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Article

Proving an Arrow of Time under Universal Time: A
DSFL Framework for Black-Hole Evaporation
Camilla Josephson

Independent Researcher, Sweden; cmkjosephson@gmail.com

Abstract

We develop a clock-neutral framework in which “time” is universal and measured by a single opera-
tional quantity: the calibrated residual of sameness between a statistical blueprint and the physical
response, both embedded in one comparison geometry. Two structural ingredients generate an intrinsic
arrow of time. First, admissible evolutions—those that respect the calibration and are nonexpansive
in the comparison norm—obey a Hilbert-space data-processing inequality, so the residual cannot
increase under any physically allowed step. Second, a dual-scale feedback law separates an immedi-
ate, local dissipation loop from a slow, causal relay; causal boundaries throttle the relay, yielding a
Lyapunov-type ringdown envelope set by the least-damped mode. All statements are invariant under
reparametrization and admit an intrinsic “DSFL-time” in which decay appears with unit slope on
semi-log axes. Applied to black-hole evaporation, the Hawking channel is an admissible map (stepwise
contractive in the relevant norm), horizons enforce a no-relay barrier, and exterior residuals decay
while global purity is carried by correlations (early/late radiation or islands). We prove global and
local no-inflation inequalities, the causal barrier, and the ringdown envelope, and we outline falsifiable
diagnostics—projection/data-processing checks, ringdown slopes, relay toggles, and cross-window
correlation structure—suitable for simulations and data

Keywords: Deterministic Statistical Feedback Law (DSFL); arrow of time; clock-neutral (universal)
time; data-processing inequality (DPI); Hilbert–Schmidt (L2) geometry; Stinespring/Kraus (Hawking
channel); conditional expectations (operator algebras); Volterra memory kernels; causal no-relay across
horizons; Lyapunov ringdown envelope; quasinormal modes (QNM), redshift; black-hole information
paradox; Page curve; island formula

1. Introduction
Time in relativity is relational and frame–dependent: proper time follows worldlines, and coordi-

nate time can be reparametrized without physical effect [1,2]. Yet many irreversible phenomena exhibit
a robust arrow of time that is not tied to a particular clock choice. This paper develops a clock–neutral,
operational arrow based on a single quadratic observable defined in one comparison geometry. The
central claim is that, once statistics (what is prescribed) and physics (what happens) are co–located
in a common Hilbert space, a minimal notion of “time flow” is simply the monotone contraction
of a calibrated residual of sameness. This arrow is intrinsic (invariant under time reparametrization),
causal (throttled by domain–of–dependence), and testable (Lyapunov envelopes, data–processing
checks). General relativity supplies the background causal structure; the DSFL framework supplies
the universal yardstick and the monotonicity theorems.

1.1. A Universal Yardstick for Time’s Arrow

We embed the statistical blueprint (what the model “asks for”) and the physical response (what
the system “does”) into the same Hilbert geometry (H, ⟨·, ·⟩). The calibration pair

I : S→ P, J : P→ S, IJ = idP, J I = PS, (1)
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aligns units, gauges, and types between channels. The single observable we track is the calibrated
residual of sameness

R(s, p) :=
∥∥ p− Is

∥∥2
H, (2)

which vanishes precisely when the response p is the calibrated image Is. Operationally, “time flows”
if R decreases. Because R is a norm in a fixed geometry, it is invariant under any admissible change
of coordinates or polarization that preserves Im I ; and because our inequalities are homogeneous
in time, they are invariant under any strictly increasing reparametrization of the time parameter
(“clock–neutrality”).

1.2. Two Structural Principles (Arrow and Causality)

(i) Admissibility⇒ data processing A physically allowed step (Φ̃, Φ) must respect calibration and
be nonexpansive in the comparison norm:

ΦI = IΦ̃, ∥Φ∥H→H ≤ 1. (3)

Then the Hilbert–space data–processing inequality (DPI) holds in one line,

R(Φ̃s, Φp) =
∥∥Φ

(
p− Is

)∥∥2
H ≤ ∥p− Is∥2

H = R(s, p), (4)

so no admissible coarse–graining or channel composition can increase R [3,4]. This monotonicity
supplies an intrinsic arrow independent of clock choice.

(ii) Dual–scale feedback ⇒ Lyapunov envelope & causal ceiling When dynamics are present, the
calibrated mismatch e := p− Is evolves by a universal two–loop law,

ė(t) = −Kimm e(t) −
∫ t

0
M(t− τ) e(τ) dτ + r(t), (5)

with an immediate (local) dissipative loop Kimm ⪰ 0 and a slow (nonlocal) causal relay M ∈ L1([0, ∞))

[5]. Causal boundaries (e.g. event horizons) throttle the slow loop: the retarded kernel has null/timelike
support and cannot relay calibrated content across a causally sealed boundary [1,2]. The exterior then
closes to ėU = −KimmeU + rU , so the exterior residual admits a Lyapunov (ringdown) envelope with
slope set by the least–damped mode of the immediate loop (red–shift/quasinormal modes) [6,7].

1.3. How DSFL Differs from (and Complements) Relativity

Einstein’s relativity fixes how clocks relate across frames (proper time, gravitational red–shift) and
supplies the causal scaffolding of spacetime (light cones, horizons) [1,2,8]. DSFL does not change
these facts. It adds a complementary layer: an observer– and clock–neutral notion of temporal direction
defined by a single, sector–neutral observable R in one comparison geometry, together with a canonical
reparametrization that makes the decay of R universal. The key separations are:

• Universal direction (DSFL) vs. symmetric equations (GR) GR’s field equations are time–reversal
symmetric on generic Cauchy data. DSFL installs a kinematic gate (admissibility: intertwining
+ nonexpansiveness) that yields a Hilbert–space DPI: R(Φ̃s, Φp) ≤ R(s, p). Hence the calibrated
residual cannot increase under any physically allowed step—an intrinsic arrow independent of
coordinates or foliation. (DPI: §2, §3)

• From GR rates to a DSFL clock GR supplies what damps (exterior gaps from red–shift/QNMs) and
where signals reach (domain of dependence). DSFL turns these inputs into a Lyapunov envelope and
an intrinsic clock: with λ(t) = κ(t)− ε(t) ≥ 0 one has Ṙ ≤ −2λR and, in DSFL time dτ̂ = 2λ(t) dt,
the unit–slope law dR/dτ̂ ≤ −R. (Envelope/clock: Thm. 2, Prop. 2, Thm. 3)

• Causality roles: GR constrains support; DSFL enforces no–relay GR’s cones/horizons fix the
causal ceiling; DSFL encodes it as vanishing interior→exterior relay in the slow loop (retarded
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kernel). The exterior closes to the immediate loop and inherits the ringdown envelope; no “revival”
from behind the horizon is allowed. (No–relay: Prop. 3)

• Universality under recalibration/sector changes Proper time depends on worldlines; DSFL’s
arrow and clock depend on the comparison geometry. Under any isometry U : H → H with
pushforward of (I , Kimm, M), one has invariance of R, λ, and dτ̂. Thus the decay law and
unit–slope timeline are calibration/sector invariant. (Lemma 2, Thm. 4)

• Distinct, falsifiable testables DSFL predictions are phrased as: (i) no growth of the calibrated
L2 residual under any admissible processing (DPI checks); (ii) semi–log straight–line ringdown
slopes determined by exterior gaps (rate extraction); (iii) zero fitted interior→exterior memory
blocks after horizon formation (causal ceiling); (iv) discrete ticks that sum to the continuum
clock via ∆τ̂ = − log(Rk+1/Rk) (tick composition). These signatures are invariant under time
reparametrization and recalibration and are orthogonal to standard frame-dependent clock tests.
(Sec. 1.6; Thm./Prop. references above)

Summary GR tells us where influence can flow and how fast exteriors damp; DSFL tells us what
necessarily decreases (the calibrated residual) and provides a universal, clock–neutral time in which every
lawful evolution decays with unit slope. Together they yield a precise, testable arrow of time without
altering relativity.

1.4. Black Holes as a Proving Ground (Without Changing the Clocks)

Black–hole exteriors provide a clean laboratory for the DSFL arrow. A single “Hawking
tick”—pair creation near the horizon followed by tracing the interior partner—is a completely posi-
tive, Heisenberg–unital step (Stinespring/Kraus) and therefore L2–nonexpansive [3,9]. Modeled as
(Φ̃Hawk, ΦHawk), it satisfies (4) stepwise:

R(Φ̃Hawks, ΦHawk p) ≤ R(s, p). (6)

Local KMS thermality of exterior marginals is compatible with this DPI; microstate dependence can
reside in correlations (early/late radiation or island wedges) without forcing any increase of exterior
R [10–13]. Thus the DSFL arrow of time—monotone contraction of R with a ringdown envelope—is
realized in a strictly clock–neutral way that complements, rather than competes with, Einsteinian
relativity.

1.5. What This Buys

Tracking the wrong observable (marginal entropy of a subsystem) obscures the arrow; tracking
the right one (a calibrated L2 residual) exposes it and makes it testable. In this paper we:

• formalize the DSFL kinematics (interchangeability, R, admissibility) and prove global/exterior DPIs
for R;

• derive a causal “no–relay” barrier at horizons and an exterior Lyapunov (ringdown) envelope;
• model Hawking ticks as admissible channels, reconciling locally thermal flux with stepwise

contraction of R;
• introduce a one–budget convention (no duplication of statistical content) that explains how correla-

tions grow without inflating any exterior residual; and
• spell out falsifiable diagnostics: projection/DPI checks, semi–log ringdown slopes, relay toggles,

and radiation correlation structure.

Throughout, the mathematics is elementary (orthogonal projections and nonexpansive maps inH), the
physics enters through causality and exterior decay, and the arrow of time appears as a theorem about a
single, operational observable—independent of which clock one uses to label the steps.
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1.6. Roadmap

Section 2 gives a two–page primer on the comparison geometry, interchangeability, the residual
R, and admissibility. Section 3 then states the trilemma and sets the DSFL kinematics, proving a
global/exterior Hilbertian DPI and deriving the dual–scale (fast/slow) feedback law with a causal
ceiling at the horizon, which yields an exterior Lyapunov (ringdown) envelope from red–shift/QNM
coercivity. Next, in Hawking channel as an admissible map we model each “tick” as a Stinespring/Kraus
CP–unital step and show stepwise L2-nonexpansiveness (with supporting operator–algebra citations),
reconcile local KMS thermality with monotone exterior R, and connect to Page/island purification
via correlations. The subsection Form of the paradox in DSFL variables restates what is actually con-
strained (the calibrated misfit R), followed by Resolution template giving stand-alone statements with
proofs/sketches (no-inflation, causal throttling, exterior envelope, Hawking admissibility, global DPI).
We then provide What can be tested (Section 1.6)—a falsifiability/diagnostics suite—and a geometric
add-on (subspace–angle contraction) for calibration quality and per-step guarantees. Appendices
include notation and a Generic Two–Channel Application Template for porting the scheme to other sectors.
Throughout, the mathematics is deliberately elementary (orthogonal projections, nonexpansive maps
inH, Stinespring/Kraus), while the physics enters through causality and established exterior decay
mechanisms.

1.7. What Has Been Done on the Arrow of Time (Concise Literature Map)
1.7.1. Statistical Origins and Classical Irreversibility

The modern “arrow” begins with Boltzmann’s H–theorem and kinetic programme [14,15], imme-
diately challenged by Loschmidt’s reversibility and Zermelo’s recurrence objections [16,17]. Gibbs’
ensembles and coarse–graining reframed typicality and macrostates [18], while Lanford’s theorem
clarified the Boltzmann–Grad limit for short times [19]. Eddington popularized the “arrow of time”
as macroscopic irreversibility [20,21]; Ehrenfest–type models illustrated approach to equilibrium [22].
Linear nonequilibrium thermodynamics (Onsager, Kubo) connected entropy production to response
[23–25].

1.7.2. Quantum Open Systems, Entropy Production, and Data Processing

In quantum dynamics, completely positive semigroups (GKS–Lindblad) supply the canonical irre-
versible evolutions [26,27]. Spohn’s inequality and Davies theory put entropy production and detailed
balance on operator footing [28,29]. Monotonicity of quantum relative entropy (data–processing) was
established by Lindblad, Uhlmann, Lieb–Ruskai, and Petz [30–33]; modular theory and conditional
expectations yield nonexpansive projections in L2 [3,34–36]. Stinespring/Kraus dilations and Schat-
ten–2 contractivity underpin stepwise coarse–grained arrows [37–39]. Classical information DPI and
fluctuation theorems give complementary statements [40–46].

1.7.3. Locality and Causal Speed Limits

Lieb–Robinson bounds and their refinements quantify finite–speed propagation in lattice and
continuum systems—operator–level causal cones for many–body dynamics [47–50]. These provide
rigorous “no–relay” constraints for retarded kernels.

1.7.4. GR, Horizons, and Gravitational Arrows

Einstein’s field equations supply proper time and causal cones but are time–reversal invariant
in generic settings [1,8,51]. Irreversibility enters through global/causal structures: Hawking’s area
theorem, Bekenstein–Hawking entropy, and semiclassical radiation [52–55]. Exterior decay and
red–shift/Price laws establish quantitative relaxation (ringdown) [6,56,57], and QNM spectra organize
late–time behaviour [7]. Cosmological “arrows” include Weyl–curvature ideas [58] and modern
expositions [59].
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1.7.5. Black–Hole Information, Page Curve, and Islands

Unitary evaporation constraints (Page curve) and firewall/complementarity debates [10,11,60–64]
were reframed by replica–wormhole/island computations that reassign entanglement wedges while
keeping semiclassical exteriors [12,13].

1.7.6. Why These Strands Matter for “Time” in DSFL

(i) Monotonicities (quantum DPI, Spohn/Lindblad) justify kinematic arrows under coarse–graining
[3,30,31,33]. (ii) Locality (Lieb–Robinson, domain–of–dependence) supplies causal ceilings—no in-
stantaneous relay [1,2,47,48]. (iii) Exterior decay (red–shift/Price/QNMs) turns the arrow quantitative
(a slope) [6,7,57]. (iv) Islands/Page locate unitarity in correlations, compatible with local arrows for
calibrated R [11–13]. (v) Einsteinian GR contributes the metric and cones [8,51]; DSFL contributes a
single, calibrated Lyapunov functional and a clock–neutral time in which every admissible evolution
decays with unit slope.

1.8. Contributions (What Is Proved in This Paper)
1.8.1. One Observable and Kinematics

• Global/exterior Hilbertian DPI for the calibrated residual R(s, p) = ∥p − Is∥2
H. For every

admissible step (Φ̃, Φ) (intertwining ΦI = IΦ̃, nonexpansive ∥Φ∥H→H ≤ 1),

R(Φ̃s, Φp) = ∥Φ(p− Is)∥2
H ≤ ∥p− Is∥2

H = R(s, p), (7)

so no physically allowed coarse–graining increases the calibrated mismatch. (Kinematic arrow;
clock–neutral.) (Thm/Prop: DPI statements; §2, §3)

1.8.2. Dynamics and Rate (Dual–Scale Feedback)

• Exterior Lyapunov (ringdown) envelope For the dual–scale Volterra law ė = −Kimme−
∫ t

0 M(t−
τ)e(τ) dτ + r with Kimm = K∗imm ⪰ 0, ⟨Kimmx, x⟩ ≥ κ(t)∥x∥2, M ⪰ 0 (retarded), and |⟨r, x⟩| ≤
ε(t)∥x∥2, the exterior residual obeys

Ṙout(t) ≤ −2λ(t)Rout(t), λ(t) := κ(t)− ε(t) ≥ 0, (8)

hence Rout(t) ≤ e−2
∫

λ Rout(t0). (Quantitative arrow; rate = least–damped exterior mode.) (Thm.2,
Corollary “QNM/rate”, §3)

• Causal no–relay across horizons If M has null/timelike support, then after horizon formation∫ t
0 MU←H(t− τ)e(τ) dτ ≡ 0. The exterior closes to the immediate loop and inherits the envelope.

(Prop.3, §3)

1.8.3. Clock–Neutral Time and Universality

• Intrinsic DSFL time and unit–slope law With dτ̂ = 2λ(t) dt, dR
dτ̂ ≤ −R and R(τ̂) ≤ e−(τ̂−τ̂0)R(τ̂0).

The statement is invariant under any strictly increasing reparametrization and unique up to an
affine change. (Prop.2, Thm.3, §3.9)

• Universality across calibrations/sectors If U : H → H is an isometry and we push forward
(I , Kimm, M), then R, λ, and dτ̂ are unchanged. (Invariance of the arrow and the clock.) (Lemma2,
Thm.4)

1.8.4. Discrete Ticks and Hawking Channel

• Hawking tick admissibility & stepwise contraction A single emission step (Stinespring/Kraus
dilation + interior trace) is Heisenberg–unital CP⇒ L2–nonexpansive; hence Rk+1 ≤ Rk per tick.
Discrete DSFL time ∆τ̂k := − log(Rk+1/Rk) ≥ 0 composes multiplicatively to the continuum
envelope. (Cor.6, Prop.4, §3)
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1.8.5. One–Budget Law and Entanglement Mechanism

• Budget conservation and no duplication With s = w s0,
∫

w = 1, admissible statistical updates
are Markov (mass–preserving): budget can be redistributed and correlated but not cloned (no
w→ w⊕ w, no e→ (e, e)). (Lemma1, Cor.1, Prop.11, §6.9)

• No perfect broadcasting of incompatibles If two noncommuting presentations are to be pre-
served simultaneously with DPI for all inputs, they must commute; otherwise some R inflates.
(Budget–language restatement of no–broadcasting.) (Prop.12)

• Entanglement as coordinated reassignment Nonfactorizable “stitching” across a cut increases cor-
relations while keeping local/exterior R nonincreasing; this is the unitary mechanism compatible
with the local arrow. (§6.9.12, Prop.13)

1.8.6. Geometry–Set Progress Per Step

• Subspace–angle tick bound If a block implements (exact or approximate) orthogonal projection
onto V = ran I , then

Rafter ≤ sin2θF Rbefore, ∆τ̂ := − log
( Rafter

Rbefore

)
≥ − log

(
sin2θF

)
. (9)

This is a clock–neutral, dynamics–free lower bound on the per–step DSFL time advance, set purely
by the Friedrichs angle θF between U = P and V = ran I . (Prop.1.8.6, §Geometric context)

1.8.7. Separation from GR (What DSFL Adds)

• No GR–only local Lyapunov Time–reversal symmetric Einstein–matter Cauchy problems ad-
mit no strictly monotone, diffeo–covariant local scalar for generic data; DSFL provides one by
calibration and admissibility. (Prop.15, §10.4)

• Using GR to get a DSFL clock GR gives cones and exterior gaps (red–shift/QNM), while DSFL
turns them into a Lyapunov arrow and an intrinsic, unit–slope time. (Thm.13, Thm.14)

1.8.8. What We Do Not Claim

• We do not derive von Neumann–entropy Page curves; we prove contraction for L2–residuals and
explain how purification lives in correlations (islands/early–late radiation) without increasing
any exterior R.

• We do not modify GR or semiclassical QFT; all physics enters via causal support and established
exterior decay.

2. DSFL in Two Pages (Self-Contained Primer for New Readers)
Discussions of “information loss” or “purification” often compare quantities that live in different

mathematical spaces (fields, states, coarse-grained observables). To reason cleanly about what can or
cannot increase under physically allowed operations, we place both sides of the description—statistics
and physics— into one Hilbert geometry and measure a single, objective gap. The DSFL claim
is deliberately modest: once statistics and physics are co-located in a common geometry, the one
observable that semiclassics can provably control is a calibrated L2-residual. Everything else (e.g.
purification) is delegated to correlations rather than to local marginals.

2.1. Common Comparison Geometry

Fix a (real or complex) Hilbert space (H, ⟨·, ·⟩) with norm ∥x∥ :=
√
⟨x, x⟩. We embed:

- a statistical blueprint channel S (what the model “asks” for), and - a physical response channel
P ⊂ H (what the system “does”)

in the sameH. This co-location makes comparisons well-typed, Euclidean, and orthogonalizable.
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2.2. Interchangeability (Calibration) Maps

A calibration pair
I : S→ P, J : P→ S (10)

is required to satisfy
I J = idP, J I = PS, (11)

where PS is the orthogonal projector onto the blueprint subspace S ⊂ H. Equation (11) encodes
two-way coherence: pushing a physical response to the blueprint and back is the identity on the
physical side; pulling a blueprint to the physical side and back projects to the canonical blueprint
subspace. Intuitively, (I ,J ) is the calibrated meter that says when “model” and “device” are literally
the same object inH.

2.3. Residual of Sameness

With (s, p) ∈ S× P we track a single observable—the calibrated misfit

R(s, p) :=
∥∥ p− Is

∥∥2
H ≥ 0, R(s, p) = 0 ⇐⇒ p = Is (perfect match). (12)

R is the “thermometer” for sameness: it vanishes iff the physical response is exactly the calibrated
image of the blueprint. BecauseR is purely metric inH, it is invariant under any isometry U : H → H
with U(Im I) = Im I (change of basis, polarization, or coordinates that preserve the calibrated image).

2.4. Admissible (Physically Allowed) Updates

An update (Φ̃, Φ)—think “model step” on S and “physical step” on P—is admissible if it satisfies

Φ I = I Φ̃ (intertwining of calibration) and ∥Φ∥H→H ≤ 1 (nonexpansive/contractive inH).
(13)

The first identity says “do the model step and then calibrate” equals “calibrate and then do the physical
step.” The second says the physical step cannot amplify distances in the comparison geometry. Both
properties are stable under composition, so sequences and flows of admissible maps remain admissible.
In particular, admissible steps are the discrete counterparts of the continuous immediate (local) loop
and slow (causal, nonlocal) relay used later.

2.5. Data–processing inequality (DPI) and clock–neutral arrow

From (13) and (12):

R(Φ̃s, Φp) = ∥Φ(p− Is)∥2
H ≤ ∥p− Is∥2

H = R(s, p). (14)

Thus no admissible evolution can inflate the calibrated residual. This supplies an intrinsic arrow of time:
the monotonicity of R is invariant under any strictly increasing reparametrization of the evolution
parameter (i.e. it is “clock–neutral”).

2.6. Data–processing inequality (DPI) in one line

From (13) and (12) we immediately get

R(Φ̃s, Φp) =
∥∥Φ

(
p− Is

)∥∥2
H ≤ ∥p− Is∥2

H = R(s, p). (15)

Thus no admissible evolution can inflate the calibrated residual. This is the core monotonicity used through-
out: it supplies an intrinsic arrow independent of coordinates, coarse–graining, or the choice of time
parameter. In particular, the DPI is clock–neutral: it holds for any ordering of admissible steps and any
strictly increasing reparametrization of the evolution parameter.
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2.7. One–budget convention (no duplication of description)

To make “no cloning of description” precise, we represent the statistical content as a reweighting
of a fixed prototype:

s(·, t) = w(·, t) s0, w ≥ 0,
∫

w dµ = 1. (16)

Admissible updates may redistribute the share w (move blueprint weight around) but cannot create new
statistical degrees of freedom. This “one stock of sDoF” rule prevents hidden double–counting: every
apparent “split” is a partition of the same budget, not the birth of an additional prototype.

Lemma 1 (Budget preservation as a Markov pushforward). Assume the one–budget ansatz s(·, t) =

w(·, t) s0 with w≥0 and
∫

w dµ = 1. If (Φ̃, Φ) is admissible and Φ̃ acts locally on w through a linear positive
operator T (i.e. Φ̃(w s0) = (T w) s0), then T is Markov:

T w ≥ 0,
∫
(T w) dµ =

∫
w dµ = 1. (17)

Proof. Positivity follows from positivity of Φ̃. For mass preservation, test against the constant func-
tional induced by J I = PS:∫

(T w) dµ = ⟨1, T w⟩ = ⟨J I1, T w⟩ = ⟨J (ΦI1), w⟩ = ⟨1, w⟩ =
∫

w dµ, (18)

using intertwining ΦI = IΦ̃ and the normalization I1 = 1.

Corollary 1 (No duplication of the one budget). Under Lemma1 and Eq.4, no admissible (Φ̃, Φ) can map a
single input budget w (with

∫
w = 1) into two independent outputs w1, w2 each of full mass (

∫
w1 =

∫
w2 =

1) that preserve the same calibrated content. Equivalently, admissible maps allow only partitions w = ∑ℓ wℓ

with ∑ℓ

∫
wℓ = 1 (no mass creation, no cloning). In particular, perfect broadcasting of noncommuting

presentations is impossible unless they share a common abelian pointer subalgebra.

Remark 1 (One budget, many slices). “Many outputs” in DSFL means a slice of the single budget
(sub–budgets whose masses sum to 1), not multiple budgets.

Proof. Setup Let (S,P, I ,J ) be a calibrated pair with residual R(s, p) := ∥p − Is∥2
H and assume

admissible evolutions (Φ̃, Φ) are intertwining and contractive so that the DPI holds:

R(Φ̃s, Φp) ≤ R(s, p). (19)

A full budget means a single global weight w (or statistical budget) satisfies
∫

w dµ = 1 and is conserved
by admissible maps.

Cloning the budget is impossible Suppose there exist two independent, identical copies produced from
the same input, each carrying a full budget. Either:

(a) The total budget becomes
∫
(w⊕ w) d(µ⊕ µ) = 2, contradicting the conservation law

∫
w dµ = 1

(mass creation); or
(b) Conservation is enforced by splitting the same unit budget into two marginals while keeping

them identical and independent. On the residual side this forces the error direction e := p− Is to
be duplicated isometrically, i.e. one demands an admissible channel Φ with Φ : e 7→ (e, e) and
∥(e, e)∥ =

√
2 ∥e∥. But then by contractivity of admissible maps,

∥(e, e)∥ = ∥Φe∥ ≤ ∥e∥, (20)

which is impossible unless e = 0. Hence exact duplication of a nonzero residual direction violates
(19). Thus two independent identical full budgets cannot be produced.
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Broadcasting noncommuting data is impossible A broadcasting map would simultaneously produce
two marginals that each reproduce the same calibrated statistics (no increase of the residual) for two
different target tests (observables/channels). Formally, one would require an admissible (Φ̃, Φ) such
that for two marginals M1, M2,

R
(
Φ̃s, MiΦp

)
≤ R(s, p) (i = 1, 2). (21)

If the two tests are incompatible (noncommuting), the corresponding residual directions cannot be
simultaneously contracted to saturate both inequalities unless the data commute: otherwise one of the
two marginals demands contraction along a direction that necessarily enlarges the other. Equivalently,
if both marginal residuals were nonincreasing for all inputs, the pair would define a joint admissible
contraction of two noncommuting directions, contradicting the nonexpansiveness bound (19) except
in the commuting case where a common orthogonal decomposition exists. Hence broadcasting is
precluded unless the targets commute.

Both claims follow from budget conservation and the DPI nonexpansiveness of the residual.

2.8. Dual–scale feedback (immediate local loop, slow nonlocal relay)

We model the calibrated mismatch e := p− Is ∈ H by a Volterra two–loop law

ė(t) = −Kimm e(t) −
∫ t

0
M(t− τ) e(τ) dτ + r(t), (22)

where:

• Kimm : H → H is the immediate (local) loop, densely defined, self–adjoint and positive, capturing
modewise/pointwise calibrated restoring action;

• M : [0, ∞)→ L(H) is a weakly measurable, positive semidefinite kernel (M(σ) ⪰ 0) representing
a slow, retarded nonlocal relay;

• r : [0, ∞)→ H is an admissible remainder, small in the sense specified below.

2.9. Standing Hypotheses

There exist functions κ(t) ≥ 0 and ε(t) ≥ 0 such that for all x ∈ dom(Kimm)

⟨Kimm(t) x, x⟩ ≥ κ(t) ∥x∥2, |⟨r(t), x⟩| ≤ ε(t) ∥x∥2, (23)

and M(·) ⪰ 0 in the Loewner sense (i.e. ⟨M(σ)y, y⟩ ≥ 0 for all y ∈ H and σ ≥ 0). We also assume
Kimm(t) preserves the exterior and, when needed, is coercive there.

Energy identity and Lyapunov envelope Taking theH–inner product of (22) with e(t) yields

d
dt
∥e(t)∥2

H = 2⟨ė(t), e(t)⟩

= − 2⟨Kimme(t), e(t)⟩ − 2
〈 ∫ t

0
M(t− τ)e(τ) dτ, e(t)

〉
+ 2⟨r(t), e(t)⟩. (24)

By M(·) ⪰ 0 we have
〈 ∫ t

0 M(t− τ)e(τ) dτ, e(t)
〉
≥ 0, so this term is dissipative. Discarding it gives an

upper bound

d
dt
∥e(t)∥2

H ≤ − 2κ(t) ∥e(t)∥2 + 2 ε(t) ∥e(t)∥2 = − 2
(
κ(t)− ε(t)

)
∥e(t)∥2. (25)

WritingR(t) := ∥e(t)∥2 we obtain the Lyapunov envelope

Ṙ(t) ≤ − 2λ(t)R(t), λ(t) := κ(t)− ε(t), (26)

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 30 October 2025 doi:10.20944/preprints202510.2339.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202510.2339.v1
http://creativecommons.org/licenses/by/4.0/


10 of 59

and hence, for t ≥ t0,

R(t) ≤ exp
(
− 2

∫ t

t0

λ(τ) dτ
)
R(t0). (27)

In the time–homogeneous case (κ, ε constants with κ > ε) this simplifies toR(t) ≤ e−2(κ−ε)(t−t0)R(t0).

Remark 2 (Augmented functional with memory). When one wants to use the relay dissipation quantita-
tively, introduce H(σ) :=

∫ σ
0 M(θ) dθ and the Lyapunov functional

V(t) := ∥e(t)∥2 +
∫ t

0
⟨H(t− τ)e(τ), e(τ)⟩ dτ. (28)

A standard calculation (differentiate under the integral sign and use H′ = M) gives V̇(t) ≤ −2κ(t)∥e(t)∥2 +

2ε(t)∥e(t)∥2, so (27) holds with R replaced by V , which controls ∥e∥2 from above and below under mild
integrability of H.

Remark 3 (Laplace-domain sanity check). If Kimm and M are time–invariant, Laplace transforming (22)
(with f̂ (s) =

∫ ∞
0 e−st f (t) dt) gives(

sI + Kimm + M̂(s)
)

ê(s) = e(0) + r̂(s). (29)

Positivity of Kimm and of 1
2 (M̂(s) + M̂(s)∗) for Re s ≥ 0 yields resolvent accretivity, which is consistent with

the time-domain decay in (27).

2.10. Causality and “no–relay” across forbidden domains

Assume Kimm is local in the underlying geometry (acts pointwise/modewise) and generates a
support–preserving semigroup S(t), and assume M(σ) has causal support: it vanishes outside the
admissible influence cone (e.g. it cannot bridge a horizon in zero time). The Duhamel formula

e(t) = S(t)e0 −
∫ t

0
S(t− τ)

(∫ τ

0
M(τ − θ)e(θ) dθ

)
dτ +

∫ t

0
S(t− τ)r(τ) dτ (30)

exhibits an explicit domain of dependence. If e0 and r vanish on a forbidden region and M is causally
supported, then e(t) also vanishes there for all sufficiently small t > 0 (and in general until char-
acteristics reach the region). This is the DSFL no–relay statement: the slow nonlocal loop cannot
instantaneously transport calibrated content across causally forbidden sets.

Clock–neutrality and intrinsic DSFL–time All conclusions above are invariant under strictly increas-
ing reparametrizations of time. If θ = θ(t) with θ′(t) > 0, then

dR
dθ

=
dR
dt

dt
dθ

(31)

preserves the sign, hence monotonicity. An intrinsic, sector–neutral clock is defined by

dτ̂ := 2 λ(t) dt =⇒ dR
dτ̂
≤ −R, (32)

so that R(τ̂) ≤ e−(τ̂−τ̂0)R(τ̂0) has unit slope on a semilog plot, independent of the original time
parameter. This furnishes a canonical “DSFL–time” for comparing decay rates across sectors and
calibrations.

Corollary 2 (Exterior coercivity). If Kimm is coercive only on the exterior subspace Hext (e.g. outside a
horizon), the same derivation yields (27) for the exterior residual Rext(t) := ∥Pexte(t)∥2, with κ replaced by the
exterior coercivity constant. The nonlocal relay still contributes dissipatively and cannot instantaneously refill
the exterior because of causality of M.
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Remark 4 (Smallness regimes for r). Typical admissibility takes the form ε(t) ≤ ε̄ < κ∗ with κ∗ > 0 a
uniform lower bound on κ(t), ensuring λ(t) ≥ κ∗ − ε̄ > 0 and hence exponential decay. More generally, if
ε ∈ L1

loc with
∫ ∞

t0
ε(τ) dτ < ∞ while

∫ ∞
t0

κ(τ) dτ = ∞, thenR(t)→ 0 by (27).

Arrow of time (what this buys us) With (11)–(22) in force, the sign of the calibrated residual slope is
fixed and furnishes a sector–neutral arrow of time:

Ṙ(t) ≤ − 2λ(t)R(t), λ(t) := κ(t)− ε(t) ≥ 0,

hence, for any strictly increasing reparametrization, the decay is preserved. In particular, in the intrinsic
DSFL clock dτ̂ = 2λ(t) dt one has

d
dτ̂

lnR ≤ −1 =⇒ R(τ̂) ≤ e−(τ̂−τ̂0)R(τ̂0),

so the arrow is realized as a unit-slope straight line in semi–log scale, independent of microscopic
details.

Consequences No new entropy axioms are required; standard Hilbert geometry (orthogonal projec-
tion, contractive admissible maps) plus causal support of the memory term already yield:

• No inflation (DPI): exterior residuals are nonincreasing under admissible evolution by (11).
• Ringdown envelopes: the immediate loop −Kimme supplies the Lyapunov rate κ that drives expo-

nential relaxation.
• Causal “no–relay”: the slow Volterra relay cannot instantaneously transport calibrated content

across forbidden domains (e.g. horizons); memory is retarded and dissipative.
• Local thermality vs. global purification: monotone decay of R is compatible with local thermal

appearance while the global state purifies—both are governed by the same residual ledger.

Thus the single observable R functions as a conserved, sector–neutral “ledger of sameness,” and its
monotone decay defines the DSFL arrow of time.

2.11. What in DSFL Resolves the Paradox (Concise, Technical Summary)
2.11.1. Core idea (arrow-of-time version)

DSFL does not add microscopic machinery; it reframes the paradox as theorems about the right
observable and the right causal constraints—thereby producing a sector–neutral arrow of time. The key
moves are:

Replace “information” by a single calibrated residual of sameness

R(s, p) := ∥ p− Is ∥2
H. (33)

What this does: Identifies an objective mismatch between statistical blueprints (s) and physical responses
(p) in one Hilbert geometry. Why that helps: admissible (intertwining, contractive) evolution controls R
directly. EFT constrains R, not marginal von Neumann entropies. The standard conflict came from
constraining the wrong quantity. Admissibility⇒ a one-line DPI for R (global and exterior) If (Φ̃, Φ)

is admissible with ΦI = IΦ̃ and ∥Φ∥H→H ≤ 1, then

R(Φ̃s, Φp) =
∥∥Φ

(
p− Is

)∥∥2 ≤ ∥p− Is∥2 = R(s, p). (34)

Paradox mapping (USHL):

• (U) Unitarity: Rtot never inflates (global DPI).
• (S) Semiclassicality: exterior coarse–grainings/channels cannot increase Rout.
• (H) Thermality: thermal-looking marginals coexist with DPI since the constraint is on R, not

spectra.
• (L) Locality/causality: DPI composes with causal support (below).
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1. Dual–Scale Feedback and a Causal Ceiling at the Horizon

The calibrated mismatch e := p− Is obeys a Volterra law

ė(t) = −Kimm e(t) −
∫ t

0
M(t− τ) e(τ) dτ + r(t), (35)

with an immediate local dissipator Kimm ⪰ 0 and a slow retarded memory kernel M(·) ⪰ 0 of causal
support. The memory loop cannot relay calibrated content across the event horizon; only the exterior
immediate loop acts there. Consequence: Rout(t) satisfies a Lyapunov (ringdown) envelope set by the
least–damped exterior mode; no nonlocal “revival” from behind the horizon is required (or allowed).

2.11.2. Arrow-of-time statements (rates and clock-neutrality)

Assuming ⟨Kimmx, x⟩ ≥ κ(t)∥x∥2 and |⟨r(t), x⟩| ≤ ε(t)∥x∥2, the energy identity gives

Ṙ(t) ≤ − 2λ(t) R(t), λ(t) := κ(t)− ε(t) ≥ 0, (36)

hence

R(t) ≤ exp
(
− 2

∫ t

t0

λ(τ)dτ
)

R(t0). (37)

For any strictly increasing reparametrization θ = θ(t), the sign of dR
dθ matches that of dR

dt , so monotonic-
ity is clock–neutral. Choosing the intrinsic DSFL clock

dτ̂ := 2λ(t) dt =⇒ dR
dτ̂
≤ − R, (38)

one obtains a unit–slope decay R(τ̂) ≤ e−(τ̂−τ̂0)R(τ̂0) in semi–log scale. This furnishes a canonical,
sector–neutral arrow of time.

Theorem 1 (Exterior Lyapunov envelope). Let e(t) satisfy the dual–scale law above with Kimm = K∗imm ⪰ 0,
⟨Kimmx, x⟩ ≥ κ∥x∥2, and |⟨r(t), e(t)⟩| ≤ ε∥e(t)∥2 for 0 ≤ ε < κ. Then

Ṙout(t) ≤ − 2(κ − ε) Rout(t) ⇒ Rout(t) ≤ e−2(κ−ε)(t−t0)Rout(t0). (39)

Proposition 1 (Causal throttling of the slow loop). If M(t) is retarded and vanishes on spacelike–separated
pairs beyond finite propagation speed, then for an exterior tube U and trapped region H one has, for t after
horizon formation, ∫ t

0
MU←H(t− τ) e(τ) dτ = 0. (40)

Thus interior histories do not feed the exterior via the memory loop; the arrow is enforced locally by Kimm.

2.12. Bottom line

No new entropy axioms are required. Standard Hilbert geometry (orthogonal projections; contrac-
tive, intertwining admissible maps) plus causal support of the memory term yield: no inflation (DPI),
ringdown Lyapunov envelopes, no–relay across horizons, and compatibility of local thermality with global
purification—all manifested as monotone decay of the single, sector–neutral ledger R. This monotonic-
ity defines the DSFL arrow of time and is invariant under any strictly increasing reparametrization
(clock–neutral).

2.12.1. Bottom–Line “Solve” in One Sentence

Move the constraint from marginal entropies (where Hawking thermality creates tension) to
the calibrated residual R (which EFT can provably contract), and enforce causality so the slow loop
cannot transport sameness across the horizon. Then purification is relegated—correctly—to correlations
(early/late radiation or islands), which does not conflict with the monotone decay of any exterior
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R. Thus (U) unitarity, (S) a semiclassical exterior, and no-drama horizon regularity become jointly
consistent.

3. DSFL Resolution of the Black–Hole Information Paradox
3.1. Idea in one Line

Instead of juggling subsystem entropies (which change with the partition and are only loosely
controlled by semiclassics), DSFL tracks a single, calibrated quantity that semiclassics does control: a
Hilbert–space mismatch between what physics produces and what the calibration predicts.

3.2. One observable to rule them all

Fix a calibration pair (I ,J ) on a common Hilbert geometry (H, ⟨·, ·⟩). Define the Residual of
Sameness (RoS)

R(t) :=
∥∥ p(t)− Is(t)

∥∥2
H, e(t) := p(t)− Is(t). (41)

Interpretation: R(t) = 0 iff the physical response p coincides with the calibrated blueprint Is; otherwise
R measures their objective squared distance. The DSFL claim is that admissible physics makes R
monotone, and in the exterior it obeys a Lyapunov ringdown envelope.

3.3. Admissibility⇒ a Hilbertian DPI for R (global and exterior)

A physically allowed (admissible) step (Φ̃, Φ) consists of an intertwining update ΦI = IΦ̃ and a
contractive exterior map ∥Φ∥H→H ≤ 1. Then the one–line data–processing inequality (DPI) holds:

R(Φ̃s, Φp) =
∥∥Φ

(
p− Is

)∥∥2
H ≤ ∥p− Is∥2

H = R(s, p). (42)

This is pure Hilbert geometry (firm nonexpansiveness / orthogonal projection calculus) and is di-
rectly clock–neutral: monotonicity is preserved under any strictly increasing reparametrization of the
evolution parameter.

3.4. Immediate Loop⇒ Exterior LYAPUNOV (Ringdown) Envelope and a Canonical Arrow-of-Time
3.5. Minimal Dynamical Model (Dual–Scale Feedback)

We model the calibrated mismatch by a local–plus–memory Volterra law

ė(t) = − Kimm(t) e(t) −
∫ t

0
M(t− τ) e(τ) dτ + r(t), (43)

with the following transparent roles:

• Immediate loop Kimm(t) = Kimm(t)∗ ⪰ 0 acts locally on the exterior subspace Hout and admits a
coercivity margin

⟨Kimm(t)x, x⟩ ≥ κ(t) ∥x∥2, x ∈ Hout. (44)

Intuition: red–shift/QNM damping supplies κ(t).
• Slow relay M(·) ⪰ 0 is a positive, retarded (null/timelike supported) memory kernel. It can only

dissipate R further; it never injects mismatch.
• Remainder r(t) is small in the sense

|⟨r(t), x⟩| ≤ ε(t) ∥x∥2, 0 ≤ ε(t) < κ(t) a.e (45)

We write R(t) := ∥eout(t)∥2 for the exterior residual.

Theorem 2 (Exterior arrow-of-time via dissipation with memory). Under (43)–(45) and causal support of
M, the exterior residual satisfies the differential envelope

Ṙ(t) ≤ − 2λ(t) R(t), λ(t) := κ(t)− ε(t) ≥ 0, (46)
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and therefore the integral bound

R(t) ≤ exp
(
− 2

∫ t

t0

λ(τ) dτ
)

R(t0) (t ≥ t0). (47)

In particular, if λ(t) ≥ λ∗ > 0, then R(t) ≤ e−2λ∗(t−t0)R(t0) (ringdown).

Proof. Take theH inner product of (43) with eout(t):

d
dt
∥eout∥2 = −2⟨Kimmeout, eout⟩ − 2

〈 ∫ t

0
M(t− τ)e(τ) dτ, eout(t)

〉
+ 2⟨rout, eout⟩. (48)

Positivity of M makes the middle term≥ 0 (dissipative). Using (44) and (45) yields Ṙ ≤ −2κR+ 2εR =

−2(κ − ε)R, and Gronwall gives (47).

Remark 5 (How memory helps quantitatively). Set H(σ) :=
∫ σ

0 M(θ) dθ and V(t) := ∥eout(t)∥2 +∫ t
0⟨H(t− τ)e(τ), e(τ)⟩dτ. Then V̇(t) ≤ −2κ(t)∥eout(t)∥2 + 2ε(t)∥eout(t)∥2, so the same envelope holds

with V , which controls R under mild integrability of H.

Remark 6 (Quantifying memory dissipation). Define the cumulative kernel H(σ) :=
∫ σ

0 M(θ) dθ and the
Lyapunov functional

V(t) := ∥eout(t)∥2 +
∫ t

0

〈
H(t− τ) e(τ), e(τ)

〉
dτ. (49)

Guiding idea: store past mismatch with a positive weight. Differentiating under the integral and using
H′ = M ⪰ 0 (Bochner integral calculus) yields

V̇(t) ≤ − 2 κ(t) ∥eout(t)∥2 + 2 ε(t) ∥eout(t)∥2, (50)

so the envelope (47) holds with R replaced by V . Since the second term in V is nonnegative, V controls R
from above and provides a quantitative way to keep the memory contribution, rather than discarding it. Mild
integrability of H (e.g. H ∈ L1

loc in operator norm) suffices.

Corollary 3 (QNM/rate identification). If Kimm is time–independent and accretive with spectral gap κ∗ :=
inf σ

(Kimm+K∗imm
2

)
> 0, and if ε(t) ≤ ε̄ < κ∗, then

R(t) ≤ e− 2(κ∗−ε̄) (t−t0) R(t0). (51)

Physics reading: κ∗ is set by the least–damped exterior quasinormal mode (QNM), so the envelope matches
ringdown intuition: the slowest exterior mode bounds the decay of the whole residual.

3.6. Universality of time: a canonical, clock–neutral parametrization

DSFL furnishes an intrinsic time variable in which all lawful evolutions decay with unit slope on
semi–log axes.

Definition 1 (DSFL clock). With λ(t) := κ(t) − ε(t) ≥ 0 from (46), define the strictly increasing
reparametrization

dτ̂ := 2 λ(t) dt, τ̂(t) := τ̂(t0) + 2
∫ t

t0

λ(τ) dτ. (52)

Proposition 2 (Unit–slope law in DSFL time). With τ̂ as in (52), the differential envelope (46) is equivalent
to

dR
dτ̂
≤ − R =⇒ R(τ̂) ≤ e−(τ̂−τ̂0) R(τ̂0). (53)
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Hence the DSFL arrow–of–time is a straight line of slope −1 on semi–log plots, independent of microscopic
details.

Proof. By the chain rule,
dR
dτ̂

= (dR/dt)/(dτ̂/dt) =
(
− 2λ(t)R(t)

)
/
(
2λ(t)

)
= −R(t), interpreted in

the envelope sense.

Theorem 3 (Clock–neutrality; affine uniqueness of the DSFL clock). Let θ = θ(t) be any C1 strictly
increasing time change. Then sign dR

dθ = sign dR
dt (monotonicity is clock–neutral). Moreover, if λ̃(θ) is the

induced envelope rate, the corresponding DSFL clocks satisfy

d˜̂τ = 2λ̃(θ) dθ = 2λ(t) dt = dτ̂ ⇒ τ̂ = a + b ˜̂τ with b > 0, (54)

i.e. the DSFL clock is unique up to an affine change of origin/scale. In particular, (53) is invariant.

Proof. If θ′(t) > 0, then
dR
dθ

= (dR/dt)/θ′(t) has the same sign as dR/dt. The relation of the clocks
follows by equality of differentials shown above and integration.

3.7. Universality across calibrations and sectors (educational view)

Message Changing coordinates or “units” of description should not change what we call the arrow
of time. In DSFL this is automatic: if you rotate the Hilbert geometry by an isometry and carry the
calibration and dynamics along, the residual and its decay law are unchanged.

Lemma 2 (Calibration equivariance). Let U : H → H be an isometry (so ∥Ux∥ = ∥x∥ and ⟨Ux, Uy⟩ =
⟨x, y⟩), and let (I ,J ) be a calibration with residual R(s, p) = ∥p − Is∥2. Define the pushed calibration
I ′ := UIU∗ and the pushed state (s′, p′) = (Us, Up). Then

R′(s′, p′) := ∥ p′ − I ′s′ ∥2 = ∥Up−UIs ∥2 = ∥ p− Is ∥2 = R(s, p). (55)

If, in addition, the dynamics are pushed forward (K′imm =UKimmU∗, M′(·)=UM(·)U∗), then the envelope
rate λ(t) = κ(t)− ε(t) and the DSFL clock dτ̂ = 2λ(t) dt are unchanged.

Idea of proof. Isometries preserve norms and inner products, so R is invariant. Coercivity
⟨Kimmx, x⟩ ≥ κ∥x∥2 and the remainder bound |⟨r, x⟩| ≤ ε∥x∥2 are also invariant under U, hence
the same λ controls the envelope in either description.

Theorem 4 (Universality of the arrow and clock). Let two sectors (Hi, Ii,Ji, Kimm,i, Mi, ri), i = 1, 2, be
related by an isometric recalibration as in Lemma2, and assume the hypotheses of Theorem2. Then:

1. Same residual, same decay Under the identification by U, R1 ≡ R2 and each satisfies the envelope
Ri(t) ≤ exp

(
− 2

∫ t
t0

λ(τ)dτ
)

Ri(t0).

2. Same intrinsic time The DSFL clocks τ̂i coincide up to an affine change; in particular dRi
dτ̂i
≤ −Ri (unit

slope on semi–log axes) holds in both sectors.
3. Rate comparison principle If λ1(t) ≥ λ2(t) pointwise with the same R(t0), then R1(t) ≤ R2(t) for all

t ≥ t0 (Gronwall comparison).

Corollary 4 (Robustness to small modeling errors). If ε ∈ L1
loc with

∫ ∞
t0
(κ(τ) − ε(τ)) dτ = ∞, then

R(t)→ 0 as t→ ∞. Small bounded perturbations of Kimm and M that preserve accretivity/positivity leave the
envelope and the DSFL clock intact.

Remark 7 (Semigroup/Volterra viewpoint (why the math matches the story)). When M ≡ 0, −Kimm

generates a contraction semigroup on Hout iff Kimm is maximally accretive (Lumer–Phillips). For M ̸= 0,
Volterra theory shows that sI + Kimm + M̂(s) is accretive for Re s ≥ 0, which is the Laplace–domain form of
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our dissipation. The DSFL envelope is therefore the semigroup/Volterra manifestation of accretivity and does not
depend on the particular “units” used to write the equations.

3.8. Horizon enforces a causal no–relay (educational view)

Message Memory is retarded and respects causal cones. After a horizon forms, interior histories cannot
feed the exterior through the memory loop.

Proposition 3 (Domain of dependence blocks the relay). In (43) assume M(σ) has null/timelike support
(finite propagation). Let U ⊂ exterior andH a trapped region. For all t after horizon formation,

∫ t

0
MU←H(t− τ) e(τ) dτ ≡ 0. (56)

Idea of proof. M(t) vanishes on spacelike–separated pairs. The future domain of dependence ofH
does not reach U, hence the interior–to–exterior block MU←H is zero pointwise in t, killing the Bochner
integral.

Remark 8 (Duhamel form makes the closure explicit). With Sout(t) the exterior propagator for the immedi-
ate loop,

eout(t) = Sout(t)eout(0) −
∫ t

0
Sout(t− τ)

(∫ τ

0
Mout←out(τ − θ) eout(θ) dθ

)
dτ +

∫ t

0
Sout(t− τ)rout(τ) dτ,

(57)
so the exterior closes to the immediate loop (plus rout) and inherits the Lyapunov/ringdown envelope. No
“revival from behind the horizon” is needed or allowed.

3.9. Clock–neutral comparison (intrinsic DSFL–time)
3.10. What “clock–neutral” means

DSFL statements about the arrow only require an ordering of admissible updates, not a preferred
time unit. Formally, if θ = θ(t) is any strictly increasing C1 reparametrization, then every inequality of
the form Ṙ(t) ≤ −2λ(t)R(t) is equivalent to

dR
dθ

(θ) ≤ − 2 λ̃(θ) R(θ), λ̃(θ) :=
λ(t)
θ′(t)

≥ 0, (58)

so the sign of the residual slope and the induced ordering of states are invariant.

3.11. Intrinsic DSFL clock (construction)

Define the envelope rate λ(t) := κ(t)− ε(t) ≥ 0 from Theorem2 and set

dτ̂ := 2 λ(t) dt, τ̂(t) := τ̂(t0) + 2
∫ t

t0

λ(τ) dτ. (59)

Then by the chain rule
dR
dτ̂

=
dR/dt
dτ̂/dt

≤ −2λ(t)R(t)
2λ(t)

= − R(t), (60)

whence the unit–slope law
R(τ̂) ≤ e−(τ̂−τ̂0) R(τ̂0), (61)

i.e. every lawful evolution plots as the same straight line of slope −1 on semi–log axes.

3.12. Affine uniqueness (no hidden conventions)

Let θ = θ(t) be any strictly increasing time change. The induced rate λ̃(θ) yields a clock ˜̂τ with

d˜̂τ = 2 λ̃(θ) dθ = 2 λ(t) dt = dτ̂ =⇒ τ̂ = a + b ˜̂τ, b > 0. (62)
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Thus the DSFL clock is canonical up to an affine change of origin/units, and (60) is invariant.

3.13. Order–theoretic view

Define a preorder x ⪯ y if y is obtained from x by an admissible evolution. DPI implies R(y) ≤
R(x); hence R is a rank function on this preorder, independent of parametrization. The DSFL clock
reparametrizes paths so that this rank decays at unit rate.

3.14. Discrete–to–continuous consistency

For a sequence of admissible (stepwise DPI) maps {(Φ̃k, Φk)}n
k=1,

Rk := R(Φ̃ksk−1, Φk pk−1) ≤ Rk−1, ∆τ̂k := 2 λk ∆tk ≥ 0, (63)

and the multiplicative decay composes: Rn ≤ e−∑k ∆τ̂k R0. In the continuous limit this reproduces
R(τ̂) ≤ e−(τ̂−τ̂0)R(τ̂0).

3.15. Plateaus and mixed regimes

If λ(t) = 0 on an interval, then dτ̂ = 0 there and dR/dτ̂ is well–defined by right–limits; R is
constant on such plateaus (no decay demanded). When λ switches between values (e.g. changes of
exterior QNM control), τ̂ concatenates additively; no ambiguity arises.

3.16. Semigroup/Volterra reading

When M ≡ 0, −Kimm generates a contraction semigroup (S(t))t≥0 and ∥S(t)x∥2 ≤ e−2κ∗t∥x∥2.
The DSFL clock absorbs the (possibly time–varying) accretivity into the variable change dτ̂ = 2λ(t) dt.
With M ̸= 0, the resolvent sI + Kimm + M̂(s) is accretive for Re s ≥ 0; the same clock construction
normalizes memory–affected decay to unit slope.

3.17. Calibration/sector invariance

If U : H → H is an isometry and we push forward (I , Kimm, M) to (UIU∗, UKimmU∗, UMU∗),
then coercivity and remainder bounds are preserved, so λ and dτ̂ = 2λ dt are unchanged.
Clock–neutrality therefore holds across admissible recalibrations and sector changes.

3.18. Empirical use (rate extraction)

Given data {tj, R(tj)} from any admissible evolution, the DSFL time can be estimated by

τ̂(tj) := − log
( R(tj)

R(t0)

)
, (64)

which is invariant under time–rescalings and model choices that only alter λ. Piecewise linearity of τ̂

vs. physical time t diagnoses rate changes (e.g. QNM transitions) without fixing a clock.

Summary Clock–neutrality means: (i) the ordering and amount of residual removal are physical and
invariant under reparametrizations; (ii) there is an intrinsic DSFL clock in which every lawful exterior
evolution decays with unit slope on semi–log axes; (iii) this construction is unique up to an affine
change and stable under admissible recalibrations, sector changes, and memory effects.

3.19. Hawking ticks (stepwise DPI)

Each semiclassical “tick” admits a Stinespring dilation with an interior trace, so the exterior
Heisenberg map Φ∗ is unital completely positive (UCP), and the Schrödinger map Φ is Hilbert–Schmidt
contractive (2–contractive). Concretely:
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Proposition 4 (UCP⇒ L2–contractive). Let Φ∗ be UCP on the exterior algebra. Then for all Hilbert–Schmidt
X,

∥Φ(X)∥2 ≤ ∥X∥2, hence R(Φ̃s, Φp) =
∥∥Φ

(
p− Is

)∥∥2
2 ≤ ∥p− Is∥2

2 = R(s, p). (65)

Proof sketch. Kadison–Schwarz for UCP maps gives Φ∗(Y)∗Φ∗(Y) ≤ Φ∗(Y∗Y). Dualizing and
setting Y = X yields ∥Φ(X)∥2

2 = Tr Φ(X)∗Φ(X) = Tr X∗Φ∗(Φ(X)) ≤ Tr X∗X = ∥X∥2
2, or directly

∥Φ(X)∥2
2 ≤ Tr Φ(X∗X) = ∥X∥2

2 by cyclicity and unitality.

Therefore the one–line DPI

R(Φ̃s, Φp) =
∥∥Φ(p− Is)

∥∥2
2 ≤ R(s, p) (66)

holds stepwise and composes multiplicatively along a tick sequence. Local KMS thermality is compatible
because the constraint is on R (an L2–mismatch), not on marginal spectra. In the continuum limit, the
product of stepwise contractions yields the differential envelope of Theorem2.

3.20. One–budget law (no duplication; purification via correlations)

There is a single statistical budget carried by a nonnegative weight w(·, t) with
∫

w(·, t) dµ = 1.
Admissible updates act by a Markov operator T on w (mass–preserving) and by a contractive channel
on p. Shares can be redistributed and correlated, but no new statistical degrees of freedom can be minted.

Proposition 5 (No duplication of the residual direction). No admissible Φ can realize a perfect copy
Φe = (e, e) into a product space unless e = 0.

Proof. Contractivity gives ∥Φe∥ = ∥(e, e)∥ =
√

2 ∥e∥ ≤ ∥e∥, forcing e = 0.

Proposition 6 (No universal broadcasting without commutativity). If a single admissible map makes two
incompatible marginals simultaneously L2–nonexpansive for all inputs, then those marginals must commute;
otherwise one marginal’s contraction necessarily enlarges the other.

Interpretation Global unitarity (Page curve) is realized by the growth of correlations (early/late radiation;
islands), not by “creating more budget” nor by increasing any exterior/local residual R. Thus Rout

monotonically decreases while mutual informations can rise.

3.21. Bottom line

Shift the constrained quantity from subsystem entropies (where Hawking thermality creates
tension) to the calibrated L2 residual R = ∥p− Is∥2

2 (which EFT can provably contract), and enforce
causal no–relay across the horizon. Then:

1. DPI: R obeys a global/exterior data–processing inequality (stepwise and in the continuum).
2. Ringdown envelope: the exterior R decays with a Lyapunov rate set by the least–damped exterior

mode.
3. Stepwise contractivity: Hawking ticks are L2–contractive and compose to the DSFL envelope.
4. Causality: the slow Volterra relay cannot transport sameness across the horizon (no–relay).
5. Clock–neutrality: in intrinsic DSFL time dτ̂ = 2λ dt, one has dR/dτ̂ ≤ −R (unit slope on

semi–log axes), unique up to affine change.
6. Universality & robustness: invariant under admissible recalibrations and sector changes; stable

to small modeling errors.
7. Purification via correlations: global unitarity is carried by correlations; no exterior R ever rises.

Hence, unitarity, a semiclassical exterior, and horizon regularity are jointly consistent, with the arrow-of-
time encoded in the monotone decay of the single, sector–neutral ledger R.
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4. What DSFL Means by the Arrow of Time
4.1. Definition (Operational)

Fix a calibration (I ,J ) on a common Hilbert geometry (H, ⟨·, ·⟩) and define the Residual of
Sameness (RoS)

R(t) :=
∥∥ p(t)− Is(t)

∥∥2
H, e(t) := p(t)− Is(t). (67)

The DSFL arrow of time is the statement that, under admissible evolution, R is monotone nonincreasing.
Equivalently, there exists a (possibly time–dependent) rate λ(t) ≥ 0 such that

Ṙ(t) ≤ − 2λ(t) R(t) =⇒ R(t) ≤ exp
(
− 2

∫ t

t0

λ(τ) dτ
)

R(t0). (68)

4.2. Why It Holds (Two Ingredients)

1. Kinematic DPI (no inflation) If a step (Φ̃, Φ) is admissible (intertwining ΦI = IΦ̃ and contrac-
tive ∥Φ∥ ≤ 1), then

R(Φ̃s, Φp) = ∥Φ(p− Is)∥2 ≤ ∥p− Is∥2 = R(s, p). (69)

This Hilbertian data–processing inequality (DPI) fixes the sign of the slope.
2. Dynamic envelope (rate) In the exterior, the calibrated mismatch obeys a dual–scale law

ė(t) = −Kimm(t)e(t)−
∫ t

0
M(t− τ)e(τ) dτ + r(t), (70)

with Kimm ⪰ 0 (local dissipator), M ⪰ 0 (retarded memory), and small remainder |⟨r, x⟩| ≤
ε(t)∥x∥2. Taking theH inner product with eout(t) gives

Ṙout(t) ≤ − 2
(
κ(t)− ε(t)

)
Rout(t), (71)

where κ is the coercivity of Kimm; the memory term is dissipative.

4.3. Intrinsic (Clock–Neutral) Form

The envelope rate λ(t) := κ(t)− ε(t) ≥ 0 defines the DSFL clock

dτ̂ := 2 λ(t) dt ⇒ dR
dτ̂
≤ − R, R(τ̂) ≤ e−(τ̂−τ̂0)R(τ̂0). (72)

Thus, on semi–log axes, every lawful evolution is the same straight line of slope −1. Any strictly
increasing reparametrization θ = θ(t) preserves the sign of dR/dt, and the DSFL clock is unique up to
an affine change (τ̂ = a + b ˜̂τ, b > 0).

4.4. Causality (no instantaneous export)

The memory kernel M has null/timelike support. After horizon formation, the interior→exterior
block vanishes by domain–of–dependence:

∫ t

0
MU←H(t− τ) e(τ) dτ ≡ 0, (73)

so the exterior closes to the immediate loop and inherits the envelope. No “revival from behind the
horizon” is needed.

4.5. Relation to the Thermodynamic Arrow

R is not an entropy of a changing subsystem; it is a calibrated L2–mismatch that semiclassics
controls. DSFL’s arrow states: admissible physics reduces mismatch. In sectors with a Lyapunov identity
(e.g. black–hole ringdown), λ(t) is set by damping (least–damped QNM). This coexists with local
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thermal appearance (KMS) and global purification (via correlations), because DPI constrains R, not
marginal spectra.

4.6. Discrete Ticks and Composition

For a sequence of admissible steps, Rk ≤ Rk−1 for each k, and the decays multiply: Rn ≤
e−∑k ∆τ̂k R0, with ∆τ̂k = 2λk∆tk ≥ 0. The continuous envelope is the scaling limit.

4.7. Edge cases

If λ(t) = 0 on an interval, R is constant there (plateau). If
∫ ∞

t0
λ(τ)dτ = ∞, then R(t)→ 0; if the

integral is finite, R decays to a nonnegative floor set by the integrated rate and data.

4.8. Invariance across descriptions

If U : H → H is an isometry and we push forward (I , Kimm, M) to (UIU∗, UKimmU∗, UMU∗),
then R and λ are unchanged. Hence the arrow and the DSFL clock are universal across admissible
recalibrations and sectors.

4.9. Takeaway

The DSFL arrow of time is the clock–neutral, causal, and universal monotone decay of the single
calibrated residual R = ∥p− Is∥2. Its slope in physical time is sector–dependent (through λ), but in
DSFL time it is always −1.

5. Universal DSFL Time: existence, uniqueness, and invariance
5.1. Setting and hypotheses

Let (H, ⟨·, ·⟩) be a Hilbert space, S a linear blueprint space, and P ⊂ H a physical response
subspace. A calibration is a pair (I ,J ) with

I : S→ P, J : P→ S, IJ = idP, J I = PS. (74)

For (s, p) ∈ S× P define the calibrated residual (RoS)

R(t) := ∥ p(t)− Is(t) ∥2
H = ∥e(t)∥2

H, e(t) := p(t)− Is(t). (75)

A (possibly time–varying) update (Φ̃, Φ) is admissible if

ΦI = IΦ̃ and ∥Φ∥H→H ≤ 1. (76)

When dynamics are present, the calibrated mismatch obeys the dual–scale (Volterra) law

ė(t) = −Kimm(t) e(t) −
∫ t

0
M(t− τ) e(τ) dτ + r(t), (77)

with Kimm(t) = Kimm(t)∗ ⪰ 0, M(·) ⪰ 0 (retarded), and

⟨Kimm(t)x, x⟩ ≥ κ(t) ∥x∥2, |⟨r(t), x⟩| ≤ ε(t) ∥x∥2, λ(t) := κ(t)− ε(t) ≥ 0. (78)

5.2. Existence of an intrinsic, clock–neutral time

Theorem 5 (Existence of DSFL time and unit–slope law). Under (74)–(78) the residual satisfies

Ṙ(t) ≤ − 2 λ(t) R(t), λ(t) = κ(t)− ε(t) ≥ 0. (79)

Define the DSFL time by

dτ̂ := 2 λ(t) dt, τ̂(t) := τ̂(t0) + 2
∫ t

t0

λ(τ) dτ. (80)
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Then
dR
dτ̂
≤ −R and hence

R(τ̂) ≤ e−(τ̂−τ̂0) R(τ̂0). (81)

Proof. (79) is the Lyapunov envelope from the energy identity with M ⪰ 0 dissipative; (80) and the

chain rule give
dR
dτ̂

= (dR/dt)/(dτ̂/dt) ≤ (−2λR)/(2λ) = −R, which integrates to (81).

5.3. Clock–neutrality and affine uniqueness

Theorem 6 (Reparametrization invariance and affine uniqueness). Let θ(t) be any strictly increasing C1

reparametrization. Then
dR
dθ

=
dR
dt

dt
dθ
≤ 0, (82)

so monotonicity is clock–neutral. Moreover, if a time parameter ˜̂τ also linearizes the envelope to unit slope, i.e.
dR

d˜̂τ ≤ − R, then τ̂ = a + b ˜̂τ for some a ∈ R, b > 0.

Proof. (82) is immediate from θ′(t) > 0. If d˜̂τ = 2λ̃(θ) dθ achives dR/d˜̂τ ≤ −R, then 2λ̃(θ) dθ =

2λ(t) dt = dτ̂, yielding τ̂ = a + b ˜̂τ upon integration.

5.4. Universality across calibrations and sectors

Theorem 7 (Isometry–equivariance of the arrow and clock). If U : H → H is an isometry and we push
forward (I , Kimm, M) 7→ (UIU∗, UKimmU∗, UMU∗), then the residual R = ∥p− Is∥2, the rate λ, and the
DSFL time dτ̂ = 2λ dt are unchanged.

Proof. Isometries preserve norms and inner products; coercivity and remainder bounds are invariant
under U; hence R, λ, and dτ̂ are preserved.

5.5. Discrete–to–continuous consistency and per–step lower bounds

Proposition 7 (Composition law and discrete DSFL time). For a sequence of admissible ticks with residuals
Rk one has Rk+1 ≤ Rk. Define the per–tick DSFL time

∆τ̂k := − log
(Rk+1

Rk

)
≥ 0, τ̂n :=

n−1

∑
k=0

∆τ̂k. (83)

Then Rn = e−(τ̂n−τ̂0)R0, and in the continuum limit with ∆tk → 0 and effective λ(t), dτ̂ = 2λ(t) dt.

Proof. Stepwise DPI gives Rk+1 ≤ Rk; telescope the ratios to get the product form and take logs.

Proposition 8 (Geometry–set lower bound per step). Let U = P, V = ran I , and θF the Friedrichs angle.
If a block implements (approximate) orthogonal projection onto V, then

Rafter ≤ sin2 θF Rbefore ⇒ ∆τ̂ ≥ − log
(

sin2 θF

)
. (84)

Proof. Projection geometry yields ∥p− PV p∥ ≤ sin θF∥p∥ for p ∈ U; square and identify R; then use
(83).

5.6. Necessity: admissibility is required for universality

Proposition 9 (Admissibility is necessary for a universal monotone R). Fix (I ,J ) and R = ∥p− Is∥2.
If R(Φ̃s, Φp) ≤ R(s, p) for all linear steps compatible only with causality, then necessarily ΦI = IΦ̃ and
∥Φ∥H→H ≤ 1.
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Proof. If the intertwiner fails, choose (s, p) to create misalignment that increases R; if ∥Φ∥ > 1, pick
p− Is along an expanding singular vector.

5.7. When is DSFL time “complete”?

Proposition 10 (Convergence and completeness). If
∫ ∞

t0
λ(τ) dτ = ∞ then R(t) → 0 as t → ∞ and

τ̂(t)→ ∞; if
∫ ∞

t0
λ(τ) dτ < ∞ then R(t) ≥ R∞ > 0 and τ̂ is finite (the arrow plateaus).

Proof. Integrate (79) and use (80).

5.8. Summary (universal time)

The DSFL clock dτ̂ = 2λ dt exists whenever the sector provides a coercivity margin and a small
remainder; it linearizes the calibrated residual decay to unit slope, is unique up to an affine change,
invariant under admissible recalibrations (isometries), composes correctly across discrete ticks, and even
admits a geometry–set lower bound per step via the Friedrichs angle. In particular, GR’s cones and
exterior gaps feed the rate λ; DSFL turns them into a universal (clock–neutral) time in which every
lawful evolution decays as the same straight line on semi–log axes.

6. Time, Arrows, and Resolution: DSFL vs. General Relativity
6.1. Thesis

GR supplies geometry for intervals; DSFL supplies geometry for updates General Relativity furnishes a
pseudo–Riemannian metric and hence proper time along worldlines, but it is time–symmetric at the
level of Einstein’s equations and does not by itself pick a dynamical arrow. DSFL, by contrast, installs
a sector–neutral comparison geometry and a single calibrated observable whose monotone evolution
defines a canonical arrow and a universal (clock–neutral) parametrization of “how much evolution
has occurred.”

6.2. What GR gives vs. what DSFL adds

GR (kinematics of spacetime). Proper time τGR is a line element integral determined by gµν. Its
sign and value sort timelike, null, spacelike separations; the field equations are time–reversal
invariant.

DSFL (kinematics of updates). Fix a calibration (I ,J ) between statistical blueprints S and physical
responses P ⊂ H embedded in a common Hilbert geometry. Track a single mismatch

R(t) := ∥ p(t)− Is(t) ∥2
H, (85)

which is objective (norm–based), sector–neutral, and invariant under Hilbert isometries preserv-
ing the calibration orbit.

6.3. Why DSFL Carries the Arrow (and GR Does Not)
6.3.1. Kinematic monotonicity (DPI)

Admissible steps (Φ̃, Φ) intertwine and are nonexpansive, so

R(Φ̃s, Φp) = ∥Φ(p− Is)∥2 ≤ ∥p− Is∥2 = R(s, p), (86)

fixing the sign of Ṙ. This is an observable–level arrow absent from GR’s metric alone.

6.3.2. Dynamic rate (exterior ringdown)

With the dual–scale law ė = −Kimme−
∫ t

0 M(t− τ)e(τ)dτ + r, the immediate loop’s coercivity
and the relay’s positivity yield

Ṙout(t) ≤ − 2λ(t) Rout(t), λ(t) := κ(t)− ε(t) ≥ 0. (87)
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GR contributes which Kimm and M are physically relevant (e.g. red–shift, QNMs, causal cones), but the
arrow is the DSFL statement R ↓ plus its Lyapunov envelope.

6.4. DSFL–Time vs. GR Proper Time
6.4.1. Clock–neutrality and an intrinsic DSFL clock

Define
dτ̂ := 2λ(t) dt ⇒ dR

dτ̂
≤ − R, (88)

so every admissible evolution is a unit–slope line on semi–log axes: R(τ̂) ≤ e−(τ̂−τ̂0)R(τ̂0). This
DSFL–time is canonical up to an affine change and is independent of the choice of coordinate time or
foliation. By contrast, GR proper time integrates gµν along a worldline but does not enforce decay of
any universal observable.

6.4.2. Universality across descriptions

If U : H → H is an isometry and we push forward (I , Kimm, M) 7→ (UIU∗, UKimmU∗, UMU∗),
then R and λ (hence τ̂) are unchanged. The arrow is therefore invariant under admissible recalibrations
and sector choices—GR frame/coordinate changes are a special case of such reparametrizations.

6.5. Causality roles: GR constrains support; DSFL enforces no-relay
6.5.1. GR’s light cones

The metric’s null cones delimit causal reach; horizons define trapped regionsH.

6.5.2. DSFL’s relay throttling

The memory kernel M is retarded (null/timelike support), so after horizon formation

∫ t

0
MU←H(t− τ) e(τ) dτ ≡ 0. (89)

Hence the exterior closes to the immediate loop and inherits the DSFL envelope; no “instantaneous
export” of sameness from behind the horizon is allowed. GR supplies the cones; DSFL supplies the
forbidden transport of calibrated content.

6.6. Thermality and Purification: Where DSFL Relocates the Tension
6.6.1. What to Constrain

Instead of constraining marginal von Neumann entropies (which depend on moving partitions in
curved spacetime), DSFL constrains the single calibrated residual R that EFT can provably contract
(stepwise DPI and envelope).

6.6.2. How Unitarity Appears

Global purification is realized via correlations (early/late radiation, islands), while every exte-
rior/local R monotonically decreases. Thus DSFL reconciles local KMS thermality with global purity
without modifying horizon microphysics beyond causal support.
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6.7. Schematic Comparison

GR (geometry of intervals) DSFL (geometry of updates)

Proper time τGR along curves (metric
length).

Intrinsic DSFL–time τ̂ from decay rate dτ̂ = 2λdt.

Time–reversal symmetric field equa-
tions.

Monotone law Ṙ ≤ −2λR (arrow).

Light cones/horizons constrain
where influence flows.

Retarded memory forbids what can be relayed (no–relay of
sameness).

No canonical Lyapunov for “infor-
mation.”

Single calibrated residual R is Lyapunov and sector–neutral.

Coordinates/foliations change la-
bels.

Isometric recalibrations leave R and τ̂ invariant.

6.8. Conclusion (How DSFL Explains Time)

GR tells us how to measure intervals and causal reach; DSFL tells us what necessarily decreases under
admissible physics and provides a canonical, clock–neutral yardstick of progression. The observable
R = ∥p− Is∥2 supplies a universal Lyapunov law and an intrinsic DSFL–time, in which every lawful
evolution decays at unit slope on semi–log plots. Thus, in DSFL, the arrow of time emerges as the
sector–neutral contraction of calibrated mismatch, with GR’s geometry entering as a constraint on support
and rates (through Kimm, M, and horizons), not as the origin of the arrow itself.

6.9. One–Budget Convention (no Duplication of Description)
6.9.1. DSFL Message

There is exactly one statistical prototype and only its shares are moved around. Admissible updates
may redistribute and correlate shares, but they can never mint new statistical degrees of freedom. This is
the calibrated counterpart of “no cloning” in our L2 geometry and is the bookkeeping that makes DPI
and the arrow-of-time transparent.

6.9.2. Single Prototype and Calibrated Share Field (Canonical Factorization)

Fix a unique statistical prototype s0 ∈ S and a nonnegative share field w(·, t) of unit mass such
that

s(·, t) = w(·, t) s0, w(·, t) ≥ 0,
∫

w(·, t) dµ = 1 ∀t. (90)

Interpretation The content of the statistical channel is conserved “mass”
∫

w dµ = 1 carried by the
shares; all model changes are reweightings of s0.

6.9.3. Exclusivity and Identicality (Interchangeability–Compatible)

The pair (s0, w) obeys:

I
(
w s0

)
= w Is0 (calibration distributes over shares), J

(
Φp

)
= Φ̃

(
J p

)
(admissible intertwining).

(91)
Thus the “species” is unique (exclusivity), and presenting the prototype anywhere yields the same
calibrated object (identicality).

6.9.4. Admissible Budget Dynamics = Markov Pushforward on Shares + DPI on the Physical Side

Let (Φ̃, Φ) be admissible (ΦI = IΦ̃ and ∥Φ∥H→H ≤ 1). Then there exists a positive,
mass–preserving operator T on shares such that

Φ̃s = Φ̃
(
w s0

)
= (T w) s0, T w ≥ 0,

∫
(T w) dµ =

∫
w dµ = 1. (92)
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On the physical side p′ = Φp, and the calibrated misfit obeys the Hilbertian DPI

R(Φ̃s, Φp) =
∥∥Φ

(
p− Is

)∥∥2
H ≤ ∥p− Is∥2

H = R(s, p). (93)

Hence budget redistribution cannot inflate the residual.

Lemma 3 (Mass preservation and convexity for share updates). If T is Markov (positive and
∫
T w =∫

w), then for any convex Ψ,
∫

Ψ(T w) dµ ≤
∫
(MΨ)(w) dµ for a suitable averaging operatorM determined

by T . In particular, ∥T w∥L1 = ∥w∥L1 and, whenever T is an L2–contraction, ∥T w∥L2 ≤ ∥w∥L2 .

Sketch. Standard Jensen/Doob arguments for stochastic kernels give the convex averaging inequality;
L1 mass conservation is the Markov property; L2–contraction follows from positivity and ∥T ∥L2→L2 ≤
1.

6.9.5. No duplication; correlations are allowed (but cost no new budget)

The one–budget law forbids isometric copying of the residual direction and broadcasting of
noncommuting marginals.

Proposition 11 (No duplication of the calibrated residual). There is no admissible Φ with Φe = (e, e) into
a product space unless e = 0.

Proof. Contractivity gives ∥(e, e)∥ = ∥Φe∥ ≤ ∥e∥, but ∥(e, e)∥ =
√

2 ∥e∥; hence e = 0.

Proposition 12 (No universal broadcasting without commutativity). If a single admissible channel keeps
R nonincreasing simultaneously for two incompatible marginals for all inputs, those marginals must commute;
otherwise one marginal’s contraction enlarges the other.

6.9.6. Consequences for Purification

Shares can be redistributed and correlated (building entanglement across cuts), but the mass
∫

w = 1
is conserved—no new sDoF are minted. Thus global unitarity (Page curve) is realized through
correlations, while every local/exteriorR remains monotone by (93).

6.9.7. Discrete and continuous budget evolution (kinetic form)
6.9.8. Discrete pipeline

For a sequence of admissible steps {(Φ̃k, Φk)}k≥1 the one–budget ansatz sk = wk s0 yields a
Markov pushforward on shares

wk+1 = Tk wk, Tk ≥ 0,
∫
Tkwk dµ =

∫
wk dµ = 1, (94)

and, on the physical side,

Rk+1 :=
∥∥Φk

(
pk − I(wks0)

)∥∥2
H ≤

∥∥pk − I(wks0)
∥∥2
H = Rk (stepwise DPI). (95)

Thus share transport and physical contraction compose monotonically.

6.9.9. Continuous kinetic form (forward equation for shares)

When the share dynamics are Markovian, a generator L on observables induces an L1–adjoint L∗

on densities so that

∂tw(t) = L∗w(t),
∫

w(t) dµ = 1, w(t) = etL∗ w(0). (96)
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Coupled with the dual–scale physical law for e(t) = p(t)− I(w(t)s0),

ė(t) = −Kimm(t)e(t) −
∫ t

0
M(t− τ)e(τ) dτ + r(t), (97)

one gets the differential envelope

d
dt

R(t) =
d
dt
∥e(t)∥2

H ≤ − 2 ⟨Kimme, e⟩ + 2 ⟨r, e⟩ ≤ − 2λ(t) R(t), (98)

with λ(t) := κ(t)− ε(t) ≥ 0. In words: budget flow (via L∗) and physical flow (via Kimm, M) cooperate to
shrink the calibrated misfit; the Markov update never creates new budget and, by DPI, never inflates
R.

6.9.10. “Burst of sameness” and post–burst partition without duplication

A burst of sameness is a regime where the immediate loop dominates so that Ṙ ≤ −αfast R with
αfast > 0 large—observationally, a straight, steep line on a semi–log plot in DSFL time. Once the fast
contraction saturates and slower (relay–limited) processes take over, the statistical presentation may
partition over disjoint supports U, V by splitting the shares (not the species):

w = wU + wV , U ∩V = ∅,
∫

U
wU +

∫
V

wV = 1, (99)

so that
s(·, t) = wU(·, t) s0 + wV(·, t) s0. (100)

Admissibility drives (wU , wV) 7→ (TUwU , TVwV) with
∫

U TUwU +
∫

V TVwV = 1. This is a reallocation
of the single budget, not a duplication of statistical degrees of freedom; DPI guarantees that such
reassignment cannot increase R.

6.9.11. Causal relay limits (finite–speed budget transport)

Budget redistribution through the slow loop is subject to causal throttling. Assume a finite relay
speed v⋆ > 0 and a correlation length ℓcorr > 0 (set by M), and let U(t) be a Lipschitz moving exterior
tube with normal speed bounded by v⋆. Then changes in any calibrated exterior marginal obey a causal
cap

d
dt

d
(

pU(t)
)
≲ κ(t)

v⋆
ℓcorr

, (101)

for any Lipschitz seminorm d(·) compatible with the H geometry.1 In particular, after horizon
formation, the interior→exterior block of the relay vanishes (domain–of–dependence), and share
transport cannot “jump” across the horizon. DPI (93) then ensures that any admissible reassignment
remains residual–nonincreasing.

6.9.12. Entanglement as coordinated reassignment across a cut
6.9.13. Setup

Fix a bipartition A | B of the ambient domain and decompose the share field as

w = wA + wB, wA, wB ≥ 0,
∫

wA +
∫

wB = 1. (102)

A global admissible step (Φ̃AB, ΦAB) preserves budget mass and DPI, but need not factor as (Φ̃A ⊕
Φ̃B, ΦA ⊗ΦB).

1 Heuristically, M(σ) vanishes on spacelike pairs and decays beyond ℓcorr; the boundary flux across ∂U(t) is thus controlled
by v⋆ and the local coercivity κ(t)
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Definition 2 (Nonfactorizable stitching). A budget update w 7→ w′ is a nonfactorizable stitching across
A | B if there exists no pair of Markov operators (TA, TB) with w′A = TAwA, w′B = TBwB while still matching
the observed cross–moments of w′ (see (103) below). Equivalently, the induced joint law of “where the share
came from vs. where it goes” is not a product coupling.

6.9.14. Moment (Test–Function) Characterization

Let FA,FB be separating families of bounded test functions on A and B. Define the (centered)
cross–moment functional

C f ,g(w′) :=
∫

A
f w′A dµ

∫
B

g w′B dµ −
∫

A

∫
B

f ⊗ g dπ w′
AB, (103)

where π w′
AB is any admissible joint “assignment measure” induced by the global step (a coupling of the

outgoing shares to their preimages). Then:

Proposition 13 (Factorization⇔ vanishing cross–moments). If (Φ̃AB, ΦAB) factors as (Φ̃A ⊕ Φ̃B, ΦA ⊗
ΦB), then for all f ∈ FA, g ∈ FB and any admissible coupling π w′

AB, C f ,g(w′) = 0. Conversely, if C f ,g(w′) =
0 for a separating FA × FB, then the share update is a product Markov pushforward up to a µ–null set:
w′A = TAwA, w′B = TBwB.

Idea. If the map factors, π w′
AB disintegrates into a product of marginals, whence Fubini gives C f ,g = 0.

Conversely, vanishing off–diagonal moments for a separating family implies independence of the
coupling, hence a product form for the Markov pushforward.

6.9.15. DSFL Reading of Entanglement

An admissible global update that is a nonfactorizable stitching (Def.2) creates correlations across the
cut without minting a second prototype: mass is conserved, w′ = w′A + w′B with

∫
w′A +

∫
w′B = 1, but

π w′
AB is not a product coupling. In this language, entanglement corresponds to coordinated reassignment of

the same budget across A | B; the calibration guarantees that DPI holds simultaneously on the physical
side, so no residual is inflated by the reassignment.

Remark 9 (Budget mutual information). A budget–level proxy for correlation is

Ibud(w′) := inf
π∈Γ(w′A ,w′B)

KL
(

π

∥∥∥∥ w′A ⊗ w′B∫
w′A

∫
w′B

)
, (104)

where Γ are couplings of the outgoing shares. Then Ibud = 0 iff the stitching is factorizable. DSFL’s DPI says
that even when Ibud rises, any exterior/local residual R remains nonincreasing.

6.9.16. No–Cloning and No–Broadcasting as Budget Constraints
6.10. No Duplication

There is no admissible Φ and Markov share operator that turn one prototype into two independent
unit–mass copies: s0 7→ s0⊕ s0 and (w 7→ w⊕w) would force ∥(e, e)∥ =

√
2 ∥e∥ ≤ ∥e∥ by contractivity,

hence e = 0 (Prop.11). At the share level it would also violate
∫

w′ = 2
∫

w = 2 against (90).

6.10.1. No Perfect Broadcasting of Noncommuting Presentations

Suppose two noncommuting presentations (pointer algebras) must be preserved simultaneously
across the cut while keeping R nonincreasing for all inputs. Then the marginals must commute (a
common abelian slicing); otherwise DPI cannot be saturated in both channels and some R must inflate
(Prop.12). In budget terms, a single slicing of shares cannot reproduce two incompatible diagonalizations
at once unless they share a common classical refinement.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 30 October 2025 doi:10.20944/preprints202510.2339.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202510.2339.v1
http://creativecommons.org/licenses/by/4.0/


28 of 59

6.10.2. Diagnostics and Stability Under Refinement

1. Projection/DPI checks Verify calibration consistency and stepwise contraction:

∥IJ x− x∥H
∥x∥H

≪ 1,
∥J Iy− PSy∥H

∥y∥H
≪ 1, ∆R := Rout − Rin ≤ 0 (tolerance). (105)

2. Share accounting across a cut Every split must be a decomposition w = ∑ℓ wℓ with ∑ℓ

∫
wℓ = 1.

Across evolving domains U(t), outer counters change only by admissible inflow limited by the
causal cap (101).

3. Refinement stability If U is refined into {Ui}i, the share map lifts to a block–Markov kernel
T 7→ (TUiUj)i,j with row sums 1 (mass conservation). DPI holds termwise since each block is
nonexpansive in L2 and the sum is orthogonal.

4. Rate diagnostics (dual–scale) Semi–log slopes extract fast and slow rates: αfast ≈ coercivity of Kimm;
αslow is limited by the relay kernel M. Emergence of multi–lobe w indicates redistribution, not
duplication; R continues to decay under DPI.

5. Factorization test via cross–moments Use (103) with a separating family; if all centered cross–moments
vanish within tolerance while diagonals match, the stitching is (approximately) factorizable; oth-
erwise, the global step is entangling in the DSFL sense.

6.10.3. Summary

The one–budget convention elevates conservation of the statistical resource to a first principle: every
admissible operation is a mass–preserving, residual–nonexpansive reweighting of a single prototype s0.
Fast bursts of sameness (immediate–loop dominated) reduce the misfit rapidly; subsequent “splittings”
are budget partitions governed by causal relay bounds, never duplications of sDoF. Entanglement appears
as coordinated reassignment across a cut—a nonfactorizable stitching of the same budget. No–cloning
and no–broadcasting follow immediately from mass conservation and L2 contractivity (DPI). The
whole mechanism is DPI–compatible and clock–neutral: it furnishes a robust, operational ledger for
“information” as calibrated sameness R, independent of the choice of time parameter.

Budget conservation under admissible updates

Lemma 4 (Budget preservation). Let s(·, t) = w(·, t)s0 with w ≥ 0 and
∫

w dµ = 1. If (Φ̃, Φ) is
admissible (intertwining ΦI = IΦ̃ and nonexpansive ∥Φ∥H→H ≤ 1), then there exists a Markov
(mass–preserving) transfer operator T on shares such that

Φ̃
(
w s0

)
= (T w) s0, T w ≥ 0,

∫
(T w) dµ =

∫
w dµ = 1. (106)

Justification In a GNS L2(ω) model, J can be taken as an ω–preserving conditional expectation and Φ
as an L2(ω)–contraction; the induced density map is Markov and mass–preserving. In classical L1/L2,
admissible Φ induces a stochastic kernel P with (T w)(x) =

∫
P(x, dy)w(y), whence

∫
T w dµ =∫

w dµ (see e.g. standard texts on Markov operators and nonexpansive maps).
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Residual contraction (DPI) and causal relay cap

Lemma 5 (DPI and causal ceiling). Under admissibility,

R(Φ̃s, Φp) =
∥∥Φ

(
p− Is

)∥∥2
H ≤ ∥p− Is∥2

H = R(s, p). (107)

If budget/response transport is relayed with finite speed v⋆ and correlation diameter ℓcorr, then any
exterior local counter d obeys the relay cap

d
dt

d
(

pU(t)
)
≲ κ(t)

v⋆
ℓcorr

. (108)

Justification The DPI is the one–line Hilbertian contraction from ΦI = IΦ̃ and ∥Φ∥ ≤ 1. The relay
cap is a sector hypothesis (finite–speed propagation encoded by the support/decay of M); it bounds how
fast T may reassign share mass. Together with DPI, it forbids instantaneous residual inflation.

Nonfactorizable stitching⇒ entanglement witness

Lemma 6 (Coordinated reassignment across a cut). Let w = wA + wB with
∫

wA +
∫

wB = 1
encode a bipartition A | B. If an admissible update (Φ̃AB, ΦAB) preserves the one–budget yet cannot
be written as a product of local admissible maps (Φ̃A ⊕ Φ̃B, ΦA ⊗ΦB), then it is a nonfactorizable
stitching:

(wA, wB) 7→ (w′A, w′B) with
∫

w′A +
∫

w′B = 1, (109)

which generates cross–support correlations without creating a second prototype. Such steps act as
entanglement witnesses in DSFL: they build correlations via coordinated reassignment of the same
budget and still satisfy the DPI of Lemma5.

Corollary 5 (No–cloning/broadcasting under one–budget). No admissible map can duplicate the
prototype: there is no (Φ̃, Φ) and no share split such that one input budget yields two independent,
identical unit–mass budgets with the same calibrated content. In particular, perfect broadcasting of
noncommuting presentations is impossible unless they already lie in a common abelian pointer algebra
(a common budget slicing). Justification Linearity + one–budget conservation (Lemma4) + residual
contractivity (Lemma5) exclude isometric duplication of calibrated directions; any apparent “copy” must
violate mass preservation or DPI in diagnostics.

Remark 10 (No–cloning/broadcasting = budget law + DPI). The no–go statements are immediate once
two facts hold: (i) the share mass

∫
w is conserved and cannot be doubled; and (ii) admissible channels are

L2–contractive on the residual direction. Operationally, any pipeline that appears to copy “information” fails
either the budget test (mass = 1) or the DPI test (R nonincrease).

6.11. Why Entanglement Matters for the Arrow of Time (DSFL View)
6.11.1. Short answer

In DSFL the arrow-of-time is the monotone decay of the calibrated residual R(t) = ∥p(t) −
Is(t)∥2

H under admissible evolution. Entanglement (as coordinated reassignment of the same budget
across a cut) is the only unitary-compatible way to reconcile this local monotone decay with global
information conservation: it transfers “who-purifies-whom” into correlations rather than into a rise
of any exterior/local R. Without building correlations, either the residual must increase somewhere
(violating DPI) or the budget must be duplicated (violating the one–budget law).
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6.11.2. Three Roles Played by Entanglement

1. Carrier of purification Global unitarity requires that late degrees of freedom purify earlier ones
(Page curve). In the one–budget ansatz, admissible steps cannot mint new statistical mass and
cannot isometrically duplicate the residual direction (no–cloning/no–broadcasting). Therefore
purification must appear as nonfactorizable stitching across cuts, i.e. entanglement:

(wA, wB) 7→ (w′A, w′B) with
∫

w′A +
∫

w′B = 1 and a nonproduct coupling πw′
AB. (110)

This raises cross–support correlations while preserving DPI for every local/exterior R.
2. Compatibility with a local arrow The arrow is the inequality Ṙout ≤ −2λRout, driven by the

immediate loop and helped by the retarded relay. Causality throttles budget transport (no–relay
across horizons), so no exterior region can regain mismatch from an interior source. Entanglement
allows the global state to remain (or become) pure by shuttling correlations among accessible
regions—without demanding any local increase of R.

3. Clock–neutral bookkeeping of “what improves” vs. “what spreads” In intrinsic DSFL time dτ̂ =

2λ dt one has dR/dτ̂ ≤ −R (unit slope on semi–log axes). In parallel, a budget–level correlation
functional (e.g. a coupling–based Ibud) is nondecreasing under admissible, nonfactorizable
stitching:

Ibud(w′) := inf
π∈Γ(w′A ,w′B)

KL
(

π

∥∥∥∥ w′A ⊗ w′B∫
w′A

∫
w′B

)
,

d
dτ̂
Ibud ≥ 0 (111)

(heuristically: factorized Markov pushforwards keep Ibud constant, while admissible nonfactor-
izable stitchings increase it). Thus the DSFL arrow decomposes the unitary story into a local decay
of mismatch and a global redistribution into correlations, both clock–neutral.

6.11.3. Necessity Statement (no Entanglement, no Arrow+Unitarity)

Proposition 14 (Entanglement is necessary for unitary purification with a local arrow). Assume: (i)
one–budget law (

∫
w = 1), (ii) DPI Ṙout ≤ −2λRout with λ ≥ 0, (iii) causal relay (no interior→exterior

jump). If, for a bipartition A | B, all admissible steps factorize across the cut (no nonfactorizable stitching),
then any decrease of RA and RB cannot be accompanied by a unitary Page–curve purification of AB unless
RA ≡ RB ≡ 0 eventually. Hence, away from the trivial fixed point, entanglement across the cut is required.

Idea. If all steps factorize, the joint coupling πw′
AB is product for all times; no cross–moments are

generated. With one budget and DPI, neither RA nor RB may rise; without correlations there is no
channel left to store the unitary “which–purifies–which” data. Thus either the state is already calibrated
(R ≡ 0) or global purification fails. Nonfactorizable stitching supplies the missing channel.

6.11.4. Bottom Line

Entanglement is not an add–on to the arrow; it is the mechanism by which DSFL preserves unitarity
while enforcing a local, causal, DPI–driven arrow-of-time. The residual R supplies the decreasing
Lyapunov ledger; the entanglement (coordinated reassignment of the same budget) supplies the
increasing correlation ledger. Together they give a clock–neutral, sector–universal account of “time’s
direction” that GR alone does not provide.

6.11.5. Separation from GR (what DSFL adds)
Message

GR furnishes the metric (intervals, cones, horizons) and yields rates in exteriors (red–shift/QNMs),
but its field equations are time–reversal symmetric at the level of generic Cauchy data. DSFL overlays a
geometry of updates and a single calibrated observable that is provably monotone under admissible evolution,
and from this constructs a universal clock in which the decay is unit–slope. The items below formalize
what DSFL proves beyond what GR alone can.
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• No GR–only local Lyapunov (generic Cauchy data)

Proposition 15 (No local Lyapunov from GR alone). Let F[g, Ψ; Σt] be a diffeomorphism–covariant
scalar functional built locally from Cauchy data (gij, Kij; Ψ) on Σt. If the Einstein–matter system is
time–reversal invariant on a class U of smooth data, then there is no nontrivial F that is strictly monotone
on an open subset of U for both time orientations.

Sketch If (g(t), Ψ(t)) solves the equations, then (g(−t), T Ψ(−t)) also solves them. Strict mono-
tonicity on an open class would force F(t) and F(−t) to be strictly monotone in opposite directions
along the same orbit, unless F is constant there. Horizon area laws evade this via null energy and
null slicing, not by a generic, local-in-time Lyapunov built from Cauchy data. (Cf. Prop. 15.)

• Using GR to feed DSFL: cones & gaps⇒ arrow & clock

Theorem 8 (From GR inputs to a DSFL arrow and clock). Assume: (i) exterior red–shift/decay
estimates deliver a coercivity margin κ(t) ≥ 0 for the immediate loop (least–damped QNM/red–shift
gap), and (ii) the slow memory is retarded (domain of dependence). Then for the calibrated residual
R = ∥p− Is∥2:

Ṙout(t) ≤ − 2 λ(t) Rout(t), λ(t) := κ(t)− ε(t) ≥ 0, (112)

and in intrinsic DSFL time dτ̂ = 2λ(t) dt one has dRout/dτ̂ ≤ −Rout (unit–slope decay).

Sketch GR ⇒ exterior gap κ and retarded support; DSFL ⇒ energy identity and DPI for R.
Combine to get the envelope, then change variables to τ̂. (Thm. 13.)

• Clock universality (DSFL) vs. proper time (GR)

Theorem 9 (Affine uniqueness of the DSFL clock). Among all strictly increasing time parameters
that linearize the envelope to unit slope, the DSFL time dτ̂ = 2λ(t) dt is unique up to an affine change: if
d˜̂τ = 2λ̃(θ) dθ also yields dR/d˜̂τ ≤ −R, then τ̂ = a + b ˜̂τ with b > 0.

Sketch Chain rule and equality of differentials show 2λ̃(θ) dθ = 2λ(t) dt, hence affine equivalence.
Proper time τGR does not in general linearize R across backgrounds/foliations. (Thm. 14, Thm. 3.)

• Calibration/sector invariance (GR frame vs. DSFL update geometry)

Lemma 7 (Calibration equivariance). If U : H → H is an isometry and we push forward
(I , Kimm, M) 7→ (UIU∗, UKimmU∗, UMU∗), then R, λ(t), and the DSFL clock dτ̂ are unchanged.

Reading GR frame or coordinate changes correspond to isometries at the level of the comparison
geometry; DSFL invariants persist. (Lemma 2, Thm. 4.)

• Admissibility is necessary (why GR–only is not enough)

Proposition 16 (Necessity of admissibility for universal monotonicity). Fix a calibration (I ,J )

and R = ∥p− Is∥2. If R(Φ̃s, Φp) ≤ R(s, p) for all linear steps compatible only with GR kinematics
(causality), then necessarily ΦI = IΦ̃ and ∥Φ∥H→H ≤ 1.

Sketch If the intertwiner fails, choose (s, p) to create misalignment that increases R. If ∥Φ∥ > 1,
choose p− Is along an expanding singular vector. Causality alone does not enforce contraction
in the comparison norm. (Prop. 19.)

• Geometry–set per–step progress (no GR analog)
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Theorem 10 (Subspace–angle tick bound). Let U = P, V = ran I with Friedrichs angle θF. Any
projection–like admissible step satisfies

Rafter ≤ sin2 θF Rbefore, ∆τ̂ := − log
( Rafter

Rbefore

)
≥ − log

(
sin2 θF

)
. (113)

Reading This gives a clock–neutral, dynamics–free lower bound on elapsed DSFL time per step, set
purely by calibration geometry; GR has no corresponding per–step angle bound. (Prop. 1.8.6.)

• Empirical discriminants (DSFL ̸= GR–only)

(a) Unit–slope collapse log R(t) vs. DSFL–time must collapse to slope −1 across slicings/pipelines;
GR–only has no reason to enforce this.

(b) Angle–tick lower bound For projection–like blocks, observe ∆τ̂ ≥ − log
(
sin2 θF

)
.

(c) No–relay across horizons The fitted cross–kernel MU←H must vanish after horizon formation;
any leakage violates retarded support.

Takeaway

GR contributes what signals can reach where (cones/horizons) and how fast exterior modes damp
(gaps/QNMs). DSFL adds a single, calibrated Lyapunov functional, a universal clock that linearizes its
decay, and per–step geometric guarantees—thereby turning GR inputs into a fully fledged, clock–neutral
arrow of time.

7. Interpretation and Structure (Expanded, DSFL Form)
Equation(114) is the DSFL dual–scale (Volterra–type) evolution for the calibrated mismatch e :=

p− Is ∈ P ⊂ H:

ė(t) = −Kimm e(t) −
∫ t

0
M(t− τ) e(τ) dτ + r(t), Kimm = K∗imm ⪰ 0, M(·) ⪰ 0. (114)

Here Kimm is the immediate (local) loop providing time–local dissipation; the convolution with the posi-
tive semidefinite kernel M is the slow (retarded) loop that aggregates past mismatch; r is an admissible,
small remainder. In Laplace variables ( f̂ (λ) =

∫ ∞
0 e−λt f (t) dt),

ê(λ) =
(
λI + Kimm + M̂(λ)

)−1︸ ︷︷ ︸
G(λ)

(
e(0) + r̂(λ)

)
, Re λ > 0. (115)

Thus memory enters genuinely via the nonconstant symbol M̂(λ); it cannot in general be absorbed into
a time–local gain unless there is an explicit scale separation (cf. Volterra theory [5]).

7.1. Block–Diagram View (Immediate vs. Slow Loop)

Think of−Kimm as a passive, accretive “plant” that damps e instantaneously (modewise/pointwise),
and of −(M ∗ e) as a causal, positive feedback path that re–injects a filtered history of mismatch. In
Laplace domain this is a frequency–dependent damping Kimm + M̂(λ) whose real part is nonnegative
for Re λ > 0:

Re
〈(

Kimm + M̂(λ)
)
x, x

〉
≥ 0 (Re λ > 0), (116)

so the resolvent G(λ) in (115) is well–posed and analytic in the right half–plane, with bounds reflecting
available dissipation. DSFL reading: the immediate loop fixes the rate that defines the arrow locally; the
slow loop can only help (never hurt) dissipation, subject to causal support.
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7.2. Energy Identity and a Lyapunov Functional with Memory

TakingH–energies and using Fubini/Tonelli for positive kernels,

d
dt
∥e(t)∥2 = − 2 ⟨Kimme(t), e(t)⟩ − 2

〈 ∫ t

0
M(t− τ) e(τ) dτ, e(t)

〉
+ 2 ⟨r(t), e(t)⟩.

The memory term is nonnegative in the sense that there exists a memory energy

M(t) :=
∫ t

0

∫ t

0

〈
M(|σ− τ|) e(τ), e(σ)

〉
dτ dσ ≥ 0, (117)

with Ṁ(t) = 2
〈 ∫ t

0 M(t− τ)e(τ) dτ, e(t)
〉
. Define the Lyapunov functional

V(t) := ∥e(t)∥2 + M(t). (118)

Then
V̇(t) = − 2 ⟨Kimme(t), e(t)⟩ + 2 ⟨r(t), e(t)⟩. (119)

DSFL takeaway: the slow loop stores dissipative credit inM; it never reduces the net dissipation. If
Kimm is accretive and r is small, V is decreasing, hence so is R(t) = ∥e(t)∥2.

7.3. Sufficient conditions for exponential decay (Lyapunov envelope / arrow rate)

Assume a coercivity margin on P, ⟨Kimmx, x⟩ ≥ κ ∥x∥2, and a bounded remainder |⟨r(t), e(t)⟩| ≤
ε ∥e(t)∥2 with 0 ≤ ε < κ. Then

V̇(t) ≤ − 2(κ − ε) ∥e(t)∥2 ≤ − 2(κ − ε)V(t), (120)

and Grönwall yields the ringdown envelope

V(t) ≤ e− 2(κ−ε)(t−t0) V(t0), ∥e(t)∥2 ≤ e− 2(κ−ε)(t−t0) V(t0). (121)

Thus the DSFL arrow rate is set by the immediate loop’s margin κ (minus the small remainder), while
memory helps but never worsens decay. In intrinsic DSFL time dτ̂ = 2(κ − ε) dt one has dR/dτ̂ ≤ −R
(unit slope).

7.4. Frequency–domain accretivity and resolvent bounds (consistency with the envelope)

For Re λ > 0, accretivity of Kimm and positive–real character of M̂(λ) imply

Re
〈
(λI + Kimm + M̂(λ))x, x

〉
≥ (Re λ + κ) ∥x∥2, κ := inf

∥x∥=1
⟨Kimmx, x⟩. (122)

Hence ∥∥(λI + Kimm + M̂(λ))−1∥∥ ≤ 1
Re λ + κ

. (123)

Laplace inversion then gives L2→L2 bounds consistent with the time–domain envelope. If, moreover,
M̂ is sectorial (true for many positive kernels), G(λ) is uniformly bounded on vertical lines Re λ =

σ > −κ, which yields exponential stability—precisely the DSFL ringdown.

Remark 11 (Causality and horizons (no–relay)). If M has null/timelike support (finite propagation), then
the interior→exterior block of M vanishes after horizon formation (domain–of–dependence). The exterior thus
closes to the immediate loop (plus r) and inherits the above envelope; no “revival” from behind the horizon is
permitted.
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7.5. Horizon truncation and causal support (DSFL form)

On black–hole backgrounds, domain–of–dependence implies that the interior→exterior relay block
MU←H vanishes after horizon formation (retarded support). Hence the exterior evolution closes to the
dual–scale law on U:

ėU(t) = −Kimm eU(t) −
∫ t

0
MU←U(t− τ) eU(τ) dτ + rU(t), (124)

and inherits the Lyapunov (ringdown) envelope with rate controlled by the least–damped exterior
mode; in DSFL time dτ̂ = 2(κ − ε) dt one has dRU/dτ̂ ≤ −RU (unit slope).

7.6. Discrete–time analogue (pipelines of admissible steps)

For a sequence of admissible steps (Φ̃k, Φk), DPI gives stepwise contraction of the calibrated
mismatch:

Rk+1 =
∥∥Φk

(
pk − Isk

)∥∥2
H ≤ ∥pk − Isk∥2

H = Rk, (125)

while the one–budget share update is Markov and mass–preserving,
∫

wk+1 =
∫

wk = 1 via wk+1 =

Tkwk. This is the discrete counterpart of the continuous Volterra law, with M realized by a causal
FIR/IIR filter; the product of stepwise contractions composes to the continuous envelope.

7.7. Robustness to reparametrization (clock–neutrality)

Under any strictly increasing reparametrization θ = θ(t),

d
dθ
∥e∥2 =

dt
dθ

d
dt
∥e∥2 ≤ − 2(κ − ε)

dt
dθ
∥e∥2, (126)

so monotonicity is invariant. Choosing the intrinsic DSFL clock

dτ̂ := 2(κ − ε) dt ⇒ d
dτ̂
∥e∥2 ≤ −∥e∥2, (127)

yields a universal unit–slope decay on semi–log axes, independent of the physical time coordinate.

7.8. Edge cases and rates (hereditary vs. immediate damping)

If Kimm = 0 but M ⪰ 0, one has purely hereditary damping: stability can still hold, but rates are
generally subexponential and dictated by the tail of M (e.g. algebraic kernel tails⇒ algebraic decay of
R). Conversely, if MU←U is positive, it augments dissipation (adds a positive quadratic contribution in
the Lyapunov functional), so the envelope remains valid with an effective rate

λeff(t) := κ(t)− ε(t) + ρM(t)︸ ︷︷ ︸
relay gain ≥0

, (128)

where ρM is the contribution captured by the memory energy. In all cases, DPI guarantees that adding
the slow loop cannot increase R; at worst it is neutral, and typically it accelerates decay subject to causal
support. Summary (DSFL arrow in one page) The dual–scale Volterra law decomposes calibrated evo-

lution into an immediate, accretive, time–local loop −Kimme that sets the decay rate, and a slow, retarded
memory loop −(M∗ e) that can only add dissipation (never reduce it). In black–hole exteriors, causal
support kills the interior→exterior relay block, so the exterior closes to the immediate loop (plus r) and
inherits an exponential Lyapunov ringdown envelope governed by the least–damped mode. Interleaved
admissible processing is governed by the one–line Hilbertian DPI (nonexpansiveness of calibrated
residuals), and all statements are clock–neutral: under any strictly increasing reparametrization the sign
of the slope is preserved, and in intrinsic DSFL time dτ̂ = 2(κ − ε) dt one has dR/dτ̂ ≤ −R (unit slope
on semi–log axes).
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7.8.1. Causal ceiling (support and domain of dependence)

Equation(101) encodes a finite–speed relay for the slow loop: the kernel M(t) is a retarded prop-
agator for nonlocal feedback and has causal support in the sense of retarded Green’s functions. For
hyperbolic sectors this is the standard finite propagation speed / domain–of–dependence statement: the
retarded fundamental solution vanishes outside the future light cone (see, e.g., [65, Sec. 10.1], [2,
Secs. 6.5–6.6]). In black–hole spacetimes the event horizon is a null hypersurface; its future domain of
dependence excludes exterior points from any influence sourced strictly inside. Consequently, after
horizon formation, the interior→exterior block of the memory kernel vanishes:

∫ t

0
MU←H(t− τ) e(τ) dτ ≡ 0, (129)

which is precisely the DSFL no–relay assertion. Technically, (129) is the operator–valued sup-
port–propagation property of retarded solutions: if supp e(τ) ⊂ H for τ ≤ t, then supp (M∗e)(t)
is contained in J+(H); restricted to an exterior tube U, this support is empty. See also finite–speed
propagation for wave/Maxwell fields on black–hole backgrounds and red–shift identities [6,56,57].
In summary: the slow loop cannot “jump” the horizon; paired with DPI, this causal ceiling forbids
instantaneous residual inflation and enforces the exterior ringdown envelope.

7.9. Remarks

(i) Structural ceiling (model–independent) The causal ceiling is purely structural: it depends only
on the retarded (causal–support) property of the slow kernel M and on the global slicing into ex-
terior U and trapped region H. It is agnostic to microscopic completion and compatible with is-
land/entanglement–wedge reassignment: those alter which degrees of freedom are counted in an
effective radiation algebra, but not which causal curves exist or how retarded support propagates.
(ii) Weakly parabolic admixtures If the slow loop includes weakly parabolic pieces (mild diffu-
sion/dissipation) together with hyperbolic transport, replace the sharp light cone by a finite relay
speed v⋆ and a correlation length ℓcorr. Then the relay cap (101) follows from standard energy–flux
estimates and Lieb–Robinson–type bounds for the effective kernel (see, e.g., lattice analogues [48,50]).

7.9.1. Exterior Reduction and Ringdown Envelope

Restricting to the exterior tube U and invoking (129) gives the closed exterior law

ėU(t) = −Kimm eU(t) −
∫ t

0
MU←U(t− τ) eU(τ) dτ + rU(t). (130)

With RU(t) = ∥eU(t)∥2,

ṘU(t) = − 2⟨KimmeU , eU⟩ − 2
〈∫ t

0
MU←U(t− τ)eU(τ) dτ, eU(t)

〉
+ 2⟨rU , eU⟩. (131)

If the local loop is coercive, ⟨Kimmx, x⟩ ≥ κ∥x∥2 with κ > 0, and the remainder is small, |⟨rU , eU⟩| ≤
ε∥eU∥2 with 0 ≤ ε < κ, then

ṘU(t) ≤ − 2(κ − ε) RU(t) ⇒ RU(t) ≤ e−2(κ−ε)(t−t0) RU(t0). (132)

For MU←U ⪰ 0 one may define the exterior memory energy

MU(t) :=
∫ t

0

∫ t

0

〈
MU←U(|σ− τ|) eU(τ), eU(σ)

〉
dτ dσ ≥ 0, (133)

with ṀU(t) = 2
〈 ∫ t

0 MU←U(t− τ)eU(τ) dτ, eU(t)
〉
, so RU +MU is a Lyapunov functional and the

convolution term is helpful. In the Laplace domain, the decay rate is set by the least–damped pole
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of (λI + Kimm + M̂U←U(λ))
−1 for Re λ > −κ, i.e. the least–damped exterior QNM/red–shift mode

[6,7,56,57].

7.10. Nonzero exterior memory MU←U

If MU←U ̸= 0 but MU←U ⪰ 0, all estimates persist and the effective rate may improve since

〈 ∫ t

0
MU←U(t− τ) eU(τ) dτ, eU(t)

〉
≥ 0. (134)

Hence the same exponential envelope holds, potentially with a larger effective κ. If MU←U has
long–range tails, subexponential (e.g. polynomial) decay may occur (Price–law–type corrections); the
envelope remains a rigorous upper bound on the semi–log slope of RU [57].

Causal Hard Ceiling Causal support of the slow kernel imposes a hard ceiling: no interior–sourced
retarded influence can reach the exterior. Thus the exterior reduces to the closed dissipative law
(130), driven by the immediate loop (and any beneficial exterior memory), yielding an exponential
ringdown envelope with rate fixed by red–shift/QNM damping. These conclusions depend only on
domain–of–dependence and positivity of the kernel, and are independent of microscopic evaporation
details or island assignments.

7.10.1. Two Remarks

(i) Local reduction is causal, not assumed Once a horizon forms, domain–of–dependence nullifies
the interior→exterior block of the slow loop; the exterior evolution closes. Whether MU←U ≡ 0
(purely elliptic immediate feedback) or merely MU←U ⪰ 0, the convolution cannot increase RU in the
Lyapunov identity.
(ii) Red–shift ⇒ quantitative gap Exterior red–shift estimates supply positive bulk terms in energy
identities, appearing here as a uniform coercivity margin κ > 0. The least–damped exterior mode
(QNM/red–shift gap) fixes the semi–log slope of RU in (130).

8. Arrow & Universality Payoffs of an Admissible Hawking Channel
Continuum bridge If ∆τ̂k = 2λ(tk)∆tk + o(∆tk), then τ̂n → τ̂(t) = 2

∫ t
t0

λ(τ) dτ and (137) tends to

R(τ̂) ≤ e−(τ̂−τ̂0)R(τ̂0).

8.1. Discrete Arrow (Stepwise DPI)

Let Rk := ∥pk − Isk∥2
H and suppose each Hawking tick (Φ̃Hawk, ΦHawk) is admissible (intertwin-

ing + L2–nonexpansive). Then

Rk+1 =
∥∥ΦHawk(pk − Isk)

∥∥2
H ≤ Rk, (135)

so the calibrated misfit is monotone at every tick: this is the discrete DSFL arrow of time.

8.2. Discrete DSFL Time (Unit–Slope Form)

Define the intrinsic (clock–neutral) discrete DSFL time by

∆τ̂k := − log
(Rk+1

Rk

)
≥ 0, τ̂n :=

n−1

∑
k=0

∆τ̂k. (136)

Then telescoping gives
Rn = e−(τ̂n−τ̂0) R0, (137)

i.e. the decay is a straight line of slope −1 on semi–log axes in the intrinsic DSFL time, independently of
how the ticks are scheduled.
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8.3. Clock–Neutrality (Reparametrizations/Refinements)

Any refinement, batching, or reparametrization of ticks that preserves the admissibility of each
step leaves the ordering Rk+1 ≤ Rk intact. Moreover, if the same physical evolution is discretized by
two tickings {k} and {m}, their discrete DSFL times differ at most by an affine change:

τ̂(k) = a + b τ̂(m), b > 0, (138)

so (137) is invariant. In the continuum limit with tick duration ∆tk → 0 and effective rate λ(t), one
recovers dτ̂ = 2λ(t) dt and dR/dτ̂ ≤ −R.

8.4. Universality Under Calibration/Sector Changes

If U : H → H is an isometry and we push forward (sk, pk, I , ΦHawk) to (Usk, Upk, UIU∗, UΦHawkU∗),
then Rk and ∆τ̂k are unchanged; hence the discrete arrow and the DSFL time are universal across ad-
missible recalibrations and sector choices.

8.5. Thermality vs. correlations (compatibility)

Local KMS thermality of exterior marginals at TH = κ/2π is compatible with (135), since mi-
crostate dependence is carried by correlations (exterior–interior and early–late radiation), not by a rise
in any exterior Rk. Thus the stepwise arrow coexists with global unitarity.

Takeaway Modeling each Hawking tick as an admissible map gives (i) a stepwise arrow Rk+1 ≤ Rk,
(ii) a clock–neutral discrete DSFL time (136) with unit–slope decay (137), and (iii) universality under
reparametrization and calibration. This directly anchors both the arrow and the universality of time in
the DSFL kinematics.

9. Where Does the “Information” Go?—A DSFL Account in Detail
Framing In DSFL, the locally constrained observable is the calibrated L2–misfit R(t) = ∥p(t)−Is(t)∥2

H,
not a marginal entropy. The arrow-of-time is the monotone decay of exterior/local R; global unitarity is
realized by correlations. This section spells out how “information” moves into correlations while the
DSFL arrow remains clock–neutral and universal across calibrations and sectors.

9.1. Local Arrow
9.1.1. Local arrow in one line (DPI + envelope)

Under admissible (Hawking/coarse–graining) steps and the dual–scale law,

Ṙout(t) ≤ − 2λ(t) Rout(t), λ(t) := κ(t)− ε(t) ≥ 0, (139)

so Rout is monotone and admits a ringdown envelope. Discretely, each tick yields Rk+1 = ∥ΦHawk(pk −
Isk)∥2 ≤ Rk (stepwise DPI).

9.2. Why This Matters for Time

This fixes the direction of time: R cannot increase under admissible physics. The envelope gives a
quantitative rate, making the arrow measurable.

9.2.1. Clock–neutral intrinsic time (unit–slope law)

Define the DSFL clock

dτ̂ := 2λ(t) dt ⇒ dRout

dτ̂
≤ − Rout, (140)
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hence Rout(τ̂) ≤ e−(τ̂−τ̂0)Rout(τ̂0): a unit–slope straight line on semi–log axes, independent of time
parametrization. For discrete ticks,

∆τ̂k := − log
(

Rk+1
Rk

)
≥ 0, τ̂n := ∑

k<n
∆τ̂k, ⇒ Rn = e−(τ̂n−τ̂0)R0. (141)

9.3. Why This Matters for Time

It makes the arrow clock–neutral: any lawful evolution is a unit–slope line in τ̂, so time is compared
by how much residual is removed, not by a chosen clock.

9.3.1. Universality across calibrations and sectors

If U : H → H is an isometry and (I , Kimm, M) is pushed to (UIU∗, UKimmU∗, UMU∗), then R
and λ (hence τ̂) are unchanged. The arrow and the unit–slope law are universal under admissible
recalibrations/sector changes.

9.4. Why This Matters for Time

The arrow and the DSFL clock are description–independent: different calibrations/sectors yield the
same temporal ordering and unit–slope decay.

9.4.1. Correlation Ledger vs. Residual Ledger (Where “Information” Goes)

The residual ledger records Rout ↓ (arrow). A budget–level correlation proxy for a cut A | B is

Ibud(w′) := inf
π∈Γ(w′A ,w′B)

KL
(

π

∥∥∥∥ w′A ⊗ w′B∫
w′A

∫
w′B

)
, (142)

which stays constant for factorizable (product) updates and can increase under admissible nonfactoriz-
able “stitching” (entangling) steps—while DPI enforces Rout to decrease. Thus unitarity is carried by
correlations, the arrow by R.

9.5. Why This Matters for Time

It separates direction (local decay of R) from bookkeeping (growth/flow of correlations), preventing
false “time reversal” conclusions from entropy-of-subsystem diagnostics.

9.5.1. Global Unitarity (Content Is Conserved as Correlations)

Let U(t) be the global unitary on Hrad ⊗ Hext ⊗ Hint. Starting from a pure state, purity is
preserved; microstate dependence always resides in correlations, even if some local marginals look
thermal. DSFL mirrors this by (i) global DPI for Rtot and (ii) a one–budget law s = w s0 with

∫
w = 1

(mass–preserving Markov updates on w; no minting of sDoF).

9.6. Why This Matters for Time

It shows why the arrow can coexist with unitarity: R decays locally while purity is stored in
correlations, so no local increase of R is needed later.

9.6.1. Early times (pre–Page): exterior–interior correlations

Pairs (bk, b̃k) form near the horizon; bk looks KMS–thermal at TH = κ/2π, so microstate depen-
dence lies in (bk, b̃k) correlations. DSFL: Rout decreases per tick (DPI) and follows a Lyapunov envelope;
“where the information is” is in cross–blocks exterior↔interior, not in a rise of exterior R.

9.7. Why This Matters for Time

It anchors the initial direction: even while exterior looks thermal, Rout already falls, starting the
clock without waiting for Page time.
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9.7.1. Around/after Page Time: Early–Late Radiation Correlations (Islands)

Unitary Page–curve turnover occurs by reassigning degrees of freedom (entanglement–wedge/islands),
so purification is realized in early–late radiation correlations. DSFL: local/exterior R’s remain decreasing;
the correlation ledger migrates from exterior–interior to early–late.

9.8. Why This Matters for Time

It preserves the arrow through the Page transition: R keeps decaying while correlations rewire, so
there is no reversal of temporal ordering.

9.8.1. Circuit picture (entanglement swapping) consistent with DSFL

Each tick: (i) create near–EPR (bk, b̃k); (ii) scramble b̃k with interior; (iii) radiate bk. Iteration swaps
entanglement to early↔late radiation. Ledger:

R(Φ̃Hawks, ΦHawk p) ≤ R(s, p) (per tick),
d
dt

Rout ≤ −2κ Rout + o(Rout) (envelope). (143)

Define SR(t) := − log(R(t)/R(0)) as sameness removed; SR grows monotonically while correlations
grow elsewhere.

9.9. Why This Matters for Time

It exhibits a mechanism for the arrow: each tick removes sameness (SR increases), giving a cumula-
tive, additive notion of “elapsed DSFL time.”

9.9.1. No Drama vs. Monogamy (no Firewall from R–Constraints)

Because DSFL constrains R (not marginal entropy), an exterior marginal may remain near–thermal
(“no drama”) while correlations shift nonlocally. Monogamy tension is resolved by entangle-
ment–wedge reassignment (islands) and by correlation–first bookkeeping: late quanta entangle with
early radiation; no rise of exterior R is required.

9.10. Why This Matters for Time

It removes a would–be obstruction to a smooth arrow: the decay of R never forces a firewall event;
the timeline remains regular across the horizon.

9.10.1. One–Budget Accounting (no Duplication, Only Redistribution)

With s = w s0,
∫

w = 1, admissible steps act Markovly on w (mass–preserving) and
L2–nonexpansively on p. Hence: no cloning of description; any exterior gain must come from ad-
missible inflow (pre–horizon) or from correlations within the exterior/radiation channel—not from
minting sDoF behind the horizon.

9.11. Why This Matters for Time

It prevents “time loops” via duplication: the arrow cannot be faked by copying budget or residual
directions; only monotone redistribution is allowed.

9.11.1. Operational Signatures (Where to Look)

(i) Semi–log plots of calibrated exterior residuals show an asymptotic straight line of slope
−2κ (least–damped QNM/red–shift). (ii) No admissible processing block should increase R (DPI);
violations falsify calibration/admissibility. (iii) Windowed radiation: single–window spectra look
thermal; cross–window correlation matrices carry off–diagonal signal consistent with purification by
correlations.
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9.12. Why This Matters for Time

These are tests of the arrow: unit–slope semi–log lines in DSFL time, and DPI–respecting pipelines,
empirically certify direction and universality.

9.12.1. Bottom line

In DSFL, “information” always lives in correlations: early on across exterior–interior, later across
early–late radiation (or radiation–islands). The locally controlled quantity is the calibrated L2 residual
R, which decreases with a geometric envelope. Using the intrinsic DSFL clock makes this decay unit–slope
and universal (clock–neutral and calibration–invariant), exactly matching modern Page–curve/island
resolutions while providing a concrete arrow-of-time.

9.13. Why this matters for time

It summarizes the DSFL thesis: the arrow is local, quantitative, universal; unitarity lives in correla-
tions. Time’s flow is “measured” by how much calibrated mismatch has been removed.

10. Form of the Paradox in DSFL Variables (What Is Actually Constrained)
10.1. Motivation: What We Mean by “Time” in DSFL

Classical gravity furnishes intervals; it does not select a direction. In DSFL, the direction of time
is operational: it is whatever makes the calibrated mismatch R(t) = ∥p(t)− Is(t)∥2

H decrease under
admissible physics. This gives a measurable arrow (via a Lyapunov envelope) and a clock–neutral
parametrization dτ̂ = 2λ(t) dt in which every lawful evolution decays with unit slope on semi–log axes.
Thus “time” is quantified by how much calibrated sameness has been restored, a notion that is universal
across sectors and independent of coordinates or foliation.

Let Rout(t) := R
(
sout(t), pout(t)

)
be the exterior residual, Rrad(t) that of the collected radiation,

and Rtot(t) the global residual on a complete Cauchy slice (blueprint S and response P ⊂ H aligned by
I ,J ). The usual trilemma may be rephrased cleanly as:

(U) : Global admissibility ⇒ Rtot(t) is nonincreasing (DPI)

(Hilbertian data–processing for (Φ̃t, Φt))

(S) : Exterior semiclassics is L2–dissipative ⇒ Rout(t) ↓ at a quasinormal/ringdown rate

(Lyapunov envelope from exterior decay estimates)

(H) : Hawking flux has (approximately) thermal local marginals

(144)

Why this matters for time (U) fixes a global arrow (no admissible evolution can increase Rtot); (S) supplies
a local rate (exterior ringdown); (H) is compatible with both, because DSFL constrains R (mismatch),
not marginal entropies. Together they yield a clock–neutral arrow that is quantitative (via the ringdown
rate) and universal (independent of foliation/calibration).

In the standard entropy language, (U)+(S)+(H) appear to force a mixed late–time exte-
rior/radiation state (the “loss of information” tension) [11,61,62]. In the DSFL formulation the observable
that is constrained is not a von Neumann entropy of a marginal, but the calibrated misfit R under ad-
missible (intertwining, nonexpansive) maps and causal relay. This isolates what semiclassics actually
controls (a contraction in the comparison geometry) while letting global microstate–dependence live
in correlations rather than in marginal spectra. The stepwise DPI for the Hawking channel and the exte-
rior Lyapunov envelope together prove that Rout can only decrease, regardless of thermal marginals;
meanwhile Rtot may plateau while purification completes via correlations (early/late radiation or
islands).
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10.2. What is actually proved (and why this wins)

• Monotone contraction (DPI) for R globally and locally For any admissible pair (Φ̃, Φ) with
ΦI = IΦ̃ and ∥Φ∥H→H ≤ 1,

R(Φ̃s, Φp) = ∥Φ(p− Is)∥2
H ≤ ∥p− Is∥2

H. (145)

Why this matters for time: this fixes the direction—the calibrated mismatch cannot increase—so an
arrow exists independent of coordinates.

• Exterior Lyapunov envelope Using red–shift/Price–law decay and quasinormal mode asymp-
totics on black–hole exteriors, the exterior misfit obeys

Ṙout(t) ≤ −2κ Rout(t) + o(Rout), Rout(t) ≤ Rout(t0) e−2κ(t−t0), (146)

with κ > 0 set by the background [6,7,56,57]. Why this matters for time: it provides a quantitative
rate—turning the arrow into a measurable slope and enabling the intrinsic DSFL clock.

• Causal throttling of the slow loop In the dual–scale Volterra law ė = −Kℓe −
∫ t

0 M(t −
τ) e(τ) dτ + r, the kernel M has retarded support and cannot relay across the horizon; the exterior
closes to the immediate loop. Why this matters for time: causality prevents “backflow” of mismatch
that would reverse the arrow; it guarantees irreversibility locally.

• Compatibility with thermality and the Page curve The Hawking tick is CPTP/unital (Heisen-
berg), hence nonexpansive in L2 and satisfies quantum DPI. Thermal marginals thus coexist with
stepwise decrease of Rout; purification proceeds via correlations (early/late radiation or islands).
Why this matters for time: it shows the arrow persists through the Page transition—no need for
local increases of R or violations of “no drama”.

10.3. Resolution template: statements with proofs/sketches

Theorem 11 (Exterior no–inflation and causal throttling). Let (Φ̃t, Φt) be the global admissible evolution
generated by the two–loop law with Kℓ ⪰ 0, M ∈ L1([0, ∞)) causal, and small admissible remainder r. If a
future horizon forms at time tH, then for any exterior world tube U and for all t ≥ tH,

R
(
Φ̃tsU , Φt pU

)
≤ R(sU , pU), ṘU(t) ≤ − 2κ RU(t) + o(RU), (147)

and the slow–loop relay from the trapped region vanishes:

∫ t

0
MU←H(t− τ) e(τ) dτ = 0. (148)

Why this matters for time No–inflation + causal throttling enforce a local, irreversible arrow: exterior RU

can only decrease, and nothing behind the horizon can reverse that decay.

Proof sketch. The first inequality in (147) is the Hilbertian DPI for any admissible (Φ̃, Φ) [3,4]. Causal-
ity of M together with the domain of dependence of an exterior world tube and the trapped regionH
implies (148) (no null/timelike link across the horizon) [1,2]. With the slow loop absent outside, the
exterior evolution reduces to ėU = −KℓeU + rU ; coercivity of Kℓ from red–shift/Price–law yields the
differential inequality in (147) and the exponential envelope [6,7,56,57].

Corollary 6 (Hawking ticks are admissible and contractive in L2). Let one emission step be (Φ̃Hawk, ΦHawk)

with a Stinespring dilation V and interior trace. Then

ΦHawkI = I Φ̃Hawk, ∥ΦHawk∥H→H ≤ 1, R(Φ̃Hawks, ΦHawk p) ≤ R(s, p). (149)

Why this matters for time Each tick advances the discrete arrow: R drops stepwise, giving a tick-by-tick
notion of elapsed DSFL time.
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Sketch. Intertwining follows from calibration consistency (blueprint and response are pushed through
the same dilation). Unitary invariance of the Hilbert–Schmidt norm and contractivity of partial trace
yield ∥ΦHawk∥2→2 ≤ 1 [3,9].

Theorem 12 (Global DPI and coexistence with the Page curve). For the full slice (S,P ⊂ H),

Rtot(t) ≤ Rtot(0) for all t, (150)

with equality only at calibrated fixed points. In particular, monotone contraction of Rout and Rrad does not
preclude late–time purification of the radiation: purification is a statement about global correlations (quantum
extremal/island wedges) and is compatible with (147) and (148) [10–13].

Why this matters for time The arrow is persistent and universal: R never needs to rise to accommodate the
Page curve—correlations carry unitarity, R carries direction.

Sketch. Rtot obeys the same DPI as any R(·); admissibility and composition preserve nonexpansive-
ness [4]. The Page curve pertains to the eigenvalue spectrum of reduced states, not to L2 residuals;
islands implement a reassignment of which degrees of freedom are included in the effective radiation
algebra, transferring correlations without violating any L2 contraction [12,13].

Proposition 17 (Budget preservation and redistribution). Under the one–budget convention s(·, t) =

w(·, t) s0 with w ≥ 0 and
∫

w dµ = 1, and for any DSFL–admissible pair (Φ̃t, Φt) obeying ΦtI = IΦ̃t and
∥Φt∥H→H ≤ 1, the global statistical share is conserved in time:

∫
w(t) dµ =

∫
w(0) dµ = 1. Any apparent

growth of exterior “information” can only arise from admissible redistribution across the cut before a horizon
forms, or from long–range correlations within the exterior/radiation channel; it cannot be attributed to creation
of new sDoF behind the horizon.

Why this matters for time Prevents “time loops” via duplication: the arrow measures removal, not
replication, of calibrated mismatch.

Proof (concise). The one–budget ansatz identifies the statistical channel with a probability density
w(·, t) on a fixed carrier; admissible updates on S are Markov (mass–preserving) by construction,
hence

∫
w(t) dµ is time–invariant. Intertwining ΦtI = IΦ̃t ensures that every physical reweighting

has a calibrated statistical representative (no duplication of sDoF). Nonexpansiveness in H (firmly
nonexpansive/orthogonal projection structure) forbids fabricating additional calibrated content on
the response side [4, Chs. 1–4]. Thus budget is conserved and only reallocated across the cut when
causal support allows it (no horizon), or encoded into exterior/radiation correlations (after horizon
formation).

Corollary 7 (Compatibility with Page–type purification). Let R(t) denote the radiation subsystem at time
t and suppose the slice–wise evolution is DSFL–admissible (a Stinespring dilation followed by partial trace
per “tick”) and quasiunitary at the global level. Then the radiation residual Rrad(t) is nonincreasing by the
Hilbertian DPI,

Rrad(t + δ) =
∥∥∥ ΦHawk(prad)− I Φ̃Hawk(srad)

∥∥∥2

H
≤ Rrad(t), (151)

Rout(t + δ) ≤ Rout(t), (152)

while the entanglement pattern between early and late radiation can purify the total state through correlations
(island–type saddles, or ordinary global correlations), keeping the global residual bounded in time, without ever
forcing an increase in any exterior local residual (which continues to obey a Lyapunov envelope outside). Hence
a “Page curve” for von Neumann entropy of R(t) does not conflict with the stepwise DPI (151) nor with the
exterior decay law (152) [11–13].
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10.3.1. Why this resolves the tension

The paradox arose from conflating constraints on marginal entropies with constraints on admis-
sible contraction in a comparison geometry. DSFL separates them: (i) exterior evolution is provably
L2–contractive (no inflation) and dissipative (Lyapunov envelope); (ii) the slow nonlocal loop is
causally throttled at the horizon; (iii) Hawking ticks are admissible channels whose local thermality
is compatible with DPI; (iv) global unitarity appears as monotone contraction of a single quadratic
residual together with redistribution of correlations (early/late radiation or islands) that purifies
without ever forcing Rout to rise. In short: DSFL proves the part semiclassics can prove (no–inflation
and decay of calibrated misfit via the immediate loop) and leaves the rest to correlations, precisely
where modern resolutions place them [11–13].

10.3.2. What is the decisive, testable win (and what it proves)

1. Shift to the right observable The paradox arose by treating marginal entropies as the constrained
quantity. DSFL identifies the actual semiclassical constraint as the calibrated L2–misfit R(s, p):

R(Φ̃s, Φp) = ∥Φ(p− Is)∥2
H ≤ ∥p− Is∥2

H, (153)

for every admissible step (firm nonexpansiveness/orthogonal projections in Hilbert space) [4].
This one–line DPI proves (i) global nonincrease of Rtot, (ii) local nonincrease of R for any exterior
region, and—combined with known exterior decay estimates—(iii) an explicit exponential envelope
for Rout (ringdown) [6,7,56,57]. These are hard theorems about a quadratic functional, not
assumptions about entropies.

2. Causal throttling at the horizon The two–loop Volterra law encodes immediate dissipation and
slow relay. Retarded support of M makes the interior→exterior block vanish after horizon forma-
tion (domain of dependence) [1,2,5]. Consequently the exterior obeys a closed dissipative law
with a Lyapunov envelope; no “revivals from behind the horizon” are possible (red–shift/energy
estimates [6,56,57]).

3. Hawking ticks are L2–contractive Each emission step is CPTP/unital (Heisenberg), hence
L2–nonexpansive (Kadison–Schwarz; partial–trace contractivity) and obeys quantum DPI [3,9,37–
39,66]. Local KMS thermality thus coexists with stepwise R–contraction; purification rides on
correlations (islands/early–late radiation) [10–13].

4. One–budget conservation The statistical resource is single and conserved (
∫

w = 1); admissi-
ble maps redistribute shares and relocate correlations but cannot mint new sDoF. This blocks
“budget–based” reversals of the arrow and confines unitarity to correlation flow [3,4,40].

10.3.3. What this buys empirically/theoretically (time–focused)

• Empirical envelopes (arrow as a slope) The semi–log slope of any calibrated exterior L2–residual must
be negative and asymptotically linear during ringdown; no admissible processing can increase
it. Why this matters for time: the slope −2κ is a rate defining the arrow quantitatively and
enabling the intrinsic DSFL clock dτ̂ = 2κ dt (unit–slope decay). This depends only on exterior
geometry/QNM gap [6,7].

• No–inflation under coarse–graining (discrete arrow) Any physically reasonable exterior coarse–graining
(Bondi/null averaging; detector maps) must be L2–nonexpansive; failure falsifies calibra-
tion/admissibility [4,9]. Why this matters for time: each admissible block advances a tick
of DSFL time (stepwise DPI Rk+1 ≤ Rk); the arrow holds regardless of tick size or scheduling
(clock–neutral).

• Compatibility with islands (universality across clocks/models) DPI and the causal ceiling constrain any
completion (with or without islands) to contract R while redistributing correlations [12,13]. Why
this matters for time: the arrow (decay of R) and the DSFL clock are model–agnostic—they survive
reparametrizations of time and reassignment of dof (entanglement wedges).
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10.3.4. Bottom line (winning detail for time)

By replacing “information” with the calibrated L2 residual R in one comparison geometry, DSFL
turns the paradox into a theorem scheme about time: (i) direction from global/local DPI (no inflation),
(ii) rate from exterior Lyapunov decay (red–shift/QNM), (iii) irreversibility from causal throttling
of the slow loop at the horizon, and (iv) discrete ticks from admissible Hawking steps. What re-
mains—purification—is necessarily carried by correlations, not by rises in local R. Time in DSFL is
“how much residual has been removed”: in intrinsic DSFL time τ̂ the decay is unit–slope and universal
(clock–neutral and calibration–invariant) [10–13].

10.4. DSFL vs. GR: What Can (and Cannot) Be Proved
10.4.1. Thesis

GR supplies the geometry of intervals and causal cones—proper time, light cones, horizons—via
Einstein’s field equations [1,2,8,51]. Those equations are time–reversal invariant at the level of generic
Cauchy data for standard matter models [1]. DSFL supplies a geometry of updates and a single calibrated
observable R = ∥p− Is∥2

H that is provably contractive under admissible evolution [3,4]. This section
formalizes the separation and its consequences for time.

10.4.2. No strictly monotone, diffeo–covariant local scalar for generic GR

Proposition 18 (No local Lyapunov from GR alone). Let F[g, Ψ; Σt] be a diffeomorphism–covariant scalar
functional depending locally on GR Cauchy data (gij(t), Kij(t); Ψ(t)) on slices Σt. If the Einstein–matter
equations are time–reversal symmetric for the matter sector, then there is no nontrivial F that is strictly
monotone for all smooth solutions on an open set of initial data.

Idea. Time–reversal invariance implies: if (g(t), Ψ(t)) is a solution, so is (g(−t), T Ψ(−t)) [1]. If F
were strictly monotone on an open set of solutions, both F(t) and F(−t) would be strictly monotone
in opposite directions on the same trajectory, impossible unless F is constant there. (Classical area
theorems evade this by restricting to null horizons and energy conditions [1,2].)

10.4.3. Why this advances time

It pins down the source of a genuine arrow and makes it provable. GR’s field equations are
time–reversal symmetric on generic Cauchy data, so GR alone does not yield a Lyapunov functional
that is strictly monotone along all lawful evolutions; DSFL supplies one by adding two minimal
gates—calibration and admissibility. Below we make this precise and list measurable consequences.

(A) From kinematics of intervals (GR) to kinematics of updates (DSFL)

• GR’s limitation Proper time τGR is a geometric length; it does not force monotone evolution of any
generic, diffeo–covariant local scalar built from Cauchy data (cf. Prop. 15).

• DSFL’s gain Place blueprint and response in the same Hilbert geometry, fix a calibration (I ,J )

(interchangeability), and restrict to admissible steps (intertwining + nonexpansive). The calibrated
residual R = ∥p− Is∥2 becomes a Lyapunov functional:

R(Φ̃s, Φp) ≤ R(s, p) (DPI), Ṙ ≤ − 2(κ − ε) R (envelope).

(B) A minimal recipe for an arrow (and why GR alone cannot meet it)

(i) Co–locate statistics and physics in one normed geometry: (S,P ⊂ H).
(ii) Calibrate them: IJ = idP and J I = PS.
(iii) Gate updates by admissibility: ΦI = IΦ̃ and ∥Φ∥H→H ≤ 1.
(iv) Read off a gap from the sector (e.g. red–shift/QNM): ⟨Kimmx, x⟩ ≥ κ(t)∥x∥2 and a small

remainder bound.

Steps (i)–(iii) are logically independent of GR and are exactly what GR lacks: without the calibrated
comparison norm and the intertwining contraction gate, there is no reason for a generic, local scalar to
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be monotone. Step (iv) uses GR positively (providing κ) but does not by itself define the Lyapunov;
DSFL does.

(C) A universal, clock–neutral time emerges

Once Ṙ ≤ −2λR with λ = κ − ε ≥ 0, set dτ̂ = 2λ dt. Then

dR
dτ̂
≤ − R,

so every admissible evolution is a unit–slope straight line on semi–log axes independent of clock choice
(Thm. 3). GR proper time, by contrast, does not in general linearize any observable to a universal unit
slope across backgrounds.

(D) Concrete separations (counterexamples and positive examples)

• Counterexample (GR–only nonmonotonicity) Pick a smooth Cauchy data set that is symmetric about
t = 0 and a local scalar F[g, Ψ; Σt]. Time reversal maps the solution to itself with t 7→ −t, so if F
were strictly monotone for t > 0 it would be strictly monotone in the opposite direction for t < 0,
contradicting continuity at t = 0.

• Positive example (DSFL arrow with GR input) In a black–hole exterior, red–shift/QNM theory gives
a coercivity κ > 0. With admissibility and calibration, Rout satisfies the ringdown envelope and
the unit–slope DSFL–time law, irrespective of foliation or detector pipeline.

(E) Empirical signatures that distinguish DSFL from GR–only

(a) Unit–slope collapse: log R vs. DSFL–time collapses to slope−1 across slicings/pipelines; GR–only
has no such constraint.

(b) Angle–tick floor: each projection–like block achieves ∆τ̂ ≥ − log
(
sin2 θF

)
, a geometry–set

per–step progress.
(c) No–relay across horizon: fitted interior→exterior memory blocks vanish after horizon formation.

(F) Interpretive payoff

By locating the arrow in an operator–geometric monotonicity (DPI) for a single calibrated observable
and by using GR only for causal support and exterior rates, DSFL converts GR’s kinematical scaffolding
into a universal, testable dynamical arrow with its own intrinsic clock. This is what GR alone, being
time–reversal symmetric on generic Cauchy data, cannot supply.

10.4.4. GR⇒ cones and red–shift; DSFL⇒ contraction and a clock

Theorem 13 (DSFL arrow uses GR inputs but proves more). Assume (i) exterior red–shift/Price–law/QNM
estimates yielding coercivity κ > 0 for the exterior generator [6,7,56,57], and (ii) retarded support for the slow
memory (domain of dependence) [1,2,5]. Then for R = ∥p− Is∥2:

Ṙout ≤ −2κ Rout + o(Rout), dτ̂ = 2κ dt ⇒ dRout

dτ̂
≤ −Rout. (154)

Sketch. Red–shift/QNM ⇒ coercivity of the immediate loop (rate κ) [6,7]. Retarded support and
domain of dependence⇒ no interior→exterior relay [1,2,5]. Apply the DSFL energy identity and
define τ̂ [4].

10.4.5. Why this advances time

GR provides κ (a rate); DSFL turns it into a Lyapunov arrow and an intrinsic, unit–slope clock.

10.4.6. Clock universality: DSFL vs. GR proper time

Theorem 14 (Affine uniqueness of DSFL time vs. GR proper time). Let τ̂ be the DSFL clock given by
dτ̂ = 2λ(t)dt, and let τGR be GR proper time along an exterior worldline [8]. Then (i) dR/dτ̂ ≤ −R is
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invariant under any strictly increasing reparametrization; (ii) τ̂ is unique up to an affine change among clocks
that linearize the decay to unit slope; (iii) τGR in general does not linearize R across solutions/slicings.

Sketch. (i) Chain rule with θ′(t) > 0. (ii) If dR
dθ ≤ −α(θ)R has unit slope, then dθ ∝ 2λ(t) dt. (iii)

Proper time depends on the path; there is no general statement ensuring dR/dτGR = −R across
backgrounds/slicings [1].

10.4.7. Why this advances time

DSFL supplies a universal normalization for the arrow; GR’s proper time is geometric but not
Lyapunov–linearizing.

10.4.8. A geometric lower bound per step that GR cannot give

Theorem 15 (Subspace–angle tick bound (geometry sets minimal time advance)). Let U = P, V = ran I
with Friedrichs angle θF. Any projection–like admissible step satisfies

Rafter ≤ sin2 θF Rbefore ⇒ ∆τ̂ := − log
( Rafter

Rbefore

)
≥ − log

(
sin2 θF

)
. (155)

Proof. Orthogonal projection geometry (principal/Friedrichs angles) gives ∥p− PV p∥ ≤ sin θF∥p∥;
square and identify R [4].

10.4.9. Why this advances time

It provides a clock–neutral, dynamics–free lower bound on elapsed DSFL time per tick; GR has no
analog because it lacks the calibrated two–subspace structure.

10.4.10. No–go for GR–only explanations of R–monotonicity

Proposition 19 (Admissibility is necessary for universal R–monotonicity). Let R(·, ·) be defined by a fixed
calibration (I ,J ). If R(Φ̃s, Φp) ≤ R(s, p) for all linear steps (Φ̃, Φ) compatible only with GR kinematics
(causality), then necessarily ΦI = IΦ̃ and ∥Φ∥H→H ≤ 1 (admissibility).

Idea. If ΦI ̸= IΦ̃, pick (s, p) that increases R by misalignment; if ∥Φ∥ > 1, choose p− Is along an
expanding singular vector [4]. Causality alone does not enforce contraction.

10.4.11. Why this advances time

DSFL’s axioms are minimal to guarantee a universal arrow; GR’s causal geometry by itself is
insufficient.

10.4.12. Hawking ticks: admissible, L2–contractive steps

Each semiclassical tick is a CPTP channel with a Stinespring dilation; in the Heisenberg picture, it
is unital CP and L2–nonexpansive (Kadison–Schwarz; partial–trace contractivity). Thus stepwise DPI
holds for R:

∥ΦHawk(p− Is)∥2 ≤ ∥p− Is∥2 ⇒ R(Φ̃Hawks, ΦHawk p) ≤ R(s, p). (156)

Citations: [3,9,37–39,66].

10.4.13. Why this advances time

It supplies discrete ticks of DSFL time: ∆τ̂ = − log(Rk+1/Rk) ≥ 0 per emission step.

10.4.14. Empirical discriminants: DSFL vs. GR–only

• Unit–slope collapse (DSFL time) Different slicings/pipelines must collapse log R(t) vs. τ̂ to slope
−1 (clock–neutral arrow). GR–only has no reason to enforce this collapse [1].
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• Angle–tick lower bound For projection–like steps, observe ∆τ̂ ≥ − log
(
sin2 θF

)
(geometry–set

progress) [4].
• No relay across horizon Fit the cross–kernel MU←H; DSFL demands zero after horizon formation

(retarded support/domain of dependence) [1,2,5]. Any leakage would contradict causality.

10.5. Concluding Discussion (Time–Focused)

The Deterministic Statistical Feedback Law (DSFL) equips us with a single, operational “ther-
mometer” for information flow—and hence a clock for physical progression: the calibrated residual

R :=
∥∥ p− Is

∥∥2
H, (157)

which quantifies, in one common Hilbert geometry, how well the physical response p aligns with its
statistical blueprint Is. This yardstick is deliberately modest—no microstate taxonomy, no entropic
bookkeeping by fiat—yet it is strong enough to carry both an arrow of time and an intrinsic, clock–neutral
parametrization of that arrow. Two structural ingredients organize the physics of time.

10.5.1. (1) Kinematics: admissibility⇒ direction (DPI)

R(Φ̃s, Φp) =
∥∥Φ(p− Is)

∥∥2
H ≤ R(s, p). (158)

Any exterior residual Rout(t) is monotone nonincreasing under physically legitimate coarse–grainings
and channel concatenations. Time meaning: DPI fixes the direction—no admissible evolution can run
time backwards by increasing R.

10.5.2. (2) Dynamics: dual–scale feedback⇒ rate and irreversibility

Dynamics split into an immediate (local) dissipation loop and a slow nonlocal coherence loop.
Causality throttles the slow loop at the horizon, preventing any interior→exterior relay once a trapped
region forms. Time meaning: the local loop sets a quantitative rate (ringdown envelope), while the
causal ceiling guarantees irreversibility outside.

In this light, the Hawking channel is an admissible (contractive) exterior map: it never inflates R,
and whatever microstate dependence survives resides in correlations among radiation modes without
spoiling the near–thermal character of local marginals.

10.5.3. Intrinsic DSFL time and universality

With the envelope rate λ(t) := κ(t)− ε(t) ≥ 0,

dτ̂ = 2λ(t) dt ⇒ dR
dτ̂
≤ − R =⇒ R(τ̂) ≤ e−(τ̂−τ̂0)R(τ̂0). (159)

Time meaning: every lawful exterior evolution is a unit–slope straight line on semi–log axes; the arrow is
clock–neutral (invariant under reparametrization) and universal (invariant under admissible recalibra-
tions/sector changes). Discretely, a Hawking “tick” advances time by ∆τ̂ = − log(Rk+1/Rk) ≥ 0.

Within this framework we obtain proved statements:

• Hilbert–space DPI for R (direction) For every admissible pair (Φ̃, Φ), R is nonincreasing. Exterior
residuals therefore cannot be created by tuning, gluing, or counting: Rout(t + ∆t) ≤ Rout(t).

• Exterior Lyapunov envelope (rate/clock) If the exterior admits a coercivity margin (e.g. red–shift
stability or quasinormal–mode control), then Ṙout ≤ −2κ Rout + o(Rout), so semi–log plots of
Rout(t) exhibit a straight–line ringdown with slope−2κ. This κ defines the continuum DSFL clock
dτ̂ = 2κ dt.

• Causal “no–relay” across the horizon (irreversibility) The slow nonlocal loop has null/timelike
support and cannot transmit calibrated content from the trapped region into the exterior domain
of dependence; beyond horizon formation the exterior is governed by the local envelope alone.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 30 October 2025 doi:10.20944/preprints202510.2339.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202510.2339.v1
http://creativecommons.org/licenses/by/4.0/


48 of 59

• Hawking channel is admissible (discrete ticks) Treating the Hawking step as an admissible
map implies stepwise nonincrease of R during evaporation. Local thermality of marginals is
compatible with this; microstate information remains encoded in cross–correlations without
increasing any exterior R.

• One–budget law (no duplication; honest time) With s(·, t) = w(·, t) s0 and
∫

w = 1, the statistical
share is globally conserved and can be reweighted but not created. Time meaning: progress is
measured by removal of mismatch, not by duplicating description.

Taken together, these statements replace the apparent trilemma—unitarity vs. semiclassical
exterior vs. regular horizon— with a clarified division of labor in time. Unitarity constrains the global
blueprint/response pairing and its correlations; the semiclassical exterior supplies a local Lyapunov
(ringdown) envelope for Rout (red–shift/QNMs); and horizon regularity enforces a causal ceiling
that disables the slow relay across ∂H. Nothing forces Rout to revive, local marginals to deviate
from near–thermality, or the horizon to become singular. Purification proceeds through radiation
correlations, while the exterior residual monotonically decays—exactly the time pattern DSFL predicts
and island/Page–curve analyses realize [11–13].

10.5.4. Falsifiability and Timing Diagnostics

Projection–fidelity and DPI checks certify admissibility (∆R ≤ 0) and quantify per–tick time via
∆τ̂ = − log

(
Rafter

out /Rbefore
out

)
(Sec.1.6; [3,4,9]). Ringdown slopes of Rout(t) test the rate (−2κ) against

least–damped QNM/red–shift gaps [6,7,56,57]. Horizon “no–relay” is tested by toggling nonlocal
kernels and fitting the interior→exterior cross–block (which must vanish) [1,2,5]. Radiation data
should display thermal local marginals with structured cross–correlations—the correlation ledger that
preserves unitarity while R decays [11–13].

In short, DSFL reframes the paradox by identifying the conserved, causal, contractive quantity that
tracks time’s direction and amount: not standalone marginal entropy, but calibrated sameness R in a single
comparison geometry, with a clock–neutral, unit–slope timeline in intrinsic DSFL time.

11. Author’s Note
This paper applies a sector–neutral Lyapunov–residual framework (DSFL) to the black–hole

information problem. Our goal is not to modify semiclassical QFT or operator-algebraic formalisms,
but to isolate the minimal calibrated quadratic residual in a common Hilbert geometry and prove
what semiclassics does constrain: a data–processing inequality and an exterior Lyapunov (ringdown)
envelope under explicit hypothesis gates (calibration, admissibility, coercivity). The results connect
standard tools—Hilbert–space nonexpansiveness [4], quantum DPI/conditional expectations [3,35],
and exterior decay/red–shift estimates [6,7]—to the information-paradox narrative by shifting the
constrained observable from marginal entropies to a calibrated L2 misfit.
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Appendix M Notation

Table A1. Symbols and conventions used throughout. The comparison Hilbert space is (H, ⟨·, ·⟩) with norm
∥x∥H :=

√
⟨x, x⟩

Symbol Type / Domain Meaning / Assumptions

Spaces and geometry

H Hilbert space Comparison geometry for both channels; inner product
⟨x, y⟩, norm ∥x∥H =

√
⟨x, x⟩.

S Linear space Statistical channel space (e.g., vacuum/constraint ob-
jects).

P ⊂ H Closed subspace Physical channel space (e.g., observables/fields inside
H).

PS : S→ S Projector Metric projection onto the admissible statistical subspace;
encodes statistical gauge.

Channels and maps

s ∈ S State (stat.) Statistical channel. In one-budget model: s(x) = w(x)s0,∫
V w = 1, w ≥ 0.

p ∈ P State (phys.) Physical channel.

I : S→ P Linear map Interchangeability (calibration/embedding) of s into P.

J : P→ S Linear map Statistical representative of p; satisfies J ◦ I = PS.

C : S→ P Linear map Calibration operator (units/indices/gauge); often C ≡ I .

Interchangeability identities

I ◦ J = idP Identity Pushing p to S then back gives p.

J ◦ I = PS Identity Pushing s to P then back gives the projected s.

Residuals (mismatch measures)

Rphys(s, p) Scalar Physical-side residual: ∥ p− I(s) ∥2
H.

Rstat(s, p) Scalar Statistical-side residual: ∥ s−J (p) ∥2
S.

Rsameness(s, p) Scalar Canonical residual ∥ p− Cs ∥2
H (often C = I).

R(D)
sameness Scalar Differential residual ∥Dp + D(Cs) ∥2

H (e.g., D = ∇,∇2).

Propagation and DSFL parameters (optional, when dynamics are used)

e := p− Cs Element of P Residual vector inH.

K = K∗ ⪰ 0 Operator on P Dissipative/elliptic part (Dirich-
let/Lichnerowicz/constitutive).

g Element of P Controlled remainder (lower orders, background drift).

κ > 0 Scalar Gap/coercivity constant: ⟨Ke, e⟩ ≥ κ∥e∥2.

ε ≥ 0 Scalar Remainder bound: |⟨e, g⟩| ≤ ε∥e∥2.

α = 2κ − 2ε Scalar DSFL rate in Ṙ ≤ −αR (when dynamics are present).

Angles and subspace geometry

U = P, V =

ran I
Subspaces ofH Physical subspace and calibrated statistical range.

(continues)
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Symbol Type / Domain Meaning / Assumptions

PU , PV Projectors Orthogonal projectors onto U and V.

θF ∈ [0, π/2] Angle Friedrichs angle: ∥PU PV∥ = cos θF.

QU , QV Matrices/bases Orthonormal bases spanning U and V; CS/SVD:
Q∗U QV = WΣZ∗, Σ = diag(cos θk).

Admissible (“entanglement-like”) redistribution

Φ̃ : S→ S Linear map Statistical operation (Markov/coherent/CPTP marginal).

Φ : P→ P Linear map Physical operation (contractive inH).

Intertwining Identity Φ ◦ C = C ◦ Φ̃, Φ̃ ◦ J = J ◦Φ.

Contractivity Inequality ∥Φx∥H ≤ ∥x∥H, ∥Φ̃y∥S ≤ ∥y∥S.

Residual mono-
tonicity

Inequality Rsameness(Φ̃s, Φp) ≤ Rsameness(s, p).

One-budget (statistical resource) model

s0 ∈ S Fixed template Global statistical prototype (primordial sameness), ∥s0∥
normalized.

w(x) Nonnegative weight Share field,
∫

V w = 1; s(x) = w(x)s0.

K(x, y) Kernel Markov kernel: K ≥ 0,
∫

K(x, y) dx = 1; preserves
∫

w =

1.

Budget/causality constraints

d(·) Counter Local complexity/effective rank/energy counter; mono-
tone & subadditive.

v⋆ Speed Carrier/relay speed (e.g., wave speed, Lieb–Robinson
velocity).

ℓcorr Length Correlation diameter/interaction range.

Causal ceiling Bound
d
dt

d(pU(t)) ≲ κ
v⋆
ℓcorr

for a moving volume U(t).

Sector shorthands (used in mini-cases)

PDE — u = P − ∇ρ, B ⪰ βI, Helmholtz split u = ∇ϕ + w,
Poincaré λ1.

OA/QMS — L2(ω) GNS space; EN conditional expectation (orthogo-
nal projector).

OU/free — A = −∆ + m2, covariance Στ , gap λ∗ := inf σ(A|ker A⊥ ).

Constants frequently used

β > 0 Scalar Uniform ellipticity margin (PDE).

λ, λ1 Scalars Poincaré/spectral constants (domain/semigroup).

λ∗ Scalar Hamiltonian/spectral gap (OU/free field).

κ, ε Scalars Coercivity/remainder (DSFL template).

α Scalar Dissipation rate (α = 2κ − 2ε when used dynamically).

Appendix M.1 From sDoF/pDoF to Interchangeability,R, and the Fast Loop

Appendix M.1.1 Step 1: What are sDoF and pDoF?

We distinguish two co-representations of the same underlying system:

• Statistical degrees of freedom (sDoF) s ∈ S: the blueprint of what the system should present
(model/prior/target features).

• Physical degrees of freedom (pDoF) p ∈ P ⊂ H: the response actually realized by the de-
vice/field/dynamics, embedded in the comparison Hilbert space (H, ⟨·, ·⟩).
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The spaces S and P are not separate universes: both are embedded (or canonically identified) inside
the same Hilbert geometryH, so that “comparison” is well-typed and Euclidean (inner-product) in a
single norm.

Appendix M.1.2 Step 2: Interchangeability (calibration) aligns sDoF and pDoF pointwise

A linear calibration pair (I ,J ) implements a two-way identification,

I : S→ P ⊂ H, J : P→ S, (A160)

with the interchangeability identities

IJ = idP, J I = PS. (A161)

Equation (A161) means: (i) every physical state p has a unique calibrated statistical representative J p,
and pushing it back gives p again; (ii) every statistical state s calibrates to a physical image Is, and
reading it back gives the same s up to the canonical projector PS. Importantly, this identification is local
in H: for each coordinate (pixel/mode/basis vector) the same comparison geometry and the same
linear maps are used. Thus s and p are co-located pointwise inH via I and J .

Appendix M.1.3 Step 3: One observable—the Residual of Sameness

Given (s, p) define
R(s, p) :=

∥∥ p− Is
∥∥2
H. (A162)

This is the squared distance from the response to the calibrated blueprint. It is zero iff p = Is at every
point in the comparison geometry (full sameness). Because I ,J act inH,R can be decomposed and
controlled pointwise (or modewise) just by orthogonal projection and Pythagoras.

Appendix M.1.4 Step 4: Why the “fast loop” in the dual-scale feedback is immediate

The dual-scale law splits calibrated evolution into:

ė(t) = −Kℓ e(t)︸ ︷︷ ︸
fast, local loop

−
∫ t

0
M(t− τ) e(τ) dτ︸ ︷︷ ︸

slow, nonlocal, causal relay

+ r(t), e := p− Is. (A163)

Because s and p are aligned pointwise in the same geometry by I ,J , the operator Kℓ can act locally and
instantaneously on the misfit e at each coordinate of H: it is a pointwise (or diagonal/modewise)
dissipative action that reduces e without any need to fetch information from elsewhere. Concretely:

• The fast loop −Kℓe is the immediate “local correction”: at each x (or each mode), the system
can push p(x) toward Is(x) because both live side-by-side inH via the calibration. This locality
is guaranteed by the interchangeability identities (A161) and the fact that R is a sum of local
(orthogonal) squared errors.

• The slow loop (memory integral) carries nonlocal corrections: it pools mismatch from other points
(or past times) and relays it with a causal kernel M. This loop cannot respond “immediately
everywhere” because it respects a finite signal/relay speed (causality). Hence it is inherently
delayed/throttled.

In short: interchangeability makes s and p comparable and correctable pointwise, so the fast loop is an
instantaneous local contraction of e; the slow loop handles only those adjustments that require coherence
across points and is thus limited by relay/causality.
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Appendix M.1.5 Step 5: Consequences for monotonicity and rates

• Data processing (no inflation) Any admissible update (Φ̃, Φ) that intertwines the calibration and
is nonexpansive inH obeys

R(Φ̃s, Φp) =
∥∥Φ(p− Is)

∥∥2
H ≤ ∥p− Is∥2

H. (A164)

This holds stepwise and pointwise because orthogonal projection inH preserves the local decompo-
sition.

• Lyapunov envelope If the fast loop has a coercivity margin ⟨Kℓe, e⟩ ≥ κ∥e∥2 (and the remainder
is lower-order), then

d
dt
R(t) ≤ − 2(κ − ε)R(t) ⇒ R(t) ≤ e−2(κ−ε)tR(0). (A165)

This semi-log straight-line decay is the direct reflection of immediate, pointwise contraction enabled
by interchangeability.

Appendix M.1.6 Bottom line

Define sDoF/pDoF inside one Hilbert geometry, align them with an interchangeability pair (I ,J )

so that “blueprint” and “response” coincide pointwise when calibrated, and measure mismatch by
R = ∥p− Is∥2. Then: (i) orthogonal geometry gives a one-line DPI (no inflation under any admissible
step), and (ii) the fast part of the dual-scale feedback is immediate because, at every point ofH, p can be
locally moved toward Is without waiting for nonlocal relay; only the slow loop requires coherence
across points and is causally throttled. This is precisely why interchangeability must be introduced
before the dual-scale feedback: it is the structural reason the fast loop exists and acts instantaneously.

Appendix N Explaining the Elements: sDoF/pDoF, Interchangeability, and the
Residual of SamenessR
Appendix N.1 Objects, maps, and one geometry

Appendix N.1.1 One comparison space

Fix a (real or complex) Hilbert space (H, ⟨·, ·⟩) with norm ∥x∥ :=
√
⟨x, x⟩. We embed two

channels in the sameH:

• a statistical blueprint space S (sDoF), and
• a physical response space P ⊂ H (pDoF).

Appendix N.1.2 Interchangeability (calibration)

A linear pair
I : S→ P, J : P→ S (A166)

aligns types/units across channels and obeys

I J = idP, J I = PS, (A167)

with PS the orthogonal projector onto S ⊂ H. Thus p = Is and s = PSJ p are two coordinates of the
same calibrated state in the common geometry.

Appendix N.1.3 Residual of Sameness

The sector–neutral mismatch is the squared distance to Im I :

R(s, p) :=
∥∥ p− I(s)

∥∥2
H ≥ 0, R(s, p) = 0 ⇐⇒ p = Is. (A168)

R is invariant under any isometry U : H → H with U(Im I) = Im I .
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Appendix N.1.4 Admissible (physically allowed) updates

An update (Φ̃, Φ) with Φ̃ : S→ S and Φ : P→ P is admissible if

Φ I = I Φ̃ (intertwining), ∥Φ∥H→H ≤ 1 (nonexpansive inH). (A169)

(If a “one–budget” statistical convention is used, we additionally require Φ̃ to be Markov/CPTP on
the share, cf. §N.2.)

Appendix N.1.5 DPI in one line

From (A168)–(A169):

R(Φ̃s, Φp) =
∥∥Φ

(
p− Is

)∥∥2
H ≤

∥∥p− Is
∥∥2
H = R(s, p). (A170)

Hence no admissible evolution can inflate the calibrated misfit. Composition preserves admissibility and
DPI.

Appendix N.2 One–budget convention (no duplication of description)

To forbid “cloning” of statistical content, we represent sDoF as a reweighting of a fixed prototype:

s(·, t) = w(·, t) s0, w ≥ 0,
∫

w dµ = 1. (A171)

Admissible Φ̃ acts as a Markov/CPTP map on w (global mass preserved). Apparent increases of
local “information” are then accounted for by redistribution (reweighting w) and correlations, never by
creation of a second stock of sDoF.

Appendix N.2.1 Step 4: Why the “immediate loop” is immediate (and how interchangeability makes it
local)

Recall the dual–scale (Volterra) evolution for the calibrated mismatch e := p− Is:

ė(t) = − Kimm e(t) −
∫ t

0
M(t− τ) e(τ) dτ︸ ︷︷ ︸

slow, nonlocal, causal relay

+ r(t), (A172)

where we now call the first term the immediate loop and write its generator as Kimm. Intuitively, the
immediate loop is “now-and-here”: it reduces e at the place and time where e lives, without fetching
information from other points or past times. This locality stems from interchangeability (calibration)
together with a structural hypothesis on Kimm.

Appendix N.3 Interchangeability conditions (calibration)

We assume the bounded linear pair (I ,J ) satisfies

I J = idP, J I = PS, I : S→ P ⊂ H, J : P→ S, (A173)

with PS the orthogonal projector onto the blueprint subspace in H. These identities ensure that for
every (s, p) the calibrated error

e := p− Is ∈ P (A174)

is an honest vector in the physical space P, and that “moving the blueprint or the response” is well-typed
in the same Hilbert geometry. Equivalently, the residual is an orthogonal (Pythagorean) sum:

R(s, p) = ∥p− Is∥2
H = ∥e∥2

H ⇐⇒ minimizing R = minimizing ∥e∥ in P. (A175)
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Appendix N.4 When is the loop immediate? (locality/diagonalizability of Kimm)

The loop is immediate provided Kimm acts locally on e in the chosen representation of H. Two
standard incarnations:

1. Modewise (diagonal) case There exists an orthonormal basis {uk} ⊂ P and eigenvalues λk ≥ 0
with Kimmuk = λkuk. Writing ek(t) := ⟨e(t), uk⟩ gives

ėk(t) = −λk ek(t) ⇒ ek(t) = ek(0) e−λkt, ∥e(t)∥2 = ∑
k
|ek(0)|2e−2λkt. (A176)

2. Coordinatewise (local operator) case In a spatial representation ofH (e.g. L2),

Kimm = L∗B L, ⟨Kimme, e⟩ = ⟨B Le,Le⟩, (A177)

with L a local differential operator (e.g. gradient) and B(x) ⪰ 0 a pointwise constitutive tensor
(uniform ellipticity B ⪰ βI gives coercivity). Then ė = −Kimme updates e from its own local
features Le at each point—no spatial integration over remote data is needed.

In both cases, the loop does not integrate over the past (M ≡ 0 in the loop) and does not require
nonlocal spatial averaging; therefore it is immediate in time and local in space/modes.

Immediate loop: energy identity and decay

Assume Kimm = K∗imm ⪰ 0 on P and that e(·) is (locally) absolutely continuous with e(t) ∈
Dom(Kimm) and ė(t) = −Kimme(t) a.e. Then, in a real or complex Hilbert space,

d
dt
∥e(t)∥2

H = 2 Re⟨ė(t), e(t)⟩ = − 2 Re⟨Kimme(t), e(t)⟩ ≤ 0, (A178)

since Re⟨Kimmx, x⟩ ≥ 0 for all x. If, in addition, Kimm is coercive on P, i.e. ⟨Kimmx, x⟩ ≥ κ∥x∥2

for some κ > 0, then

d
dt
∥e(t)∥2

H ≤ − 2κ ∥e(t)∥2
H =⇒ ∥e(t)∥2

H ≤ e− 2κ(t−t0) ∥e(t0)∥2
H, (A179)

i.e. an immediate Lyapunov envelope with slope 2κ.

Appendix N.5 Why interchangeability matters

Interchangeability (A173) ensures that the target Is and the response p are two representations of
the same calibrated object in the same geometry. Consequently:

1. The residual R = ∥p−Is∥2 is exactly the squared energy of e (A175); there is no hidden coupling
to other “gauges” or spaces.

2. A local (or diagonal) Kimm reduces e pointwise/modewise, because p and Is are co-located inH; the
loop never needs to “translate” between spaces to know which way to push.

3. Orthogonal projection identities inH give the one-line DPI for any admissible processing between
steps, complementing the continuous-time decay (A179) [4].

Appendix N.6 Two canonical realizations (educative sketches)

Operator–algebraic (GNS) setting. Work in H = L2(M, ω) for a faithful state ω. Take J as the
ω-preserving conditional expectation and I the inclusion; then IJ = idP, J I = PS [3,34–36].
Choose Kimm as the positive part of a symmetric Dirichlet form (e.g. the modular/carré-du-
champ generator). The energy identity (A178) is the standard Dirichlet dissipation; coercivity
gives (A179).
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PDE (gradient–channel) setting. LetH = L2(Ω;Rm), e := p−Is, and ⟨Kimme, e⟩ =
∫

Ω⟨B(x)Le,Le⟩ dx,
with B(x) ⪰ βI and L local (e.g. ∇). Then ė = −Kimme ⇒ d

dt∥e∥
2 = −2

∫
⟨BLe,Le⟩ ≤

−2β ∥Le∥2, and a Poincaré/Helmholtz inequality yields (A179) with κ = βλ1.

Appendix N.7 Summary

Interchangeability places blueprint and response in the same Hilbert geometry, so the residual
is a plain squared norm. If, in that geometry, the generator Kimm is local (or diagonal) and positive
(coercive), then each coordinate/mode of e obeys an immediate one–dimensional decay, and the
total energy follows by Pythagoras/Parseval. The slow loop

∫ t
0 M(·)e encodes delayed, nonlocal

corrections; causality throttles that relay across horizons, leaving the immediate loop to enforce the
exterior Lyapunov envelope.

Appendix N.8 Propagation identities and Lyapunov envelopes

In the DSFL picture, once statistics and physics are co-located in the same Hilbert geometry, the
propagation of the calibrated mismatch e := p− Is is most naturally controlled by energy identities
and comparison estimates. At this level of generality we do not assume a specific micromodel; we
only require a sector–provided evolution law whose instantaneous (local) part is accretive and whose
retarded (nonlocal) part is causal and positive. The key outcome is a Lyapunov envelope for the single
observableR(t) = ∥e(t)∥2

H: a differential inequality of the form Ṙ ≤ −2(κ− ε)R implies exponential
decay with a rate set by a coercivity margin κ (the immediate loop’s gap) up to lower–order leakage
ε. The next paragraphs record the sector–specific residual identity that yields this envelope and the
resulting semilog “straight–line” decay forR.

Appendix N.8.1 Residual identity & DSFL–time (sector–specific and time–focused)

Many sectors furnish a differential energy identity for the calibrated mismatch e := p− Is:

d
dt
∥e(t)∥2

H = − 2 ⟨K(t) e(t), e(t)⟩H + 2 ⟨e(t), g(t)⟩H, (A180)

with K(t) = K(t)∗ ⪰ 0 and a lower–order “leakage” term bounded by |⟨e, g⟩H| ≤ ε(t) ∥e∥2
H. If the

sector provides a coercivity/gap margin

⟨K(t)e, e⟩H ≥ κ(t) ∥e∥2
H (κ(t) ≥ 0), (A181)

then the calibrated residual R(t) := ∥e(t)∥2
H obeys the Lyapunov envelope

Ṙ(t) ≤ − 2λ(t) R(t), λ(t) := κ(t)− ε(t) ≥ 0, (A182)

and hence, for all t ≥ t0,

R(t) ≤ exp
(
− 2

∫ t

t0

λ(τ) dτ
)

R(t0). (A183)

Time meaning: λ(t) is the instantaneous rate of the DSFL arrow; the semi–log slope of R is −2λ.

Appendix N.8.2 Intrinsic DSFL time and unit–slope form

Define the clock–neutral time

dτ̂ := 2 λ(t) dt =⇒ dR
dτ̂
≤ − R ⇒ R(τ̂) ≤ e−(τ̂−τ̂0) R(τ̂0). (A184)

Thus every lawful evolution is a unit–slope straight line on semi–log axes in τ̂, independent of the
physical clock.
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Appendix N.8.3 Operational arrow (how much time has elapsed)

The accumulated, clock–neutral reduction

SR(t) := − log
R(t)
R(t0)

=
∫ t

t0

2 λ(τ) dτ = τ̂(t)− τ̂(t0) (A185)

quantifies “how much calibrated mismatch was removed” and serves as an intrinsic elapsed time in DSFL
units.

Appendix N.8.4 Minimal usage (time–centric practitioner checklist)

1. Pick the geometry: chooseH that embeds both channels; define R = ∥p− Is∥2
H.

2. Calibrate: construct (I ,J ) with IJ = idP, J I = PS.

3. Gate admissibility: verify ΦI = IΦ̃ and ∥Φ∥H→H ≤ 1 for every update (and mass preservation if
using one–budget).

4. Read off a rate: identify (κ(t), ε(t)) in (A180)–(A181); set λ = κ − ε.

5. Report time: plot log R vs. physical time t (slope −2λ) and report SR(t) = − log(R/R0) (elapsed
DSFL time).

Appendix N.8.5 Remarks (existence, uniqueness, robustness for time)

• Clock–neutrality: for any strictly increasing θ(t), dR
dθ = (dR/dt) (dt/dθ) ≤ 0; τ̂ is unique up to

affine change.
• Calibration nonuniqueness: results that use only DPI are invariant under any isometry U with

U(Im I) = Im I .
• Local vs nonlocal dynamics: the envelope needs only the gap in (A181); causal/positive memory M

is dissipative and cannot worsen decay.
• Discrete consistency: for admissible ticks, ∆τ̂k = − log(Rk+1/Rk) ≥ 0 and Rn = e−(τ̂n−τ̂0)R0.

Appendix N.9 Generic two–channel template (plug–and–play for time)

Let e(t) = p(t)− Is(t), R(t) = ∥e(t)∥2
H. Suppose the sector provides

Ṙ(t) = − 2 ⟨Ke, e⟩H + 2 ⟨e, g⟩H, K = K∗ ⪰ 0, |⟨e, g⟩H| ≤ ε ∥e∥2
H, (A186)

and a gap ⟨Ke, e⟩H ≥ κ ∥e∥2
H. Then

Ṙ(t) ≤ − 2(κ − ε) R(t) =⇒ R(t) ≤ e− 2(κ−ε)(t−t0) R(t0), (A187)

and in DSFL time dτ̂ = 2(κ − ε) dt one has R(τ̂) ≤ e−(τ̂−τ̂0)R(τ̂0). In parallel, for any admissible
(Φ̃, Φ),

R(Φ̃s, Φp) ≤ R(s, p), (A188)

which certifies the direction per step and composes to the continuum envelope.
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