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Abstract

The canonical quantization of gravity in general relativity is greatly simplified by the artificial de-
composition of space-time into a 3+1 formalism. Such a simplification appears to come at the cost of
general covariance. This quantization procedure requires tangential and perpendicular infinitesimal
diffeomorphisms generated by the symmetry group under the Legendre transformation of the given
action. This gauge generator, along with the fact that Weyl curvature scalars may act as “intrinsic
coordinates” (or a dynamical reference frame) which depend only on the spatial metric g,; and the
conjugate momenta p°?, allow for an alternative approach to canonical quantization of gravity. In this
paper we present the tensorial solution of the set of Weyl scalars in terms of canonical phase-space
variables.
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1. Introduction

Since its discovery in the early 1900’s, the General Theory of Relativity (GR) has suffered from
an embarrassment of riches [1,2]. Within a decade, GR was already in conflict with the emerging
field of Quantum Mechanics (QM) [3]. Substantial progress was made over the subsequent 50 years,
culminating in Dirac’s theory of gravitation in a Hamiltonian formalism [4]. Dirac inadvertently
implied that infinitesimal diffeomorphisms must incorporate a compulsory metric field dependence
and decompose spacetime into a (3+1) formalism [5]. This reformulation, popularized by Arnowitt,
Deser, and Misner (ADM), defined the lapse and shift functions (N, N?) to describe the arbitrary (3+1)
decomposition of the spatial-hypersurface and the time parameter [4—6]. This was most often used in
the context of ]. A. Wheeler’s geometrodynamical program to simply describe the evolution of solutions
to Einstein’s field equations [7]. Although the use of ADM formalism gained traction, the idea of
defining the lapse and shift functions as phase-space variables was abandoned [5]. Unknown to many,
the canonical quantization approach was hindered by Wheeler’s use of three-geometries. Wheeler’s
method focused solely on the spatial covariance and failed to incorporate the full four-dimensional
(4D) diffeomorphism symmetry. In the late 1950’s, those in the school of Wheeler’s geometrodynamics
were able to argue failures of similar theories, unaware that their criticism also applied to their own
approach” [8].

* We believe this is most likely caused by Bergmann’s work being deeply rooted in the passive diffeomorphism view.
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Any alternate approach to quantize gravity requires promoting some set of observables and
operators to describe the degrees of freedom of the respective phase-space. The use of local observables
or local quantum operators requires some “intrinsic coordinate system" (ICS) or a specific dynamical
reference frame (DRF) defining the gravitational interactions of the bodies that form the reference
frame. We refer to this ICS (or specific DRF) as an “intrinsic coordinate reference frame" (ICRF) for the
remainder of the paper. This is a necessary clarification as a quantum reference frame differs from a
classical reference frame [9]. One candidate for an ICRF is the set of Weyl scalars as proposed by Komar
in [10] where the spacetime geometry is described by the Weyl scalars. We make this choice since GR
is a fundamentally local theory which is background independent. Here background independence
means that the theory does not rely on ana priori choice of geometry, but rather the geometry is
determined by the dynamics of the theory itself [11]. This subtlety is often overlooked but has serious
consequences. In our case it becomes increasingly problematic when discussing “Geometrodynamics"
in which the geometry, and therefore the coordinate labelings, are dynamical. This is exemplified by
quantum mechanics in [12], where the dynamics of two equivalent, but isolated, systems differ when
described by the dynamics of the two systems coupled. In other words: there are no external objects in
a true relativistic theory, so the lack of a relationship between two distinct events fails to incorporate
the full dynamical behavior. Consequently, it becomes compulsory that we recognize the underlying
4D diffeomorphism symmetry.

We adopt the Rosenfeld-Bergmann-Dirac (RBD) approach because of its ability to describe a
total Hamiltonian by only primary and secondary first-class constraints (P, = 0, #, = 0) where
the constraints hold for all time given the initial conditions [11]. Working with the Hamilton-Jacobi
formalism we use the Bergmann-Komar (BK) group, but enlarge the group to include the lapse and
shift in the configuration space. Doing so, we can relate the gauge symmetry and the concept of time
as an evolutionary parameter [13].

In this paper we present the tensorial solution to the Weyl scalars in terms of the canonical phase-
space variables. It is already well known that the Weyl scalars are a set of scalar polynomial coordinate
invariants (SPCIs)" related to the original form of Géhénau and Debever coordinate invariants. We
note that traditional coordinate invariant scalars are not gauge-invariant, whereas the Weyl scalars
presented here are gauge-invariant scalars and depend only on the spatial metric and conjugate
momenta [15-18]. Due to the density of the topics discussed here, we assume the reader to be familiar
with the current understanding of observables [11,18-22], the intrinsic Hamilton-Jacobi approach
[5,15,23-26], canonical QG methods [27], and intrinsic coordinates [15,18,28,29].

For clarity we list the indexing convention used here. Lower case Greek indices («, j3,...) refer to
coordinates on the pseudo-Riemannian manifold M and take values from 0 to 3. Lower case Latin
indices (g, b, ...) take on the values of 1 to 3, indicating the spatial indices. Upper case Latin indices
refer to internal indices (I, J, ...) and run from 0 to 3 (or 1 to 4 for scalars). We reserve lower case Latin
indices (i, j, ...) for the internal spatial indices, which run from 1 to 3. The calligraphic capital Latin
indices (A, B, ...) refer to bivector indices and run from 1 to 6 for the symplectic group.

Note that our tetrad vectors do not transform as 4-vectors since they are coupled to the time
foliation [30,31]. We can return the metric tensor by using the internal metric

ny = n'l = diag(—1,1,1,1)

and the relations

T ’71]‘5;[44/

g = ;7UE¢E‘I’.

t Traditionally we refer to scalar coordinate invariants simply as “invariants" (SPIs) [14]. We adopt the “C" to distinguish
coordinate and gauge invariants.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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We also must mention the definition of 6. For a given field F(x), let F’(x’) represent the field obtained
under the infinitesimal coordinate transformation x'# = x# — e#, then §F := F'(x’) — F(x). This is the
Lie derivative with respect to /.

The ADM Lagrangian transforms as a scalar density (weight +1) under the active diffeomorphism-
induced field transformations (SE apm=(Lap Me”),y> . It was shown in [15] that this property allows

us to utilize Noether’s second theorem [32] so that the vanishing Rosenfeld-Noether charge, 6?4 DM 18
simply the generator of infinitesimal gauge transformations, Gz (x°):

/d3x pm = /dgx Ge(x9). (1)

v v
1062 ~ €261/

requires higher time-derivatives and so the Rosenfeld-Noether charge is not projectable to the canonical

We encounter an obstacle in which the traditional commutator Lie algebra, e# = €

phase-space under the Legendre transformations [15,31,33-35]. This is because the diffeomorphism-
induced gauge transformations are projectable under the Legendre transformation if, and only if, the
infinitesimal variations depend on the lapse and shift but not their time derivatives [28,36]. Instead,
we are required to define the diffeomorphism transformations to be dependent on the metric:

et =gt =l + o, 2)

where 1 is the normal to the constant time hypersurface:

~1/2
n}l — 78'011 (78'00) — (N_l, *N_lNa). (3)
The corresponding commutator algebra is
ot = off (21485 — 63,81) + e (98, — 828, ) + (2860, — 528, ) @)

where e is the inverse of the spatial metric g, (we differ from ADM or traditional notation where e

is often denoted as 7 or (})g? respectively). This was first derived by Bergmann when he noticed
that there was no simple relationship between Dirac’s phase-space (configuration space) and the
fiber-bundle(s) over the spacetime manifold [26,35]. This result is derived explicitly in [28].

With this decomposition we have the complete vanishing phase-space generator of diffeomorphism-
induced transformations

Ge (x0> =Pt + Mt + Py (CO — N”C,% + Nﬂﬁ”)
(5)
Py (N, — NEG™ + Nag® + NiEt — N'g5,),

/!

as originally presented in [15]. Here Py is the conjugate momenta of the shift. It is important to note
that the complete generator depends on the term ¥, and so the variations of the lapse and shift depend
on time-derivatives of the diffeomorphisms. On the other hand, the variation of g,, and p* under the
infinitesimal transformations (2) do not depend on the time derivative ¢ so they are “D-invariant"t. To
be more precise, consider infinitesimal coordinate transformations

P (6)

such that e# vanishes on the hypersurface x*, but assume de* /9x” does not vanish on this hypersur-
face. Then a D-invariant is, by Bergmann’s definition, a variable that remains invariant under this
transformation. In other words - its variation does not depend on this time derivative. This is still fully

¥ Bergmann gave this name in honor of Dirac. It describes an object whose transformation under a diffeomorphism does not
depend on the time derivative of the diffeomorphism [33].

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202510.2362.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 October 2025 d0i:10.20944/preprints202510.2362.v1

40f24

covariant under active general coordinate transformations as long as we enlarge the phase-space to
have the infinitesimal coordinate transformations dependent on the lapse and shift functions [15].

To compute the Weyl scalars in terms of canonical phase-space variables we must cast the Weyl
tensor into symplectic space with our enlarged BK group. Then we write the scalars in ADM and
tetrad formalisms in terms of the lapse and shift functions. These two mathematical forms will each
produce two scalars.

1.1. ADM Formalism

Starting with the ADM Lagrangian we follow [31], where we use minus one-half the ADM
Lagrangian to introduce the triad variables in the following section

1 1
£ = —>Lapu = —5NE(FR+KuK™ = (K%)7)
7)
1 2 (
= ——Nt <(3)R + Kabe’”ebchd — (Kabe”b) > .
2
Here the extrinsic curvature K, is given by
1 c C C
Kab = ﬁ(gab,o - N Sab,e — gCﬂN b gchN ,!1) (8)
1
=N (gab,o - zgc(aNC\b))'
Additionally, we define
t:=1/0g, )

where (3)¢ is the determinant of the spatial metric g,;. For completeness we also explicitly define the
conjugate momenta

pab _ (3)g<Kub _ cheab>,
(10)
Pab = (3)g<Kab - chgub)'

We make the distinction between the three-dimensional curvature scalar, ®) R, and the four-dimensional
curvature scalar 'R, where we also apply this notation for the traditional or commonplace (4D)
Riemannian tensors.

Since we want the canonical description (in phase-space), we will write the covariant (and
contravariant) space-time metric(s) in terms of the lapse function N and the shift vector N*,

_N2+gubNaNb gabNa «p _N_z N_ZNH
Sup = b P8 = —2nja pab anbn-2 |- (11)
8apN Sab N72N® e" — N°N'N
We note that the contravariant metric may be written as

M = et —ntnt, (12)

where e/ is the projection tensor, and is one of the three original D-invariants from Dirac [4]. We will
also use the D-invariant:
e =0, (13)

to work “on-shell" of the hypersurface. We write the Weyl tensor (conformal tensor)

1
Caprs = YRapys + 5 (8a5(4)Rm + gy W Rus — gy Rps — s Rm) "

1
te (37885 — Sas8pr) R,

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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where YR, g6 is the lowered Riemann tensor, ) R,p is the Ricci tensor, and (4)R is the Ricci scalar.
Weyl's tensor contains the ten field components that are not connected to the matter conditions of
Einsteins tensor. The Weyl tensor has the symmetries CN‘B,W; = —Cﬁ,w,; = Cy&aﬂ = —Ca‘[;(g,y. We may
use Gauss’s equation to write the Weyl tensor’s spatial components solely in terms of the canonical
variables, Cubcd =0 Rabcd + Kﬂchd - Kadec'
We introduce the definition for the contraction of the normal vectors with the conformal metric
tensor as
nécubcb‘ := CapeL- (15)

We can construct D-invariant components of covariant tensors of arbitrary rank in this form. To do so,
we start with a given covariant vector v;,. We then calculate the variation of v, under the infinitesimal
diffeomorphism (6) as,
dv, = €, vy +upve’,
SN =Ne&’+ ...,
SN =N e ...,

SO
on® = §(N1)
= - N 2N
— N1,
and

ont = —5(NTIN")
= N"25NN” — N"14N”
— N"IN%0 - N (N“éo + é”) +...
=N 1"+ ...

Keeping only the time derivatives of €/ we find,

S(vunt) =(€%vy + vy, ve¥ ) nt + vedn® — v,n"
I M H,

=¢"o,N 1 —9oN1e? —o,N~1¢% + ...

This shows that the variation does not depend on time derivatives of e¥. Therefore, if we consider
variations under diffeomorphisms that vanish on the constant xo hypersurface, v} := v,n" is a D-
invariant [5,37]. We should also note that for multiple contractions the tensor is denoted similarly
as

1Pn°Cupes := nPCaper, := Carer, = Capeac™. (16)

Multiple normal vector contractions, L, are organized so that they are always the last index for the
conformal tensor’s three-forms, and the even indices for the conformal tensor’s two-forms.

1.2. Tetrad Formalism

We must now create an orthonormal tetrad composed of the vector normal to the time-constant
hypersurfaces n# and triad vectors. We choose the tetrad so that the terms E} are the orthogonal unit
vectors. In particular we take

Ef =n =Nt —5{N"IN", (17a)

El' = 8}67. (17b)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Then the full contravariant tetrad set is written as

N1 0
Ho_
Ell = (—NlN” Ta), (18)
1

where we refer to the T} as the contravariant triads. This triad is related to the inverse spatial metric by
e = T Tib . The corresponding covariant tetrad is written in terms of covariant triads represented by
the orthonormal spatial one-forms t;, where our 3-metric is given by g, = tflté [38]. The full covariant

N 0
I _
= <t;N“ t;;)' (19

1.3. The Enlarged Bergmann-Komar Group

tetrad is then given by

In this section we review content of [33] in a more modern, readable manner. Géhéniau and
Debever first showed in [39] that the Weyl tensor gives four algebraically indepentent scalars. This
approach utilizes the fact that in the absence of any gravitational sources, the Weyl and Riemann
tensors are the same. Bergmann reformulated this slightly using six linearly independent bivectors
(skewsymmetric tensors of rank 2) that represent the Weyl tensor in phase-space (following the bivector
decomposition of Petrov [40]). The index pairs are:

Bivector index (A, 5, .. .) Index pair
1 (23)

(20)

N U1 = W IN
e N N
—_

(=)
~— — — ~— ~—

Note that for moving between the bivector and metric form, the index relations used for calculations

are
A+ aB, B<+— 9,

C < po, D+ v, (21)
E+— kA, F+—— Tw.
The Weyl tensor can then be represented as a 6 x 6 matrix C, where we must define two additional
matrices. One will take on the role of our metric tensor, G, and the other will raise and lower bivector
indices
GBC .— gvdlles] — g10g% — g% g17, (22a)
1

NAg =R, 5 = 8py805€" PP (22b)

(g

Here €7 is the Levi-Civita tensor density, with €"1?®> = 1. To avoid confusion with regard to
Bergmann’s notation, we will use epsilon to denote the Levi-Civita tensor with coordinate indices and
the delta symbol to represent Minkowski indices. Note that this epsilon has a tensor density of weight

one, e.g.
B = e“ﬁp‘fg’;?g’;gx;aaﬁ % =1 (23)
Additionally, G and N satisfy the relations
N2 = —T, (242)
NG = (RG)T = —GRT, (24b)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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where the superscript T indicates transpose, and Iz denotes the 6 x 6 unit matrix. We can then raise
the indices of X by
NPA = NP GEA, (25)

The algebraic properties of the Weyl matrix C are

c=cT, (26a)
cr=*c=x*cT =NT¢, (26b)
Tr(C) =0, (26¢)
Tr(*C) = 0. (26d)

We transform the above algebraic relations using tetrads of mutually orthogonal unit-vectors at a
“world point” and distinguish the first three bivector indices from the second triplet by denoting

(I 0 (0 I3
o5 2 )u- (2 B .

We may write the algebraic properties of matrix C as a set of 3 x 3 matrices A and B,

C= (2 _BA>, (28a)
A= AT, (28b)

B =BT, (28¢)
Tr(A) =0, (28d)
Tr(B) = 0. (28e)

After a Lorentz transformation, C may be written in complex notation as a symmetric, complex, and
trace-free matrix
Q=A+iB, (29)

which transforms as a tensor rank-2, and is diagonalized via Petrov classification [41,42].

The Weyl scalars may be derived by casting the Weyl tensor into an eigenvalue problem in which
the metric tensor becomes Minkowskian when the two symmetric 3D matrices, A and B, traces vanish
individually

(Capys — M8ur8ps — usgpr)) V™ =0, (30)

where the skewsymmetric tensor V7 is the eigen-bivector and A an eigenvalue [16,43]. The solution
of this problem gives four scalars:

W' := Tr(CGCG) = C43GPCCepGPA, (31a)
W2 := Tr(CGCR) = C4GCCepiPA, (31b)
W3 := Tr(CGCGCG) = C 4GP CopGPECe 7G4, (310)
W* := Tr(CGCGCR) = C45GPCopGPECe pRFA, (31d)

Here W', W? are quadratic, and W3, W* are cubic expressions of the Weyl conformal tensor where the
scalars are written in terms of canonical variables [16]5.

§ Bergmann originally wrote the scalars as “pl,

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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For a set of four independent functions of the scalars to serve as an ICS (or ICRF) they must
be algebraically independent, noting that not all solutions to Einstein’s field equations obey this
requirement. This is evident for Petrov types, N and 111, where this set of coordinate-invariants vanish,
although the Weyl tensor itself is nonzero [44].

Since W? (W*%) requires the use of both the tensor RDPA (RFA) and the triads used to describe this
matrix, we derive XP4 below to ensure invariance We wish to rewrite the expression (22b) in terms of
the Minkowski Levi-Civita symbol 6/XM, where 6912 = 1. We note that there must exist a constant £
satisfying

e = ROKMEXEPE ES, (32)

To determine the constant £, we contract with the covariant tetrads to get

e“ﬁpgeieéegey = fol/KM) (33)
so that
R= e“ﬁpaege};egeg’ = No"etl 243 = Nt. (34)
We then can write (32) in the form
e*Pr7 = Nto!IKMER EPER ES,. (35)
Note that
V-Wg =N, (36)
so that (35) becomes
enbor — gUKMEREPER EC [ (0 (37)

Substituting the above equation into (22b) gives
RAg = SUKMESEPES ES 00 €0s. (38)
Re-indexing A — D, and B — £ we can write
NP = W, = gugpndKMENEVERER,. (39)

Raising with (25) gives
1
nDA 2gm<gm5UKM E?’ E}’ EY £P GEA

Using (22a) for G¢ Aand §,* = 3ux8™", the above simplifies to
D,
NPA = gUKMEREVESER, .
Rewriting in terms of (52) gives us
NPA = 5K (' EVE“EP — n"EFESEP + EFEf n*EP — EFEMEnf). (40)

We now show that the scalar densities that require X transform properly under arbitrary spatial
diffeomorphisms:
T(x) = 8" T{ T} Tf,
1a 34/b y,.Ic
(') = sikpdres 9% 9% 9x°
T'(x') =" TV T; Ty 527 95 9nf
etef = 1k TdTeT] = TSR TATE T/,
1ep 5 95 3. 0w’
dxd 9x¢ Juxf ox

T'(x") = Te

7

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(so the determinant transforms as a scalar density of weight —1) while € transforms as a density of
weight +1. Therefore we require this additional factor T so that, W? (or W*#) transforms as a scalar (or
scalar density of weight zero):

ox’

ox

dx

W) = WA ()| S| |55

= W2(x).

Since both W, and Wj require the scalar density T(x), the presence of T(x) in Wy ensures that Wy
also transforms as a scalar of weight zero under the spatial diffeomorphisms. The only difference is
that W, couples linearly to RPA where Wy couples by a cubic contraction (of RFA).

2. Solution of Weyl Scalars

We now derive the exact relations between the four Weyl scalar functional invariants, W!, and the
canonical phase space variables. This was proposed in 1962 by Peter Bergmann after two were derived
by Bergmann and Komar two years prior [16,33].

2.1. The First Weyl Scalar

The first Weyl scalar does not require the tensor X and so we shall work solely with the ADM
formalism. Beginning with
W' = C4gGB¢CopGP4, (31a)

we rewrite the first Weyl scalar as
W' = CapysCoopr (GHOGP4). (322')

Using (A3a), we find

Wl = CaprysCoopv (4e7pe5aeﬂ“evﬁ — 1677 etV nf + 1667F’e”“n5n‘7n”nﬁ).
We contract using equations (15) and (16)

W = 4Cyp,56Coruve™ e’ e e'P — 16Ca116Cpoure™ e’ e + 16Cy 11 Corpreel™.

We simplify by using (13)

W = 4C,pcaCopne e e8"e" — 16C g Coore®e™ e8* +16Ca1cr Cergrees”,
and the inverse spatial metric raises the conformal metric tensor indices, so

W' = 4CpcgC™ = 16C,1caC™ | +16Ca1.CL"

The symmetries of the Weyl tensor allow us to re-index before (or after) raising the indices so that the
above line becomes
W = 4CupcaC™ —16C0er C™L + 161 C71 L.

Simplifying the coefficients leaves the first Weyl scalar
W = CopeaC! — 4Cope1 €1 +4Ca1n €L, (41a)

or written in the shorthand form so that we drop the L indicies

W! = CpegCed — 4C,, . C%C + 4C,,CY | (41b)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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This indicates that the original publication of Bergmann and Komar in [16] is lacking a negative sign
on the second term, 4C,,,C*’ in their equation (3) of their first Weyl scalar W!. This also fixes the
missing negative sign reprinted in equation (44) of the modern literature [13]. This sign error may
have arisen from the method of contracting for the on-shell (3- and 2-form) Weyl tensors. This is seen
by Bergmann and Komar in [16], where they agree with our definition of (16) where Pons et al. [13]
found this term by disregarding the original negative sign when using their equation (38).

2.2. The Second Weyl Scalar

Starting from the second Weyl scalar
W2 = CgGBCCopRPA, (31b)

we re-order, W2 = GBCCopRPAC 4B, and since we are using X in our calculation we should turn our
attention to calculating the product of

Y := CopRPAC 4. (42)
First by substituting (40) into (42) and re-indexing we get
Y = Coopund™ (n"EVEf*EP — n"EFEFERP + EFE nExP — EMEVEx*nP)Capos. (43"
Contracting (43") with (15) becomes

Y = 6" (Corru iV Ef* ExP Caprs — Coour E* E*ExP Cuprs
+CoouvE' E EPCrpys — Coopv E* EjV Ex*Carqs)-

Re-indexing again shows that the terms are equivalent, yielding
Y = 4Co1y EVE/* ExP Copys0”k. (43)
Substituting (17b) into (43) returns
Y = 4Coo1u T T Ty Capysda’ 6, 5P 6,

and simplifying gives
Y = _45ijkcpcmL Tia ij chcbc'yb‘ .

We can further simplify with the equality

SETITTY = Te™, (44)
to give us (42) in the form
Y = CepRPAC 5 = —4T€™ Coprar Cpeys- (45)
With (45) and (A3b) we write (31b) as
W2 = (2&%50 - 22ewn‘5n‘7) X (—4T€“bCCp(mLwa5). (32b')

Contracting (32b’) with (15) then simplifying with (13) gives

WZ = 74T€ubc (ZcefaLCbcgdegeedf - 22CeLuLCbchege) ’

T Note that the Greek indices in equation (42) are dependent only on the first index and last index.
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then raising with the inverse spatial metric we have
W2 = —8Te" (Cypar Coe — 2C8 L4 Cpegr)-
Re-indexing we find (31b)
W2 = —8Te™(Caat Coc™® — 2C7 Lar. Cpeat ), (46a)
or,
W2 = Te"™ (—Coper Cae™ +2Caper Crar) | (46b)

We note that there is a freedom when raising the indicies and that the authors choose the least-mixed
terms (e.g. mixed 2-form, lowered 3-form). We compare this to the original proposal from Bergmann
and Komar in [16] where they presented their solution of the second Weyl scalar as

W2 = elms (Ciklmciks + 2Cklmcks>-

We re-index and apply our method of normal unit contractions of L, as well as the symmetry (A2) for
the sign of the first term

abc Cdeubc +2Ccabc d)

Cdeabc cL + 2CcLabC LdL)

(

bc (

abc (CdeaLC bt 2CcLubC LdL)
(-

&

abc CdeaLCbch + ZCcLabCCLdL>

— gfbe (_CabcLCdeab + ZCabchchl‘) ’

So we are in agreement with the original publication by Bergmann and Komar in [16] with the exception
of the missing scalar-density T, as shown by Pons et. al [13].

2.3. The Third Weyl Scalar
Constructing the third Weyl scalar follows the method of the first

W3 = C45GBCCopGPECe £G4, (31c)

however the direct proof grows exponentially and can be unwieldy. This is seen when solving for the
product of GBCGPEGFA, Substituting the product (A3c) into (31c) we find

WS — (23e'ype&few<ew\erzxewﬁ _ 24 (ewpe&fewcev)\ T wnﬁ + 267peéaeykeraewﬁn )
+2%e1P el TP O T V4 2007007 ol TR Y A g n’g> (CapysCoopvCrrrw)-
Contracting with (15),(16), and (13) in one step returns

w3 = 23eceedfegiehjekaelbcabcdcefghci],kl
_24 (eceedfegleh]ekuCaLchefghCijkL + 2eceedfeglekaelhszbchefgLCz‘Lkl)

+25¢e8'e !0 C e Corgr Cirit + 206 8¢ Cop 14 Co o1 Cite -
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Raising'' and re-indexing gives
W3 = 8C11bchCdefCefab - 16CabcdcﬂbeLCCdeL - 32CahcdcabELCCdeL
+96Cpe, C a1 CL — 64Co1 C'Ler C7L L,
then simplifying gives the third scalar:
W3 = CabchCdefCefab - 6CabcdcabeLCCdeL (47a)
a
+12Cape, C a1 CL L — 8Ca1p Clrer C'LCL,
or,
W3 = CapeaCofC™ — 6C1caC™CM, +12C 1 C4C* — 8C, CP.C™ | (47D)
2.4. The Fourth Weyl Scalar
Following the procedure of our solution of W2, we use ¥/ to solve for W*
W* = C4gGBCCopGPECe 7 NTA. (31d)

We write the product of Ce 7R7AC 43, where we recall from earlier that the product depends only on
the first and last indices so that R4 is

NA = 59k (' EVETEY — n'EFETEY + EFEn"EY — EME)EyTn). (48)
Operating with the outer terms C¢ 7 and C 43, produces
CerRACu = —4Te™ Cpar. Coens- (49)
Using the above (49) and substituting GBCGP¢ (A3d), W* becomes
W4 — (_22 P00 itk VA _ 4 (e'yp T MKV A 4GP plK evAn5n0>
—256796”"11‘511‘711”11/\) X (—4Te“bCCpngK/\aLCbm5>.
Contracting with (15) and (16) then using (13) to drop to spatial indicies,” we find
W* =Tefbe (—BZeceedf esiehic, fehCija' L Crered
-2t <€Ce€df ¢8'Cofo1 Ciart Cyerca + eeS'e" CeLghCija’ch/c’cL>
—2°6e8'Coqr CiLu’LCb’c’cL> :
Raising indicies with the inverse spatial metric, then re-indexing returns

W* = Te* (_32CfgaLCbcdeCdefg + 64<CdefLCfLuLCbcde + CedeCbchCefuL)

—128CdLeLCeLaLCbch> .

" We raise so that the leading term matches with w, := Cpp,,sC, fCef % for the Carminati-McLenaghan invariants [14].

*  We distinguish a, b, ¢ := a’,b’, ¢’ to ensure proper ordering of the contracted indices.
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Re-indexing again and simplifying, we find the fourth Weyl scalar:
Wt = Teuhc <_CefgLCubchCdef + Z(CCdeLCeLfLCabcd + CdecLCabcLCdefL) (50a)
a
_4CCLdLCdLeLCabcL) ’
or,
W4 = Tebe (—cﬂbcdccdff Cefg + 2CapcdC™Cof + 2CpcCaof C — 4cubcccdcde) . (50b)

2.5. Weyl Scalars in Tensorial Form

We now present the set of all four Weyl scalars in terms of canonical phase-space variables:

W! = CppegCcd — 4C,,, C% +4C,,C°, (41b)

W2 = Tebe (—Cubche“b + zccacabc), (46b)

W3 = CapeaCefCY™ — 6C g C°C, + 12C 1, C™ 4 CF — 8C,p CPcC, (47b)

W4 = Tebe (—Cabcdccdef Cofg + 2CapcaC%Cy + 2CycCoy C¥¢ — 4cahcccdcde) . (50b)

3. Weyl Scalars for the Schwarzschild Solution

We present the example for the Schwarzschild solution as by choosing our coordinates/ gauge we
freeze our dynamical interpretation. Starting with n#, the normal to the constant time hypersurface:

~1/2

nt = _gOy (_gOO) _ (N_l, _N—lNa)’ (52)

where
ntn, = -1, (53)

so that
ny = {=N,0,0,0}, (54)

and 1 1 1

goo _ N2=_— N= ' (55)

—m, gOO/ \/@

The lowered and raised normal vectors are then

=1 000Y, m={-/1-2" 000 (56)
2 ! r

2

For the Schwarzschild solution the contravariant metric is written

r_’Zm 02 0 0
0 1—-<2 0 0
af r
0 o L o V ©7)
" 1
0 0 0 72 sin? 0
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so that
0 0 0 0 )
s |0 1-2 0 0 ) 1= (1) 0
ap r ab _ 0 1 0
e 0 0 rlz 0 , e ; r(; . (58)
1 2sin2 0
0 0 0 TaTs % sin” 6
Or simply listed:
J_q_2m om 1
- ’ -2 T 2anlp
r r rsin” 0 (59)
The elements of the lowered Weyl tensor are the same as those of the lowered Riemann tensor:
2m m(r —2m r — 2m)msin® 6
Co101 = 3 Coz02 = (r—2> Cozo3 = %
(60)
102
m msin” 0 -
— = — = 2 9-
Ci212 o 1313 o 233 = 2mrsin
To show that Cyp := n"Yn‘SCm/g,; = Cl,m;(;e%5 we evaluate
Ci1 = Ci212¢” + Cizi3e™”,  Cop = Coume!! + Cozpze™,  Caz = Caizie'! + Capzoe™, (61)
substituting (59) and (60) into (61) we get
2
- r2(r1n2m) 0
Cap = 0 L (62)
. 20
O O m51rn
Alternatively, finding Cygy = —1"Cpap,
1
no = —2 7 (63)
1 m
r
1 2m
Cin = n°Corn = —— <——3>
J1—2zm N T
r
1 m(r —2m)
Caoz = n°Coapz = ,
r
1 7 — 2m)msin? @
Ca03 = n°Cozos = <( )2 );
1—2n r
r
so there are only non-zero temporal 3-form terms. We can then write
Cape = 0. (65)
However, we can contract and find the lowered 2-form by contracting the temporal 3-form terms again:
nOCuOb 1 5 5
m m
C1=nCipp= —— - | = -,
11 n-C101 1— sz ( 1’3 ) 1’2(1’ — 21’?1)
1 m(r —2m) m
_ 0 _ =
Cpp =n"Copp = _27m< o >_r' (66)
1 r — 2m)msin® 6 msin® 6
r
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3.1. Raised 2-Form

The contravariant 2-form of the conformal tensor is written
CP = e"‘”eﬁvcw.
There are only the terms
Clt = ollelley,, €2 = e2e2Cy), B = B30y,

and substituting (59) and (66) into (68) gives
ol _ 1_Z_m 1_2_m  2m :_Zm(r—Zm)’
r r r2(r —2m) r

33 1 1 msin®8 o om
r2sin?0 r2sin20 r5sin0’

3.2. First Weyl Scalar Wy
To calculate C,;,C??,

CapC™ = C11CM + CppC%2 + C33C%,

_(_  2m ~ 2m(r —2m) Lmm msin® 6 m
U r2(r—2m) r rrd r r5sin2 6’

am?  m?  m?
_1’_6+]’_6+7‘_6/
_6m2

76’

2 ) )
Then, 4C,,C%" = 24r_g1, and with C,p,;C0cd = 2%’1;1 )

48m?
W' = CopegC +4C, 0% = 2

3.3. Third Weyl Scalar W3
Following the procedure of the previous Scalar, the third Weyl Scalar is found to be

5 48m3  48m®  96m®

3 _ w3 _ _
W° =W, (3)— T'9 + 1’9 — 7’9 ’

or simply put, the only non-independent scalar term is

3.4. Dependencies of Weyl Scalars Wy and Wo

The second and fourth Weyl Scalars require the lapse and scalar densities:

Nt = /Mg, tz\/a, Tl =t
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The value t is simply the determinant of the lowered spatial metric

F = M’ T=,/ ﬂ (75)
\ r—2m 15 sin? 0

The second Weyl Scalar is dependent on C,;,, which is zero so this scalar vanishes. Similarly for W*, all
of the terms are dependent on C,;, with the exception of one being dependent on C* which is also

zero if raised by the contravariant metric.
A heuristic interpretation of the 2-form is as the area-flux through the metric manifold. Similarly,
the 4-form may be interpreted as the volume-curvature contraction. Following this, our decomposition
suggests that one-half of the intrinsic curvature may be interpreted as self-energy of the geometry, and

the other half corresponding to the curvature flux normal to the manifold. This is similar to how the
Carminati-McLenaghan invariants decompose into quadratic and cubic contractions.

3
1)2
The non-trivial Schwarzschild BK-Weyl Scalars are: W3 = w)® _ 96;;13 which is similar to the

2V3
3/2
Carminati-McLenaghan invariants for the Schwarzschild solution which are w, = )” 67";3.

For the Schwarzschild example, there is no interesting information to gleam from the extrinsic
curvature, K,; and the conjugate momenta p* as both of these matrices are zero. This choice of a static
solution is slice-dependent which causes the extrinsic curvature and conjugate momenta to vanish.
In contrast, for spacetimes with intrinsic rotation, such as the Kerr solution, where these quantities
are nontrivial, there may be significant physical insight from comparing the intrinsic and extrinsic
curvature for dynamical behavior.

3.5. Intrinsic vs Extrinsic Foliation Slicing

Although our Scwarzschild example is static, we can still investigate how the curvature differs
on how we foliate our slicing. Since the curvature is solely intrinsic for the Schwarzschild solution
the extrinsic curvature is zero. Instead of static slicing in which there is no shift, let us look at the
Gullstrand-Painlevé [45,46] slicing in which the lapse is unitary but there is non-zero radial shift

2
ds? = —dt + (dr -+ V2m/rdt)” + 1 (d6% + sin® 6dg?). (76)
With N = 1 we find that g, # 0, so that N, = gy = 27"1 This gives

1
Ty = =1, Thy=—rsin?6, TG =T = - (77)

to be used in the covariant derivative

Similarly to the Schwarzschild slicing, the solution is static in which 9;7y,, = 0. The extrinsic curvature,
in terms of the covariant derivative, is

Koy = 0tYap — DalNy — DyNy), (79)

1
o
where for Gullstrand-Painlevé it simplifies to

1
Kap = 5(DaNp + DpNa). (80)
This gives

1 /2
K= =3 ?21 Koo = V2mr,  Kgp = V2mrsin’, 6D
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and from K = 9K, we find
0 o 3 [2m
K——K$+K9+K¢ __5”?3' (82)

Fully raised, K = q%qK ;, gives

1 /2m 2m 2m 1
(N i o _  [<° oo _ /20 - 83
K 2V B K \/rj' K \/;sin29' (&)

From the conjugate momenta equations given in (10) we find

_ . 00 . m B 1 m
p’ = —2sin0v2mr, p° = —sinb,| 53 p?? = — 5 /ﬁ’

(84)
Prr = —2sin0V2mr, pgg = —sinGw / %, p""” = —sin%)ﬁ.
The trace-density relation then agrees giving
p = yap™ = —2/7K = —3v2mrsin6. (85)

Now we wish to write the lowered spatial conformal tensor in terms of the canonical variables. We
start by writing the relation of the purely spatial Weyl tensor

Caped = 72‘75 Y2 ViCaprs, (86)
and the Riemann tensor

Ya 75%«; 7 (4)R,x;;y¢s = OIR gped + KacKpg — KogKpe- (87)

We then want the projected tangent to be preserved so that

P Y3806 Ry = Yaa (vf y? @ Rm) = 7R, (88)

where “_1" indicates the projected tangent terms. For all of the Ricci terms we obtain the antisym-
metrized combination

qu[d(4)Rcl]h - ’Yb[d(4)Rcl]g‘ (89)
For the scalar-curvature terms, we write

VYV (8av8p5 — Sws8pr) PR = (YacVod — Yaavoe) D R. (90)

We define the contracted Gauss relation in terms of the tangential projection of the 4D Ricci tensor as
Sap 1= DRz = O Rey + KKap — KK, o1

and its trace
§:=WRE = 9WRL = CIR + K2 — KK (92)

The conformal tensor (14), may be written using (86), (87), (91), and (92) as

Cabcd :(3)Rubcd + Kachd - Kadec

1

1 (93)
D) (’)/a[csd]h - 'Yb[csd]a) + 657a[c7d]h’
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Writing everything purely in canonical variables we get
1 7"p 1 YabP p
Kab - ab _ , K —_ - _ fa , K = — P 94
ﬁ(p 5 w === (v = 15") N ©4)
so that (91) and (92) become
Sy =ORap — ~pipin + 5 PP, and (%5)
v 2y
1 i1
—OBR - Zp il 4 =32
S R L PiiP + P (96)
respectively. Using (94), (95), and (96) we write (93) as
1 1 1 1 1
Cabed :(B)Rabcd + = [(Puc - ')’acp) <Pbd - 'dep) - (Pud - ')’adp) <Pbc - 'chp)]
0% 2 2 2 2 97)

1 1
) ('Yu[csd]b - 'Yb[csd]a) + 8S'Ya[c7d]b'

Equation (97) is the spatial Conformal tensor in terms of the canonical phase space variables.

When comparing the two metrics, Schwarzschild and Gullstrand-Painlevé, they only differ by
the foliation of the static slicing by being described by the intrinsic or extrinsic curvature without
altering the 4D information. The tidal field, or the gravitational behavior once the gauge is chosen,
is an intrinsic property of the spacetime and is independent of the coordinate representation or the
instantaneous labeling of points within the chosen frame.

We emphasize that it is the bookkeeping that differs: in the Schwarzschild static slicing the
curvature sits in 3 Rp.; with Pap = 0, while for Gullstrand-Painlevé slicing (3)R,ped = 0 and the same
tidal information sits in p,;, # 0. The 4D curvature is unchanged. This illustrates that gravity is not
a fundamental force but more better interpreted as the geodesic deviation relative to two observers.
Apparent forces such as Coriolis or centrifugal effects reflect the kinematics of the chosen coordinates
rather than genuine physical interactions. This indicates that when working with the Hamiltonian, the
tidal gravity can be described by either the configuration space or from the momentum space depend-
ing on the foliation choice. Intermediate slicings, such as those interpolating between Schwarzschild
and Gullstrand-Painlevé coordinates, can be formalized by introducing a one-parameter family of
canonical transformations, continuously mixing configuration and momentum representation of the
same curvature content.

Thus an ICRF distinguishes gauges by the same invariant tidal eigen-structures as is done in
characterization. If an affect dissappears when working with a proper ICRE it does not alter the Weyl
eigenvalues or the null principal direction, it is due to the gauge. For example in the Schwarzschild
solution the coordinate chart singularity is at the event horizon (r = 2M), where the Horizon remains
regular for Gullstrand-Painlevé. If the effect remains under all smooth coordinate transformations,
it represents an intrinsic tidal or geometric field and not a coordinate artifact. Observer-dependent
effects, must be treated separately (and carefully).

The ICRF identifies a preferred geometrical basis from the curvature invariance, be it Petrov
classification or the eigenframe of the Weyl tensor. The use of an ICRF provides an operational means
of implementing diffeomorphism invariance, allowing one to distinguish genuine curvature from
inertial artifacts, though it does not single out a unique physical frame. In this sense, the ICRF is
analogous to other invariant constructions, e.g. Segre or Petrov canonical frames, or frames defined by
curvature Killing vectors, which provide distinct but equally valid realizations of diffeomorphism-
invariant reference structures.
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4. Intrinsic Coordinate Reference Frame

Since the Weyl scalars presented here are solved in terms of the canonical phase-space variables,
we may choose four independent phase-space scalar functions to describe an ICRF. These scalar
functions may be chosen as our imposed gauge conditions, so that we may choose an intrinsic time
parameter (or evolutionary parameter) that depends on the phase-space variables [10,17]. For the
generic asymmetric case of an ICRF, we assume the scalars are independent so we may follow the
procedure given in [13].

We assume a local metric g*V(x) of a given gauge orbit is given in terms of a set of coordinates x*,
we introduce another local metric of the same gauge orbit by ¢'#¥(x") defined by x'#. We also assume
our metrics are related by an active diffeomorphism generated by the infinitesimal vector field €9,
written

g (x') = &M (x) + £ena, (8" (%)), (98)

where £, represents the Lie derivative with respect to the vector €”d,. Using the independence
of our Weyl scalars allows us to define four scalar functions, A’(x) (with A”/(x") corresponding to

g'"(x")), to imply
9Al(x)
det( o );Ao. (99)

The relation (98), states A’(x) = A’(x'), indicating that the scalar functions dictate a metric-dependent
change of coordinates. We adopt these four scalar functions to describe an ICRF

xl.= Al (100)

which is often referred to as “intrinsic coordinates". This ICRF is dependent on the background fields
of the intrinsic geometry, and a set of satellites measuring these scalars could be used to describe the
local four-geometry analogous to that of Global Positioning Systems (GPS) as proposed by Rovelli [47].

We show also that if we describe this ICRF as four spacetime “coordinates” x¥, by invoking the
gauge conditions

= XP[gap, p), (101)

we can allow characterization of distinct solutions to Einstein’s field equations (EFEs). With the gauge
condition (101), any phase-space solution for EFEs, along with the complete generator (5) will allow
transforming the given solution back into the form of (101).

This implies that the use of (101) would lead to a complete and non-redundant set of observables
that relate the generators and the infinitesimal canonical transformations, and identify equivalence
classes of solutions of EFEs [28,33]. A change of any of the initial coordinates (gauge-constraints) would
result in changing the gauge-orbit and consequently the physical state [13,15,20,28,33]. Transforming
to this ICRF will yield identical metric functions [13]. Using a fixed ICRF we get physically distinct
solutions with a change in the independent phase-space variables for a given initial intrinsic time. In
other words, each distinct solution represents a full equivalence class under general (non-phase-space
dependent) coordinate transformations.

5. Conclusion

In this paper we present the novel phase-space solution of the set of Weyl scalars in tensorial
form, two of which were derived by Bergmann and Komar in 1960 [16]. Although the nature of a full
diffeomorphism covariance was not fully understood at the time, Bergmann and Komar undertook a
Hamilton-Jacobi approach to GR and ultimately showed how classical solutions of the Hamilton-Jacobi
equations could be interpreted as identifying the reduced phase-space that results from the quotienting
of the full 4D diffeomorphism group. In [10], Komar suggested introducing an ICRF through use of
the Weyl Scalars, and so it is odd that both Bergmann and Komar never employed the Weyl scalars
while they worked closely with their Hamilton-Jacobi analysis [16].
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The implications of these Weyl scalars cannot be emphasized enough since the implementation
of such a dynamical coordinate system can be used to solve for local observables [11]. Another route
is using the ICRF in a perturbational approach to an isotropic and homogeneous toy model of the
universe, e.g. the Friedmann-Lemaitre-Robertson-Walker metric, to approximate (weakly) a set of
Dirac observables [31]. It is also of great interest to compare the Weyl scalars to that of the SPCls
such as the Cartan-Karlhede or Carminati-McLenaghan invariants which have been invaluable for
characterizing spacetimes such as through Petrov classification [14,41,48]. These Weyl scalars (or an
ICRF) may also aid with the development of recent extended quantum theories [9,49-55], especially in
those that stress the non-triviality of quantum reference frames [9].

The non-physicality of the Weyl scalars is far from aesthetically pleasing but is expected to be
invaluable with the works of numerical relativity. It is of interest to compute the Weyl scalars for
known solutions of EFEs such as the Schwarzschild, Kerr, Reissner-Nordstrom, and Kerr-Newman
metrics to investigate the background fields for an ICRF in ‘Geometrodynamics’. It is also of interest
for the applications of warp-drive and binary merger simulations. We plan to investigate the spinorial
construction of the Weyl scalars to be compared to traditional coordinate-invariants in a follow-up
paper, and how to distinguish individual internal parameters such as an evolutionary parameter that
may be interpreted as “time”.
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Appendix A. Generating Terms

Here we give an example as to how the product of (32a") is found, and then list the other products
for (31c). Starting from (22a) where we substitute (12) so that

GBC = (e — n"*np)(e‘s‘f — n‘sn”)

— (% — n®nP) (e — n"n?),
and expanding gives
GBC = 707 — %017 — 10" — 20T 4+ P n” + e n’nf + nVnfn’n — n’nfnn’.
Similarly

GDA — phagP _ Vit _ phtygvyB  oVBptyt o gVt B 4 olPyVy® 1 %V P — nVptntnb,
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So the product of the two lines above is

GBC GDA :e"/pe&rewcevﬁ _ e'ypeéaevaeyﬁ _ eépe'yaeyaevﬁ + eb’pe'y(revaeyﬁ
— 1Pl VP — 1P Byt 1P 0TV gt Pt 7P 07 BV
+ eVl P 4 %PV Byl n® — %PV Vi P — 9PV P Y
— el PP T — el BedT Y 4 etV T - eV BT O
+ eVl PeTP o nT 4 Vel PedT TP — VRl P e Y — V¥ elPe17 0 nP
+ et 1o nnVnP + e ePrudnTntn® — 1P nnntnP — PP nTn' n®
+ %My 1PV nP + 27" PnTnPntn® — 27V n T nfutnP — 27! TP n' n®
— PV nP — PP nTntn® + eV n T n ntnP + et non'n®

— &1t 0PV nP — e PndnPut n® 4 e nonPnt nf + &7 eMPnonPnVn®.
This becomes unwieldy so we decompose it into the form

GBCGPA — (GBCGDA>(0) + (GBCGDA>(1) + (GBCGDA) ) (A1)

)
where we write

(GBCGDA> (O)E GBCGPA 1 O(n“nﬁ),

(GBCGDA> (1)5 GBCGDA _ (GBCGDA) o + 0(,1“”;;”7”5)’

(GBCGDA>(2)E GBCGDA _ (GBCGDA)(O) _ (GBCGD.A) o

until no more terms remain. We use the symmetry
eteVh = —ev¥ehP, (A2)
to combine like-terms, e.g.

(GBC GDA) © = 100l VP — 1007 oV B _ 00Tl v | 00T oV B

becomes
(GBC GDA> = 4¢Pl VB
(0)

This follows for the other values
(GBCGDA) o — 47007 gl VB
(65ecP4) oy = 16 R,
(GBCGDA) - = 16" e 1’ n"nnP,

Gf%(; = 2¢7P¢%,

Gﬁg = —22e7p%n°,
(GBC GD&' G]-'A) _ 23e'ype(5(76;mev)\e"mew/3,
(0)
(GBC GD&' G}'A) " — 04 (ewpe&reyxev)\em n¥nb + 267peéaeykeraewﬁnvn)\),

(GBC GD&' G}'.A) 2 — 25pVPpHK g TRy 160V A + 26070 o007 ik Tt nvn)\nwnﬁ,
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(GBC GDS) — _ 22,70 00 phiK GVA
(0)
(GBCGDE) — 2 (e'ypeéaeyxnvn/\ 4 e’ypeyKeVAnzSnU),
(1)
(GBCGDE) — — 25pMPpH K S TV A
@)
We recombine our higher order terms so that
GBCGPA = 467607 ol eV — 1667P 2 el 1V 1P + 16e7P e n’n"n"nP, (A3a)
GBC = 2e7Pe07 — 2207P 10y, (A3b)
GBC GDé' GJ-'A — 2307000 oK VA ,TU (WP o4 (ewpeéoeyxev)\emnwnﬁ + Zewpeéaeyxemewﬁnvn)\)
5 T 0,0 A 6 o0 T A (A3¢)
+25610HK TR WP 0 TV g A L D6TP T pHK TRV Ay B
GBCGPE = 22,1000 phKgVA _ 04 (eVPe‘S‘Te”Kn"n’\ + e'”’e”%”n%") — 2% i nTnVn®.  (A3d)
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