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Abstract

Difference schemes for the numerical solution of fractional differential equations rely on discretizations
of the fractional derivative. In earlier work [1], we constructed approximations of the first derivative
and applied them to fractional derivatives. In this paper, we extend the method from [1] to develop
parameter-dependent approximations of the second derivative and second-order approximations
of the fractional derivative based on the weights of the L1 scheme. We derive the second-order
expansion formula of the L1 approximation and show that the coefficient of the second derivative
is asymptotically equal to a value of the zeta function, as suggested by the generating function.
Using this expansion, we construct a second-order approximation of the fractional derivative and the
corresponding asymptotic approximation by a suitable choice of parameter. Examples illustrating
the application of these approximations to the numerical solution of ordinary differential equations
and fractional differential equations are presented. Both approximations of the fractional derivative
are shown to yield second-order numerical methods. Numerical experiments are also provided,
confirming the theoretical predictions for the accuracy order of the methods.

Keywords: fractional derivative; approximation; numerical solution; convergence

1. Introduction

Fractional differentiation extends integer-order differentiation and integration to arbitrary orders.
There is a growing interest in developing numerical methods for fractional differential equations due
to their wide applicability in various branches of science [2—4]. Finite difference schemes provide a
powerful approach for the numerical solution of fractional differential equations and the study of their
properties. The Caputo fractional derivative of order a, where 0 < a < 1, is defined as

X !
FOR = D0 = w | e e
The power function x” and the functions e*, sin x, and cos x have fractional derivatives.
Fp+1) -
Ky — 7 7T 4P aLx o
D*x F(p+1—¢x)x , D% = x T Ej 2_4(x),
D%sinx = x 17 Ezlz,a(—xz), D*cosx = —x27* E2,3,,X(—x2),
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where p > 0 and E, 4(x) is the Mittag-Leffler function

The lower limit of fractional differentiation may be an arbitrary number. The kernel of the fractional
derivative has a singularity of order . A direct application of numerical integration methods for dis-
cretizations of the fractional derivative leads to reduced accuracy and a lower order of approximation.
Therefore, the construction of high-order approximations of fractional derivatives requires additional
considerations.

Fractional calculus is a rapidly developing scientific field that extends and generalizes differential
calculus. Other definitions of fractional derivatives and integrals include the Riemann-Liouville and

Griinwald-Letnikov derivatives, introduced in the 19t

century. The Riemann-Liouville derivative
is the first known generalization of integer-order derivatives and is a widely used definition in
fractional calculus. The three definitions of the fractional derivative are directly related and share
similar properties. The main difference between fractional and integer-order derivatives lies in their
nonlocal properties. Fractional derivatives have a strong dependence on the previous values of the
function according to the power law, or exhibit memory-influenced dynamics. The definition of
integer-order derivatives depends only on the local behavior of the function in a small neighborhood
around the point of differentiation. The definitions of integer-order derivatives imply an exponential
dependence on previous values, and this effect may be negligible or minimal. The choice of a particular
definition of the fractional derivative and its advantages depend on the problem under consideration.
The Caputo fractional derivative, defined in 1967, has the advantage that when solving differential
equations, it allows the use of initial conditions expressed in terms of integer-order derivatives,
which often have direct physical meaning. In addition to the most commonly used definitions of the
fractional derivative, such as those of Riemann-Liouville and Caputo, there exist other important
and widely applicable definitions in the theory of fractional calculus. Among them are the fractional
derivatives of Weyl, Hadamard, Marchaud, and Riesz. The recently introduced fractional derivatives,
the Caputo-Fabrizio derivative (2015), the Atangana—Baleanu—Caputo (ABC) fractional derivative
(2016), have also proven their significance in modeling various time-dependent complex processes.
These derivatives, provide improved accuracy in describing memory effects in physical, biological,
and engineering phenomena [5-7].

Fractional Differential Equations (FDEs) are a generalization of ordinary and partial differential
equations and provide powerful tools for modeling complex systems with memory, hereditary prop-
erties, or anomalous diffusion. Due to the complexity of fractional differential equations and their
corresponding models, numerical methods are the main and, in many cases, the only approach for
solving them. Numerical methods could be applied to a much wider class of fractional differential
equations compared to analytical methods. Many of the properties and approaches used for solving
ordinary and partial differential equations are also applicable to the corresponding fractional differen-
tial equations. The development of numerical methods is based on the growing number and diversity
of the considered models, as well as on the improvement of the technical means for their solution.
The main types of approaches for solving differential and fractional differential equations include
the Finite Difference Methods [8-11], Spectral Methods [12-15], Finite Element Methods [16,17], and
Predictor—Corrector Methods [18,19].

Finite difference schemes for the numerical solution of fractional differential equations are widely
used because of their simplicity, flexibility, and consistency of the numerical results. The difference
schemes for fractional differential equations use discretizations of the fractional derivative on uniform
or nonuniform grids over the interval of fractional differentiation. These approximations involve the
previous values of the function, which leads to a more complex analysis of the difference schemes
and increases the computational time required for their solution. Constructions of fast difference
schemes for fractional differential equations that achieve optimal computational complexity using
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sum of exponentials approximation of the kernel function are presented in [20-23]. To improve the
efficiency of difference schemes and achieve high computational accuracy, high-order approximations
of the fractional derivative are used. The development of high-order approximations of the fractional
derivative and the investigation of their properties are important problems in the construction and
analysis of difference schemes for fractional differential equations. Constructions of second-order
approximations are discussed in [24-28]. High-order approximations of the fractional derivative are
constructed in [29-34].

The Griinwald-Letnikov difference approximation and the L1 approximation are important and
widely used discretizations of fractional derivatives[35-39]. The Griinwald-Letnikov approximation
has first-order accuracy and a generating function (1 — x)*. The L1 approximation has an accuracy of
order 2 — & and a generating function

Gy = L= i (x)
x
where Li, (x) is the polylogarithm function. The generating function of an approximation of the
fractional derivative satisfies

G(1) =0, lim G(x)(1—x)"*=1.

x—1—

The present paper continues the study in [1] and focuses on the properties of the L1 approximation
and on methods for extending it to higher-order approximations while preserving the properties of the
weights. Consider fractional differentiation on the interval [0, X] and a uniform net with a step size
h = X/N, where N is a positive integer. Denote f, = f(x,) = f(nh). L1 approximation of the Caputo
derivative has an order 2 — « and is defined as:

bf = 1a- haZCfé“)fn = £ 0027,

(@)

where 0y’ =1, (Tn“) =(n—-1)1"*-nl"%and
o = (k=) 2 4 (k+ 1)1, (T<k<n).
The weights of L1 and Griinwald-Letnikov approximations have properties:

n
oM =0, o™<o0 a<k<n), Y o¥-o @)

The properties of the weights of Griinwald-Letnikov and L1 approximations enable an efficient
analysis of the stability and convergence of difference schemes for fractional differential equations.
In section 4 we obtain the second order expansion formula of the L1 approximation

( h“ Z O-k‘x fi’l k= fn ( )f”hz IX (hz) (3)
where )
n— 1—a 2—u
. 1—a n _ n
Sy = ,;1 k + > e

One approach to constructing discretizations of the fractional derivative is by specifying the generating
function. This method also applies to the construction of approximations for integer-order derivatives.
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In [1], we constructed a parameter-dependent approximation of the first derivative and applied it to
obtain a discretization of the fractional derivative of order 2 — a.

B n—2 n—2(1 _ n—1
Auf = 1,1b<fn(1b) YA A L b—bﬂ)) “firom, @
k=1

where |b| < 1. Approximation (4) has a generating function

1-0b)(1—-x)

i) =~

where b is a parameter, |b| < 1.The generating function Gy (x) has properties
Gi1(1) =0, Gi(1) = -1

In the present paper we use the method from [1,41] for constructing a parameter-dependent approxi-
mation of the second derivative

zs'nleh_zb(f,1 2-b)fp1+(1-b Zbk 2k (5)
71_?’_2% R R 2f> — fI+O),

In Section 4, we use (5) to construct second-order approximations of the fractional derivative. By
substituting the second derivative in the expansionn formula of the L1 approximation (3) with its
approximation B,_1 f and choosing the parameter value b = 1 — « + 42, we obtain a second-order
approximation of the Caputo derivative

1 « (a) ) 2
mgovk Fok = F9 + O(), ©

where 'y(()“) =1—ua(l—a)s,, 'yga) =217 _2 4 a1 —a)(1+ a —a?)s,, and

P e— 1) 2 g (k1) — 31— )P (1 — a4 e s, 2<k<n—4),
70, = (1 )17 2 )10 (1 - 2)1 (1-3a + 60260 +30*) (1— +02)" s,
7y = (1 =3)'"" = 2(n =27 4 (- 1) 4 (2 B3a+302) (1 - a+a?)" s,

77(1@1 —m=-2) 2 -4l — (1 —a+a?)" s, ')/51“) = (n—-1* —pl=e,

From the formula for the sum of the zeta sequence, we obtain that the numbers s, converge to the value
of the zeta function {(a — 1). By substituting s, with {(a — 1) in (3) and (6), we obtain the second-order
asymptotic expansion formula of the L1 approximation.

IX) ( ) 2 2
e ,ﬂZwkhffﬁ o) o+ O) %)
and a second order asymptotic approximation

1 N (@) L)) >
To—a) i k;) WM fui = £ 4 00, ®
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where w((J“) =1—-a(l—a)l(a—1), wga) =217 24 a(1—a)1+a—a®)l(xa—1),and

Wi = (k=D = 2K (ke 1) - 21— (1 -+ )P (- 1),
W, = (n— ) —2(n - 3)1 " 4 (n—2)®

— (1 =3+ 60 —6a® +30*) (1 — a + a®)" 2 (a — 1),
0™, = (n=3)"" —2(n —2)" 4 (1= 1) + (2= 3a +3a) (1 —a +a2)" 4 (a— 1),

wffi)l =(n- 2)1_"‘ —2(n— 1)1_”‘ +nlT 1—a+ zxz)”_3§(¢x -1), a)ﬁla) = 'y,(f‘) = U,S'X).

The value of the parameter b = 1 — a + a2 is chosen so that the weights of discretizations (6) and
(8) satisfy properties (2). One difference between the two approximations is that, while approximation
(6) has second-order accuracy for every n > 4, the order of approximation in (7) and(8) varies from
2 —a when n = 1 to second order when n = N. In Section 5, we prove that the difference schemes for
fractional differential equations using both approximations achieve second-order accuracy. The results
of the paper are summarized below.

In Section 2, we derive an approximation (5) of the second derivative. In Section 3, we consider
applications of approximation (4) and its corresponding right-side approximation to the numerical
solution of initial value and boundary value ordinary differential equations. These two approximations
are related to two-point approximations and lead to efficient numerical methods whose performance
and accuracy are comparable to standard finite difference methods. A convergence and error analysis
of the numerical solution of a first-order ordinary differential equation is presented, with respect to the
values of the parameter.

In Section 4, we derive the second-order expansion formula (3) of the L1 approximation and
construct second-order approximations (6) and (8) of the fractional derivative. In Section 5, we consider
applications of approximations (6) and (8) to the construction of difference schemes for the two-term
ordinary fractional differential equation and the fractional subdiffusion equation. The difference
schemes based on approximations (6) and (8) achieve second-order accuracy, and the proof of their
convergence and order relies on the magnitude of the last weight of the L1 approximation.

2. Approximation of the Second Derivative

In paper [1], we constructed an approximation (4) of the first derivative with generating function
Gi(x) = (1 =0b)(1 —x)/(1 — bx). Constructions of approximations of the first and second derivatives
whose generating functions are based on the exponential and logarithmic functions are discussed
in [40,41]. In this section, we derive a parameter-dependent approximation of the second derivative
and its second-order asymptotic expansion formula which has a generating function

(1-b)(1—x)?

Ga(x) = T br

The function Gy (x) has properties Go(1) = G5(1) = 0, GJ(1) = 2. Denote

_ (1-b)(1—e¥)?
Hy(x) = Go(e™) = =57 =
The functions G, (x) and H,(x) have Maclaurin series
n—3
Go(x) = (1—b) (1— 2=Db)x+(1-b)?*> bk—lxk>, 9)
k=2
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x3 7+ 4b + b?)x*
Hy(x) = x> — T3t ( 0 _b)z) +0(xh. (10)

Formulas (9) and (10) lead to the following asymptotic approximation of the second derivative and its
second-order expansion formula.

n—3
L (fn SCEDIRENELDY b"-zfn_k> — S i O0),

k=1

where the function f € C3[0, X] and satisfies the condition f(0) = f'(0)

= f”(0) = 0. Now we extend
the approximation to all functions in the class C3[0, X]. Let

n—3
Buf = (fn 2=b)fu1+ (1 —=b)> D P 2f,

k=1

+ Czbn_4f2 + bn_3f1 + Cobn_2f0> .

The coefficients cg, c; and c; are determined from the right expansion formula of the approximation.
From Taylor’s formula, we obtain

fack = fo—khfy+ SRIRFL — SRR FO@
where 60y € ((n —k)h, x,). Approximation 53, has a right expansion formula

Buf = Kofu + Kify + Kaof) + ELn,

where
Ko=7<1—<2—b>+(1—b>2Zbk—%Zb"—l—zci),
k=2 i=0
b n— 3 2 .
K1=T< 2-b)+ (102> kbF2+ > (n —i)b""_zci),
k=2 i=0
1-b 2 k-2 . N2 i
K= ——|-@2-b)+ Zkb + > (n—i)’b ¢i|,
i=0
and

n—3 2
B =12’ ((1 —b)2 3 B0 — 2 - b)fD(01) + 3 (n = )" e, f<3><en_i>>.
k=2 i=0

The following formulas for the finite geometric series are used.
n—3

Zbk_z_l—b”_4 ”Z_fkbk_z_2—b+b"‘4(2—3b+nb—n)
s 1-b 7 - (1-b)2 '

"ikzbk_z _4-3b+ 02— b"* (4110 + 9% — 4n + 10bn — 6b%n + n? — 2bn” + b2n?)
- (1-b)° '

Therefore .

Ky = hzb (cob" 241" b4 = (1-b)b" ),
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1-b

K==

(conb’“z +ein—1b" 3+ e(n—2)b" 4" 24+ bn—n— 3b)),

1-b

K = (conzb"_z +om=120"3 4 (n—22"" 40" 2+ bn—n— 3b))

2—b"* (4 —11b + 9b? — 4n + 10bn — 6b>n + n® — 2bn? + b?n?)

+ 2

A system of equations for the coefficients ¢, c1, ¢z is obtained by setting Ky = K; = 0 and the coefficient
of the second derivative K, = 1.

¢ 4+ b +cb> =1—b,

co(n—2) +c1(n—1)b + conb® = R1,
er(n—2)%+ c1(n—1)%b + con?b® = R2,

where

44— 11b + 9b% — 4n + 10bn — 6b%*n + n? — 2bn? + b?n?

Rl=n+3b-2-b,  R2 —

The system of equations has a solution.

oo L _1-3 1-3b+3p
0_1_b1 1= ’ 2 = 1-b .

Therefore

n—3
Buf = 13 ((1 ~b)fu— (=B =b)fya+ (1= Y, B2,

k=1

+(1=3b+3b°)b" 4 f + (1 -3b)b" 3 f; + "2 f0> = f! + ELh.

Denote
M; = max [f@(x)]

0<x<X

In the following claim, we obtain an error estimate for the approximation B;,.

Claim 1. Let f € C3[0, X]. Then

2M;
|Exl < T—p

Proof. From the formula for the coefficient E}}, we obtain

n—3
B < 120 ((z —B) [ 00)]+ (b Y K62 |6y
k=2

+ i(ﬂ —ifb" !f(3)(9n_i)!>,

i=0

6

n—3 2
Bl < =DM ((z —b)+(1=b? > b2+ D (n— i)3b”_i_2ci>,
k=2 i=0

2(5-5b+4b*> —b>—3b" )Mz 2(5-5b+4b> —b*)M;
<
6(1—b) 6(1-b)

Ex| <
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Let f(b) = 5 — 5b + 4b*> — b3. Then
f!(b) = =5+8b—3b> = —(1—b)(5—-3b) < 0.

The function f is decreasing on the interval [0, 1] and has a maximum at zero, f(0) = 5.

5Ms _ 2Ms
31-b) ~1-0

|Enl <
0

3. Numerical Solutions of Ordinary Differential Equations

The weights of the approximations (4) and (5) contain powers of the parameter b, which makes
it possible to use them in constructions of approximations of the fractional derivative satisfying
property (2). Both approximations can be derived from two-point approximations and are suitable
for numerical solution of differential equations. In [1] we showed that, with an appropriate choice
of the parameter, the numerical methods using approximation (4) attain an arbitrary order in (0, 2],
and that their performance is comparable to standard difference schemes with respect to accuracy
and computational time. Depending on the values of the parameters, the numerical solutions of
initial- and boundary-value ordinary differential equations have different properties and regions of
convergence [42-47]. In this section, we consider applications of (4) and the corresponding right-hand
approximation to the numerical solution of initial- and boundary-value ordinary differential equations.
In the following we derive a two-point approximation corresponding to approximation A, f.

1-p n—2 1—2b bnfl
.Anf_h(fn—(l—b)k;bklfnk—l_bbnzfl_l_bf0> (11)
y 1+b ,,
:fn+2(1+_b)fnh+0(h2).

Express the formula in the form

n—2
Anf = % (b(l —b)fu1—(1- b)2b( DIV — (1= 2b)" 3 — b"—2fo))
k=2

4 (= b)f = (=B fy — b1~ B)fn).

Hence

1
Auf = DA 1 f + 311 = b)fy = (1= b)fo 1],
From (11) we obtain the two-point approximation

fi=bfpy T fur) + O(B) 12)

Approximation (4) follows from successive applications of (12). When b = —1 two-point approximation
(12) has a second order accuracy

(fu = fa1) = fuo1 = fo = O(R?).

=N

From Taylor’s theorem we obtain an estimate for the error

2(fu — fu—1) = hfy_1 —hfy = E3l, (13)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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where |E2| < M3/3. We consider an application of (13) to the numerical solution of first-order ordinary
differential equation

y' (1) + Ly(t) = F(),  y(0) = yo- (14)
By substituting the first derivatives from the equation into (13), we obtain

z(yn - ynfl) + h(Lynfl - anl) + h(Lyn - Fn) = E%hgf

Yn(2+hL) —y,_1(2 —hL) = h(Fy + F,_1) + E21°. (15)

Canceling the error term yields a second-order numerical solution of equation (14).

_ 2—hL h(Fy 4+ Fy—1) _
R TR TR T (16)
Example 1. Consider the following ordinary differential equation
Y+ Ly(t)=(1+L), y0)=1  0<t<Ll (17)

Equation (17) has a solution y(t) = e'. The experimental results for the maximum error and
the order of the numerical solution (16) of equation (17) are presented in Table 1 and Table 2. The
experiments are carried out using Mathematica 13 and the orders of the numerical methods are
computed by formula Order, = log, |Errory, ,/Errory|.

Table 1. Error and order of numerical solution (16) of equation (17).

L=-1 L =50 L =100
Error Order Error Order Error Order
0.0004 3.62 x 1078 2.0000 | 7.11 x 1010 2.0000 | 3.58 x 1010 2.0000
0.0002 9.06 x 108 1.9998 | 1.77 x 10~10 1.9999 | 8.97 x10~1 2.0000
0.0001 2.26 x 10~ 2.0006 | 4.44 x 10~ 11 20004 | 224 x 10711 1.9992

Table 2. Error and order of numerical solution (16) of equation (17).

L L=-10 L=-50 L=-100
Error Order Error Order Error Order

0.0004 326 x 10~° 2.0001 | 1.41 x 1012 2.0072 | 3.67 x 1033 2.0577
0.0002 | 8.15x107° 2.0012 | 3.53 x 101 2.0017 | 9.08 x 1032 2.0146
0.0001 2.03 x 107° 2.0011 | 8.83 x 1010 1.9986 | 2.26 x 102 2.0027

The experimental results in Table 1 and Table 2 indicate that (16) is of second order, and the error
of the numerical solution is less than 107¢ when the parameter L > —10. The error increases for
decreasing values of the parameter L < —10. The results in Table 2 show that the error of the method
becomes very large for L < —50, exceeding 10!° for & = 10~*. Denote by e, = y, — u, the error of (16)
at the point t,. From (15) and (16) the sequence of the errors {en}nNzo satisfies the recursive formula

2—hL E213

“orn ' o 00 (18)

€n

In the following we establish the convergence of numerical solution (16) and obtain an estimate for the
€ITor.

Claim 2. Let h|L| < 2. Then

len| <

2 . n
M (2 hL) -1, (1<n<N). (19)

6/L] |\2+hL
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Proof. Denote
2 —hL E2K3
Cc = P—— dn
24+ hL 2+ hL
Formula (18) for the errors e, takes the form
en = cey_1+dy. (20)

Then
en = CPey_n+cdy_1 4+ dy = ey_s + dy_p + cdy_1 + dy.
Applying (20) recursively n — 1 times yields

en=c"eo+ "y + -+ Pdy_p + cdy_1 + dy,
|en| < Cn_1|d1| +o-t C2|dn—2| + C|dn—1| + |dn|'

The numbers d; satisfy the estimate

_ [EZ[R> Mah®

d; < = .
"T2+hL  3(2+hL)
Therefore 3 3
M3h n—1 2 M3h 1 - Cn
1) = 22— |~ |
‘€”|<3(2+hL)<C toordre) 32+ hL)| T—c
Using the equality
1_6_1_2—hL _ (2+hL)—(2—-hL)  2hL
0 24kl 2+hL 24 hL
we obtain s )
M3h 1-c" M3]’l
|€n| < T oL T |1_Cn|f
3(2+hL) o 6L
|e|<M3h2 2-hL\"
"7 6L [\2+hL ‘
O
Denote

2x+ L
g(x) = xm(Zx—L)'

Claim 3. Let L > 0and x > L/2. Then the function g(x) is decreasing.

Proof. S
X+
g(x) = xln(zx — L) =x(In(2x+ L) —In(2x — L)),
(x) = n(2x— x 2%
g(x)=In(2x+L)—In(2x—L) + il L
Moo 22 2L 2
SW= ¥l 2x—L (L+2x?  (2x—L2

"(x) = 8L° >0
SW = xR r2n?

Since g'(x) is increasing and
lim ¢’(x) =0,

n—0oo

it follows that g’(x) < 0 for all x. Hence, g(x) is decreasing. [
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Lemma4. Let L > O0and Lh < 2. Then
2
|n|<Mgh, (1<n<N)
Proof. From Claim 2
] < M3h? L (2L N Mgn? L (2N-L N
! 6L 2+hL 6L 2N +L ‘
N
The function 1 — (%) — 1 —¢~8W) js decreasing and has a maximum at N = 1.
] < Mah* (- 2—L\ Msh* 2L  Mzh* 1 _ M;3h?
! 6L 2+L) 6L 2+L 3 2+L 6
O
Lemma 5. Let L < 0and h|L| < 0.1. Then
273l -1,
len| < ————M3h", (1<n<N). (21)
6|L|
Proof.
Msh? [ (2 —hL\" Msh? [ (2 —L/N\N
len]| < ——((|=—=] -1 < —-1].
6|L| 2+ hL 6|L| 2+ L/N
N
The function (%) — e8(N) is decreasing with respect to N and
N —10L
2-L/N\Y _(2+01 py—
2+L/N 2-01
Therefore N "
Msh? [ (2—-L/N 27311 -1 )
< -1 ——— M3h".
lenl < /1] ((2+L/N = e 8
O
Corollary 6. Let —10 < L < 0. Then
len| < 400M3h?. (22)

Proof. The function % is increasing because its derivative is positive. Then
273/t —1 273101
len| < Z———— M3h? < ==~ M3h? < 400M3h?.

60
O

In most practical applications, it is sufficient to compute the solution of a differential equation
with an error less than 10~°. The estimate (6) for the error of the numerical method (16) guarantees that,
for h = 107% and maxj<;<1 |y" (#)| < 25000, the error of the solution is less than 10~° for parameter
values —10 < L < 0.

We consider the case L. < —10. The results in Table 2, as well as estimate (21), show that in this
case the error of the numerical solution (16) of equation (14) can become very large, exceeding 10'° for
L < —50 and h = 10~*. We use the following approach to solve equation (14) numerically: Consider
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the boundary-value ODE, which is obtained from equation (14) by converting the initial condition into
a boundary condition.

Z(t) + Lz(t) = F(t), z(2)=yo, 0<t<2 (23)

Equation (23) is chosen so that its numerical solution can also serve as a numerical solution of equation
(14). This is justified because the difference between the solutions of the two equations is negligible for
L < —10. Note that the boundary condition may be specified at a different point, e.g., z(3) = yo. In the
following claim, we provide an estimate of the difference between the solutions of equations (14) and
(23) on the interval [0, 1].

Claim 7. Let L < 0and t € [0,1]. Then the difference of the solutions of equations (14) and (23) satisfies the
estimate
y(t) — 2(t)| < 2Mpet(—"

where My = max |y(t)].
0 0<t<2|y()|

Proof. The function w(t) = y(t) — z(t) satisfies the equation
w'(t) + Lw(t) =0, w(2) =y(2) —y(0).

Therefore

w(t) = ce .

Applying the condition w(2) = y(2) — y(0):

Substituting back:

[w(t)] < (ly(2)] + [y(0))e =" < 2MoeH >0,
O

The numerical solutions of the boundary value ordinary differential equation (23) exhibit high
accuracy for negative values of the parameter L. In Claim 7, it was demonstrated that for negative
values of the parameter, L < —10 the difference between the solutions of equations (14) and (23) is
insignificant. These properties enable us to compute a numerical solution of equation (23) on the
interval [0,2] and employ this solution for equation (14) on the interval [0, 1]. In the following we
compute the numerical solution of boundary value problem (23) using the right approximation of
(11). Let h = 2/L. The right-hand approximation corresponding to (11) is obtained by the substitution

8(x) = f(2tn —x).

1-b N& 1-2b, N o pN— 1 /
o —gn+(1-0) Z b*gn+k+1_bb TN T-p SN =g, +0(h).
k=1

and has a related two-point approximation

1-0 1+b
T(gnJrl —8n) —&n +bgui1 = h(z)g”(O). (24)
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When b = —1 and b = 1 — h approximation (24) has a second order accuracy. We use the two-point
approximation (24) to obtain a numerical solution of equation (23).

1+0
(1) (a1 — 20) — il + iz = 12 (50 )710)

(1= 8)(zns1 — ) ~ h(F L) + B(Fos — Lana) = 12152 ) £76)

The numerical solution (NS,) satisfies
(1-b)vy41 — (1 =b)vy, — hF, + Lho, + bhF, 1 — bhLv, 11 =0,

(1= b—bhL) v,y — hF, + bF, B
on = 1-b—Lh o INE

The numerical solution NS, converges when L < 0, since the modulus of the coefficient in front of

U1 is less than one
‘ 1—b—DbhL

1bLh‘<1'

Denote by NS, the first half of the values of NS,, which are used as a numerical solution of equation
(14) on the interval [0, 1]. The numerical solution NS,, consists of {vi}fi/g and has accuracy O(e + h),
where |b| < 1 and € < 2Mgel. The accuracy of NSy, is O(e + h?) when the parameter b = —1 + h.

Example 2. Consider the following boundary value ODE
Z(t) + Lz(t) = 1+ L),  z(2)=1. (25)

The numerical results for the error and order of numerical solution NS, of equation (17) and values of
the parameter L = —10, L = —50 and L = —100 are presented in Table 3.

Table 3. Error and order of numerical method NS, of equation (17) and b = —1 + h.

L L=-10 L=-50 L =-100
Error Order Error Order Error Order
0.00004 | —1.60x107®  0.00029 | 147 x 10~ 20049 | 7.39x 10712 19874
0.00002 | —3.98x10~7  0.00029 | 3.81 x 10712  1.9536 1.83 x 10712 2.0104
0.00001 | —1.08x10~7  0.00029 | 698 x 10~13 24459 | 571 x10~13  1.6825

The experimental results in Table 3 show that the error of the numerical method NS, is less than
10~°. The results in Table 3 represent a significant improvement over those in Table 3 for the numerical
method (16). The graphs of the exact solution of equation (17) on the interval [0, 2] and numerical
solution NS, are given in Figure 3.

Figure 1. Graphs of the exact solution of equation (17) and of the numerical solution NS, for L = —10 and
h=0.02.
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Example 3. Consider the ordinary differential equation

y'(H) = 20+ )y(t) = F(t), y(0) =1 (26)
for t € [0,1], and the corresponding boundary value ordinary differential equation

Z'(t) — (20 + t2)z(t) = F(t), z(2) =1, (27)
where

F(t) = 3cos3t —sint — (20 + t2)(cos t + sin 3t).
O

Equation (26) has a solution y(f) = cost + sin3t. The numerical solution of the initial value
ordinary differential equation

YO +GHy#) =F),  y(0) =y
which uses 2-point approximation (24) is computed as

hF, —bhF,_1 + (1 —b+ bhG,_1)t,_1
1-b+hGy,

Uy = , up = Yo. (28)

The numerical solution of the boundary value ordinary differential equation
Z(B)+8(B)z(t) = F(t),  2(2) = yo,

which uses two-point approximation (24) is computed as

bhF, 1 —hF, + (1 —-b+ hGy,)v,
1—b+0bhg,—1 !

Up1 = ON = Yo- (29)
Denote by NS; the numerical solution (28) of equation (26), and by NS; the first half of the values

{vi}f\i/oz of (29), regarded as a numerical solution of equation (26). The second column of Table 4
contains the numerical results for the error and order of numerical solution NS;. The third and fourth
columns contain the results for the error and order of numerical solution NS;.

Table 4. Error and order of numerical solutions NS; and NS; of equation (26).

NSz, b= —1/2 NS;, b= —1 NS, b=—1++vh
Error Order Error Order Error Order
0.0004 5383.68  1.0427 1.75x 108 2.0000 | 9.74x10~7  1.5065
0.0002 265254  1.0212 439x10~° 20000 | 343x1077  1.5045
0.0001 131659  1.0105 1.09x 109  2.0000 | 121x10~7  1.5031

h

The graphs of the solution of equation (26) and numerical solution (29) of boundary value ordinary
differential equation (27) are given on Figure 2. While the numerical results in the second column
of Table 4 show that the numerical solution NSy is of first order, its error is quite large, making this
method impractical for real applications. The applied approach for computing the numerical solutions
of the ordinary differential equations (17) and (26), which uses the numerical solutions of the boundary
value problems (25) and (27), allows one to obtain solutions with an error smaller than 102, which is
sufficient for real-life problems.
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—_

Figure 2. Graphs of the solution of equation (26) and of numerical solution (29) for b = —1,h = 0.01.

Shifted approximations are employed for the solution of nonlinear ordinary differential equations.
In order to derive the shifted approximation of (11), we make use of the two-point approximation (24).

(1= 0)(fa = fa1) + chfy = hfy_y = O(),
! h /
fut ;h_f’; = fam1+ 5+ O0R).

When ¢ = (14 b)/(3 — b) we obtain

1+0b 1-3b
fa— mh n = fuo1t mhﬂf—1 +O(K?) (30)

From (11) and (30) we obtain the shifted approximation of the first derivative

1 n—2 3 B B
7 ((1 =0)fu— (10 D U i — (1= 20)0" 2 Fy — 1" 1fo) (31)
k=1
1-3b
= fuo1 + z(l—_b)fff—lh +O(h).
Consider the nonlinear ordinary differential equation
y'(8) +8By(t) =y () + F(),  y(0) = yo. (32)
By approximating the first derivative at t,,_; with (31) we obtain
1 n—2
. ((1 —Db)yu— (1=b)* > by — (1 - 20)b" 2y — b”‘%)
k=1

+ Qn1Yn—1 = Yo_1 + Fy_1 + O(H).

The numerical solution of equation (32) satisfies

h n—2 B
Uy = u%,l —Sn—1Uy—1+F,—1)+(1-D) bk T (33)
1-b =
1-2b,, 5 b1
T—p b" "Cuq + 1 buo

and has initial conditions
up =1Yo, U1 =Yo +h(yg + Fo _gOyO)-
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The numerical solution (33) is computed with O(n?) operations. The number of computations can be
reduced to O(n) in the following way [1]: Let

n—2
Sn=(1=b) > P uy_y +
k=1

1-2b , ., b1
T—p0 Mt

Uup.

The sequence S, is computed recursively as
Sn == (1 - b)un_l + bSn_l.

The sequence S;; and the numerical solution (33) are computed with O(n) operations by means of the
following pseudocode.

Initialization: ug = yg, u; =yg + h(y% + Fy — goYo),

b 1-2b h
Sz:l—bu0+ 1_bu1, uzzm<u%—g1u1+lﬁ)+52.

Loop: for n from 3 to N do
Sn=(1-b)uy—1+bS,-1,

h
Un =17 (uﬁ,l — 8n—1Up—1+ Fn,1> + Sy.

The computational time of the numerical method (33) is comparable to that of standard difference
methods. The numerical solution (33) has first-order accuracy, and second-order accuracy when b = %
When the parameter b = 1 — I, the numerical solution (33) has an accuracy of order 1 — p.

Example 4. Consider the following nonlinear ordinary differential equation
Y+ Q0+ )y(t) = y? (1) + 21+ 2t —e*, y(0)=1, 0<t<1. (34)

Equation (34) has the solution y(t) = ¢!. The experimental results for the error and the order of
the numerical solution (33) of equation (34) are presented in Table 5.

Table 5. Error and order of numerical method (33) of equation (34).

b=1/2 b=1/3 b=1-+vh
Error Order Error Order Error Order
0.0004 | 324x1075 0998 | 8.00x10~% 20002 | 3.09x1073 04711
0.0002 | 1.62x1075 09993 | 2.00x10~%  2.0001 221 %1073 0.4796
0.0001 | 811x10~% 09997 | 500x10=° 20000 | 1.58x10~3  0.4856

h

4. Second-Order Approximations of the Fractional Derivative

In this section, we derive the second-order expansion formula for the L1 approximation. Second-
order approximations of the fractional derivative, whose weights satisfy properties (2), are constructed
using the expansion formula and the approximation (11) of the second derivative.

4.1. Second Order Expansion Formula

In the next claim, we express the L1 approximation in terms of the values of the second derivative.

Claim 8. Let f € C*[0, x,,]. Then

A I TR S 1 LA
ﬁnf_mk;k fn_k+W+Enh, (35)
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where 5
—
M4 Xn

B3| < 4%
Exl < 155 —0)

Proof. By rearranging the terms, the formula of the L1 approximation can be written in the form

—a n—1 1—a -
Lof = ﬁ XK ot = 2fpci fooion) + #

The central difference approximation of the second derivative is given by
fut1 = 2fm + fur = B2 fig + Epht®,

where |E4,| < My/12. Then

h—* = 1—a (1,2 o1 4 4 nl_a(fl_fo)
Enf = ta—a kglk (1 fis+ Ed- i) + T2 ah* ’

el n—1 e n—1 _ 1—a
ﬁnf = — Z Kl :l/_k 4 — Z E;%—kklia + (fl fO)n ]

r2—uw) = r2-—u) = 2 —wa)h*
From the formula for the sum of zeta sequence
n—1 2—n @
_ n 2—ua\ By
DT =g —1)+ Z( )— (36)
— k’
= 2—u =) k )n
n—-1 2—a 1—a
1o _ 1 _n _ 1—« 1
kglk =5~ 5 i 1)+_12n“+0(_n2+a>‘
Therefore
n—1 2—u
Z e
= 2—«
The error of (35) satisfies
372 A
Eoh® = E. k¢
" I'2—a) Z n—k ’
k=1
) 2 n—1 . . M4h27’x n—1 .
Eul < s L B ilk ™ < === 2 k%
TUT2-a) 2R 121"(2—0()1;1
2—x,,2—n 2—u
|E%| < M4h n M4xn

12T3—a) 12I(3—a)
0

Let G(t) = (x — t)P(g(t) — g(x)), where g € C2[0,x] and x = x,. Denote

M; = max
0<t<x

().

The trapezoidal rule of the function G on the interval [0, x] is defined as:

n—1
e =h<@+k2 G(kh) + G(zx))

=1
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Claim 9. Let 0 < < 1. Then
X
f G(x)dx = T,G + Eh?,
0

where o o
1\/I1JC/S szﬁ_H

E .
Enl < ==+ 251

Proof. The function G has first and second derivatives
G'(t) = plx — )P 1 (g(x) = g(1)) + (x = 1)P&'(¢),
G"(t) = (1 - B)B(x — )P 2 (g(x) —g(t)) —2B(x — )P g/ (1) + (x — 1)Pg" (1).
From the Mean Value Theorem
G"(t) = (1= B)p(x — 1) P~g/(6) —2B(x — )P 1g/ (1) + (x — )Pg" (1),

where 6; € (t,x). Hence

G" (D] < (1= B)Blx — )P (Br)] +2B(x — 1) PN |g(1)] + (x — 1)PI" (1),

G"(1)] < (3~ B)BMi(x —)P~1 + Ma(x — 1)F.
The error of the trapezoidal rule satisfies
E; ! G G ST B i k)G"(t)d
i CICREERED | (5 - K)era
where B;(t) is the second Bernoulli polynomial

1 1
Bz(t)zg—tthz:E—t(l—t).

The polynomial B; satisfies |By(t)| < 1/6 for t € [0, 1]. Therefore

G'(0) 1S G'(0)]
4 _ — —

M (Y e a L (*167))4
. 2<E_> (f)‘t<T+EJO| (t)]dt

k

because G’ (x) = 0. The first derivative G’ has a value at zero
G'(0) = BxF7(3(x) - 8(0)) + 2"8'(0) = pxPe' (1) + x5'(0),
where ¢; € (0, x), which implies that
IG'(0)] < (B+1)xP M.
The coefficient Ej; of the trapezoidal approximation error satisfies the estimate

BAT . X . X
|E4| < WJF%(Q—WM% (x—t)ﬁ—ldt+M2L (x—t)ﬁdt>,

+1)xPM; 1 —
E}| < ('81)—21 + ﬁ((3—/3)xﬁz\/h +

szﬂ'H . Mlxﬁ n szﬂ-H
p+1 ) 3 12(6+1)°
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Let ;
g(t) _ f(xi:{( )
Claim 10. Let f € C3[0, x]. Then
M; < % M, < %
Proof. From Taylor’s theorem
iy SO —fO) ==t _ f(6:)
8 (t) - (x . t)z - 2 ’
ey - 260 =260 =20 ()~ = P10 _ f(g0)
g (=t 3
where t < 0, ¢ < x. Therefore
, " 9 p "
o)< TN gy < L0 25
a
By integrating by parts the formula in the definition of Caputo derivative we find
@y — L f() (x — )1
f (x)_F(l—ac)L(x—t)d T1-a
fiE—n=f 1 1-a
T Teow O+F(2—¢x)_[0<x R AC
() _ 1 g _ p\l—agn f’(O) xle
£ = g | = T 37)

In the following theorem, we obtain the second-order expansion formula of the L1 approximation and
derive an error estimate.

Theorem 11. Let f € C°[0, xy]. Then

Laf = s”{ s ) FCuI?, (39)

where
36M3x) ™% + 45Myx2~% 4+ 2Msx3

36I(4—a)

ICn| <

Proof. By adding and subtracting f, in (37) we get

"

X X 1—a g7
frsa) _ 1 J (xn _t)lﬂx(f//(t) — f)dt + n J (xn — D) dt + rxn fo )

r2—uw) Jg r2—uw) Jo (2—a)
a) 1 n on\l—afn 1" x2 “ xl- af()
A = gy || 0 =y e J s 2
From Claim 9 and Claim 10 the trapezoidal rule for the function
3 3 "py
(o= 1 (0 = 1) = (= 127050, () = LT
n
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has a second order accuracy

2—u 1 w 2—u

(&) _ Xn fO h K- " ( "

A uc)+F(2 W) T T2—a) Z )
hZ o 1 a( v r,z/) -
+ T2 a) + Eph?,

where o o
B3| < 1 M3x2—« N Myx3—« o1 Myx2~® N Msx3~%
"UTR-a) 3 12(3 — o) r2—a) 6 36(3—«) )

From Claim 8
(@ _ (A-fo) | A TS
0= Lt T2 —a)he +l"(3—oc) l"(2—0(c))

B2y, l- a(f// //) hW2— af// n—1 e 6.0
M2—a)  T2-u )Zk + Ealt,

k=1

where E$ = E> + E3,

1 Myx2™%  Msxy™® Myx2="
6 5 3 44n 541 4An
8 < B3]+ B3] < iy ( o+ 305 ) *

6 36(3 — 12T(3 — &)
ot (M L My My
S T2-a)\ 6  36(3—a) 122—a)
2—n
- (33— _ _
= T —a) (33 —w)(5—2a)My + (2 — a)Msxy),
B9 < 45Myx2~% + 2Msx3 "
36T'(4 —a)
Therefore
1—a / 201
i@ 1= fo—hfg -1 f5/2)
Lnf = fH @)+ TR —a)h?
hZ—tXf}{l/ nZ—a nl—a n—1 l—u 619
_F(Z—uc)(Z—tx_ 2 _k;k Bl

From Taylor’s theorem
(f = fo—hfg =W fg/2m ~*h=* = E}?,
where
M3 M3x,11_"‘
6 6
L1 approximation has a second-order expansion formula

E]) < nl el

"1,2—0
Lnf = fna) Sn(fz h ) +Cuh?,

where
1—a n2—¢x

n—1
_ n
k=1
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and
Maxl =% 45Mux2~% 4 2M5x3
6 7 _ 34n 44n 5tn
|Cal < |Ex|+ [ERl/T(2—a) < 6I'(2—a) 36I(4 —w)
_ 62— )3~ a)Myx, " + 45Myxd* + 2Msx "
36T (4 — ) ’

€, < 36Maxy " + 45Myxi " £ 2M sy

n 36T (4 — a) '
O

Corollary 12. Let f € C°[0,x,]. Then

B (oc) (06 _ 1)f//h2 ® h2—tx )
Lof = fa T2—a) + B, o +Cyh”,
where . ) s
M, 36M3x,; " +45Myx;, =% + 2Msx;, "
Bul < ora—gyr |Gl < 360(4— a) '

Proof. From (36) the numbers s, converge to {(« — 1) and

snzg(a—1)+1_“_(1+“)(1—0€)04+0< 1 ),

12n* 720n2+e n3+a
1—a
O<sn—§(0c—1) < W

Therefore the coefficient B,, satisfies

n*(sp —f(a—1)) .
r2-—uw) "

B, =

My1l-a) M
|Bu| = n*(su (“—1))|f|<12r(2 a>=12r<12—a)‘

O

By approximating the second derivative f,g“) in the expansion formula (38) of the L1 approxima-
tion with B,,_1 f we obtain a second order approximation of the fractional derivative

L 0@ ) o2
T2—a)h® kZ:O Vi Sk =fa +OM), (39)

where
1 =1-su(1-b), 1Y =27 —245,(1-b)2-b),

P = 1) = 2k 4 (k1) s, (1 - b)%0E2, for2 <k <n—4,
Y, = (=4 = 2(n = 3)1 % 4 (n—2)1 7% — 5, (1 — 3b + 3L2)b" D,
7, = (n=3)1" —2(n 2)1 ( n—1)17% —5,(1-3b)p" 4,

Y = =21 2= 1) b, A = (1)l

By substituting s, with the value of the zeta function {(« — 1) we obtain a second order asymptotic
approximation of the fractional derivative

n —u

SR 7 A ﬂ+0(h2) (40)
T(2—a)hs & n—k " ’
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where
WM = 1-Za-1)(1-b), ol =224 a—-1)1-b)2-b),
0™ = (k= 1)1 2k (k1) — Z(w—1)(1 - b)PH 2, for2 <k <n—4,
W™y = (n— )17 = 2(n = 3)1 " 4 (n —2)1 7 — g (w— 1)(1 — 3b + 362)b"
Wyl = (=3 = 2(n 2)1 < >1-“ ~{(a =1 =300,
W™ = (n—2)' 7~ 2(n — 1)~ “la—1p"83, W0 = (1)l
The errors of approximations (39) and (40) satisfy the following estimates.
Corollary 13. Letb = 1 —a + 2. Then
;i,)/“)f :f(“)+A K2
T2 —a)he STk Ik = nt
LR S (w h2 " 2
mk;)wk fu—k=fu + Bu + Anh?,
M,
where |B,| < m and
1—a _ 2—u 3—ua
A < x5 N 2|¢(a —1)| M3 N 45Myx; 7% + 2Msx;,
B—a)(2—a) 1-a)a /JT(2—a) 36I'(4 —a)
Proof. The zeta function is decreasing on [—1,0] and takes values between {(—1) = —1/12 and
¢(0) = —1/2. Therefore
11—«
J(a—1) < sy <§(tx—1)+W <0.

The estimates for A, and B, follow from Claim 1, Theorem 11 and Corollary 12. O

4.2. Properties of the Approximations

Now we prove that, when the parameter b = 1 — a + a2, the weights of of approximations (39)

and (40) satisfy properties (2). The values s, and {(« — 1) are negative, while the weights ’)/((]vc) and a)((;x)

(a) (2) (x)

are positive; v, ’ and w; ’ are negative. In the following we show that the remaining weights w, ’ and

(“) are negative. The proof relies on the inequalities from the claims below.

Claim 14. Let0 < b < 1. Then

Proof. Let f(x) = x2b*. Then
f(x) = 2xb* + x26" Inb = x(2 + xInb)b*.

The function f has a maximum when x = —2/Inb.

) - i
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Claim 15. Let 0 < x < 1/3. Then

2x
Proof. oy
g(x)=In(1+x)— oY
2
Fron X
8= ainara Y

The function g is positive because it is increasing and ¢g(0) = 0. O
Lemma 16. Letb =1 — a + a?. Then
w,(1“)<0, (1<n<N-=3).
Proof. When n > 2, approximation (40) has weights
Wi =+ 1) =20 (= 1)1 — (e — 1) a1 — )36 2,
The zeta function is decreasing on (—1,0) and {(« — 1) > £(0) = —0.5. It is sufficient to prove that
(n+ 1) =20 4 (n - 1)1 > 05431 —a)? b2 (41)
Let f(x) = x! =% From Mean Value Theorem

— a(l —a
(i’l—l—l)l “—21’11 a—l—(i’l—l)l * = f”(G) = ——(91 2 )
for some 6 € (7’1 — 1, n-+ 1) Therefore

a(l—a) a(l—a)
(n+ 1)t ~ (n+1)2"

|(n+ D) =20 4 (n— 1)1 >

Inequality (41) follows from

a(l—a) 301 \3pn—2 2 2p n—2
(n+1)2>0.50c(1 a)°b"7, —az(l—zx)2>(n+1)b ,
2b°
21 n+1
(n+1)°b <(1—b)2
From Claim 14
4 2v°

It is sufficient to prove that

2 (1-b)

(Inb)” > T

Substitute b = %Jrr
2
In®(1+7) > M
2
When a € (0,1), the parameter b € [3,1), because b = 1 —a(1 —«). Thenr = 1/b—1and r € (0, 1].
From Claim 15 ) )
21+ 7) > 4r r*(1+47)

2+~ 2
8> (1+7)(2+71)>2
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The function g(r) = (1 +)(2 + r)? is increasing, because
g'(r)=(2+7r)(4+3r)>0.

The function g has a maximum at » = 1/3.

49

— =7.259 < 8.
9 <

W

8(r) <g(1/3) =
O

From the properties of the Ll-approximation and the constructions of (39) and (40), their weights
satisfy Zn -0 'yn Zn 0w ™ _ 0. Therefore, approximation (40) satisfies properties (2). The weights
of approximation (39) also satisfy the properties in (2), since {(« — 1) < s, < 0. In the following claim,
we establish a lower bound for the last weight of both approximations.

Claim 17.
(@) | >

) = o] > T2,

Proof. From the binomial formula
(x) (x) 1—ua 1
® ® 1— 1— k
W =wy =(N-1) “—N lx_—; (_1)< k )Nk —14a”
=1

The values of (—1)* (1;"‘) are negative. Hence

11—«
'YI(\?)_(UI(\?)< N

O

4.3. Shifted Approximations for the Fractional Derivative

Now we derive shifted approximations of the fractional derivative on the first two-point and
three-point stencils of the uniform mesh. These shifted approximations are used to specify the initial
conditions in the numerical solutions of fractional differential equations that employ approximations
(39) and (40) of the fractional derivative. From Taylor’s theorem

F1#8) = fo+tfyg + f”’ +O(#).

By substituting the first derivative in the definition of the Caputo fractional derivative (1) with the
second Taylor polynomial, we obtain

FO) - o+ pe W ofxios),

@ rE)x"*, TEx*“fi T@2>"f —a
0 =Ty fit l"(3—0z)70+1"(4—1x)%+0(x4 )

u xl— f x2 " a
f( )(x): r2- )<0 ( —a)(g—a)> +(’)(x4 )

Substitute x = rh.

1—a h 2h2 "
@ (rh) = (rh) (fo 4 f (2 “)(j; “)>+(9<h4“‘). (42)
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Now we obtain a shifted approximation of the fractional derivative on the two-point stencil 0, i from

the approximation
1—a
(@) _ (rh) / rh ., 8
f (Th) I"(z_a) f0+2—06 0 +E1’l’

where |E8| < M3(rh)3~%/T(4 — ). Let

rh
0.

Fi(h) =cofo+c1hf _f(l)_ 72—«

The function F; has a Taylor expansion of order two at the origin; that is,

2
Fi(h) = (co+c1)fo+ (th—1)fy + (% — %) 6’+(’)(h2).

By setting the coefficients equal to zero, we obtain the system of equations

co+c1 =0,
Clh—1=0,

2
ak’ _ oy,
2 2—u

The system of equations has a solution

c—1 co=—7, r= -1-2
R A T
From Taylor’s theorem and the values of the coefficients given above, we obtain
Fi(h) = E;I?,

where |E; | < M3/6. Therefore

. 1_¢a 11—« .
fl(—)zx/z = % (fl - fO) + E}[OhS ’ (43)

where
r3_”‘M3 Tl_“Mg, 2Ms3

Td—a) 6T2-a) T@A—a)

EN <

A shifted approximation on the three-point stencil 0, /1, 2k is obtained from (42) for r = 1.

hl—tx h hZf//l
(a) _ / 1 0 1174—w
fEm F(Z—a)<f0+2—tx0+(2—0c)(3—a)>+E”h ’

where |E}| < My/T(5 — ). Let

h " hZf///
e RN

1
Ba(h) = 1 (cof (0) + c1f(h) + caf @) = F'(0) — 5
The function F; has a Taylor expansion of order two at the origin; that is,

0 1 1
FE(h) = %(Co +c1+¢2) —|—f(l) (c14+2c—-1)+ <§C1 +2¢cp — m) (’)/h + O(hz)
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By setting the coefficients equal to zero, we obtain the system of equations
co+c1+cp=0,
c1+2c =1,
C1 . 1
y P =o—p
which has a solution
o 3o —4 c 21 —a)  4(1-w) o= o
07 22—a) VT 2—a T 22-a) * 22-a)
From Taylor’s theorem and the values of the coefficients given above, we obtain
Ey(h) = E?K?,
h
where -_ aMs
" 33—a)"
Hence _
F@ = (3 = 4)£(0) +4(1 — @) f () + af (2h) ) + EPR3~ (44)
2T(3—a) nto
where M Myh 8a M3 + M.
E13 aVlg 4 aMs + My
vl < 33— wr@—a) " TG-u -~ 3IG_a)

5. Numerical Solutions of Fractional Differential Equations

Difference schemes are the main approach for the numerical solution of ordinary and partial
fractional differential equations [52-58]. In paper [1], we construct difference schemes for the two-term
ordinary fractional differential equation and the fractional subdiffusion equation, which use approxi-
mations of the fractional derivative of order 2 — &, obtained in a manner similar to the construction of
approximations (6) and (8). In this section, we study the difference schemes that use approximations
(6) and (8). The convergence and order of the difference schemes based on the second-order asymptotic
approximation (8) are proved. Consider the two-term ordinary fractional differential equation

y () + Ly(t) = F(t), y(0) = yo. (45)
Suppose that
1 L (a «
T(2—a)he kZO A fuk = AV 4 E) (46)

is an approximation of the fractional derivative that has an error term E;. By substituting the fractional
derivative y, in equation (45) with (46), we obtain
1 O L@ A
o
T 2N Ykt L = Fut B
=0

n
A+ LD~ @) i)y = T2~ ) i Fy = > Ay + T2~ @) EM®.
k=1

The numerical solution of equation (45) obtained using approximation (46) is computed as

1 5@ )
Uy = TR—a)h*Fy— > A up_i |- 47)
" Ag"‘)+Lr(z—a)ha< " ,;1 .
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The initial values of 13, up, u3 and uy are computed using the L1 approximation, where )\I(:‘) = (7]5“) for
1 < n < 4. Denote by NS, the numerical solution (47) of equation (45) that uses approximation (6),

(@) (@)

where A, = 7,7, and by NS, the numerical solution that uses approximation (8), where )t,((“) = a),g“).
Example 5. Consider the following boundary value OFDE
YO0 + Ly(t) = ' Erpa(~t) + L, y(0) = L. (48)

Equation (48) has a solution y(t) = . The numerical results for the error and order of numerical
solutions NS, and NS, on the interval [0,1] are given in Tables 6 and 7. The error of numerical
solution NS., is smaller than the error of NS, because approximation (6) has a smaller truncation error
than (8). The computational time of NS, is longer that that of NS, because on every iteration the
weights of approximation (6) are recomputed.

Table 6. Error and order of numerical solution NS, of equation (48).

L=1,a=01 L=5 a=025 L =30, xa =09

Error Order Error Order Error Order
0.001 1.78x10~° 17957 | 152x10%  1.8268 | 6.79x10~8  2.0855
0.0005 | 47910710 18978 | 4.08x 10710 19046 | 1.58x1078  2.0984
0.00025 | 1.24 x 10710 1.9461 1.06 x 10710 19453 | 369x 1072  2.1013

h

Table 7. Error and order of numerical solution NS, of equation (48).

L=1,a=01 L=5 a=025 L=30, xa=09

Error Order Error Order Error Order
0.001 254x107% 17957 | 121x107®  1.8555 | 1.96x107>  1.6252
0.0005 | 6.72x1077  1.8978 | 327x1077  1.8913 | 541x10"°®  1.8587
0.00025 | 1.73x 1077  1.9461 855x 1078 19352 | 144 x107®  1.9104

h

In the following, we prove the convergence of the numerical solution NS, and obtain an estimate
for the error. Denote by e;, = v, — u,, the error of NS, at the point ¢,. The errors ej, e, e3 and ey are
computed as eg = 0 and

1 2
en1—|—Lr(2—0‘)h‘X<r(2_“Enh EUk en k) (1<Tl<4),

where E,h?~* is the truncation error of the L1 approximation [48]. Therefore, the numerical solution
NS, has second-order accuracy for the first four iterations. Let

1
Ci=12 max{ler], [e2], 3], |eq|}-

The sequence of the errors of numerical solution NS, for nn > 4 satisfies

1 (a)
ey = I(2—a)AR2 " + T2 —a) w e k)
oW ire-o h“( Z e
Theorem 18. Suppose that L > — ( L Then
len| < CH?, (49)
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wheren =1,...,N and

C — max { c,, Mz 6Ma +252Ms + 45My + 2Ms }

12’ 72(1—a+LT(2—a))

Proof. We prove the statement by induction on 7. The estimate holds for n < 4. Assume that (49)
holds forallk =1,2,...,m — 1.

1 m—1 W2
lenl < —5 <— > w,ﬁ“)|em_k| +T(2—a)Bu|— +T(2— a)|Am|h2+”‘>.
wy '+ L2 —a)h® k=1 m
Applying the induction assumption
1 h?

—+T(2— uc)|Am|h2+”‘> .

|em| S -
m

o <Ch2(w(§"‘> —w®)) + T(2 - )| Bu
wy '+ L2 —a)h®

From Corollary 13 and Claim 17

_ _ 2
lewm| < ! <Ch2 <w(§“) 1 "‘) LLCoMy By oc)Ah2+”‘).
W + LT(2 — a) me 12I(1 — &) m*

Factoring out Ch? we write

T(2—a)A — M
_ wi) + Lot - L (1 - ﬁ) o2
lem| < o LT(2—a) '
w2
0 N«

When C > %, the number 1 — f\g—é > (0. Hence

(@) nu . T@=a)A M
wy 'N*+ = —-(1-0a)(1— 52
el < ( : < (i) )Chz.

WM N+ LT(2 - a)

To ensure |e,;| < Ch?, it suffices to show that the coefficient is at most one:

qu@(l—g—é) S LI(2-a),

r@-mA  (1-a)M,
C 12C
122 — a)A+ (1 —a)M,
2(1—a+LI2—a))

<(1—-a+ILT2—-ua)),

C>

(50)

From Corollary 13 and x,, € [0, 1], we obtain

e 1 210 —1)]\ M; | 45M, +2M5
B-—a)2—a) (1-a)a JTQ2-a) 36I'(d—a)’
Ao Mz 45My+2Ms _ 252Ms +45My +2Ms
T4—«)  36T(4—a) 360 (4 — o)

Combining (50) with the bound for A, we obtain that when

- 6 My + 252 M3 + 45My + 2 M5

¢ 72(1—a+ LT(2—a))

estimate (49) holds, |e,,| < Ch?, completing the induction. [
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In Theorem 18, we proved that when the parameter L > —1/T(1 — &) numerical solution NS, has
second-order accuracy. The proof of the convergence and order of NS, is similar. When the parameter
L is negative, the errors of the two numerical solutions become large. Experimental results for the
error and order of NS, and NS, for negative values of the parameter L are presented in Tables 8 and 9.
The errors of the numerical solutions in Tables 8 and 9 are greater than 10 for L = —4, L = —10, and
L = -20.

The numerical methods NS., and NS, exhibit behavior similar to that of numerical method (16)
for equation (14) To compute the numerical solution of equation (48) with an accuracy not exceeding
10>, we use the approach from Example 2. We consider the corresponding boundary value fractional
ordinary differential equation whose boundary condition coincides with the initial condition of
equation (48). Its numerical solution, obtained using the L1 approximation of the fractional derivative,
is used as the numerical solution of equation (48), and it has an accuracy of O (h?~%), which is sufficient
to solve both equations with an error smaller than 10~°. The accuracy of the numerical solution can be
improved by using higher-order approximations of the fractional derivative and boundary conditions
at different points.

Example 6. Consider the following boundary value OFDE
2O(t) + Lz(t) = F(t) =~ Erp_o(—t) + Le ™!, 2z(2) = 1. (51)

Let h = 2/N. By approximating the fractional derivative using the L1 approximation we obtain

- n
1"(1;(:&) Z U;E'X)Zn + Lz, =E, + O(hz—“)'
k=0

The numerical solution satisfies

n
(1+TQ2 - w)Lh®ug + Y 0, =T~ 0)h*Fy,  uy =1, (52)
k=1

where 1 < n < N. The numerical solution is computed with the system of N + 1 equations, which
consists of equations (52) and the boundary condition #y = 1. The coefficient matrix of the system has
entries 1 4 I'(2 — a) Lh* on the diagonal above the main diagonal and is reduced to a lower-triangular
form, using N — 1 row operations. The graphs of the exact solution of equation (48) and numerical
solution (52) for L = —10,h = 0.01, « = 0.9 are given on Figure 3. The experimental results for the error
of the numerical solution (52) are presented in Table 10, where all errors are smaller than 107°. The
results in Tables 8, 9, and 10 demonstrate that the numerical method (52) for equation (48) represents
a significant improvement over NS., and NS, for negative values of the parameter L.

Table 8. Error and order of numerical method NS, of equation (48).

L=—-4 a4=025 L=-10, x =05 L=-20, x =075
Error Order Error Order Error Order
0.001 1.71 x 10103 18554 | 8.08 x 103 32126 | 5.68 x 10¥° 2.3230
0.0005 | 3.43 x 10101 56411 1.45 x 103 2.4741 1.28 x 1015 2.1396
0.00025 | 4.29 x 10100 2.9997 2.61 x 1033 24787 | 2.88 x 1014 2.1617

h
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Table 9. Error and order of numerical method NS, of equation (48).
L L=—-4,a=025 L=-10, « =05 L=-20, a =075
Error Order Error Order Error Order
0.001 481 x 1070 462.98 8.27 x 104 48.054 | 8.65x 10 11.595
0.0005 | 1.65x 1015 18425 | 4.04 x 1038 10.997 | 3.31 x 10'8 4.7077
0.00025 | 3.61 x 10106 28.766 1.86 x 10%7 44391 2.88 x 1017 2.1617
Table 10. Error and order of numerical method (52) of equation (48).
h x=09, L=-10 | a=08 L=-20 | a=07 L=-30 | a=06, L=-40 | a =05,L=—50
0.001 2.04 x 1075 463 x10°° 1.34 x 107° 426 x 1077 1.41 x 1077
0.0005 9.51 x 1076 2.02 x 107 547 x 1077 1.62 x 10~7 5.06 x 108
0.00025 443 x 107 8.82 x 107 223 x 1077 6.21 x 108 1.81 x 108
1
0 1 2
Figure 3. Graphs of the exact solution of equation (48) and numerical solution (52) for « = 0.9, L = —10 and
h =0.01.

The fractional subdiffusion equation is a fractional partial differential equation of the following
form
alX
wu(x, t) = Luxx + F(x,t),
where L is the diffusion coefficient and has initial and boundary conditions
u(0,t) =up(t), u(x,0)=v(x), u(lt)=uy(t).
Let 7 = 1/M and h = 1/N, where M and N are integers. Denote u}} =
rectangular grid on [0, 1] x [0, 1]

u(nh,mt) and by J the

J ={(nh,mt)|0<n < N,0<m< M}

By substituting the fractional derivative at the point (nh, m7) with approximation (8) and the second-
order partial derivative with the second-order central difference formula, we obtain

m m _n,m m 2—
1 Z wlg’x)um—k _ Lunfl Zun + Uy *
n hz

+ Dyh?,
re—a)t =

T
+F)'+ ApT* + By——
n
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m
LT(2 —wa)T?
wé“)u,"f + Z wéa)u?_k = (Tm(un’”_l —2uy +uy ) +T(2—a)T"E)
k=1

2
T
+T(2—a) <A,T1”T2+a + BZZE + D;’;T“hZ),

where A and B!" are the coefficients of the error of approximation (8) and D!h? is the error of central

difference approximation. Denote 17 = W

m
—qul_ 4+ (2n + w((]“))u;” —nuy, =T2—a)T"F - 2 wlsa) uzi_k
k=1
2
+T(2—w) (Anrz+“ +By— + DnT”‘h2>.
an
The numerical solution {U}_ on row m of the grid J is computed as
m
U+ @yt o g U, =T -a)TE - ) wl® ur, (53)
k=1
where 5 < n < N — 1 and has boundary conditions U' = uo(mt), U = uq(mT).

The numerical solution for the first row is obtained using shifted approximation (43)

(1-5" L(1-%) L .
r2 W (s — ) = =g (s =20} +ul ) + 0" () + BV o(r +7%),

L(1-%*T(2—a)T*
uh—ufy = 2

(u,11+1 —2ul + ui,l)

" W <Lz“ Ho(x) + Fﬁ'ﬂ) + O (1 + 72)).
2

N

L(1-%)*T(2—a) T isfi
% o satisfies

Lety = . The numerical solution {U}}

T'2—a)t [/ La
—Up g + (L4 20Uy — Uy = ( ) ( 0

a-or=\2 () + F 2) (54)

and has boundary conditions boundary conditions U} = uo(7), U}, = u1(7). The coefficient matrix
for the system of equations of the first row is a diagonally dominant matrix of size N + 1. The Ly
(maximum) norm of a vector is the maximum of the absolute values of its elements and the L, norm
of a matrix is the maximum of the absolute row sums. The norm of the inverse coefficient matrix of
(54) is smaller than one [49,50]. Therefore, the numerical solution on the first row of the grid 7 has an
error of order O( T (h* + 72) ). The numerical solution for the second row of the grid .7 is computed
explicitly using the shifted approximation (44)

wu? +4(1—a)ul +Ba—4)u) L

22— a) 1% 2 (ppr — 20y + 1ty _q) + Fy + O(h2 + T37”‘).

The numerical solution satisfies

2LT(2 - &) T°
a2 +4(1 — o)UL + (30 — 4)U° = % (ul,, —2ul+ Ul ) +2rQ—a) t°FL,
1/ 2
Ui =< <(1’7)‘x (Ul,, —2ul + Ul ;) — 401 — a)Ul — (Ba — 4)UC +2I(2 — ) T“P,}>.
-2
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The error of the numerical solution in the second row of 7 is also of order O(T”‘ (h* +7%)). The
numerical solutions for the third and fourth rows are computed explicitly using the third order
approximations

ud =3u? —3ul +ul + O(?), ub =3ud —3u% +ul + O(7),

us =3uz-s3ul+ud,  up=3ud-3uz+u..

The errors for the third and fourth rows also have accuracy of O (t*(h? + 72)).

Example 7. Consider the following fractional subdiffusion equation

o* I3+ _ _
Sl t) = uxx+%(1—2x+x3 12— (3—a)(2 — a)x (1 4 2Ty, 55)

u(0,t) =14 27, u(x,0) =1-2x+x>"%  u(1,t) = 0.
Equation (55) has the solution
u(x, t) = (14 279 (1 - 2x + x379).

The numerical results for the error and order of the difference scheme (53) for the subdiffusion equation
(55) with & = 0.5 and & = 0.75 are presented in the third and fourth columns of Table 11. The graphs
fora =0.5,L =1,h = 0.02, and T = 0.005 are shown in Figure 4.

Example 8. Consider the following fractional subdiffusion equation

o

0 _
wu(x, £) = Buyy — €* <3€t +t! “El,z—a(—t));

u(0,8) =ef, u(x,0)=e5, u(l,t)=ett

(56)

Equation (56) has the solution u(x, t) = e**!. The results of the numerical experiments for the
error and order of the difference scheme (53) for the subdiffusion equation (56) with « = 0.25 are
presented in the second column of Table 11. The graphs of numerical solution (53) and its error for
« =0.5,L=3,h=0.02 and T = 0.005 are shown in Figure 5.

In the following, we prove that the difference scheme (53) for the fractional subdiffusion equation
converges with second-order accuracy. The errors E})' = u} — U]" on the first four rows of the grid J
have accuracy of O(t*(h? + 12)). Therefore

EN| < Ci(T? + 1),

where C; is a positive constant. The errors on row m > 4 of the grid J are the solutions of the system
of equations

—nEp_ 1+ (27 + w(()a))Enm —nE, =Ry,

where Ej' = E{j = 0 and

m—1 2
_ T
RM = k; (w,ﬁ“)E,:” k) L T(2— ) <Ay72+“ B+ D;"r“h2>. (57)
Denote
o ai — 4
M; = max ﬁu(x, 31P M, = max @u(x, )|,
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where the maximums are taken for all (x,t) € [0,1] x [0,1] and the coefficients A}, B!* and D!’ satisfy
the bounds N

My

o

M
12T(1—a)’

252M3 + 45My + 2Ms5
A B m
A< S Bl < Dy

Let £, be an (N + 1)-dimensional vector whose entries are the errors E}? of difference scheme (53) on
row m of the grid 7, and let R, be the vector of truncation errors (57). The system of equations for
the errors of difference scheme (53) in row m of the grid J can be written in matrix form as

MEy = R,
where M = (ai,j) is a tridiagonal square matrix with nonzero entries 417 = ay y = 1 and
ajj =21 +wo, Ai—1,;=aiy1i =1,  (2<i<N-1) (58)
Theorem 19. The errors of difference scheme (53) satisfy
= c(T2 + hz) (59)

forallm =1,..., M, where

6My + 252M5 + 45My +2Ms My
C = max< Cq, .

72(1—a) " 12(1—a)

Proof. We prove the statement by induction. The estimate (59) holds for M < 4. Assume that (59)
holds for all rows 1,2, ...,m — 1 of the grid J. From formula (57)

m—1 2
_ T
R < = 30 ) IER 1+ T2 =) (AT 4 + B S + DY 92 ).
When 0 < a < 1 the gamma function satisfies 0.88 < I'(2 — &) < 1 (see [51]). Applying the induction
assumption
2

|RM| < Zwk (T>+ W)+ T2 —a)|AT| T2 + T(2 - )|Bm|—+|Dm|T2h2

My(1—a) T2 My

2
o mtn T

IR < () = |l ) C(? + W) + A2 4
where A < (252M3 + 45My + 2Ms5)/72. From Claim 17

2 M 2 2
" P S N e I T M- T M, h
Rl <y C 417 = — = CO )+ Aot = e T 12

. @Wpn2 g2 A=)/ A M A-—ah?( . M,y
IRy < wy 'C(t°+h%) — ——|C e C 0-a )

m 1—a 12 & 1—a)

When C satisfies the conditions of the theorem, the two coefficients C — A/(1 — ) — M>/12 and
C — M4 /(12(1 — a)) are positive.Therefore

RY| < w{PC(? + ).
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From (58) the infinity norm of the inverse matrix satisfies [49,50]

_ 1
M < -
Wy
Hence
gm = M_lRm,

[Emll < IMTHIRm| < C( + 12).

The error estimate (59) holds for the m-th row of the grid 7, completing the induction. [

Table 11. Error and order of the difference scheme (53) for equation (56) — second column, and for equation (55) —

third and fourth columns.

L a=025L=1 a=051L=2 a=075L=3
Error Order Error Order Error Order
0.02 298x107° 19568 | 522x107° 19568 | 2.03x107°  2.0231
0.01 759%x107° 19744 | 1.36x107° 19745 | 5.00x10~®  2.0234
0.005 191 x107% 19926 | 342x10=% 19927 | 123x10~%  2.0257

0.00002
0.00001

1

Figure 4. Graphs of the numerical solution of equation (55) - left and the corresponding error - right for « =

0.5,L =1,h =0.02, and T = 0.005.

0.00002

0.00001

1

Figure 5. Graphs of the numerical solution of equation (56) - left and the corresponding error - right for a =

0.5,L =3,h =0.02, and T = 0.005.
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6. Conclusions

In the present paper, we have studied the construction and properties of parameter-dependent
approximations for the first and second derivatives, denoted by (4), (5), and for the Caputo fractional
derivative, denoted by (6) and (8) and their applications for numerical solution of differential and
fractional differential equations. The approximations of the fractional derivative are developed using
the second-order expansion formula of the L1 approximation together with an approximation (5) of
the second derivative. The weights of the two obtained approximations of the fractional derivative
satisfy property (2) when the parameter takes the value 1 — a + a2, where a is the order of the fractional
derivative. Approximation (6) of the fractional derivative has second-order accuracy, while the order
of approximation (8) depends on the mesh size and increases from 2 — a to 2. We provide examples
demonstrating the application of the derived approximations to the construction of finite difference
schemes for the numerical solution of fractional differential equations, and we analyze the convergence
and order of these numerical solutions. In Theorem 18 and Theorem 19, we prove that the difference
schemes based on both approximations (6) and (8) achieve second-order accuracy. The proofs rely
on the properties (2) of the approximation weights and on the magnitude of the last weights. The
theoretical results for the order and accuracy of the proposed numerical methods are confirmed by the
presented numerical experiments.

In future work, we will continue the investigations initiated in this paper. We plan to address
questions related to high-order expansion formulas and to the construction of approximations of the
fractional derivative based on these formulas. We will also consider the development of high-order
finite difference schemes for the numerical solution of fractional differential equations and analyze
their performance and convergence.
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