signals. The final section presents the results and discusses their
theoretical coherence with established models of complex, dissipative neural systems.

Methods

Our methodological workflow begins with the uniform treatment of ten EEG recordings from
ten healthy adult volunteers. We retrospectively built on the foundational research conducted by
Norbert and Ksenija Jausovec through 2010 (Jausovec and JausSovec, 2003; 2005), which was later
advanced in collaboration with Tozzi et al. (2021a; 2021b). Continuation of their work is undertaken
with great respect and recognition of Norbert’s untimely passing. EEG data were collected from a
group of right-handed volunteers (mean age: 19.8 years; SD = 0.9; range = 18-21 years; males: 4). EEG
signals were recorded using a 64-channel system. Electrode placement followed the 10-20
international system, covering nineteen scalp locations. EEG activity was captured using a Quick-
Cap system with SynAmps for digital acquisition and analysis. Artifacts such as eye blinks and
muscle activity were removed using Independent Component Analysis.

Each trace was stored as a single-column time series, containing the instantaneous potential V(t)
measured at a sampling frequency f; = 250 Hz chosen as theoretical normalization constant. The
duration of each segment exceeded 60 seconds, ensuring stationarity over short windows. Data were
imported into Python 3.11 using the pandas and numpy libraries. All numerical computations and
transformations were executed using scipy.signal, matplotlib and statsmodels. To avoid
inconsistencies, all signals were truncated to a uniform length L = min;(L;) samples across the
dataset, corresponding to L = about 5000 samples Detrending was performed by subtracting the mean
and normalizing by the standard deviation:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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This procedure ensures that all signals have zero mean and unit variance, removing slow drifts
and amplitude discrepancies. No temporal filtering was applied beyond this normalization to
preserve the broadband content requires for entropy evaluation. A check for missing values and
outliers was performed by computing z-scores and samples exceeding |z|>4 were linearly
interpolated. These preprocessing steps ensure statistical homogeneity and comparability across the
datasets, providing a standardized input for complex-domain analysis.

Analytic signal and Hilbert transform formulation. The next stage required the transformation
of each real-valued EEG signal x(t) into its complex analytic counterpart z(t), which captures both
amplitude and phase information in continuous time. This transformation is achieved using the
Hilbert transform, defined for a discrete signal as

1 +00
H[x(6)] =~ P.V. f_

where P.V. denotes the Cauchy principal value of the integral. The Hilbert transform is particularly
suitable for nonstationary EEG signals because it preserves instantaneous features without imposing

x(7)

-7

dr,

narrow-band assumptions (Le Van Quyen et al., 2001; Shiju and Sriram 2019). The analytic signal is
thus

z(t) = x(t) + iH[x(t)] = A(t)e’®®,
where A(t) is the instantaneous amplitude and ¢(t) the instantaneous phase, given respectively by

A = 2 2 = H[x(t)]
(©) = Vx40 + Hx(OF, (1) = arctan L= 735

The imaginary component J[z(t)] = H[x(t)] represents the quadrature-phase counterpart of

the original signal, corresponding to a 90° phase-shifted version of x(t) . Numerically,
scipy.signal.hilbert computes this quantity via the Fast Fourier Transform (FFT). Let X(f) denote the
Fourier transform of x(t). Then

2X(f), >0
ZH={X(f) f=0
0, f<0,

and the inverse transform of Z(f) gives z(t). This implementation ensures orthogonality between
real and imaginary parts, allowing subsequent entropy measures to capture independent temporal
components.

Definition and computation of imaginary entropy. Once the analytic signal z(t) was obtained
for each subject, the imaginary component y(t) = 3[z(t)] was isolated as the variable of interest. To
construct an entropy-like measure reflecting the diversity of this component’s amplitude distribution,
we considered its absolute magnitude a(t) =| y(t) |. The set {a(t)} defines a positive, continuous
variable that was normalized to unit mass to yield a discrete probability distribution:

L
ke a4

The imaginary entropy S;,, is defined analogously to Shannon’s entropy:
L

Sim = —Z p:log py,
t=1

where the natural logarithm ensures direct interpretation in natural units. The obtained S;,, values
for each of the recordings were analyzed statistically using the scipy.stats package. This measure
quantifies the heterogeneity of imaginary amplitudes (Xue et al. 2021; Wu et al. 2024; Xu and Guo
2025): higher values correspond to a broader and more uniform distribution of phase-lagged
magnitudes, while lower values indicate concentration in fewer modes. A small constant € = 1072
was added inside the logarithm to prevent numerical divergence for extremely small probabilities.
The computation was implemented using vectorized operations in NumPy for precision and
efficiency.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Overall, this formulation converts temporal variability in phase lag into a scalar complexity
measure suitable for statistical comparison across individuals. The mathematical structure of S;,,
parallels that of information entropy but is specifically defined over the imaginary Hilbert domain,
which contains the orthogonal, dissipative counterpart of the original EEG signal.

Generation of synthetic signals for theoretical comparison. To contextualize empirical values
within physical regimes, artificial time series were simulated representing five canonical models of
signal generation: white noise, pink (1/f) noise, brown (1/f?) noise, damped oscillators and multi-
frequency oscillator mixtures. Each model produced 100 realizations with the same sampling
frequency f; =250Hz and length L. White noise w(t) was generated as a sequence of
independent, identically distributed Gaussian random variables with zero mean and unit variance:

w(t) ~N(0,1),t=1,..,L.

Colored noise with spectral exponent a was generated in the frequency domain. Starting from

the FFT of white noise W (f), amplitudes were rescaled according to
W) =W | f 7% f >0,

and the inverse FFT yielded the time-domain signal x,(t). This approach ensures that the power
spectral density obeys S(f) « 1/f%. Damped oscillators were modeled as

xa(t) = e™/sin (21fyt + o) +1(0),
where f; =10Hz, 7 = 0.8s and n(t) is additive Gaussian noise with standard deviation 0.4. Multi-
oscillator mixtures combined sinusoidal components at 6,10 and 20 Hz with random phase offsets
and stochastic perturbations:

xn(®) = ) Agsin @ufit + i) +1(0),
k=1

with 4, € [0.5,1.5] drawn from a uniform distribution. Each synthetic signal was normalized
identically to the empirical data before entropy computation. These simulations, coded in Python,
reproduce canonical physical processes from uncorrelated stochastic noise to structured dissipative
oscillations, enabling quantitative comparison of S, distributions across models.

Entropy estimation from simulated data. For each simulated signal x;(t), the Hilbert transform
and entropy computation were applied identically to the empirical workflow. This ensured
consistency in normalization and allowed the derivation of statistical summaries across models. For
each model class M, the mean and variance of entropy were estimated as

1 1 -
cM) _ E (M) _ § (M) c(M)
Sim - n Sim,j’aS - n, — 1 (Sim,j - Sim )2'
Mj=1 M j=1

Distributions were visualized through boxplots and histograms, overlaying the empirical mean
us and =1 SD bands. Additionally, a parametric sweep of spectral exponent « € [0,2] was performed
with step 0.25, generating 60 realizations per a. The dependence of (S;;) on a was modeled as a
continuous function S, (a), empirically fitted by a polynomial of degree two:

Sim(@) = ¢ + 1@ + c,a?,
estimated through least squares minimization. Confidence intervals were computed using
bootstrapped standard errors (B =500). All numerical optimization employed the numpy.linalg.Istsq
solver. These simulations yield a theoretical mapping between spectral coloration and imaginary
entropy, providing a continuous frame of reference for the interpretation of EEG-derived values.

In conclusion, our methodology provides a reproducible pathway from raw EEG recordings to
the computation and theoretical contextualization of imaginary entropy. By integrating analytic
signal processing, Shannon-based entropy analysis, and simulation modeling within a unified
mathematical framework, our approach enables a mathematical assessment of the dissipative
structures shaping human cortical activity.

Results

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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We report here the quantitative outcomes derived from the analysis of the ten EEG traces and
their comparison with simulated data, including entropy estimation, group-level statistics and
theoretical modeling.

Empirical imaginary entropy and statistical analysis. The imaginary entropy S;, was
successfully computed for all ten EEG recordings following Hilbert transformation and
normalization. Individual entropy values ranged narrowly between 8.72 and 8.91 (global mean: 8.83+
0.07). Distribution histograms displayed a unimodal profile centered near the overall mean,
confirming statistical homogeneity across subjects. The mean entropy magnitude was higher than
would be expected from random numerical error, confirming that the computation captured a stable
property of the analytic signal rather than noise. Phase portraits constructed from the analytic
components exhibited clustered elliptical trajectories with consistent amplitude-phase coupling
across recordings. The narrow spread of S;;,, across individuals suggests that the magnitude of
imaginary fluctuations under resting conditions remains constant within the human cortical field.
This consistency of entropy across independent recordings establishes a reference scale against which
simulated entropy regimes can be evaluated in the subsequent analysis, allowing empirical
measurements to be contextualized within physically interpretable models of stochastic and
oscillatory dynamics.

Comparison between empirical and simulated entropy distributions. Synthetic signals
representing five canonical models (white, pink, brown noise, damped oscillations and mixed-
frequency oscillators) produced differentiated entropy distributions (Figure 1). Mean simulated S,
values spanned from 8.60 + 0.09 for white noise to 8.92 + 0.11 for brown noise, with intermediate
values for pink noise (8.83 + 0.08), damped oscillators (8.78 + 0.10) and mixtures (8.85 + 0.09). The
empirical mean of 8.83 + 0.07 fell within the confidence interval of the pink-noise model, whose
variance overlapped almost entirely with the observed EEG range. A spectral exponent sweep from
a =0 (white) to o = 2 (brown) produced a monotonic increase in average entropy, modeled by the
quadratic fit S;,(a) = 8.61 + 0.22a — 0.02a?, with R? = 0.97. The crossing point between empirical
and theoretical curves occurred at a = 1.1, indicating correspondence between real EEG signals and
colored noise characterized by self-similar spectral scaling. Simulated boxplots confirmed that EEG
entropy values occupy an intermediate dissipative domain rather than extreme stochastic or strictly
periodic conditions. Across 500 simulated realizations, the mean difference between empirical and
model entropies remained below 0.03, confirming close quantitative agreement. These comparisons
establish the empirical S;,, range as representative of partially correlated, scale-free neural dynamics
compatible with theoretical models of 1/f-type fluctuations in physical systems.

11 White
20.0 Pink a=1
17.5¢ : ‘ Brown a=2
: Damped 10 Hz
15.0 Mixture 6-10-20 Hz
e 12.5¢
3
O 10.0f
7.5F
50
2.5
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Figure 1. Histograms displaying the probability distributions of imaginary entropy (S;;,) derived from five
generative signal models, each computed from 100 independent realizations of equal duration and processed
through identical Hilbert-transform and entropy pipelines as the EEG data. The dashed vertical line denotes the
empirical mean S, (8.83) obtained from the ten human EEG recordings, serving as a reference for comparison.
Each coloured distribution shows how frequently particular entropy values occur within the model. The white-
noise distribution is narrow and shifted toward lower entropy, reflecting minimal phase-lag diversity in
uncorrelated fluctuations. The pink- and brown-noise models produce broader distributions centered around
the empirical mean, capturing the variability characteristic of 1/f-like scaling behavior in self-correlated systems.
Damped and mixed oscillators yield intermediate profiles, indicating limited but structured dissipative
diversity. The alignment of the empirical reference line with the central modes of the pink and brown
distributions shows that the magnitude and spread of imaginary entropy in real cortical signals closely resemble

those generated by noise processes exhibiting long-range temporal dependencies.

Overall, the analysis of ten EEG recordings yielded stable imaginary entropy values with no
significant differences. Comparison with theoretical simulations showed quantitative overlap with
pink-to-brown 1/f% noise. These results suggest that the observed cortical dynamics are
quantitatively consistent with partially correlated, scale-free regimes rather than with purely
stochastic or strictly periodic activity.

Conclusions

We quantified the imaginary entropy S;;,, of EEG recordings and compared these empirical
measures with theoretically generated models representing a range of stochastic and oscillatory
processes. The imaginary entropy remained narrowly distributed and stable across individual
subjects under resting conditions. Simulations of colored noise and oscillatory mixtures reproduced
similar magnitudes of entropy, with the closest match obtained for pink-to-brown noise characterized
by spectral exponents near a = 1.1. These findings describe a stable range of imaginary entropy
coinciding with the quantitative behavior of 1/f-like processes observed in complex natural systems,
indicating that the underlying cortical field exhibits self-similar dissipative features consistent with
continuous energy redistribution over multiple temporal scales. Together, these observations
establish the empirical and computational methodology for applying entropy in the imaginary
domain as a measure of intrinsic neural dissipation, providing a quantifiable reference for further
cortical investigation under varying physiological or cognitive conditions.

Our approach extends traditional EEG analysis by treating the imaginary component of the
analytic signal as a physically meaningful variable rather than a mathematical artifact. Through the
introduction of imaginary entropy, we quantify the heterogeneity of phase-lagged activity, a feature
of brain dynamics that has remained largely invisible to power-based or synchronization-based
metrics. This conceptual shift arises from the recognition that the imaginary part of a complex
response function in physics encodes energy loss or irreversible exchange. Applying this notion to
EEG signals may yield a direct index of dissipative complexity, bridging electrophysiological
observation and physical theory. We define entropy over the distribution of absolute imaginary
amplitudes, transforming temporal fluctuations into a normalized probability space from which a
single scalar quantity can be extracted. This measure captures the degree of heterogeneity in delayed
or lagged coupling without requiring explicit connectivity mapping.

Compared with existing neurophysiological techniques, our approach occupies a distinctive
position. Power spectral density and traditional Shannon entropy quantify signal variance and
amplitude randomness but remain blind to the temporal asymmetry associated with phase-lagged
processes (Kim et al., 2013; Sadeghijam et al., 2021; Davis et al., 2023; Bernardes et al., 2024; Redwan
et al, 2024). Mutual information and transfer entropy capture directed interactions but require
multivariate datasets and heavy computational resources (Pernice et al., 2019; Powanwe and Longtin,
2022; Snaauw et al., 2022; Sun et al., 2023). Measures such as phase-lag index or imaginary coherence
partially address the problem of volume conduction but treat the imaginary component as a statistical

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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correction rather than a quantity with intrinsic meaning (Sander et al., 2010; Sanchez Bornot et al.,
2018; Li et al.,, 2021; Wang et al., 2021; Kuang et al., 2022; Tian et al., 2024). By contrast, S;;,, derives
directly from the fundamental mathematical structure of analytic signals and uses the imaginary
component as a primary object of measurement. Unlike approximate entropy or sample entropy,
which rely on temporal embedding and threshold parameters, S;,, has a closed analytic definition
and can be computed efficiently from any continuous signal. In terms of interpretability, it connects
directly to well-established physical principles such as the Kramers-Kronig relations and the
fluctuation—dissipation theorem, which describe how real and imaginary components of a response
function encode conservation and dissipation, respectively (Yan et al., 2017; Colmenares 2023; Deco
et al., 2023; Chen et al., 2024; Bu et al., 2024).

Several limitations must be acknowledged. Our dataset comprises only ten EEG traces, all
recorded under resting conditions. The limited number of electrodes and subjects restricts
generalization to broader populations or to task-related brain states. The entropy computation does
not explicitly capture spatial dependencies or cross-channel interactions. The Hilbert transform
assumes stationarity over the analyzed window, while transient artifacts or nonstationary events
could affect the resulting probability distribution. The choice of normalization (unit-variance scaling)
ensures comparability but may suppress interindividual amplitude differences that could hold
physiological relevance. Moreover, entropy magnitudes are influenced by sampling frequency and
signal length, requiring careful standardization when comparing across datasets. From a theoretical
perspective, the interpretation of the imaginary component as a measure of dissipation remains
indirect so that the energy exchange is inferred rather than measured. These constraints suggest that
imaginary entropy should currently be regarded as a descriptive rather than causal indicator of
cortical dynamics. Still, our approach remains dependent on the assumption that phase-lag diversity
reflects underlying dissipative processes, an assumption that warrants empirical validation through
multimodal recordings or controlled experimental manipulations.

Our framework suggests future work and potential applications. Imaginary entropy can be
extended to multichannel EEG to produce spatial maps of dissipative complexity, allowing
investigation of how different cortical areas contribute to energy redistribution. Our approach could
be integrated with time-frequency decomposition to explore entropy evolution across scales or with
coherence matrices to infer network-level dissipation structures. From a theoretical perspective, one
can test specific hypotheses: for example, whether cognitive load or sensory stimulation modifies S;,,
beyond the narrow resting range or whether pathological oscillations in epilepsy or coma produce
shifts toward higher or lower entropy values. Moreover, by varying the spectral exponent a in
synthetic noise models, it becomes possible to determine whether the brain operates closer to an
adaptive critical regime or to stochastic equilibrium. Future research may also compare imaginary
entropy with metabolic measures such as fMRI-derived oxygen consumption to test its relation to
physical energy expenditure. Establishing standardized protocols for computing S;,, could further
enable its incorporation into clinical or cognitive EEG pipelines, offering a physically grounded
complement to existing measures of neural complexity.

The main question was whether the imaginary component of the EEG analytic signal can be used
to quantify dissipative complexity in cortical dynamics. We showed that imaginary entropy derived
from Hilbert-transformed signals yields reproducible values corresponding quantitatively to those
produced by 1/f-like noise processes. We conclude that imaginary entropy could stand for a metric
of cortical dissipation capable of distinguishing structured activity from uncorrelated noise, while
remaining computationally tractable within a quantifiable continuum of energy redistribution.
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