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Abstract

Difference schemes for the numerical solution of fractional differential equations rely on discretizations
of the fractional derivative. In earlier work [1], we constructed approximations of the first derivative
and applied them to fractional derivatives. In this paper, we extend the method from [1] to develop
parameter-dependent approximations of the second derivative and second-order approximations
of the fractional derivative based on the weights of the L1 scheme. We derive the second-order
expansion formula of the L1 approximation and show that the coefficient of the second derivative
is asymptotically equal to a value of the zeta function, as suggested by the generating function.
Using this expansion, we construct a second-order approximation of the fractional derivative and the
corresponding asymptotic approximation by a suitable choice of parameter. Examples illustrating
the application of these approximations to the numerical solution of ordinary differential equations
and fractional differential equations are presented. Both approximations of the fractional derivative
are shown to yield second-order numerical methods. Numerical experiments are also provided,
confirming the theoretical predictions for the accuracy order of the methods.

Keywords: fractional derivative; approximation; numerical solution; convergence

1. Introduction
Fractional differentiation extends integer-order differentiation and integration to arbitrary orders.

There is a growing interest in developing numerical methods for fractional differential equations due
to their wide applicability in various branches of science [2–4]. Finite difference schemes provide a
powerful approach for the numerical solution of fractional differential equations and the study of their
properties. The Caputo fractional derivative of order α, where 0 ă α ă 1, is defined as

f pαqpxq “ Dα f pxq “
1

Γp1 ´ αq

ż x

0

f 1pξq

px ´ ξqα
dξ. (1)

The power function xp and the functions ex, sin x, and cos x have fractional derivatives.

Dαxp “
Γpp ` 1q

Γpp ` 1 ´ αq
xp´α, Dαex “ x 1´α E1, 2´αpxq,

Dα sin x “ x 1´α E2, 2´αp´x2q, Dα cos x “ ´ x 2´α E2, 3´αp´x2q,
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where p ą 0 and Eα,βpxq is the Mittag-Leffler function

Eα,βpxq “

8
ÿ

k“0

xk

Γpαx ` βq
.

The lower limit of fractional differentiation may be an arbitrary number. The kernel of the fractional
derivative has a singularity of order α. A direct application of numerical integration methods for dis-
cretizations of the fractional derivative leads to reduced accuracy and a lower order of approximation.
Therefore, the construction of high-order approximations of fractional derivatives requires additional
considerations.

Fractional calculus is a rapidly developing scientific field that extends and generalizes differential
calculus. Other definitions of fractional derivatives and integrals include the Riemann–Liouville and
Grünwald–Letnikov derivatives, introduced in the 19th century. The Riemann–Liouville derivative
is the first known generalization of integer-order derivatives and is a widely used definition in
fractional calculus. The three definitions of the fractional derivative are directly related and share
similar properties. The main difference between fractional and integer-order derivatives lies in their
nonlocal properties. Fractional derivatives have a strong dependence on the previous values of the
function according to the power law, or exhibit memory-influenced dynamics. The definition of
integer-order derivatives depends only on the local behavior of the function in a small neighborhood
around the point of differentiation. The definitions of integer-order derivatives imply an exponential
dependence on previous values, and this effect may be negligible or minimal. The choice of a particular
definition of the fractional derivative and its advantages depend on the problem under consideration.
The Caputo fractional derivative, defined in 1967, has the advantage that when solving differential
equations, it allows the use of initial conditions expressed in terms of integer-order derivatives,
which often have direct physical meaning. In addition to the most commonly used definitions of the
fractional derivative, such as those of Riemann–Liouville and Caputo, there exist other important
and widely applicable definitions in the theory of fractional calculus. Among them are the fractional
derivatives of Weyl, Hadamard, Marchaud, and Riesz. The recently introduced fractional derivatives,
the Caputo–Fabrizio derivative (2015), the Atangana–Baleanu–Caputo (ABC) fractional derivative
(2016), have also proven their significance in modeling various time-dependent complex processes.
These derivatives, provide improved accuracy in describing memory effects in physical, biological,
and engineering phenomena [5–7].

Fractional Differential Equations (FDEs) are a generalization of ordinary and partial differential
equations and provide powerful tools for modeling complex systems with memory, hereditary prop-
erties, or anomalous diffusion. Due to the complexity of fractional differential equations and their
corresponding models, numerical methods are the main and, in many cases, the only approach for
solving them. Numerical methods could be applied to a much wider class of fractional differential
equations compared to analytical methods. Many of the properties and approaches used for solving
ordinary and partial differential equations are also applicable to the corresponding fractional differen-
tial equations. The development of numerical methods is based on the growing number and diversity
of the considered models, as well as on the improvement of the technical means for their solution.
The main types of approaches for solving differential and fractional differential equations include
the Finite Difference Methods [8–11], Spectral Methods [12–15], Finite Element Methods [16,17], and
Predictor–Corrector Methods [18,19].

Finite difference schemes for the numerical solution of fractional differential equations are widely
used because of their simplicity, flexibility, and consistency of the numerical results. The difference
schemes for fractional differential equations use discretizations of the fractional derivative on uniform
or nonuniform grids over the interval of fractional differentiation. These approximations involve the
previous values of the function, which leads to a more complex analysis of the difference schemes
and increases the computational time required for their solution. Constructions of fast difference
schemes for fractional differential equations that achieve optimal computational complexity using

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 21 October 2025 doi:10.20944/preprints202510.1560.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202510.1560.v1
http://creativecommons.org/licenses/by/4.0/


3 of 38

sum of exponentials approximation of the kernel function are presented in [20–23]. To improve the
efficiency of difference schemes and achieve high computational accuracy, high-order approximations
of the fractional derivative are used. The development of high-order approximations of the fractional
derivative and the investigation of their properties are important problems in the construction and
analysis of difference schemes for fractional differential equations. Constructions of second-order
approximations are discussed in [24–28]. High-order approximations of the fractional derivative are
constructed in [29–34].

The Grünwald–Letnikov difference approximation and the L1 approximation are important and
widely used discretizations of fractional derivatives[35–39]. The Grünwald–Letnikov approximation
has first-order accuracy and a generating function p1 ´ xqα. The L1 approximation has an accuracy of
order 2 ´ α and a generating function

Gpxq “
p1 ´ xq2Liα´1pxq

x
,

where Liνpxq is the polylogarithm function. The generating function of an approximation of the
fractional derivative satisfies

Gp1q “ 0, lim
xÑ1´

Gpxqp1 ´ xq´α “ 1.

The present paper continues the study in [1] and focuses on the properties of the L1 approximation
and on methods for extending it to higher-order approximations while preserving the properties of the
weights. Consider fractional differentiation on the interval r0, Xs and a uniform net with a step size
h “ X{N, where N is a positive integer. Denote fn “ f pxnq “ f pnhq. L1 approximation of the Caputo
derivative has an order 2 ´ α and is defined as:

Ln f “
1

Γp2 ´ αqhα

n
ÿ

k“0

σ
pαq

k fn´k “ f pαq
n ` Oph2´αq,

where σ
pαq

0 “ 1, σ
pαq
n “ pn ´ 1q1´α ´ n1´α and

σ
pαq

k “ pk ´ 1q1´α ´ 2k1´α ` pk ` 1q1´α, p1 ď k ă nq.

The weights of L1 and Grünwald–Letnikov approximations have properties:

σ
pαq

0 ą 0, σ
pαq

k ă 0 p1 ď k ď nq,
n

ÿ

k“0

σ
pαq

k “ 0. (2)

The properties of the weights of Grünwald–Letnikov and L1 approximations enable an efficient
analysis of the stability and convergence of difference schemes for fractional differential equations.

In section 4 we obtain the second order expansion formula of the L1 approximation

1
Γp2 ´ αqhα

n
ÿ

k“0

σ
pαq

k fn´k “ f pαq
n `

sn

Γp2 ´ αq
f 2
n h2´α ` Oph2q, (3)

where

sn “

n´1
ÿ

k“1

k1´α `
n1´α

2
´

n2´α

2 ´ α
.

One approach to constructing discretizations of the fractional derivative is by specifying the generating
function. This method also applies to the construction of approximations for integer-order derivatives.
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In [1], we constructed a parameter-dependent approximation of the first derivative and applied it to
obtain a discretization of the fractional derivative of order 2 ´ α.

An f “
1 ´ b

h

˜

fn ´ p1 ´ bq

n´2
ÿ

k“1

bk´1 fn´k ´
bn´2p1 ´ 2bq

1 ´ b
f1 ´

bn´1

1 ´ b
f0

¸

“ f 1
n ` Ophq, (4)

where |b| ă 1. Approximation (4) has a generating function

G1pxq “
p1 ´ bqp1 ´ xq

1 ´ bx
,

where b is a parameter, |b| ă 1.The generating function G1pxq has properties

G1p1q “ 0, G1
1p1q “ ´1.

In the present paper we use the method from [1,41] for constructing a parameter-dependent approxi-
mation of the second derivative

Bn f “
1 ´ b

h2

˜

fn ´ p2 ´ bq fn´1 ` p1 ´ bq2
n´3
ÿ

k“1

bk´2 fn´k (5)

`
1 ´ 3b ` 3b2

1 ´ b
bn´4 f2 `

1 ´ 3b
1 ´ b

bn´3 f1 `
1

1 ´ b
bn´2 f0

¸

“ f 2
n ` Ophq.

In Section 4, we use (5) to construct second-order approximations of the fractional derivative. By
substituting the second derivative in the expansionn formula of the L1 approximation (3) with its
approximation Bn´1 f and choosing the parameter value b “ 1 ´ α ` α2, we obtain a second-order
approximation of the Caputo derivative

1
Γp2 ´ αq hα

n
ÿ

k“0

γ
pαq

k fn´k “ f pαq
n ` Oph2q, (6)

where γ
pαq

0 “ 1 ´ αp1 ´ αqsn, γ
pαq

1 “ 21´α ´ 2 ` αp1 ´ αqp1 ` α ´ α2qsn, and

γ
pαq

k “ pk ´ 1q1´α ´ 2k1´α ` pk ` 1q1´α ´ α3p1 ´ αq3p1 ´ α ` α2qk´2sn, p2 ď k ď n ´ 4q,

γ
pαq

n´3 “ pn ´ 4q1´α´ 2pn ´ 3q1´α` pn ´ 2q1´α´ p1´3α ` 6α2´6α3`3α4qp1´α `α2qn´5sn,

γ
pαq

n´2 “ pn ´ 3q1´α ´ 2pn ´ 2q1´α ` pn ´ 1q1´α ` p2 ´ 3α ` 3α2qp1 ´ α ` α2qn´4sn,

γ
pαq

n´1 “ pn ´ 2q1´α ´ 2pn ´ 1q1´α ` n1´α ´ p1 ´ α ` α2qn´3sn, γ
pαq
n “ pn ´ 1q1´α ´ n1´α.

From the formula for the sum of the zeta sequence, we obtain that the numbers sn converge to the value
of the zeta function ζpa ´ 1q. By substituting sn with ζpa ´ 1q in (3) and (6), we obtain the second-order
asymptotic expansion formula of the L1 approximation.

1
Γp2 ´ αq hα

n
ÿ

k“0

ω
pαq

k fn´k “ f pαq
n `

ζpα ´ 1q

Γp2 ´ αq
f 2
n h2´α ` Oph2q (7)

and a second order asymptotic approximation

1
Γp2 ´ αq hα

n
ÿ

k“0

ω
pαq

k fn´k “ f pαq
n ` Oph2q, (8)
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where ω
pαq

0 “ 1 ´ αp1 ´ αqζpα ´ 1q, ω
pαq

1 “ 21´α ´ 2 ` αp1 ´ αqp1 ` α ´ α2qζpα ´ 1q, and

ω
pαq

k “ pk ´ 1q1´α ´ 2k1´α ` pk ` 1q1´α ´ α3p1 ´ αq3p1 ´ α ` α2qk´2ζpα ´ 1q,

ω
pαq

n´3 “ pn ´ 4q1´α ´ 2pn ´ 3q1´α ` pn ´ 2q1´α

´ p1 ´ 3α ` 6α2 ´ 6α3 ` 3α4qp1 ´ α ` α2qn´5ζpα ´ 1q,

ω
pαq

n´2 “ pn ´ 3q1´α ´ 2pn ´ 2q1´α ` pn ´ 1q1´α ` p2 ´ 3α ` 3α2qp1 ´ α ` α2qn´4ζpα ´ 1q,

ω
pαq

n´1 “ pn ´ 2q1´α ´ 2pn ´ 1q1´α ` n1´α ´ p1 ´ α ` α2qn´3ζpα ´ 1q, ω
pαq
n “ γ

pαq
n “ σ

pαq
n .

The value of the parameter b “ 1 ´ α ` α2 is chosen so that the weights of discretizations (6) and
(8) satisfy properties (2). One difference between the two approximations is that, while approximation
(6) has second-order accuracy for every n ą 4, the order of approximation in (7) and(8) varies from
2 ´ α when n “ 1 to second order when n “ N. In Section 5, we prove that the difference schemes for
fractional differential equations using both approximations achieve second-order accuracy. The results
of the paper are summarized below.

In Section 2, we derive an approximation (5) of the second derivative. In Section 3, we consider
applications of approximation (4) and its corresponding right-side approximation to the numerical
solution of initial value and boundary value ordinary differential equations. These two approximations
are related to two-point approximations and lead to efficient numerical methods whose performance
and accuracy are comparable to standard finite difference methods. A convergence and error analysis
of the numerical solution of a first-order ordinary differential equation is presented, with respect to the
values of the parameter.

In Section 4, we derive the second-order expansion formula (3) of the L1 approximation and
construct second-order approximations (6) and (8) of the fractional derivative. In Section 5, we consider
applications of approximations (6) and (8) to the construction of difference schemes for the two-term
ordinary fractional differential equation and the fractional subdiffusion equation. The difference
schemes based on approximations (6) and (8) achieve second-order accuracy, and the proof of their
convergence and order relies on the magnitude of the last weight of the L1 approximation.

2. Approximation of the Second Derivative
In paper [1], we constructed an approximation (4) of the first derivative with generating function

G1pxq “ p1 ´ bqp1 ´ xq{p1 ´ bxq. Constructions of approximations of the first and second derivatives
whose generating functions are based on the exponential and logarithmic functions are discussed
in [40,41]. In this section, we derive a parameter-dependent approximation of the second derivative
and its second-order asymptotic expansion formula which has a generating function

G2pxq “
p1 ´ bqp1 ´ xq2

1 ´ bx
.

The function G2pxq has properties G2p1q “ G1
2p1q “ 0, G2

2 p1q “ 2. Denote

H2pxq “ G2pe´xq “
p1 ´ bqp1 ´ e´xq2

1 ´ be´x .

The functions G2pxq and H2pxq have Maclaurin series

G2pxq “ p1 ´ bq

˜

1 ´ p2 ´ bqx ` p1 ´ bq2
n´3
ÿ

k“2

bk´1xk

¸

, (9)
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H2pxq “ x2 ´
x3

1 ´ b
`

p7 ` 4b ` b2qx4

12p1 ´ bq2 ` Opx4q. (10)

Formulas (9) and (10) lead to the following asymptotic approximation of the second derivative and its
second-order expansion formula.

1 ´ b
h2

˜

fn ´ p2 ´ bq fn´1 ` p1 ´ bq2
n´3
ÿ

k“1

bk´2 fn´k

¸

“ f 2
n ´

1
1 ´ b

f 3
n h ` Oph2q,

where the function f P C3r0, Xs and satisfies the condition f p0q “ f 1p0q “ f 2p0q “ 0. Now we extend
the approximation to all functions in the class C3r0, Xs. Let

Bn f “
1 ´ b

h2

˜

fn ´ p2 ´ bq fn´1 ` p1 ´ bq2
n´3
ÿ

k“1

bk´2 fn´k

` c2bn´4 f2 ` c1bn´3 f1 ` c0bn´2 f0

¸

.

The coefficients c0, c1 and c2 are determined from the right expansion formula of the approximation.
From Taylor’s formula, we obtain

fn´k “ fn ´ kh f 1
n `

1
2

k2h2 f 2
n ´

1
6

k3h3 f p3qpθkq,

where θk P
`

pn ´ kqh, xn
˘

. Approximation Bn has a right expansion formula

Bn f “ K0 fn ` K1 f 1
n ` K2 f 2

n ` E1
nh,

where

K0 “
1 ´ b

h2

˜

1 ´ p2 ´ bq ` p1 ´ bq2
n´3
ÿ

k“2

b k´2 `

2
ÿ

i“0

b n´i´2ci

¸

,

K1 “
1 ´ b

h

˜

´p2 ´ bq ` p1 ´ bq2
n´3
ÿ

k“2

k b k´2 `

2
ÿ

i“0

pn ´ iqb n´i´2ci

¸

,

K2 “
1 ´ b

2

˜

´p2 ´ bq ` p1 ´ bq2
n´3
ÿ

k“2

k2b k´2 `

2
ÿ

i“0

pn ´ iq2b n´i´2ci

¸

,

and

E1
n “

1 ´ b
6

˜

p1 ´ bq2
n´3
ÿ

k“2

k3b k´2 f p3qpθkq ´ p2 ´ bq f p3qpθ1q `

2
ÿ

i“0

pn ´ iq3b n´i´2ci f p3qpθn´iq

¸

.

The following formulas for the finite geometric series are used.

n´3
ÿ

k“2

b k´2 “
1 ´ b n´4

1 ´ b
,

n´3
ÿ

k“2

k b k´2 “
2 ´ b ` b n´4 p2 ´ 3b ` nb ´ nq

p1 ´ bq2 ,

n´3
ÿ

k“2

k2b k´2 “
4 ´ 3b ` b2 ´ b n´4 `

4 ´ 11b ` 9b2 ´ 4n ` 10bn ´ 6b2n ` n2 ´ 2bn2 ` b2n2˘

p1 ´ bq3 .

Therefore
K0 “

1 ´ b
h2

´

c0b n´2 ` c1b n´3 ` c2b n´4 ´ p1 ´ bq b n´4
¯

,
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K1 “
1 ´ b

h

´

c0nb n´2 ` c1pn ´ 1qb n´3 ` c2pn ´ 2qb n´4 ` b n´4 p2 ` bn ´ n ´ 3bq

¯

,

K2 “
1 ´ b

2

´

c0n2b n´2 ` c1pn ´ 1q2b n´3 ` c2pn ´ 2q2b n´4 ` b n´4 p2 ` bn ´ n ´ 3bq

¯

`
2 ´ b n´4 `

4 ´ 11b ` 9b2 ´ 4n ` 10bn ´ 6b2n ` n2 ´ 2bn2 ` b2n2˘

2
.

A system of equations for the coefficients c0, c1, c2 is obtained by setting K0 “ K1 “ 0 and the coefficient
of the second derivative K2 “ 1.

$

’

’

&

’

’

%

c2 ` c1b ` c0b2 “ 1 ´ b,

c2pn ´ 2q ` c1pn ´ 1qb ` c0nb2 “ R1,

c2pn ´ 2q
2
` c1pn ´ 1q

2b ` c0n2b2 “ R2,

where

R1 “ n ` 3b ´ 2 ´ b, R2 “
4 ´ 11b ` 9b2 ´ 4n ` 10bn ´ 6b2n ` n2 ´ 2bn2 ` b2n2

1 ´ b
.

The system of equations has a solution.

c0 “
1

1 ´ b
, c1 “

1 ´ 3b
1 ´ b

, c2 “
1 ´ 3b ` 3b2

1 ´ b
.

Therefore

Bn f “
1
h2

˜

p1 ´ bq fn ´ p1 ´ bqp2 ´ bq fn´1 ` p1 ´ bq3
n´3
ÿ

k“1

bk´2 fn´k

` p1 ´ 3b ` 3b2qbn´4 f2 ` p1 ´ 3bqbn´3 f1 ` bn´2 f0

¸

“ f 2
n ` E1

n h.

Denote
Mi “ max

0ďxďX
| f piqpxq|.

In the following claim, we obtain an error estimate for the approximation Bn.

Claim 1. Let f P C3r0, Xs. Then

|E1
n| ă

2M3

1 ´ b
.

Proof. From the formula for the coefficient E1
n, we obtain

|E1
n| ď

1 ´ b
6

˜

p2 ´ bq
ˇ

ˇ f p3qpθ1q
ˇ

ˇ ` p1 ´ bq2
n´3
ÿ

k“2

k3b k´2 ˇ

ˇ f p3qpθkq
ˇ

ˇ

`

2
ÿ

i“0

pn ´ iq3b n´i´2ci
ˇ

ˇ f p3qpθ n´iq
ˇ

ˇ

¸

,

|E1
n| ď

p1 ´ bqM3

6

˜

p2 ´ bq ` p1 ´ bq2
n´3
ÿ

k“2

k3b k´2 `

2
ÿ

i“0

pn ´ iq3b n´i´2ci

¸

,

|E1
n| ď

2
`

5 ´ 5b ` 4b2 ´ b3 ´ 3b n´1˘

M3

6p1 ´ bq
ă

2
`

5 ´ 5b ` 4b2 ´ b3˘

M3

6p1 ´ bq
.
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Let f pbq “ 5 ´ 5b ` 4b2 ´ b3. Then

f 1pbq “ ´5 ` 8b ´ 3b2 “ ´p1 ´ bqp5 ´ 3bq ă 0.

The function f is decreasing on the interval r0, 1s and has a maximum at zero, f p0q “ 5.

|E1
n| ă

5M3

3p1 ´ bq
ă

2M3

1 ´ b
.

3. Numerical Solutions of Ordinary Differential Equations
The weights of the approximations (4) and (5) contain powers of the parameter b, which makes

it possible to use them in constructions of approximations of the fractional derivative satisfying
property (2). Both approximations can be derived from two-point approximations and are suitable
for numerical solution of differential equations. In [1] we showed that, with an appropriate choice
of the parameter, the numerical methods using approximation (4) attain an arbitrary order in p0, 2s,
and that their performance is comparable to standard difference schemes with respect to accuracy
and computational time. Depending on the values of the parameters, the numerical solutions of
initial- and boundary-value ordinary differential equations have different properties and regions of
convergence [42–47]. In this section, we consider applications of (4) and the corresponding right-hand
approximation to the numerical solution of initial- and boundary-value ordinary differential equations.
In the following we derive a two-point approximation corresponding to approximation An f .

An f “
1 ´ b

h

˜

fn ´ p1 ´ bq

n´2
ÿ

k“1

bk´1 fn´k ´
1 ´ 2b
1 ´ b

bn´2 f1 ´
bn´1

1 ´ b
f0

¸

(11)

“ f 1
n `

1 ` b
2p1 ´ bq

f 2
n h ` Oph2q.

Express the formula in the form

An f “
1
h

˜

bp1 ´ bq fn´1 ´ p1 ´ bq2b
ˆ n´2

ÿ

k“2

bk´2 fn´k ´ p1 ´ 2bqbn´3 f1 ´ bn´2 f0

˙

¸

`
1
h

´

p1 ´ bq fn ´ p1 ´ bq2 fn´1 ´ bp1 ´ bq fn´1

¯

.

Hence
An f “ bAn´1 f `

1
h

rp1 ´ bq fn ´ p1 ´ bq fn´1s.

From (11) we obtain the two-point approximation

f 1
n “ b f 1

n´1 `
1 ´ b

h
p fn ´ fn´1q ` Ophq. (12)

Approximation (4) follows from successive applications of (12). When b “ ´1 two-point approximation
(12) has a second order accuracy

2
h

p fn ´ fn´1q ´ f 1
n´1 ´ f 1

n “ Oph2q.

From Taylor’s theorem we obtain an estimate for the error

2p fn ´ fn´1q ´ h f 1
n´1 ´ h f 1

n “ E2
nh3, (13)
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where |E2
n| ă M3{3. We consider an application of (13) to the numerical solution of first-order ordinary

differential equation
y1ptq ` Lyptq “ Fptq, yp0q “ y0. (14)

By substituting the first derivatives from the equation into (13), we obtain

2pyn ´ yn´1q ` hpLyn´1 ´ Fn´1q ` hpLyn ´ Fnq “ E2
nh3,

ynp2 ` hLq ´ yn´1p2 ´ hLq “ hpFn ` Fn´1q ` E2
nh3. (15)

Canceling the error term yields a second-order numerical solution of equation (14).

un “
2 ´ hL
2 ` hL

un´1 `
hpFn ` Fn´1q

2 ` hL
, u0 “ y0. (16)

Example 1. Consider the following ordinary differential equation

y1ptq ` Lyptq “ p1 ` Lqet, yp0q “ 1, 0 ď t ď 1. (17)

Equation (17) has a solution yptq “ et. The experimental results for the maximum error and
the order of the numerical solution (16) of equation (17) are presented in Table 1 and Table 2. The
experiments are carried out using Mathematica 13 and the orders of the numerical methods are
computed by formula Orderh “ log2 |Errorh{2{Errorh|.

Table 1. Error and order of numerical solution (16) of equation (17).

h
L “ ´1 L “ 50 L “ 100

Error Order Error Order Error Order

0.0004 3.62 ˆ 10´8 2.0000 7.11 ˆ 10´10 2.0000 3.58 ˆ 10´10 2.0000
0.0002 9.06 ˆ 10´8 1.9998 1.77 ˆ 10´10 1.9999 8.97 ˆ 10´11 2.0000
0.0001 2.26 ˆ 10´9 2.0006 4.44 ˆ 10´11 2.0004 2.24 ˆ 10´11 1.9992

Table 2. Error and order of numerical solution (16) of equation (17).

h
L “ ´10 L “ ´50 L “ ´100

Error Order Error Order Error Order

0.0004 3.26 ˆ 10´5 2.0001 1.41 ˆ 1012 2.0072 3.67 ˆ 1033 2.0577
0.0002 8.15 ˆ 10´6 2.0012 3.53 ˆ 1011 2.0017 9.08 ˆ 1032 2.0146
0.0001 2.03 ˆ 10´6 2.0011 8.83 ˆ 1010 1.9986 2.26 ˆ 1032 2.0027

The experimental results in Table 1 and Table 2 indicate that (16) is of second order, and the error
of the numerical solution is less than 10´6 when the parameter L ą ´10. The error increases for
decreasing values of the parameter L ă ´10. The results in Table 2 show that the error of the method
becomes very large for L ă ´50, exceeding 1010 for h “ 10´4. Denote by en “ yn ´ un the error of (16)
at the point tn. From (15) and (16) the sequence of the errors tenuN

n“0 satisfies the recursive formula

en “
2 ´ hL
2 ` hL

en´1 `
E2

nh3

2 ` hL
, e0 “ 0. (18)

In the following we establish the convergence of numerical solution (16) and obtain an estimate for the
error.

Claim 2. Let h|L| ă 2. Then

|en| ă
M3h2

6|L|

ˇ

ˇ

ˇ

ˇ

ˆ

2 ´ hL
2 ` hL

˙n
´ 1

ˇ

ˇ

ˇ

ˇ

, p1 ď n ď Nq. (19)
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Proof. Denote

c “
2 ´ hL
2 ` hL

, dn “
E2

nh3

2 ` hL
.

Formula (18) for the errors en takes the form

en “ cen´1 ` dn. (20)

Then

en “ c2en´2 ` cdn´1 ` dn “ c3en´3 ` c2dn´2 ` cdn´1 ` dn.

Applying (20) recursively n ´ 1 times yields

en “ cne0 ` cn´1d1 ` ¨ ¨ ¨ ` c2dn´2 ` cdn´1 ` dn,

|en| ď cn´1|d1| ` ¨ ¨ ¨ ` c2|dn´2| ` c|dn´1| ` |dn|.

The numbers di satisfy the estimate

di ď
|E2

i |h3

2 ` hL
“

M3h3

3p2 ` hLq
.

Therefore

|en| ă
M3h3

3p2 ` hLq

´

cn´1 ` ¨ ¨ ¨ ` c2 ` c ` 1
¯

“
M3h3

3p2 ` hLq

ˇ

ˇ

ˇ

ˇ

1 ´ cn

1 ´ c

ˇ

ˇ

ˇ

ˇ

.

Using the equality

1 ´ c “ 1 ´
2 ´ hL
2 ` hL

“
p2 ` hLq ´ p2 ´ hLq

2 ` hL
“

2hL
2 ` hL

we obtain

|en| ă
M3h3

3p2 ` hLq
¨

1 ´ cn

2hL
2`hL

“
M3h2

6L
|1 ´ cn|,

|en| ă
M3h2

6|L|

ˇ

ˇ

ˇ

ˇ

ˆ

2 ´ hL
2 ` hL

˙n
´ 1

ˇ

ˇ

ˇ

ˇ

.

Denote

gpxq “ x ln
ˆ

2x ` L
2x ´ L

˙

.

Claim 3. Let L ą 0 and x ą L{2. Then the function gpxq is decreasing.

Proof.

gpxq “ x ln
ˆ

2x ` L
2x ´ L

˙

“ xplnp2x ` Lq ´ lnp2x ´ Lqq,

g1pxq “ lnp2x ` Lq ´ lnp2x ´ Lq `
2x

2x ` L
´

2x
2x ´ L

,

g2pxq “
2

2x ` L
´

2
2x ´ L

`
2L

pL ` 2xq2 `
2L

p2x ´ Lq2 ,

g2pxq “
8L3

p2x ´ Lq2pL ` 2xq2 ą 0.

Since g1pxq is increasing and
lim

nÑ8
g1pxq “ 0,

it follows that g1pxq ă 0 for all x. Hence, gpxq is decreasing.
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Lemma 4. Let L ą 0 and Lh ă 2. Then

|en| ă
M3h2

6
, p1 ď n ď Nq.

Proof. From Claim 2

|en| ă
M3h2

6L

˜

1 ´

ˆ

2 ´ hL
2 ` hL

˙N
¸

“
M3h2

6L

˜

1 ´

ˆ

2N ´ L
2N ` L

˙N
¸

.

The function 1 ´

´

2N´L
2N`L

¯N
“ 1 ´ e´gpNq is decreasing and has a maximum at N “ 1.

|en| ă
M3h2

6L

ˆ

1 ´
2 ´ L
2 ` L

˙

“
M3h2

6L
¨

2L
2 ` L

“
M3h2

3
¨

1
2 ` L

ă
M3h2

6
.

Lemma 5. Let L ă 0 and h|L| ă 0.1. Then

|en| ă
2.73|L| ´ 1

6|L|
M3h2, p1 ď n ď Nq. (21)

Proof.

|en| ă
M3h2

6|L|

ˆˆ

2 ´ hL
2 ` hL

˙n
´ 1

˙

ď
M3h2

6|L|

˜

ˆ

2 ´ L{N
2 ` L{N

˙N
´ 1

¸

.

The function
´

2N´L
2N`L

¯N
“ egpNq is decreasing with respect to N and

ˆ

2 ´ L{N
2 ` L{N

˙N
ă

ˆ

2 ` 0.1
2 ´ 0.1

˙´10L
ă 2.73´L.

Therefore

|en| ď
M3h2

6|L|

˜

ˆ

2 ´ L{N
2 ` L{N

˙N
´ 1

¸

ă
2.73|L| ´ 1

6|L|
M3h2.

Corollary 6. Let ´10 ă L ă 0. Then
|en| ă 400M3h2. (22)

Proof. The function 2.73|L|´1
6|L|

is increasing because its derivative is positive. Then

|en| ă
2.73|L| ´ 1

6|L|
M3h2 ă

2.7310 ´ 1
60

M3h2 ă 400M3h2.

In most practical applications, it is sufficient to compute the solution of a differential equation
with an error less than 10´5. The estimate (6) for the error of the numerical method (16) guarantees that,
for h “ 10´6 and max1ďtď1 |y3ptq| ă 25000 , the error of the solution is less than 10´5 for parameter
values ´10 ă L ă 0.

We consider the case L ă ´10. The results in Table 2, as well as estimate (21), show that in this
case the error of the numerical solution (16) of equation (14) can become very large, exceeding 1010 for
L ă ´50 and h “ 10´4. We use the following approach to solve equation (14) numerically: Consider
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the boundary-value ODE, which is obtained from equation (14) by converting the initial condition into
a boundary condition.

z1ptq ` Lzptq “ Fptq, zp2q “ y0, 0 ď t ď 2. (23)

Equation (23) is chosen so that its numerical solution can also serve as a numerical solution of equation
(14). This is justified because the difference between the solutions of the two equations is negligible for
L ă ´10. Note that the boundary condition may be specified at a different point, e.g., zp3q “ y0. In the
following claim, we provide an estimate of the difference between the solutions of equations (14) and
(23) on the interval r0, 1s.

Claim 7. Let L ă 0 and t P r0, 1s. Then the difference of the solutions of equations (14) and (23) satisfies the
estimate

|yptq ´ zptq| ă 2M0eLp2´tq

where M0 “ max
0ďtď2

|yptq|.

Proof. The function wptq “ yptq ´ zptq satisfies the equation

w1ptq ` Lwptq “ 0, wp2q “ yp2q ´ yp0q.

Therefore
wptq “ ce´Lt.

Applying the condition wp2q “ yp2q ´ yp0q:

wp2q “ ce´2L “ yp2q ´ yp0q, c “ pyp2q ´ yp0qqe2L.

Substituting back:
wptq “ pyp2q ´ yp0qqe2L ¨ e´Lt “ pyp2q ´ yp0qqeLp2´tq,

|wptq| ď p|yp2q| ` |yp0q|qeLp2´tq ď 2M0eLp2´tq.

The numerical solutions of the boundary value ordinary differential equation (23) exhibit high
accuracy for negative values of the parameter L. In Claim 7, it was demonstrated that for negative
values of the parameter, L ă ´10 the difference between the solutions of equations (14) and (23) is
insignificant. These properties enable us to compute a numerical solution of equation (23) on the
interval r0, 2s and employ this solution for equation (14) on the interval r0, 1s. In the following we
compute the numerical solution of boundary value problem (23) using the right approximation of
(11). Let h “ 2{L. The right-hand approximation corresponding to (11) is obtained by the substitution
gpxq “ f p2tn ´ xq.

1 ´ b
h

˜

´gn ` p1 ´ bq

N´n´2
ÿ

k“1

bk´1gn`k `
1 ´ 2b
1 ´ b

bN´n´2gN´1 `
bN´n´1

1 ´ b
gN

¸

“ g1
n ` Ophq.

and has a related two-point approximation

1 ´ b
h

pgn`1 ´ gnq ´ g1
n ` bg1

n`1 “ h
ˆ

1 ` b
2

˙

g2pθq. (24)
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When b “ ´1 and b “ 1 ´ h approximation (24) has a second order accuracy. We use the two-point
approximation (24) to obtain a numerical solution of equation (23).

p1 ´ bqpzn`1 ´ znq ´ hz1
n ` bhz1

n`1 “ h2
ˆ

1 ` b
2

˙

f 2pθq,

p1 ´ bqpzn`1 ´ znq ´ hpFn ´ Lznq ` bhpFn`1 ´ Lzn`1q “ h2
ˆ

1 ` b
2

˙

f 2pθq.

The numerical solution (NSv) satisfies

p1 ´ bqvn`1 ´ p1 ´ bqvn ´ hFn ` Lhvn ` bhFn`1 ´ bhLvn`1 “ 0,

vn “
p1 ´ b ´ bhLq vn`1 ´ hFn ` bhFn`1

1 ´ b ´ Lh
, vN “ y0.

The numerical solution NSv converges when L ă 0, since the modulus of the coefficient in front of
vn`1 is less than one

ˇ

ˇ

ˇ

ˇ

1 ´ b ´ bhL
1 ´ b ´ Lh

ˇ

ˇ

ˇ

ˇ

ă 1.

Denote by NSu the first half of the values of NSv, which are used as a numerical solution of equation
(14) on the interval r0, 1s. The numerical solution NSu consists of tviu

N{2
i“0 and has accuracy Opϵ ` hq,

where |b| ă 1 and ϵ ă 2M0eL. The accuracy of NSu is Opϵ ` h2q when the parameter b “ ´1 ` h.

Example 2. Consider the following boundary value ODE

z1ptq ` Lzptq “ p1 ` Lqet, zp2q “ 1. (25)

The numerical results for the error and order of numerical solution NSu of equation (17) and values of
the parameter L “ ´10, L “ ´50 and L “ ´100 are presented in Table 3.

Table 3. Error and order of numerical method NSu of equation (17) and b “ ´1 ` h.

h
L “ ´10 L “ ´50 L “ ´100

Error Order Error Order Error Order

0.00004 ´1.60 ˆ 10´6 0.00029 1.47 ˆ 10´11 2.0049 7.39 ˆ 10´12 1.9874
0.00002 ´3.98 ˆ 10´7 0.00029 3.81 ˆ 10´12 1.9536 1.83 ˆ 10´12 2.0104
0.00001 ´1.08 ˆ 10´7 0.00029 6.98 ˆ 10´13 2.4459 5.71 ˆ 10´13 1.6825

The experimental results in Table 3 show that the error of the numerical method NSu is less than
10´5. The results in Table 3 represent a significant improvement over those in Table 3 for the numerical
method (16). The graphs of the exact solution of equation (17) on the interval r0, 2s and numerical
solution NSu are given in Figure 3.

� 1 2

1

3

5

7

Figure 1. Graphs of the exact solution of equation (17) and of the numerical solution NSv for L “ ´10 and
h “ 0.02.
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Example 3. Consider the ordinary differential equation

y1ptq ´ p20 ` t2qyptq “ Fptq, yp0q “ 1 (26)

for t P r0, 1s, and the corresponding boundary value ordinary differential equation

z1ptq ´ p20 ` t2qzptq “ Fptq, zp2q “ 1, (27)

where
Fptq “ 3 cos 3t ´ sin t ´ p20 ` t2qpcos t ` sin 3tq.

Equation (26) has a solution yptq “ cos t ` sin 3t. The numerical solution of the initial value
ordinary differential equation

y1ptq ` Gptqyptq “ Fptq, yp0q “ y0

which uses 2-point approximation (24) is computed as

un “
hFn ´ bhFn´1 ` p1 ´ b ` bhGn´1qun´1

1 ´ b ` hGn
, u0 “ y0. (28)

The numerical solution of the boundary value ordinary differential equation

z1ptq ` gptqzptq “ Fptq, zp2q “ y0,

which uses two-point approximation (24) is computed as

vn´1 “
bhFn´1 ´ hFn ` p1 ´ b ` hGnqvn

1 ´ b ` bhgn´1
, vN “ y0. (29)

Denote by NSū the numerical solution (28) of equation (26), and by NSv̄ the first half of the values
tviu

N{2
i“0 of (29), regarded as a numerical solution of equation (26). The second column of Table 4

contains the numerical results for the error and order of numerical solution NSū. The third and fourth
columns contain the results for the error and order of numerical solution NSv̄.

Table 4. Error and order of numerical solutions NSū and NSv̄ of equation (26).

h
NSū, b “ ´1{2 NSv̄, b “ ´1 NSv̄, b “ ´1 `

?
h

Error Order Error Order Error Order

0.0004 5383.68 1.0427 1.75 ˆ 10´8 2.0000 9.74 ˆ 10´7 1.5065
0.0002 2652.54 1.0212 4.39 ˆ 10´9 2.0000 3.43 ˆ 10´7 1.5045
0.0001 1316.59 1.0105 1.09 ˆ 10´9 2.0000 1.21 ˆ 10´7 1.5031

The graphs of the solution of equation (26) and numerical solution (29) of boundary value ordinary
differential equation (27) are given on Figure 2. While the numerical results in the second column
of Table 4 show that the numerical solution NSū is of first order, its error is quite large, making this
method impractical for real applications. The applied approach for computing the numerical solutions
of the ordinary differential equations (17) and (26), which uses the numerical solutions of the boundary
value problems (25) and (27), allows one to obtain solutions with an error smaller than 10´5, which is
sufficient for real-life problems.
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� 1 2

1

Figure 2. Graphs of the solution of equation (26) and of numerical solution (29) for b “ ´1, h “ 0.01.

Shifted approximations are employed for the solution of nonlinear ordinary differential equations.
In order to derive the shifted approximation of (11), we make use of the two-point approximation (24).

p1 ´ cqp fn ´ fn´1q ` ch f 1
n ´ h f 1

n´1 “ Oph2q,

fn `
ch f 1

n
1 ´ c

“ fn´1 `
h f 1

n´1
1 ´ c

` Oph2q.

When c “ p1 ` bq{p3 ´ bq we obtain

f 1
n ´

1 ` b
2p1 ´ bq

h f 2
n “ f 1

n´1 `
1 ´ 3b

2p1 ´ bq
h f 2

n´1 ` Oph2q (30)

From (11) and (30) we obtain the shifted approximation of the first derivative

1
h

˜

p1 ´ bq fn ´ p1 ´ bq2
n´2
ÿ

k“1

bk´1 fn´k ´ p1 ´ 2bqbn´2 f1 ´ bn´1 f0

¸

(31)

“ f 1
n´1 `

1 ´ 3b
2p1 ´ bq

f 2
n´1h ` Oph2q.

Consider the nonlinear ordinary differential equation

y1ptq ` gptqyptq “ y2ptq ` Fptq, yp0q “ y0. (32)

By approximating the first derivative at tn´1 with (31) we obtain

1
h

˜

p1 ´ bqyn ´ p1 ´ bq2
n´2
ÿ

k“1

bk´1yn´k ´ p1 ´ 2bqbn´2y1 ´ bn´1y0

¸

` gn´1yn´1 “ y2
n´1 ` Fn´1 ` Oph2q.

The numerical solution of equation (32) satisfies

un “
h

1 ´ b

´

u2
n´1 ´ gn´1un´1 ` Fn´1

¯

` p1 ´ bq

n´2
ÿ

k“1

bk´1un´k (33)

`
1 ´ 2b
1 ´ b

bn´2u1 `
bn´1

1 ´ b
u0

and has initial conditions
u0 “ y0, u1 “ y0 ` h

´

y2
0 ` F0 ´ g0y0

¯

.
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The numerical solution (33) is computed with Opn2q operations. The number of computations can be
reduced to Opnq in the following way [1]: Let

Sn “ p1 ´ bq

n´2
ÿ

k“1

bk´1un´k `
1 ´ 2b
1 ´ b

bn´2u1 `
bn´1

1 ´ b
u0.

The sequence Sn is computed recursively as

Sn “ p1 ´ bqun´1 ` bSn´1.

The sequence Sn and the numerical solution (33) are computed with Opnq operations by means of the
following pseudocode.

Initialization: u0 “ y0, u1 “ y0 ` h
`

y2
0 ` F0 ´ g0y0

˘

,

S2 “
b

1 ´ b
u0 `

1 ´ 2b
1 ´ b

u1, u2 “
h

1 ´ b

´

u2
1 ´ g1u1 ` F1

¯

` S2.

Loop: for n from 3 to N do
Sn “ p1 ´ bqun´1 ` bSn´1,

un “
h

1 ´ b

´

u2
n´1 ´ gn´1un´1 ` Fn´1

¯

` Sn.

The computational time of the numerical method (33) is comparable to that of standard difference
methods. The numerical solution (33) has first-order accuracy, and second-order accuracy when b “ 1

3 .
When the parameter b “ 1 ´ hp, the numerical solution (33) has an accuracy of order 1 ´ p.

Example 4. Consider the following nonlinear ordinary differential equation

y1ptq ` p20 ` t2qyptq “ y2ptq ` p21 ` t2qet ´ e2t, yp0q “ 1, 0 ď t ď 1. (34)

Equation (34) has the solution yptq “ et. The experimental results for the error and the order of
the numerical solution (33) of equation (34) are presented in Table 5.

Table 5. Error and order of numerical method (33) of equation (34).

h
b “ 1{2 b “ 1{3 b “ 1 ´

?
h

Error Order Error Order Error Order

0.0004 3.24 ˆ 10´5 0.9986 8.00 ˆ 10´8 2.0002 3.09 ˆ 10´3 0.4711
0.0002 1.62 ˆ 10´5 0.9993 2.00 ˆ 10´8 2.0001 2.21 ˆ 10´3 0.4796
0.0001 8.11 ˆ 10´6 0.9997 5.00 ˆ 10´9 2.0000 1.58 ˆ 10´3 0.4856

4. Second-Order Approximations of the Fractional Derivative
In this section, we derive the second-order expansion formula for the L1 approximation. Second-

order approximations of the fractional derivative, whose weights satisfy properties (2), are constructed
using the expansion formula and the approximation (11) of the second derivative.

4.1. Second Order Expansion Formula

In the next claim, we express the L1 approximation in terms of the values of the second derivative.

Claim 8. Let f P C4r0, xns. Then

Ln f “
h2´α

Γp2 ´ αq

n´1
ÿ

k“1

k1´α f 2
n´k `

p f1 ´ f0qn1´α

Γp2 ´ αqhα
` E3

nh2, (35)
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where

|E3
n| ă

M4x2´α
n

12Γp3 ´ αq
.

Proof. By rearranging the terms, the formula of the L1 approximation can be written in the form

Ln f “
h´α

Γp2 ´ αq

n´1
ÿ

k“1

k1´αp fn´k`1 ´ 2 fn´k ` fn´k´1q `
n1´αp f1 ´ f0q

Γp2 ´ αqhα
.

The central difference approximation of the second derivative is given by

fm`1 ´ 2 fm ` fm´1 “ h2 f 2
m ` E4

mh4,

where |E4
m| ď M4{12. Then

Ln f “
h´α

Γp2 ´ αq

n´1
ÿ

k“1

k1´α
´

h2 f 2
n´k ` E4

n´kh4
¯

`
n1´αp f1 ´ f0q

Γp2 ´ αqhα
,

Ln f “
h2´α

Γp2 ´ αq

n´1
ÿ

k“1

k1´α f 2
n´k `

h4´α

Γp2 ´ αq

n´1
ÿ

k“1

E4
n´kk1´α `

p f1 ´ f0qn1´α

Γp2 ´ αqhα
.

From the formula for the sum of zeta sequence

n´1
ÿ

k“1

k1´α “ ζpα ´ 1q `
n2´α

2 ´ α

8
ÿ

k“0

ˆ

2 ´ α

k

˙

Bk

nk , (36)

n´1
ÿ

k“1

k1´α “
n2´α

2 ´ α
´

n1´α

2
` ζpα ´ 1q `

1 ´ α

12nα
` O

ˆ

1
n2`a

˙

.

Therefore
n´1
ÿ

k“1

k1´α ă
n2´α

2 ´ α
.

The error of (35) satisfies

E3
nh2 “

h4´α

Γp2 ´ αq

n´1
ÿ

k“1

E4
n´kk1´α,

|E3
n| ď

h2´α

Γp2 ´ αq

n´1
ÿ

k“1

|E4
n´k|k1´α ă

M4h2´α

12Γp2 ´ αq

n´1
ÿ

k“1

k1´α,

|E3
n| ă

M4h2´αn2´α

12Γp3 ´ αq
“

M4x2´α
n

12Γp3 ´ αq
.

Let Gptq “ px ´ tqβpgptq ´ gpxqq, where g P C2r0, xs and x “ xn. Denote

Mi “ max
0ďtďx

ˇ

ˇ

ˇ
gpiqptq

ˇ

ˇ

ˇ
.

The trapezoidal rule of the function G on the interval r0, xs is defined as:

TnG “ h

˜

Gp0q

2
`

n´1
ÿ

k“1

Gpkhq `
Gpxq

2

¸

.
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Claim 9. Let 0 ă β ă 1. Then
ż x

0
Gpxq dx “ TnG ` E4

nh2,

where

|En| ă
M1xβ

3
`

M2xβ`1

12pβ ` 1q
.

Proof. The function G has first and second derivatives

G1ptq “ βpx ´ tqβ´1`

gpxq ´ gptq
˘

` px ´ tqβg1ptq,

G2ptq “ p1 ´ βqβpx ´ tqβ´2`

gpxq ´ gptq
˘

´ 2βpx ´ tqβ´1g1ptq ` px ´ tqβg2ptq.

From the Mean Value Theorem

G2ptq “ p1 ´ βqβpx ´ tq β´1g1pθtq ´ 2βpx ´ tqβ´1g1ptq ` px ´ tqβg2ptq,

where θt P pt, xq. Hence

|G2ptq| ď p1 ´ βqβpx ´ tq β´1 |g1pθtq| ` 2βpx ´ tq β´1|g1ptq| ` px ´ tqβ|g2ptq|,

|G2ptq| ď p3 ´ βqβ M1px ´ tq β´1 ` M2px ´ tqβ.

The error of the trapezoidal rule satisfies

E4
n “

1
12

`

G1p0q ´ G1pxq
˘

`
1
2

n´1
ÿ

k“0

ż pk`1qh

kh
B2

ˆ

t
h

´ k
˙

G2ptq dt,

where B2ptq is the second Bernoulli polynomial

B2ptq “
1
6

´ t ` t2 “
1
6

´ tp1 ´ tq.

The polynomial B2 satisfies |B2ptq| ď 1{6 for t P r0, 1s. Therefore

|E4
n| “

G1p0q

12
`

1
2

n´1
ÿ

k“0

ż pk`1qh

kh

ˇ

ˇ

ˇ

ˇ

B2

ˆ

t
h

´ k
˙

G2ptq
ˇ

ˇ

ˇ

ˇ

dt ă
|G1p0q|

12
`

1
12

ż x

0
|G2ptq| dt

because G1pxq “ 0. The first derivative G1 has a value at zero

G1p0q “ βx β´1`

gpxq ´ gp0q
˘

` xbg1p0q “ βxβg1pφtq ` xβg1p0q,

where φt P p0, xq, which implies that

|G1p0q| ď pβ ` 1qxβ M1.

The coefficient E4
n of the trapezoidal approximation error satisfies the estimate

|E4
n| ă

pβ ` 1qxβ M1

12
`

1
12

ˆ

p3 ´ βqβM1

ż x

0
px ´ tq β´1 dt ` M2

ż x

0
px ´ tqβ dt

˙

,

|E4
n| ă

pβ ` 1qxβ M1

12
`

1
12

ˆ

p3 ´ βqxβ M1 `
M2x β`1

β ` 1

˙

“
M1xβ

3
`

M2x β`1

12pβ ` 1q
.
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Let

gptq “
f pxq ´ f ptq

x ´ t
.

Claim 10. Let f P C3r0, xs. Then

M̄1 ď
M2

2
, M̄2 ď

M3

3
.

Proof. From Taylor’s theorem

g1ptq “
f pxq ´ f ptq ´ f 1ptqpx ´ tq

px ´ tq2 “
f 2pθtq

2
,

g2ptq “
2 f pxq ´ 2 f ptq ´ 2px ´ tq f 1ptq ´ px ´ tq2 f 2ptq

px ´ tq3 “
f 3pφtq

3
,

where t ă θt, φt ă x. Therefore

|g1ptq| ď
| f 2pθtq|

2
ď

M2

2
, |g2ptq| ď

| f 3pφtq|

3
ď

M3

3
.

By integrating by parts the formula in the definition of Caputo derivative we find

f pαqpxq “
1

Γp1 ´ αq

ż x

0

f 1ptq
px ´ tqα

dt “ ´
1

Γp1 ´ αq

ż x

0
f 1ptq d

px ´ tq1´α

1 ´ α

“ ´
f 1ptqpx ´ tq1´α

Γp2 ´ αq

ˇ

ˇ

ˇ

ˇ

x

0
`

1
Γp2 ´ αq

ż x

0
px ´ tq1´αd f 1ptq,

f pαqpxq “
1

Γp2 ´ αq

ż x

0
px ´ tq1´α f 2ptq dt `

f 1p0q x1´α

Γp2 ´ αq
. (37)

In the following theorem, we obtain the second-order expansion formula of the L1 approximation and
derive an error estimate.

Theorem 11. Let f P C5r0, xns. Then

Ln f “ f pαq
n `

sn f 2
n h2´α

Γp2 ´ αq
` Cn h2, (38)

where

|Cn| ă
36M3x1´α

n ` 45M4x2´α
n ` 2M5x3´α

n
36Γp4 ´ αq

.

Proof. By adding and subtracting f 2
n in (37) we get

f pαq
n “

1
Γp2 ´ αq

ż xn

0
pxn ´ tq1´α

`

f 2ptq ´ f 2
n

˘

dt `
f 2
n

Γp2 ´ αq

ż xn

0
pxn ´ tq1´α dt `

x1´α
n f 1

0
Γp2 ´ αq

,

f pαq
n “

1
Γp2 ´ αq

ż xn

0
pxn ´ tq1´α

`

f 2ptq ´ f 2
n

˘

dt `
x2´α

n f 2
n

Γp3 ´ αq
`

x1´α f 1
0

Γp2 ´ αq
.

From Claim 9 and Claim 10 the trapezoidal rule for the function

pxn ´ tq1´α
`

f 2ptq ´ f 2
n

˘

“ pxn ´ tq2´αgptq, gptq “
f 2ptq ´ f 2

n
t ´ xn
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has a second order accuracy

f pαq
n “

x2´α
n f 2

n
Γp3 ´ αq

`
x1´α

n f 1
0

Γp2 ´ αq
`

h2´α

Γp2 ´ αq

n´1
ÿ

k“1

k1´α
`

f 2
n´k ´ f 2

n
˘

`
h2´αn1´αp f 2

0 ´ f 2
n q

2Γp2 ´ αq
` E5

nh2,

where

|E5
n| ă

1
Γp2 ´ αq

ˆ

M3x2´α
n

3
`

M4x3´α
n

12p3 ´ αq

˙

ă
1

Γp2 ´ αq

ˆ

M4x2´α
n

6
`

M5x3´α
n

36p3 ´ αq

˙

.

From Claim 8

f pαq
n “ Ln f ´

n1´αp f1 ´ f0q

Γp2 ´ αqhα
`

x2´α
n f 2

n
Γp3 ´ αq

`
x1´α

n f 1
0

Γp2 ´ αq

`
h2´αn1´αp f 2

0 ´ f 2
n q

2Γp2 ´ αq
´

h2´α f 2
n

Γp2 ´ αq

n´1
ÿ

k“1

k1´α ` E6
nh2,

where E6
n “ E5

n ` E3
n,

|E6
n| ă |E5

n| ` |E3
n| ă

1
Γp2 ´ αq

ˆ

M4x2´α
n

6
`

M5x3´α
n

36p3 ´ αq

˙

`
M4x2´α

n
12Γp3 ´ αq

“
x2´α

n
Γp2 ´ αq

ˆ

M4

6
`

M5xn

36p3 ´ αq
`

M4

12p2 ´ αq

˙

“
x2´α

n
36Γp4 ´ αq

p3p3 ´ αqp5 ´ 2αqM4 ` p2 ´ αqM5xnq,

|E6
n| ă

45M4x2´α
n ` 2M5x3´α

n
36Γp4 ´ αq

.

Therefore

Ln f “ f pαqpxq`
n1´αp f1 ´ f0 ´ h f 1

0 ´ h2 f 2
0 {2q

Γp2 ´ αqhα

´
h2´α f 2

n
Γp2 ´ αq

˜

n2´α

2 ´ α
´

n1´α

2
´

n´1
ÿ

k“1

k1´α

¸

` E6
nh2.

From Taylor’s theorem
p f1 ´ f0 ´ h f 1

0 ´ h2 f 2
0 {2qn1´αh´α “ E7

nh2,

where

|E7
n| ď n1´αh1´α M3

6
“

M3x1´α
n

6

L1 approximation has a second-order expansion formula

Ln f “ f pαq
n `

sn f 2
n h2´α

Γp2 ´ αq
` Cnh2,

where

sn “

n´1
ÿ

k“1

k1´α `
n1´α

2
´

n2´α

2 ´ α
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and

|Cn| ă |E6
n| ` |E7

n|{Γp2 ´ αq ă
M3x1´α

n
6Γp2 ´ αq

`
45M4x2´α

n ` 2M5x3´α
n

36Γp4 ´ αq

ă
6p2 ´ αqp3 ´ αqM3x1´α

n ` 45M4x2´α
n ` 2M5x3´α

n
36Γp4 ´ αq

,

|Cn| ă
36M3x1´α

n ` 45M4x2´α
n ` 2M5x3´α

n
36Γp4 ´ αq

.

Corollary 12. Let f P C5r0, xns. Then

Ln f “ f pαq
n `

ζpα ´ 1q f 2
n h2´α

Γp2 ´ αq
` Bn

h2´α

nα
` Cn h2,

where

|Bn| ă
M2

12Γp1 ´ αq
, |Cn| ă

36M3x1´α
n ` 45M4x2´α

n ` 2M5x3´α
n

36Γp4 ´ αq
.

Proof. From (36) the numbers sn converge to ζpα ´ 1q and

sn “ ζpα ´ 1q `
1 ´ α

12nα
´

p1 ` αqp1 ´ αqα

720n2`α
` O

ˆ

1
n3`a

˙

,

0 ă sn ´ ζpα ´ 1q ă
1 ´ α

12nα
.

Therefore the coefficient Bn satisfies

Bn “
nαpsn ´ ζpα ´ 1qq

Γp2 ´ αq
f 2
n ,

|Bn| “ nαpsn ´ ζpa ´ 1qq| f 2
n | ă

M2p1 ´ αq

12Γp2 ´ αq
“

M2

12Γp1 ´ αq
.

By approximating the second derivative f pαq
n in the expansion formula (38) of the L1 approxima-

tion with Bn´1 f we obtain a second order approximation of the fractional derivative

1
Γp2 ´ αq hα

n
ÿ

k“0

γ
pαq

k fn´k “ f pαq
n ` Oph2q, (39)

where
γ

pαq

0 “ 1 ´ snp1 ´ bq, γ
pαq

1 “ 21´α ´ 2 ` snp1 ´ bqp2 ´ bq,

γ
pαq

k “ pk ´ 1q1´α ´ 2k1´α ` pk ` 1q1´α ´ snp1 ´ bq3bk´2, for 2 ď k ď n ´ 4,

γ
pαq

n´3 “ pn ´ 4q1´α ´ 2pn ´ 3q1´α ` pn ´ 2q1´α ´ snp1 ´ 3b ` 3b2qbn´5,

γ
pαq

n´2 “ pn ´ 3q1´α ´ 2pn ´ 2q1´α ` pn ´ 1q1´α ´ snp1 ´ 3bqbn´4,

γ
pαq

n´1 “ pn ´ 2q1´α ´ 2pn ´ 1q1´α ` n1´α ´ snbn´3, γ
pαq
n “ pn ´ 1q1´α ´ n1´α.

By substituting sn with the value of the zeta function ζpα ´ 1q we obtain a second order asymptotic
approximation of the fractional derivative

1
Γp2 ´ αq hα

n
ÿ

k“0

ω
pαq

k fn´k “ f pαq
n ` Bn

h2´α

nα
` Oph2q, (40)
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where

ω
pαq

0 “ 1 ´ ζpα ´ 1qp1 ´ bq, ω
pαq

1 “ 21´α ´ 2 ` ζpα ´ 1qp1 ´ bqp2 ´ bq,

ω
pαq

k “ pk ´ 1q1´α ´ 2k1´α ` pk ` 1q1´α ´ ζpα ´ 1qp1 ´ bq3bk´2, for 2 ď k ď n ´ 4,

ω
pαq

n´3 “ pn ´ 4q1´α ´ 2pn ´ 3q1´α ` pn ´ 2q1´α ´ ζpα ´ 1qp1 ´ 3b ` 3b2qbn´5,

ω
pαq

n´2 “ pn ´ 3q1´α ´ 2pn ´ 2q1´α ` pn ´ 1q1´α ´ ζpα ´ 1qp1 ´ 3bqbn´4,

ω
pαq

n´1 “ pn ´ 2q1´α ´ 2pn ´ 1q1´α ` n1´α ´ ζpα ´ 1qbn´3, ω
pαq
n “ pn ´ 1q1´α ´ n1´α.

The errors of approximations (39) and (40) satisfy the following estimates.

Corollary 13. Let b “ 1 ´ α ` α2. Then

1
Γp2 ´ αq hα

n
ÿ

k“0

γ
pαq

k fn´k “ f pαq
n ` An h2,

1
Γp2 ´ αq hα

n
ÿ

k“0

ω
pαq

k fn´k “ f pαq
n ` Bn

h2´α

nα
` An h2,

where |Bn| ă
M2

12Γp1´αq
and

|An| ă

ˆ

x1´α
n

p3 ´ αqp2 ´ αq
`

2|ζpα ´ 1q|

p1 ´ αqα

˙

M3

Γp2 ´ αq
`

45M4x2´α
n ` 2M5x3´α

n
36Γp4 ´ αq

.

Proof. The zeta function is decreasing on r´1, 0s and takes values between ζp´1q “ ´1{12 and
ζp0q “ ´1{2. Therefore

ζpα ´ 1q ă sn ă ζpα ´ 1q `
1 ´ α

12nα
ă 0.

The estimates for An and Bn follow from Claim 1, Theorem 11 and Corollary 12.

4.2. Properties of the Approximations

Now we prove that, when the parameter b “ 1 ´ α ` α2, the weights of of approximations (39)
and (40) satisfy properties (2). The values sn and ζpα ´ 1q are negative, while the weights γ

pαq

0 and ω
pαq

0

are positive; γ
pαq

1 and ω
pαq

1 are negative. In the following we show that the remaining weights ω
pαq
n and

γ
pαq
n are negative. The proof relies on the inequalities from the claims below.

Claim 14. Let 0 ă b ă 1. Then
x2 bx ď

4
e2 pln bq2 .

Proof. Let f pxq “ x2bx. Then

f 1pxq “ 2xbx ` x2bx ln b “ xp2 ` x ln bqbx.

The function f has a maximum when x “ ´2{ ln b.

f
ˆ

´
2

ln b

˙

“
4

e2pln bq2 .
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Claim 15. Let 0 ă x ă 1{3. Then

lnp1 ` xq ą
2x

2 ` x
.

Proof.
gpxq “ lnp1 ` xq ´

2x
2 ` x

,

g1pxq “
x2

p1 ` xqp2 ` xq2 ą 0.

The function g is positive because it is increasing and gp0q “ 0.

Lemma 16. Let b “ 1 ´ α ` α2. Then

ω
pαq
n ă 0, p1 ă n ă N ´ 3q.

Proof. When n ě 2, approximation (40) has weights

ω
pαq
n “ pn ` 1q1´α ´ 2 n1´α ` pn ´ 1q1´α ´ ζpα ´ 1q α3p1 ´ αq3b n´2.

The zeta function is decreasing on p´1, 0q and ζpα ´ 1q ą ζp0q “ ´0.5. It is sufficient to prove that

ˇ

ˇpn ` 1q1´α ´ 2 n1´α ` pn ´ 1q1´α
ˇ

ˇ ą 0.5 α3p1 ´ αq3 b n´2. (41)

Let f pxq “ x1´α. From Mean Value Theorem

pn ` 1q1´α ´ 2 n1´α ` pn ´ 1q1´α “ f 2pθq “ ´
αp1 ´ αq

θ1`α

for some θ P pn ´ 1, n ` 1q. Therefore

ˇ

ˇpn ` 1q1´α ´ 2 n1´α ` pn ´ 1q1´α
ˇ

ˇ ą
αp1 ´ αq

pn ` 1q1`α
ą

αp1 ´ αq

pn ` 1q2 .

Inequality (41) follows from

αp1 ´ aq

pn ` 1q2 ą 0.5 α3p1 ´ αq3b n´2,
2

α2p1 ´ αq2 ą pn ` 1q2b n´2,

pn ` 1q2b n`1 ă
2b3

p1 ´ bq2 .

From Claim 14

pn ` 1q2b n`1 ă
4

e2pln bq2 ă
2b3

p1 ´ bq2 .

It is sufficient to prove that

pln bq2 ą
p1 ´ bq2

2b3 .

Substitute b “ 1
1`r .

ln2
p1 ` rq ą

r2p1 ` rq

2
.

When α P p0, 1q, the parameter b P
“ 3

4 , 1
˘

, because b “ 1 ´ αp1 ´ αq. Then r “ 1{b ´ 1 and r P
`

0, 1
3

‰

.
From Claim 15

ln2
p1 ` rq ą

4r2

p2 ` rq2 ą
r2p1 ` rq

2
,

8 ą p1 ` rqp2 ` rq2.
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The function gprq “ p1 ` rqp2 ` rq2 is increasing, because

g1prq “ p2 ` rqp4 ` 3rq ą 0.

The function g has a maximum at r “ 1{3.

gprq ď gp1{3q “
4
3

¨
49
9

“ 7.259 ă 8.

From the properties of the L1-approximation and the constructions of (39) and (40), their weights
satisfy

řN
n“0 γ

pαq
n “

řN
n“0 ω

pαq
n “ 0. Therefore, approximation (40) satisfies properties (2). The weights

of approximation (39) also satisfy the properties in (2), since ζpα ´ 1q ă sn ă 0. In the following claim,
we establish a lower bound for the last weight of both approximations.

Claim 17.
|γ

pαq

N | “ |ω
pαq

N | ą
1 ´ α

Nα
.

Proof. From the binomial formula

γ
pαq

N “ ω
pαq

N “ pN ´ 1q1´α ´ N1´α “

8
ÿ

k“1

p´1qk
ˆ

1 ´ α

k

˙

1
Nk´1`α

.

The values of p´1qk`1´α
k

˘

are negative. Hence

γ
pαq

N “ ω
pαq

N ă ´
1 ´ α

Nα
.

4.3. Shifted Approximations for the Fractional Derivative

Now we derive shifted approximations of the fractional derivative on the first two-point and
three-point stencils of the uniform mesh. These shifted approximations are used to specify the initial
conditions in the numerical solutions of fractional differential equations that employ approximations
(39) and (40) of the fractional derivative. From Taylor’s theorem

f 1ptq “ f 1
0 ` t f 2

0 `
t2

2
f 3
0 ` Opt3q.

By substituting the first derivative in the definition of the Caputo fractional derivative (1) with the
second Taylor polynomial, we obtain

f pαqpxq “ f 1
0Dαx `

f 2
0
2

Dαx2 `
f 3
0
6

Dαx3 ` O
´

x4´α
¯

,

f pαqpxq “
Γp2q x1´α

Γp2 ´ αq
f 1
0 `

Γp3q x2´α

Γp3 ´ αq

f 2
0
2

`
Γp4q x3´α

Γp4 ´ αq

f 3
0
6

` O
´

x4´α
¯

,

f pαqpxq “
x1´α

Γp2 ´ αq

˜

f 1
0 `

x f 2
0

2 ´ α
`

x2 f 3
0

p2 ´ αqp3 ´ αq

¸

` O
´

x4´α
¯

.

Substitute x “ rh.

f pαqprhq “
prhq1´α

Γp2 ´ αq

˜

f 1
0 `

rh f 2
0

2 ´ α
`

r2h2 f 3
0

p2 ´ αqp3 ´ αq

¸

` O
´

h4´α
¯

. (42)
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Now we obtain a shifted approximation of the fractional derivative on the two-point stencil 0, h from
the approximation

f pαqprhq “
prhq1´α

Γp2 ´ αq

ˆ

f 1
0 `

rh
2 ´ α

f 2
0

˙

` E8
n,

where |E8
n| ă M3prhq3´α{Γp4 ´ αq. Let

F1phq “ c0 f0 ` c1 f1 ´ f 1
0 ´

rh
2 ´ α

f 2
0 .

The function F1 has a Taylor expansion of order two at the origin; that is,

F1phq “ pc0 ` c1q f0 `
`

c1h ´ 1
˘

f 1
0 `

ˆ

c1h2

2
´

bh
2 ´ α

˙

f 2
0 ` O

´

h2
¯

.

By setting the coefficients equal to zero, we obtain the system of equations

$

’

’

’

&

’

’

’

%

c0 ` c1 “ 0,

c1h ´ 1 “ 0,

c1h2

2
´

rh
2 ´ α

“ 0.

The system of equations has a solution

c1 “
1
h

, c0 “ ´
1
h

, r “
2 ´ α

2
“ 1 ´

α

2
.

From Taylor’s theorem and the values of the coefficients given above, we obtain

F1phq “ E9
nh2,

where |E9
n| ď M3{6. Therefore

f pαq

1´α{2 “

`

1 ´ α
2

˘ 1´α

Γp2 ´ αq hα

`

f1 ´ f0
˘

` E10
n h3´α, (43)

where

E10
n ă

r3´α M3

Γp4 ´ αq
`

r1´α M3

6Γp2 ´ αq
ă

2M3

Γp4 ´ αq
.

A shifted approximation on the three-point stencil 0, h, 2h is obtained from (42) for r “ 1.

f pαqphq “
h1´α

Γp2 ´ αq

˜

f 1
0 `

h
2 ´ α

f 2
0 `

h2 f 3
0

p2 ´ αqp3 ´ αq

¸

` E11
n h4´α,

where |E11
n | ă M4{Γp5 ´ αq. Let

F2phq “
1
h

´

c0 f p0q ` c1 f phq ` c2 f p2hq

¯

´ f 1p0q ´
h

2 ´ α
f 2p0q ´

h2 f 3
0

p2 ´ αqp3 ´ αq
.

The function F1 has a Taylor expansion of order two at the origin; that is,

F2phq “
f0

h
pc0 ` c1 ` c2q ` f 1

0 pc1 ` 2c2 ´ 1q `

ˆ

1
2

c1 ` 2c2 ´
1

2 ´ α

˙

f 2
0 h ` O

´

h2
¯

.
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By setting the coefficients equal to zero, we obtain the system of equations

$

’

’

’

&

’

’

’

%

c0 ` c1 ` c2 “ 0,

c1 ` 2c2 “ 1,
c1

2
` 2c2 “

1
2 ´ α

,

which has a solution

c0 “
3α ´ 4

2p2 ´ αq
, c1 “

2p1 ´ αq

2 ´ α
“

4p1 ´ αq

2p2 ´ αq
, c2 “

α

2p2 ´ αq
.

From Taylor’s theorem and the values of the coefficients given above, we obtain

F2phq “ E12
n h2,

where
|E12

n | ă
αM3

3p3 ´ αq
.

Hence

f pαqphq “
h´α

2 Γp3 ´ αq

´

p3α ´ 4q f p0q ` 4p1 ´ αq f phq ` α f p2hq

¯

` E13
n h 3´α, (44)

where
|E13

n | ă
αM3

3p3 ´ αqΓp2 ´ αq
`

M4h
Γp5 ´ αq

ă
8αM3 ` M4

3Γp5 ´ αq
.

5. Numerical Solutions of Fractional Differential Equations
Difference schemes are the main approach for the numerical solution of ordinary and partial

fractional differential equations [52–58]. In paper [1], we construct difference schemes for the two-term
ordinary fractional differential equation and the fractional subdiffusion equation, which use approxi-
mations of the fractional derivative of order 2 ´ α, obtained in a manner similar to the construction of
approximations (6) and (8). In this section, we study the difference schemes that use approximations
(6) and (8). The convergence and order of the difference schemes based on the second-order asymptotic
approximation (8) are proved. Consider the two-term ordinary fractional differential equation

ypαqptq ` Lyptq “ Fptq, yp0q “ y0. (45)

Suppose that
1

Γp2 ´ αq hα

n
ÿ

k“0

λ
pαq

k fn´k “ f pαq
n ` Eλ

n (46)

is an approximation of the fractional derivative that has an error term Eλ
n . By substituting the fractional

derivative yn in equation (45) with (46), we obtain

1
Γp2 ´ αq hα

n
ÿ

k“0

λ
pαq

k yn´k ` Lyn “ Fn ` Eλ
n ,

pλ
pαq

0 ` LΓp2 ´ αq hαqyn “ Γp2 ´ αq hαFn ´

n
ÿ

k“1

λ
pαq

k yn´k ` Γp2 ´ αq Eλ
n hα.

The numerical solution of equation (45) obtained using approximation (46) is computed as

um “
1

λ
pαq

0 ` LΓp2 ´ αq hα

˜

Γp2 ´ αq hαFm ´

m
ÿ

k“1

λ
pαq

k um´k

¸

. (47)
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The initial values of u1, u2, u3 and u4 are computed using the L1 approximation, where λ
pαq

k “ σ
pαq

k for
1 ď n ď 4. Denote by NSγ the numerical solution (47) of equation (45) that uses approximation (6),

where λ
pαq

k “ γ
pαq

k , and by NSω the numerical solution that uses approximation (8), where λ
pαq

k “ ω
pαq

k .

Example 5. Consider the following boundary value OFDE

ypαqptq ` Lyptq “ ´t1´αE1,2´αp´tq ` Le´t, yp0q “ 1. (48)

Equation (48) has a solution yptq “ e´t. The numerical results for the error and order of numerical
solutions NSγ and NSω on the interval r0, 1s are given in Tables 6 and 7. The error of numerical
solution NSγ is smaller than the error of NSω because approximation (6) has a smaller truncation error
than (8). The computational time of NSγ is longer that that of NSω because on every iteration the
weights of approximation (6) are recomputed.

Table 6. Error and order of numerical solution NSγ of equation (48).

h
L “ 1, α “ 0.1 L “ 5, α “ 0.25 L “ 30, α “ 0.9

Error Order Error Order Error Order

0.001 1.78 ˆ 10´9 1.7957 1.52 ˆ 10´9 1.8268 6.79 ˆ 10´8 2.0855
0.0005 4.79 ˆ 10´10 1.8978 4.08 ˆ 10´10 1.9046 1.58 ˆ 10´8 2.0984
0.00025 1.24 ˆ 10´10 1.9461 1.06 ˆ 10´10 1.9453 3.69 ˆ 10´9 2.1013

Table 7. Error and order of numerical solution NSω of equation (48).

h
L “ 1, α “ 0.1 L “ 5, α “ 0.25 L “ 30, α “ 0.9

Error Order Error Order Error Order

0.001 2.54 ˆ 10´6 1.7957 1.21 ˆ 10´6 1.8555 1.96 ˆ 10´5 1.6252
0.0005 6.72 ˆ 10´7 1.8978 3.27 ˆ 10´7 1.8913 5.41 ˆ 10´6 1.8587
0.00025 1.73 ˆ 10´7 1.9461 8.55 ˆ 10´8 1.9352 1.44 ˆ 10´6 1.9104

In the following, we prove the convergence of the numerical solution NSω and obtain an estimate
for the error. Denote by en “ yn ´ un the error of NSω at the point tn. The errors e1, e2, e3 and e4 are
computed as e0 “ 0 and

en “
1

1 ` LΓp2 ´ αq hα

˜

Γp2 ´ αqEnh2 ´

n´1
ÿ

k“1

σ
pαq

k en´k

¸

, p1 ď n ď 4q,

where Enh2´α is the truncation error of the L1 approximation [48]. Therefore, the numerical solution
NSω has second-order accuracy for the first four iterations. Let

C4 “
1
h2 maxt|e1|, |e2|, |e3|, |e4|u.

The sequence of the errors of numerical solution NSω, for n ě 4 satisfies

en “
1

ω
pαq

0 ` LΓp2 ´ αq hα

˜

Γp2 ´ αqAnh2`α ` Γp2 ´ αq
Bn

nα
h2 ´

n´1
ÿ

k“1

ω
pαq

k en´k

¸

.

Theorem 18. Suppose that L ą ´ 1
Γp1´αq

. Then

|en| ď Ch2, (49)
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where n “ 1, . . . , N and

C “ max
"

C4,
M2

12
,

6M2 ` 252M3 ` 45M4 ` 2M5

72p1 ´ α ` LΓp2 ´ aqq

*

.

Proof. We prove the statement by induction on n. The estimate holds for n ď 4. Assume that (49)
holds for all k “ 1, 2, . . . , m ´ 1.

|em| ď
1

ω
pαq

0 ` LΓp2 ´ αq hα

˜

´

m´1
ÿ

k“1

ω
pαq

k |em´k| ` Γp2 ´ αq|Bm|
h2

mα
` Γp2 ´ αq|Am|h2`α

¸

.

Applying the induction assumption

|em| ď
1

ω
pαq

0 ` LΓp2 ´ αq hα

ˆ

Ch2pω
pαq

0 ´ |ω
pαq
m |q ` Γp2 ´ αq|Bm|

h2

mα
` Γp2 ´ αq|Am|h2`α

˙

.

From Corollary 13 and Claim 17

|em| ď
1

ω
pαq

0 ` LΓp2 ´ αq hα

ˆ

Ch2
ˆ

ω
pαq

0 ´
1 ´ α

mα

˙

`
Γp2 ´ αqM2

12Γp1 ´ αq

h2

mα
` Γp2 ´ αqAh2`α

˙

.

Factoring out Ch2 we write

|em| ď

¨

˚

˝

ω
pαq

0 `
Γp2´aqA

CNa ´ 1´a
ma

´

1 ´
M2
12C

¯

ω
pαq

0 `
LΓp2 ´ aq

Na

˛

‹

‚

Ch2.

When C ą
M2
12 , the number 1 ´

M2
12C ą 0. Hence

|em| ď

¨

˝

ω
pαq

0 Nα `
Γp2´αqA

C ´ p1 ´ αq

´

1 ´
M2
12C

¯

ω
pαq

0 Nα ` LΓp2 ´ αq

˛

‚Ch2.

To ensure |em| ă Ch2, it suffices to show that the coefficient is at most one:

Γp2 ´ αqA
C

´ p1 ´ αq

ˆ

1 ´
M2

12C

˙

ď LΓp2 ´ αq,

Γp2 ´ αqA
C

`
p1 ´ αqM2

12C
ď p1 ´ α ` LΓp2 ´ αqq,

C ě
12Γp2 ´ αqA ` p1 ´ αqM2

12p1 ´ α ` LΓp2 ´ αqq
. (50)

From Corollary 13 and xm P r0, 1s, we obtain

A ă

ˆ

1
p3 ´ αqp2 ´ αq

`
2|ζpα ´ 1q|

p1 ´ αqα

˙

M3

Γp2 ´ αq
`

45M4 ` 2M5

36Γp4 ´ αq
,

A ă
7M3

Γp4 ´ αq
`

45M4 ` 2M5

36Γp4 ´ αq
“

252M3 ` 45M4 ` 2M5

36Γp4 ´ αq
.

Combining (50) with the bound for A, we obtain that when

C ą
6M2 ` 252M3 ` 45M4 ` 2M5

72p1 ´ α ` LΓp2 ´ αqq

estimate (49) holds, |em| ă Ch2, completing the induction.
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In Theorem 18, we proved that when the parameter L ą ´1{Γp1 ´ αq numerical solution NSω has
second-order accuracy. The proof of the convergence and order of NSγ is similar. When the parameter
L is negative, the errors of the two numerical solutions become large. Experimental results for the
error and order of NSγ and NSω for negative values of the parameter L are presented in Tables 8 and 9.
The errors of the numerical solutions in Tables 8 and 9 are greater than 1014 for L “ ´4, L “ ´10, and
L “ ´20.

The numerical methods NSγ and NSω exhibit behavior similar to that of numerical method (16)
for equation (14) To compute the numerical solution of equation (48) with an accuracy not exceeding
10´5, we use the approach from Example 2. We consider the corresponding boundary value fractional
ordinary differential equation whose boundary condition coincides with the initial condition of
equation (48). Its numerical solution, obtained using the L1 approximation of the fractional derivative,
is used as the numerical solution of equation (48), and it has an accuracy of Oph2´αq, which is sufficient
to solve both equations with an error smaller than 10´5. The accuracy of the numerical solution can be
improved by using higher-order approximations of the fractional derivative and boundary conditions
at different points.

Example 6. Consider the following boundary value OFDE

zpaqptq ` Lzptq “ Fptq “ ´t1´aE1,2´ap´tq ` Le´t, zp2q “ 1. (51)

Let h “ 2{N. By approximating the fractional derivative using the L1 approximation we obtain

h´α

Γp2 ´ αq

n
ÿ

k“0

σ
pαq

k zn ` Lzn “ Fn ` O
´

h2´α
¯

.

The numerical solution satisfies

p1 ` Γp2 ´ αqLhαqun `

n
ÿ

k“1

σ
pαq

k un´k “ Γp2 ´ αqhαFn, uN “ 1, (52)

where 1 ď n ď N. The numerical solution is computed with the system of N ` 1 equations, which
consists of equations (52) and the boundary condition uN “ 1. The coefficient matrix of the system has
entries 1 ` Γp2 ´ αqLhα on the diagonal above the main diagonal and is reduced to a lower-triangular
form, using N ´ 1 row operations. The graphs of the exact solution of equation (48) and numerical
solution (52) for L “ ´10, h “ 0.01, α “ 0.9 are given on Figure 3. The experimental results for the error
of the numerical solution (52) are presented in Table 10, where all errors are smaller than 10´5. The
results in Tables 8, 9, and 10 demonstrate that the numerical method (52) for equation (48) represents
a significant improvement over NSγ and NSω for negative values of the parameter L.

Table 8. Error and order of numerical method NSγ of equation (48).

h
L “ ´4, α “ 0.25 L “ ´10, α “ 0.5 L “ ´20, α “ 0.75

Error Order Error Order Error Order

0.001 1.71 ˆ 10103 18.554 8.08 ˆ 1034 3.2126 5.68 ˆ 1015 2.3230
0.0005 3.43 ˆ 10101 5.6411 1.45 ˆ 1034 2.4741 1.28 ˆ 1015 2.1396
0.00025 4.29 ˆ 10100 2.9997 2.61 ˆ 1033 2.4787 2.88 ˆ 1014 2.1617
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Table 9. Error and order of numerical method NSω of equation (48).

h
L “ ´4, α “ 0.25 L “ ´10, α “ 0.5 L “ ´20, α “ 0.75

Error Order Error Order Error Order

0.001 4.81 ˆ 10170 462.98 8.27 ˆ 1041 48.054 8.65 ˆ 1019 11.595
0.0005 1.65 ˆ 10115 184.25 4.04 ˆ 1038 10.997 3.31 ˆ 1018 4.7077
0.00025 3.61 ˆ 10106 28.766 1.86 ˆ 1037 4.4391 2.88 ˆ 1017 2.1617

Table 10. Error and order of numerical method (52) of equation (48).

h α “ 0.9, L “ ´10 α “ 0.8, L “ ´20 α “ 0.7, L “ ´30 α “ 0.6, L “ ´40 α “ 0.5, L “ ´50

0.001 2.04 ˆ 10´5 4.63 ˆ 10´6 1.34 ˆ 10´6 4.26 ˆ 10´7 1.41 ˆ 10´7

0.0005 9.51 ˆ 10´6 2.02 ˆ 10´6 5.47 ˆ 10´7 1.62 ˆ 10´7 5.06 ˆ 10´8

0.00025 4.43 ˆ 10´6 8.82 ˆ 10´7 2.23 ˆ 10´7 6.21 ˆ 10´8 1.81 ˆ 10´8

� 1 2

1

Figure 3. Graphs of the exact solution of equation (48) and numerical solution (52) for α “ 0.9, L “ ´10 and
h “ 0.01.

The fractional subdiffusion equation is a fractional partial differential equation of the following
form

Bα

Btα
upx, tq “ Luxx ` Fpx, tq,

where L is the diffusion coefficient and has initial and boundary conditions

up0, tq “ u0ptq, upx, 0q “ vpxq, up1, tq “ u1ptq.

Let τ “ 1{M and h “ 1{N, where M and N are integers. Denote um
n “ upnh, mτq and by J the

rectangular grid on r0, 1s ˆ r0, 1s

J “ tpnh, mτq|0 ď n ď N, 0 ď m ď Mu.

By substituting the fractional derivative at the point pnh, mτq with approximation (8) and the second-
order partial derivative with the second-order central difference formula, we obtain

1
Γp2 ´ αq τα

m
ÿ

k“0

ω
pαq

k um´k
n “ L

um
n´1 ´ 2um

n ` um
n`1

h2 ` Fm
n ` Anτ2 ` Bn

τ2´α

nα
` Dnh2,
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ω
pαq

0 um
n `

m
ÿ

k“1

ω
pαq

k um´k
n “

LΓp2 ´ αqτa

h2 pum
n´1 ´ 2um

n ` um
n`1q ` Γp2 ´ αqταFm

n

` Γp2 ´ αq

ˆ

Am
n τ2`α ` Bm

n
τ2

nα
` Dm

n ταh2
˙

,

where Am
n and Bm

n are the coefficients of the error of approximation (8) and Dm
n h2 is the error of central

difference approximation. Denote η “
L Γp2´αq τα

h2 .

´η um
n´1 ` p2η ` ω

pαq

0 qum
n ´ η um

n`1 “ Γp2 ´ αq ταFm
n ´

m
ÿ

k“1

ω
pαq

k um´k
n

` Γp2 ´ αq

ˆ

Anτ2`α ` Bn
τ2

nα
` Dnταh2

˙

.

The numerical solution tUm
n uN

n“0 on row m of the grid J is computed as

´η Um
n´1 ` p2η ` ω

pαq

0 qUm
n ´ η Um

n`1 “ Γp2 ´ aq τaFm
n ´

m
ÿ

k“1

ω
pαq

k Um´k
n , (53)

where 5 ď n ď N ´ 1 and has boundary conditions Um
0 “ u0pmτq, Um

N “ u1pmτq.
The numerical solution for the first row is obtained using shifted approximation (43)

p1 ´ α
2 q1´α

Γp2 ´ αq τα

`

u1
n ´ u0

n
˘

“
Lp1 ´ α

2 q

h2

`

u1
n`1 ´ 2u1

n ` u1
n´1

˘

`
Lα

2
v2pxq ` F1´α{2

n ` O
´

h2 ` τ2
¯

,

u1
n ´ u0

n “
L p1 ´ α

2 qα Γp2 ´ αq τα

h2

`

u1
n`1 ´ 2u1

n ` u1
n´1

˘

`
Γp2 ´ αq τα

p1 ´ α
2 q1´α

ˆ

Lα

2
u2

0pxq ` F1´α{2
n

˙

` O
´

τα
`

h2 ` τ2˘

¯

.

Let η1 “
L p1´ α

2 qα Γp2´αq τα

h2 . The numerical solution tU1
nuN

n“0 satisfies

´η1U1
n`1 ` p1 ` 2η1qU1

n ´ η1U1
n´1 “

Γp2 ´ αq τα

p1 ´ α
2 q1´α

ˆ

Lα

2
u2

0pxq ` F1´α{2
n

˙

(54)

and has boundary conditions boundary conditions U1
0 “ u0pτq, U1

N “ u1pτq. The coefficient matrix
for the system of equations of the first row is a diagonally dominant matrix of size N ` 1. The L8

(maximum) norm of a vector is the maximum of the absolute values of its elements and the L8 norm
of a matrix is the maximum of the absolute row sums. The norm of the inverse coefficient matrix of
(54) is smaller than one [49,50]. Therefore, the numerical solution on the first row of the grid J has an
error of order O

´

τα
`

h2 ` τ2˘

¯

. The numerical solution for the second row of the grid J is computed
explicitly using the shifted approximation (44)

α u2
n ` 4p1 ´ αq u1

n ` p3α ´ 4q u0
n

2Γp2 ´ αq τα
“

L
h2

`

u1
n`1 ´ 2u1

n ` u1
n´1

˘

` F1
n ` O

´

h2 ` τ3´α
¯

.

The numerical solution satisfies

αU2
n ` 4p1 ´ αqU1

n ` p3α ´ 4qU0
n “

2L Γp2 ´ αq τα

h2

`

U1
n`1 ´ 2U1

n ` U1
n´1

˘

` 2Γp2 ´ αq ταF1
n ,

U2
n “

1
α

ˆ

2η

p1 ´ α
2 qα

`

U1
n`1 ´ 2U1

n ` U1
n´1

˘

´ 4p1 ´ αqU1
n ´ p3α ´ 4qU0

n ` 2Γp2 ´ αq ταF1
n

˙

.
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The error of the numerical solution in the second row of J is also of order O
´

τα
`

h2 ` τ2˘

¯

. The
numerical solutions for the third and fourth rows are computed explicitly using the third order
approximations

u3
n “ 3u2

n ´ 3u1
n ` u0

n ` Opτ3q, u4
n “ 3u3

n ´ 3u2
n ` u1

n ` Opτ3q,

U3
n “ 3U2

n ´ 3U1
n ` U0

n, U4
n “ 3U3

n ´ 3U2
n ` U1

n.

The errors for the third and fourth rows also have accuracy of O
`

ταph2 ` τ2q
˘

.

Example 7. Consider the following fractional subdiffusion equation

$

&

%

Bα

Btα
upx, tq “ uxx `

Γp3 ` αq

2
p1 ´ 2x ` x3´αqt2 ´ p3 ´ αqp2 ´ αqx1´αp1 ` t2`αq;

up0, tq “ 1 ` t2`α, upx, 0q “ 1 ´ 2x ` x3´α, up1, tq “ 0.
(55)

Equation (55) has the solution

upx, tq “ p1 ` t2`αqp1 ´ 2x ` x3´αq.

The numerical results for the error and order of the difference scheme (53) for the subdiffusion equation
(55) with α “ 0.5 and α “ 0.75 are presented in the third and fourth columns of Table 11. The graphs
for α “ 0.5, L “ 1, h “ 0.02, and τ “ 0.005 are shown in Figure 4.

Example 8. Consider the following fractional subdiffusion equation

$

&

%

Bα

Btα
upx, tq “ 3uxx ´ ex

´

3et ` t1´αE1,2´αp´tq
¯

;

up0, tq “ et, upx, 0q “ ex, up1, tq “ e1`t.
(56)

Equation (56) has the solution upx, tq “ ex`t. The results of the numerical experiments for the
error and order of the difference scheme (53) for the subdiffusion equation (56) with α “ 0.25 are
presented in the second column of Table 11. The graphs of numerical solution (53) and its error for
α “ 0.5, L “ 3, h “ 0.02, and τ “ 0.005 are shown in Figure 5.

In the following, we prove that the difference scheme (53) for the fractional subdiffusion equation
converges with second-order accuracy. The errors Em

n “ um
n ´ Um

n on the first four rows of the grid J
have accuracy of O

`

ταph2 ` τ2q
˘

. Therefore

|Em
n | ă C1pτ2 ` h2q,

where C1 is a positive constant. The errors on row m ą 4 of the grid J are the solutions of the system
of equations

´ηEm
n´1 ` p2η ` ω

pαq

0 qEm
n ´ ηEm

n`1 “ Rm
n ,

where Em
0 “ Em

N “ 0 and

Rm
n “ ´

m´1
ÿ

k“1

´

ω
pαq

k E m´k
n

¯

` Γp2 ´ αq

ˆ

Am
n τ2`α ` Bm

n
τ2

mα
` Dm

n ταh2
˙

. (57)

Denote
ĎMi “ max

ˇ

ˇ

ˇ

ˇ

Bi

Bti upx, tq
ˇ

ˇ

ˇ

ˇ

, ĂM4 “ max
ˇ

ˇ

ˇ

ˇ

B4

Bx4 upx, tq
ˇ

ˇ

ˇ

ˇ

,
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where the maximums are taken for all px, tq P r0, 1s ˆ r0, 1s and the coefficients Am
n , Bm

n and Dm
n satisfy

the bounds

|Am
n | ă

252ĎM3 ` 45ĎM4 ` 2ĎM5

36Γp4 ´ αq
, |Bn| ă

ĎM2

12Γp1 ´ αq
, |Dm

n | ă
ĂM4

12
.

Let Em be an pN ` 1q-dimensional vector whose entries are the errors Em
n of difference scheme (53) on

row m of the grid J , and let Rm be the vector of truncation errors (57). The system of equations for
the errors of difference scheme (53) in row m of the grid J can be written in matrix form as

MEm “ Rm,

where M “ pai,jq is a tridiagonal square matrix with nonzero entries a1,1 “ aN,N “ 1 and

ai,i “ 2η ` w0, ai´1,i “ ai`1,i “ η, p2 ď i ď N ´ 1q. (58)

Theorem 19. The errors of difference scheme (53) satisfy

}Em} ă C
´

τ2 ` h2
¯

(59)

for all m “ 1, . . . , M, where

C “ max

#

C1,
6ĎM2 ` 252ĎM3 ` 45ĎM4 ` 2ĎM5

72p1 ´ αq
,

ĂM4

12p1 ´ αq

+

.

Proof. We prove the statement by induction. The estimate (59) holds for M ď 4. Assume that (59)
holds for all rows 1, 2, . . . , m ´ 1 of the grid J . From formula (57)

|Rm
n | ă ´

m´1
ÿ

k“1

ω
pαq

k |E m´k
n | ` Γp2 ´ aq

ˆ

|Am
n | τ2`α ` |Bm

n |
τ2

mα
` |Dm

n | ταh2
˙

.

When 0 ă α ă 1 the gamma function satisfies 0.88 ă Γp2 ´ αq ă 1 (see [51]). Applying the induction
assumption

|Rm
n | ď ´

m´1
ÿ

k“1

ω
pαq

k C pτ2 ` h2q ` Γp2 ´ αq|Am
n | τ2`α ` Γp2 ´ αq|Bm

n |
τ2

mα
` |Dm

n | τ2h2,

|Rm
n | ă pω

pαq

0 ´ |ω
pαq
m |q Cpτ2 ` h2q ` A τ2`α `

ĎM2p1 ´ αq

12
τ2

mα
`

ĂM4

12
ταh2,

where A ă p252ĎM3 ` 45ĎM4 ` 2ĎM5q{72. From Claim 17

|Rm
n | ă ω

pαq

0 Cpτ2 ` h2q ´
1 ´ a
mα

Cpτ2 ` h2q ` A
τ2

mα
`

ĎM2p1 ´ αq

12
τ2

mα
`

ĂM4

12
h2

mα
,

|Rm
n | ă ω

pαq

0 Cpτ2 ` h2q ´
p1 ´ αqτ2

mα

ˆ

C ´
A

1 ´ α
´

ĎM2

12

˙

´
p1 ´ αqh2

mα

˜

C ´
ĂM4

12p1 ´ αq

¸

.

When C satisfies the conditions of the theorem, the two coefficients C ´ A{p1 ´ αq ´ ĎM2{12 and
C ´ ĂM4{p12p1 ´ αqq are positive.Therefore

|Rm
n | ă ω

pαq

0 Cpτ2 ` h2q.
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From (58) the infinity norm of the inverse matrix satisfies [49,50]

}M´1} ď
1

wpαq

0

.

Hence
Em “ M´1Rm,

}Em} ď }M´1} }Rm} ă Cpτ2 ` h2q.

The error estimate (59) holds for the m-th row of the grid J , completing the induction.

Table 11. Error and order of the difference scheme (53) for equation (56) – second column, and for equation (55) –
third and fourth columns.

h
α “ 0.25, L “ 1 α “ 0.5, L “ 2 α “ 0.75, L “ 3

Error Order Error Order Error Order

0.02 2.98 ˆ 10´5 1.9568 5.22 ˆ 10´5 1.9568 2.03 ˆ 10´5 2.0231
0.01 7.59 ˆ 10´6 1.9744 1.36 ˆ 10´5 1.9745 5.00 ˆ 10´6 2.0234
0.005 1.91 ˆ 10´6 1.9926 3.42 ˆ 10´6 1.9927 1.23 ˆ 10´6 2.0257

Figure 4. Graphs of the numerical solution of equation (55) - left and the corresponding error - right for α “

0.5,L “ 1, h “ 0.02, and τ “ 0.005.

Figure 5. Graphs of the numerical solution of equation (56) - left and the corresponding error - right for α “

0.5,L “ 3, h “ 0.02, and τ “ 0.005.
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6. Conclusions
In the present paper, we have studied the construction and properties of parameter-dependent

approximations for the first and second derivatives, denoted by (4), (5), and for the Caputo fractional
derivative, denoted by (6) and (8) and their applications for numerical solution of differential and
fractional differential equations. The approximations of the fractional derivative are developed using
the second-order expansion formula of the L1 approximation together with an approximation (5) of
the second derivative. The weights of the two obtained approximations of the fractional derivative
satisfy property (2) when the parameter takes the value 1 ´ α ` α2, where α is the order of the fractional
derivative. Approximation (6) of the fractional derivative has second-order accuracy, while the order
of approximation (8) depends on the mesh size and increases from 2 ´ α to 2. We provide examples
demonstrating the application of the derived approximations to the construction of finite difference
schemes for the numerical solution of fractional differential equations, and we analyze the convergence
and order of these numerical solutions. In Theorem 18 and Theorem 19, we prove that the difference
schemes based on both approximations (6) and (8) achieve second-order accuracy. The proofs rely
on the properties (2) of the approximation weights and on the magnitude of the last weights. The
theoretical results for the order and accuracy of the proposed numerical methods are confirmed by the
presented numerical experiments.

In future work, we will continue the investigations initiated in this paper. We plan to address
questions related to high-order expansion formulas and to the construction of approximations of the
fractional derivative based on these formulas. We will also consider the development of high-order
finite difference schemes for the numerical solution of fractional differential equations and analyze
their performance and convergence.
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