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Abstract

Artificial neural networks (ANNSs) are powerful models inspired by the structure and function of the
human brain. They are widely used for tasks such as classification, prediction, and model recognition.
This study examines the stability of fractional-order neural networks with neuronal conditions,
dynamic behavior, synchronization, and delays of time . Synchronization and stability for delayed
neural network models are two important aspects of dynamic behavior. For a calculated fractional-
order, the state of the state variable w;(t) are synchronized with each other. Weight synchronization
of w; (i =1,2,3,...,6) provides coherent updates during training, helping neural networks to study
stable models. The incommensurate fractional-orders are linked to a system where each dynamic
component develops with a different value, ie., q; # q; (i #j) is inconsistent. These fractional-
orders are calculated for the system’s eigenvalues and their singular points within the stability region
defined by the Matignon-based stability. As the time delay decreases, more activation functions are
induced, and the variable state of w,(t) requires longer relaxation times to be more stable than the
variable state of w;(t). The Grunwald-Letnikov method is used to solve a fractional neural network
system numerically and effectively handle fractional derivatives. This approach helps to more
accurately simulate memory in neural networks.

Keywords: artificial neural networks; stability analysis; synchronization; time delay; dynamic
systems

Introduction

Previous studies involved a variety of neurons with different delays. Many researchers are
interested in analyzing neural networks. Many areas of science cover biological processes, automated
control, brain modeling, sensor technology, computer vision, and more. [1-3]. Since 1984, Hopfield
has presented many different classes of neural networks, but the dynamic properties of different
types of neural connections have been shown to provide a wide range of applications in a variety of
fields [4-6], including pattern recognition, control procedures, artificial intelligence, image
processing, and medical science. In artificial neural networks, deadlines are often caused by
inconsistencies in signal distribution between different neurons. To shed light on the reality of
artificial neural networks [7], it is thought that neural network delays are made by a much better
model compared to traditional neural networks without a temporary delay. Neural networks often
exhibit much more, including periodic phenomena, unique chaotic properties, instability, and delays
[8-10]. Currently, there is great interest in studying how different delays in the behavior of neural
networks affect time delays. Currently, many neural network models are under construction and are
being studied, with some interesting research published. Several researchers [11] have studied the
stability of wave outcomes in many models of neural networks based on distributed delayed cells.
Various researchers [12,13] solve the problem of neural network synchronization.
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As aresult, there has been a growing interest in studying the latency of deep neural networks in
recent years. Many important Indian artifacts have been created with brain structures that have been
held in recent years. Global stabilization has been studied in quaternary artificial neural networks
with temporary delays [14,15] using impulsive behavior and investigates modified saliva control to
achieve complex delays in BAM structures. The research is a rather reliable criterion for ensuring the
presence of global indices and periodic results of the quaternary nervous system with delays [16-18].
Stability analysis is performed due to the merits of regular outcomes of a particular type of
discrepancy, the merits of the structures held by the BAM cognitive system compared to the D-
operator, but the anti-periodic results of artificial neural networks, such as time and pulse, are also
considered. The study randomly explores the stability of BAM network models jumping with delays
[19-21].

Although the previously mentioned works have addressed some dynamic problems associated
with delay, they concentrate on the integer-order component. In recent years, several academics have
proposed that fractional-order differential equations are a better instrument for exposing the real-
world linkages of dynamical systems since they are able to clarify over time ways of change and
memory [22]. Recently, fractional calculus has been widely employed in different areas such as
biology, electromagnetic waves, electrical technology, neuroscience, and financial management
development [23-25]. Recently, fractional-order neural nets that handle delays have been the subject
of appropriate research. Researchers [26] examined the global stability of fractional impulse delayed
artificial neural networks and also investigated Mittag-Leffler transfer data in fractional-order
octonion-valued [27] simulated neural network performance. The effect of leaking delay upon the
Hopf bifurcation of fractional-order quaternion-valued computational neural networks [28]. Many
researchers have found that voice, senses, robotics, understanding patterns, vision, and visual
processing are very useful in the field of psychology [29,30].

In 1695, Leibniz and L’ L’Hospital traditionally explored the classical calculations that provided
the main theory of fractional calculations. All natural explanations detected by fractional calculations
are detected more accurately and accurately than regular calculations [31]. In 1832, the results were
used to understand some mathematical problems. In 1892, Oliver published and developed a
definition of division in a series of works. The main motivation for the invention of the entire Ford
model was the lack of calculation results [32]. Using fractional-ordering, the ratio of voltage and
currents for the most recent line of unstable half of the transmission is a great case [33,34]. Fractional
derivatives can be easily modeled using a variety of numerical methods. Fractional calculus is used
in research and research involving the fields of robotics, chemical interactions, biology, automation,
technical theory, chaotic theory, and fractal structures. A system in which some variable fractional-
orders are not proportional to one another is called incommensurate fractional-orders [35,36].

In previous studies, this indicates that most authors address the proportions with overall order
issues and delays in neural networks. These models have been studied for fractional-orders of
arbitrary values. This article provides a complex method for calculating inappropriate fractional-
orders using clear points corresponding to unique values. Numerical analysis of neural network
models occurs in the resulting stability domain based on these fractional-orders. Incommensurable
fractional-orders help quickly and accurately converge your digital solutions. Using neural network
models for incommensurable fractional-ordering, this study opens the way for new research fields
over time. For fractional-order, calculated from neural network weights, the system remains
synchronized and stable. The stable and convergent signals are shown in the graphical description of
the synchronized scale of neural networks. This article investigates the stability of these networks
with the evolution of temporary delays. In a fractional system, it is not an easy task to calculate the
incommensurable fractional-orders.

Stability Analysis
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Before discussing the reliability of the neural network model, it is impossible to calculate the
incommensurate fractional-orders q; # q;, where i # j. For fixed values of the included parameters
for the neural network model leads to a fractional-order system with the following form:

DUwy(t) = —12.2w; + 021w, ((t — 0.001)) + 2.6ws(t — 0.001) + 2.6w(t — 0.001)
D%2w,(t) = —12.2w;, + 0.21w;((t — 0.001)) + 2.6w,(t — 0.001) + 2.6w,(t — 0.001)
DBw;(t) = —12.2w; + 0.21wg((t — 0.001)) + 2.6w,(t — 0.001) + 2.6ws(t — 0.001)
D¥wy(t) = —12.2w, + 021w, ((t — 0.001)) + 2.6w,(t — 0.001) + 2.6w;(t — 0.001)
D%Bw;(t) = —12.2ws + 0.21w, ((t — 0.001)) + 2.6w3(t — 0.001) + 2.6w; (¢ — 0.001)
D%w,(t) = —12.2w, + 0.21w;((t — 0.001)) + 2.6w;(t — 0.001) + 2.6w,(t — 0.001)

(1.1)

Select a random value from the parameters contained in the formats a = 12.2,0 = 0.001, a =
0.21,and b = 2.6. Various singular points can be found in the model using the Jacobian matrix.
Based on these balance points, the upper bounds of inappropriate fractional-order are calculated.
q, = 0.965,q, = 0.780,9; = 0.800,q, = 0.785,9; = 0.789, and g, = 1.58.
The stability region is defined by the Matignon-based stability [37].
larg(A)] > q; 7 for all i, (1.2)
where 4; is the eigenvalue and gq; isthe incommensurate fractional-orders.

The corresponding fractional-order are calculated as ¢q; = 0.965,q, = 0.780,q; =
0.800,q, = 0.785,g5 = 0.789, and qs = 1.58 from the inequality (3.3). The incommensurate
fractional-orders from q; to gs are physically stable because they lie in the first Riemann sheet
region. On the other hand, g4 does not lie in the stable region, which is not physical. It is
possible to improve the reliability and stability of neural networks for a variety of practical
purposes.

T Im

/an'/z

~Re
Stable Regior Unstable Region

Figure 1. Stability Region for Fractional-Order.

Mathematical Formulation

The neural network system is of the form [38]:
xn(t) = _#mxn(t) + Z;§=1 Cnmgm(yn(t - Tnm) +I,m=123.., L. } (1 3)
Yn() = — Vi Y (0) + Z?:l dinnfin(Xm(t — Ving) +Jnn=123,...,p. '

where p,,, and v represents the stability of internal neuron activities on the I-layer and J-layer,
respectively. Tpm, Vi, are time delays and cpp, dipn (m=1,2,3,...,1; n=12,3,...,p) indicate
connecting weights through neurons. In two layers, the I-layer and the J-layer. The neurons on
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the I-layerwhose states have been designated by x,(t) receive the inputs I,, and the inputs that
thoseneurons in the J-layer output through activation functions g,,, while the neurons on the J-
layer whose associated states are revealed by y,(t) obtain the inputs J, and the inputs that
those neurons in the I-layer output via activation functions #,.

The schematic diagram 1.2 illustrates the main mechanisms of artificial neurons, the basic
structural unit of neural networks. It starts with some input signals x1, x5, X3, X4, X5, and x4, each
associated with the corresponding weight wy, w,, w3, wy, ws, and wg. An Artificial Neural Network
consists of two key parts: one part is called the summation part, and the other is called the function
part. Consider x, (for n=1,2,3,...,6) the neurons, then they are connected with their respective
weight w,, (for n=1,2,3,...,6), which is like w; connected with x;, w, connected with x, and
so on. The summation part calculates the weighted sum in this form: x;w; + x,w,+... +x,w,, and
then forwards this weighted sum into the function part. The function part has a function called an
activation function g, which generates a particular output for a given input. The arrows in the
diagram indicate the flow of input data through the total and activation stages at the final output y,.
This process models how artificial neurons mimic human mind, integrate several signals, and make
decisions.

X1W1+X2W2+...+#XnWhn

Figure 2. Schematic Diagram.

The formulation of a model for an artificial neural network is the topic discussed in this part.
The model concerning the delayed neural networks is given [39]:

% = —aw;(t) + glw;(t — )] + A[ws(t — 0)] + A[w,(t — )],
% = —aw,(t) + Aws(t — 0)] + Alws(t — 0)] + Alw,(t — 0)],
% = —aw;(t) + Awy(t — 0)] + Alwy(t — 0)] + Alws(t — 0)],
% = —aw,(t) + gw;(t — 0)] + Alw, (t — 0)] + A[w;(t — )], (1.4)
% = —aw;(t) + 2w, (t — )] + Alws(t — )] + A[w;(t — 0)],
D — _awg(t) + #lw; (t — 0)] + Alw; (t — 0)] + Alw,(t — 0)],

dt
where a > 0 represents the training parameter, g and £ are the activation functions.

In general, consider g(u) = a + a;u® and A(w) = b + byu® and where a,a,, b and b; are all
real. The system (1.4) takes the form:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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% = —aw;(t) + awy(t — o) + bws(t — o) + bw,(t — o)

% = —aw,(t) + aws(t — o) + bwg(t — 0) + bwy(t — o)

D5 = —qw;(8) + awg(t — o) + bwy(t — o) + bws(t — )

% = —awy(t) + aw;(t — o) + bw,(t — o) + bws(t — o)

% = —aws(t) + aw,(t — o) + bw;(t — o) + bw;(t — o)

% = —aws(t) + aw;(t — o) + bw;(t — ) + bw,(t — o)
(1.5)

The system (1.5) can be modified for incommensurate fractional-orders as:

d:z:;l = —aw;(t) + aw,(t — o) + bws(t — o) + bwy(t — 0),
d:::;Z = —aw,(t) + aws(t — o) + bwy(t — o) + bw,(t — 0),
d:::? = —aw;(t) + awy(t — o) + bwy(t — o) + bw;(t — 0),
d:::f = —aw,(t) + aw;(t — 0) + bw,(t — o) + bw;(t — 0), (
% = —aws(t) + aw, (t — 0) + bws(t — o) + bw;(t — 09),
% = —awg(t) + aws(t — o) + bw;(t — o) + bw,(t — ),

(1.6)

where g;, (i = 1,2,3,...,6), are the incommensurate fractional-orders.

Numerical Solution
For numerical calculation of fractional-order derivatives, the required equation can be derived
from the Grunwald-Letnikov fractional-order derivative. The relation to the explicit numerical
approximation of gqth derivative at the points kh, (k = 1,2, 3, ...) has the following form [40]:
(k = Lm/BDES@®) = £ T o(=D'C] S(ti—),
(1.7)
where L,, is the “memory length”, t, = kh, h is the time step of calculation, and (—1)'C{ are

binomial coefficients Ci(q) (i = 0,1,2,...). For their calculation, we can use the following expression
[40]:

P =1¢2=(1-22),c. (1.8)
The general numerical solution of the fractional differential equation is

aDly(t) = S (®), 1), (1.9)
The numerical solution can be expressed as:

y(te) = SOt t) A = TE 4P Sty (1.10)

For the memory term expressed by the sum, a short memory principle can be used.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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In addition, it uses a more convenient numerical solution of the fractional-order Eq. (1.1), which
is based on the Grunwald-Letnikov method. It will take the following form:

W, (1) = (—12.2w1 + 0.21Wy((#—; — 0.001)) + 2.6W;5((£—; — 0.001)) + 2.6W,((ty—; —

0.001))) A = B, W, (), (1.11)

Wy () = (—12.2w2 +0.21W; (((tk_1 - 0.001))) + 2.6Wy((£—g — 0.001)) + 2.6W, (5

0.001))) A2 3K P Wy (4, ), (1.12)

Wy () = (—12.2w1 +0.21W; (((tk_1 - 0.001))) + 2.6W,((£y—g — 0.001)) + 2.6W;( (5

0.001))) BB — 3K P Wy (8, _), (1.13)

W, (t,) = (—12.2w4 +0.21W, (((tk_1 - 0.001))) + 2.6W,((£y—g — 0.001)) + 2.6W;((£5_y

0.001))) A =3 P, (8 ), (1.14)

Wi () = (—12.2w5 +0.21W, (((tk_1 - 0.001))) + 2.6W;((£—g — 0.001)) + 2.6W; (£

0.001))) A5 — 3K 9P Wi (4, ), (1.15)

W, () = (—12.2w6 +0.21W; (((tk_1 - 0.001))) + 2.6W; ((£—g — 0.001)) + 2.6Wy((#y_; —

0.001))) A6 — 3K .19 Wy (4, _). (1.16)

where k = 1,2,3,...,N, and (W,;(0), W,(0), W5(0), W,(0), Ws(0), Ws(0)) is the start point. The

binomial coefficients Ci(qj )Vi are calculated according to Eq. (1.8). All simulations were performed

for time step h = 0.00001.

Discussion

The evolution of the neuron state w;(t) over time, approximately 2300 units, is depicted in
time series results plot 1.3 (a). Initially, with ¢ = 200, the state parameter w; fluctuates between
0 and 2. By t = 600, the amplitude increases by about 45 units, indicating heightened neuron
activity. The variation stabilizes around 250 units, peaking approximately 40 units post-transition,
influenced by a fractional-orders qi affecting the system’s behavior. From time 0 to 2400, wg(t)
oscillates with amplitude increasing from +0.2 to £1.5 by t = 2300. The signal contains frequencies
between 0.02 Hz and 0.12 Hz, indicating propagation and resonance, which highlights the neural
network’s dynamic adaptability. Plot 1.3 (b) reveals a unique repeated modulation pattern and
smooth pulsating behavior, suggesting steady interaction frequencies from a fractional-order neural

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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network. The oscillations in graph 1.3 (c) of ws(t) vary from —7 to 7 over 0 to 2400 temporal
units. At t = 2300, periodic amplitude modulation occurs, with peaks rising from about 1 to 7.
Interference patterns reveal beat frequencies from multiple sinusoidal components at 0.02 Hz and
0.08 Hz. From t = 0 to t = 2000 units in Figure 3 (d), the state variable w,(t) exhibits oscillations
with amplitudes between 0.5 and 3.5. Fluctuations are erratic when t < 500, peaking at 1.2 and
around 0.01 Hz. The variation is stabilized by about 3 units at t = 500, forming an almost auxiliary
image with a frequency of about 0.004 Hz, reflecting the transition of the synchronized state. Sketch
1.3 (e) represents the variable state w;(t) that fluctuates between —4.5 and 4.5 in 2400 units. The
amplitude modulation passes from about 1 to about 4.5 around t = 2200, forming the shape of
the shell. The frequency of vibrations varies from 0.02 Hz to 0.1 Hz, revealing the effects of typical
memory and nonlinear feedback in fractional-order neural networks. The envelope period of about
400 units indicates synchronization regime changes significant for modeling brain dynamics. The
amplitude oscillations in 1.3 (f), w,(t) range from —5to5 and peaking at nearly 5 by t = 2300.
The shape of the waves shows modulation similar to the envelope with several frequency
components that exhibit irregular interactions common in fractional-order neural networks.
Significant oscillation frequency is between 0.08 Hz and 0.015 Hz, indicating the transition from an
inactive oscillating neural state to a controlled one.

In plot 1.4(a), w,(t) versus ws(t) shows a limited elliptical trajectory that is central at the
beginning of the coordinates, fluctuating between +3 and +2, indicating stable behavior. This
closed-loop pattern demonstrates synchronization between neuron states influenced by fractional-
order dynamics. The system’s smooth evolution in a limited phase space aligns with stability criteria.
The phase graph 1.4 (b) of w,(t) and w;, (t) illustrates a bounded elliptical pattern centered at the
origin, with w,(t) values ranging from —1.5 to 1.5 and wi(t) from —2.5 to 2.5, indicating stable,
periodic oscillations influenced by fractional-order dynamic model. The sketch 1.4 (c) displays a
dense elliptical shape for wy(t) and ws(t), indicating confined states and system stability. Different
dynamical scales lead to regular oscillations without chaotic behavior.

50

0 300 1000 1500 2000 2500
Time

(a)
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Figure 3. Time Evolution of w; Stable Oscillations with Complex Amplitude Modulation.
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(c)

Figure 4. Weighted Synchronization of State Variables w,(t), ws(t), w,(t), ws(t) and wg(t).

The phase sketch 1.5 (a) of wg(t) versus ws(t) displays a dense elliptical shape, indicating
strong correlation and synchronization, with values between —15 and 15. This pattern’s fine
oscillation suggests multiple frequency components interacting nonlinearly, characteristic of
fractional-order neural networks influenced by memory effects with a fractional-order q around 0.9.
In Figure 5 (b), w,(t) against ws(t) presents a confined elliptical pattern between —5 and 5,
indicating bounded trajectories, which denotes stability without divergence. The multiple interacting
frequencies of the system operates in a stable, synchronized regime rather than exhibiting chaotic
behavior.

Figure 5. Weighted Synchronization of State Variables w3 (t), wy(t) and ws(t).

Conclusion

The neuron states w; become unstable whenever the incommensurate fractional-orders q;
exceeds their upper bounds. A congested stability within the interval (—1.5,1.5) and a chaotic effect
beyond this interval of neuron state w,(t) synchronized against w;(t) are reported. The reduction
of the time delay will give more relaxation time o for the state variable w,(t) to be stable as
compared to the state variable w;(t). The exclusion of two neuron states ws(t) and wg(t), enhances
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the stability of the system. The enhancement of stability in Figure 5 (b) is reasoned out by the addition
of the extra parameter b. The setup of the parameter a at 12.2 enabled the trained the system
consistent and allow the model to converge successfully without ambiguity.

Nomenclature
Symbols Representations
DY Fractional-order derivative.
q; Incommensurate fractional-orders
ab Real numbers
t Time
o Time delay
w; State Variables or Neuron States
a Training Parameter
gh Activation Functions

Cnm»Amn  Connecting Weights Through Neurons
Wi Vi Stability of Internal Neuron Activities
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