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Abstract

We present a model of the human walking based on the well known model of double pendulum
moving in a plane under the influence of g ravity. For constructing the pendulum we use data for
the average value of masses of the thigh and shank, as well as for their inertial moments, centers
of masses and densities taken from a representative study of the Bulgarian males. We derived the
corresponding differential equations governing the model and solved them numerically. We have
shown that for moderate initial values of the angles and the angular velocities, describing the system,
one has a regular reasonably looking movement of the pendulum resembling that one of the actual
walking of humans.

Keywords: double pendulum; nonlinear dynamics; nonlinear differential equations; biomechanics;
chaos; phase diagram; numerical methods; mass-inertial parameters of the human body, mathematical
modeling of the human body

1. Introduction

The plane double gravitational pendulum serves as a valuable model for understanding the
complexities arising from nonlinearity in physical systems. The system’s behavior is described by a set
of coupled, nonlinear, second-order differential equations that defy analytical solution [1]. Numerical
simulation provides a powerful tool for exploring its dynamics, but requires careful attention to
numerical errors and energy conservation. The double pendulum’s sensitivity to initial conditions
and its chaotic nature underscore the limitations of long-term predictability in nonlinear systems.
Visualization tools, such as animations and phase space plots, are crucial for analyzing and interpreting
the simulation results [2]. In addition to numerically solving the equations we have also used these
methods. The numerical exploration of the double pendulum’s dynamics reveals its most compelling
characteristic: its sensitivity to initial conditions. This sensitivity, a hallmark of chaotic systems, means
that infinitesimally small differences in the initial angles or velocities of the pendulums can lead to
essentially different trajectories over time [3,4]. The chaotic nature of the double pendulum can be
most appealingly visualized through phase space plots. These plots, which map the system’s state
over time, reveal intricate and often fractal-like structures. Unlike simpler systems with predictable
periodic motion that result in closed, repeating loops in phase space, the double pendulum exhibits
trajectories that wander seemingly randomly through the phase space, never repeating themselves
exactly. This behavior highlights the system’s inherent unpredictability and its departure from the
predictable dynamics of linear systems.

The current article demonstrates that it can be helpful in matters of biomechanics, which is
related to the problems of human walking. We show that within the typical range and parameters
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of the human motion the double pendulum behaves relatively regularly and does not have essential
chaotic behavior.

The pendulum systems are classical models of nonlinear dynamics [5]. We would like to stress
that, generally, the study of the double pendulum is not merely an academic exercise; it holds sig-
nificance in various scientific and engineering fields [6-13]. Understanding its complexities aids in
comprehending the dynamics of multi-body systems, informing the design of robotic arms, satellite
stabilization systems, financial modeling, and even contributing to our understanding of planetary
motion. Furthermore, it turns helpful for apprehending questions related, as stated, to physics of
human motion, and also climate modeling [14,15] (for which Edward Lorenz’s coined the famous term
“butterfly effect”, in article titled “Deterministic Nonperiodic Flow” published in his 1963 paper in the
Journal of the Atmospheric Sciences), fundamental physics, and even entertaining sport activities, like
golf, namely for modeling the golf swing with double pendulums [16]. The understanding of coupled
oscillators is crucial in analyzing the behavior of electrical circuits, mechanical vibrations, and even the
rhythmic firing of neurons in the brain.

The planar double gravitational pendulum, a seemingly simple system composed of two pendu-
lums connected in series and swinging under the influence of gravity, belies its deceptive simplicity.
It embodies a profound intersection of classical mechanics, nonlinear dynamics, and chaos theory,
serving as a potent example of how seemingly deterministic systems can exhibit highly unpredictable
behavior. A large number of investigations, both theoretical and experimental, have been dedicated to
the problem of determining the chaotic behavior of double pendulum [17-19].

2. The Model

In this section we describe a model of the limbs of the human body. In its simplest version
the model represents a type of gravitational pendulum. They can be reduced to plane double or
triple gravitational pendulum, i.e., we consider the corresponding limb of the human body to embrace
two segments. Any of the branches of the pendulum are supposed to be axis symmetric and character-
ized by the corresponding densities p;(s), i = 1,2, where s is defined so that it unicly determines the
position of the corresponding cross-section of the given branch of the combined.

Of course, we need to determine the Lagrangian of the system. For that we need to clarify what is
the kinetic and potential energies of the system in terms of the properly defined variables - see Figure 1.
For the total kinetic energy K we obtain consequently

K=K +K; 1)

where K;, i = 1,2 are the kinetic energies of the segments. Thus, for K; one has

Ky = L (s1)A(s1)0f(s1, t)dsy, 2)

2 /sy o
where {51} is the set of allowed values of s; € [0,L;] and A(s1) is the area of the cross-section of
segment 1 at position s; measured from the beginning of the segment. In what follows we will take the
densities of a given segment to be uniform, i.e., p;(s) = p;. The last actually reflects the experimental
situation - data for the mass densities of a given segment differ from segment to segment, but within
the specific segment they are assumed homogeneous. Then, taking into account that

03 (s1,t) = ¥3(s1,t) + y3(s1, 1), (3)

and that
x1(s1,t) =sysin(01(t)), and yi(sy,t) = —sjcos(61(t)), 4)
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we immediately obtain
%1(s1,t) = sy cos[01(t)]61(t), and y1(s1,t) = s1sin[01(¢)]61(t), (5)
and, therefore
vi(s1, 1) = ¥ (s1, 1) +9i(s1, 1) = 5101 (8), 6)
which leads to
K=o [ Alsn)ob(sn sy = 5pd(0) [ AGsi)dsy = S0 7)
27 Jisi 2 {51} 2
Here
Ly )
Il = pl/(] A(Sl)Sldsl (8)

is a moment of inertia of segment “1” about an axes perpendicular to it and centered at its top. We
have assumed that the length of the segment is L.

LS L

Figure 1. The picture shows a simplified version of the model of either the upper limb, or of the lower limb.

Now we shall deal with the kinetic energy K; of the second segment in the limb. Let s, € [0, L] is
the coordinate along the second segment. Then, looking at the geometry one derives

xXp(s2,t) = Lysinfy(t) +sysin6y(t), ©)
yz(SZ, i’) = —Ljcosb; (t) — S COS@z(t), (10)
which leads to
Xo (Sz, t) = Ljcos Gl(t) él(f) -+ S cos 92(f) 92(t), (11)
Ya(sa,t) = —Lysinf(t) 61(t) +sasinby(t) 6a2(t), (12)
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and, therefore, to
03 (sp, ) = L362(t) + 5303 (t) + 2Lys0 cos[01 (t) — 6a(t)] 61 (£)62(t). (13)
Using the above expressions, for the kinetic energy K, we derive, consequently:

1
Kz = E / P2 (Sz)A(Sz)ZI% (Sz, t)dSz

- zpz/{ }L262 ) + 5262 (£) + 2Ly cos[s () — 0 (£)] 61 ()62 (1)]

- EL%@%(t) |:/{52}p2A(52)d52 +%9§(t) {/{S }pzA(SZ)sgdSZ + Ly cos[f (1) — 62(8)] 61 (1) (t) {/{Sz}pzA(sz)szdSZ}

1 . 1 .
= 5malifi() + 5 2O3(¢) + LumaCycos[fy (1) — 62(1)] 61(1)6a(t), (14)

where {S,} = [0, Ly],

my = Pz/{SZ}A(Sz)dSL

L, = / 2 A(sy)dsy,
> 02 {52}82 (52)ds

spA(sy)ds
Cz _ f{g } 2 ( 2()1 2 (15)
f{S } 52 52

Obviously, C; is the coordinate of the center of mass of the second segment measured from its beginning.
Summarizing the above, we conclude that, if the limb consists of just two segments, its total
kinetic energy K = K; + Kj equals to

K= % (1 +moL} |62 + %Iz@%(t) + LymaCy cos[0y (1) — 02(1)] 01 (£)6a(1). (16)

Now we turn to the potential energy of the system V supposing the bodies to be acted upon by the
gravity field of the Earth. Obviously

V=Vi+1, (17)
where V] and V; are the potential energies of the segments. From the geometry depicted in Figure 1
one has
Ly
vo= g [T e AG)y(s)ds:
Ly

= —gpl/o A(S])Sl COS(91)d51 = —8p1Cos 91)/ Sl sldsl

= —gcos(f1)m1Cy, (18)
where

_ foL1 p151A(s1)ds1 _ foLl s1A( Sl)dsl

I (19)
Jo " p1A(s1)ds fo (s1)dsq
In a similar way, for V, one derives
Ly
V2o = g | p2(s2)A(s2)y(s2)ds2
Ly
— g [ " als2) Als2) [~ Li cos(®r) — sz cos(@x)ldsz
Ly Ly
= —gl Cos(Gl)/O pz(sz)A(sz)dsz—gcos(Gz)/o 02(52)s2A(s2)dsy
= —gmy[Lj cos(f1) + cos(62)Cy]. (20)
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From Equations (18) and (20) we arrive at
V=V 4V, = —gcos0(Cymy + Limy) — g cos 6,Comy. (21)

Once we know the kinetic K and the potential V energies, we derive the Lagrangian £ of the system

1 . 1. . .
L=K-V = 3 [11 +myl3 ]e% + E1265 + LymyCy cos[fy — 65] 616,
+g(Cymy + Lymy) cos 6y + gCamyp cos 65. (22)

One can also determine the Hamiltonian H of the system

1 o1 -
H=K+V = 3 [11 +mpL2 ]9% + 51263 + LymyCp cosléy — 62] 610
—g(C1m1 + lez) cos 0] — gComp cos Bs. (23)

Since we did not introduce explicit dependence on the time f, the Hamiltonian of the system is
conserved and equal to the stationary energy of the system. According to the standard Hamiltonian
formulation, the state of a system is characterized not only by its positions (generalized coordinates)
6, and 6,, but also by its momenta p; and p,. Hence, the Hamiltonian of the system depicted in

Figure 1 is:
H= K4V = fiph Bt ) - mhGssitily 2
—g[(m1Cy + myLq)costy + mpCrcosbs] ,
where oK oK
P = 30, P2 = 3%, and Ag = I1 I +mylh 1.2 — m3L3C3cos* (61 — 6,). (25)

3. The Equations of Motion

From Equation (22) one obtains the corresponding Euler-Lagrange equations, governing the
behavior of the two segments of the considered limb. According to the general theory the equation are

to be obtained from

daL or .
E?@_T@’O’ i=1,2. (26)

In this way we obtain a set of two coupled, second-order, nonlinear differential equations:

gsin[@l](Clml + lez) + (I] + L%H’Iz> él + C2L11’H2{9192 sin[91 — 92}
40, cos[fy — 05] — 0261 — 6] sin[6; — 6]} = 0. (27)

and

gComy sin[f,] + L6, (28)
—I—C2L1m2{9"1 COS[91 - 92] - 9% sin[91 — 92]} =0.

Equation (27) can be rewritten in the simpler form
gsin[01] (Cimy + Limz) + (I + Lim ) 6y (29)
+C2L1m2{92 cos[; — 03] + 63 sin[6; — 92]} =0.

Equations (28) and (29) form the system of two coupled nonlinear differential equations. When
modeling the process of walking one shall keep in mind that 6, < 61, when 6; > 0.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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In the form of a dynamical model this system is
01 = a; — ax0% — az63, (30)
éz = —ay4 + a59% + ﬂé@%,
where
ap = Ai [m%C%Ll COS(91 — 92) sinf, — Iz(Clml + lez) sin(Gl)} , (31)
0
m5C3L3 cos(6y — 02) sin(6y — 62) 1 m5C3L3 sin[2(6; — 6,)]
a) = = _ ,
A% 2 Ao
H12C212L1 Sil’l(@] - 92)
asz = A ’
0
_ 8Cm , . .
ay = _To{Ll [Cymy sin(07) cos(01 — 62) + Limy cos(61) sin(6y — 62)] — I; sin(6) },
m2C2L1 Sil‘l(91 — 92) (L%WZZ + Il)
a5 = ’
Ao
0 — 1m3C3LEsin[2(6y — 05)]
6 — 2 A() 7

AN =6L1+ mzL% [12 — mZC% COSZ(Gl — 92)] .

The data needed for the evaluation of the above quantities in case of human body are presented
in Table 1 on the example of the average Bulgarian males. The data are taken from Ref. [20]. There,
actually, the relative location of the center of mass of the body segments are given, but the transforma-
tion to physical lengths is trivial. In Ref. [20] one provides data for principal moments of inertia Iy, Iy
and I,,, where the coordinate system is centered at the center of mass of the corresponding segment;
the z axes is along the segment, while x and y axes for a plane orthogonal to it. Due to the supposed
there symmetry, Ix = I,y. One way of acting, in order to determine I; and I is that they are equal to

I = (Ixx + Iyy - Izz)/z + WliC%/ (32)

where we are using the Steiner’s theorem. Another, direct approach is to recall that the thigh and
shank are modeled there as frustum of cones and to derive that for the segment ”i” one has

1 .
I = Lo, (R;fl +3R; 1R + 6R§2), i=12. (33)

Let us perform dimensional analysis for the quantities shown in Equation (31). One has that
[Ag] = (kg x cm?)?. Then [ay] = O(1), [a3] = O(1), [as] = O(1), and [ag] = O(1), i.e., these con-
stants are dimensionless. Finally, [a;] = s72 and [a4] = s~2. We have also to take into account that
g =9.8m/s?> =980 cm/s>.

4. Biomechanical Data

In order to apply Equation (33), we have to take into account that, according to Ref. [? ], for the
thigh Ry 1 = 9.5 cm, Ry 5 = 5.5 cm, py = 1062 kg/m> while for the shank Ry 1 = 5.5 cm, Ryp = 4.0 cm,
P2 = 1088 kg /m?3.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Table 1. Geometric and mass-inertial characteristics of the thigh and shank of the average Bulgarian male.

Segment  Length [om]  Mass [kg] Centre of mass from the proxi- Moments of inertia

mal end of the segment [cm ] [kg x cm?]
I = 6321.42
L[x=1564.0
Thigh 51.0 11.0 21.1 xx
8 I=1564.0
IZZ= 307.7
I =11243
Ix=231.9
Shank 37.2 3.3 16.6 x
I,,=231.9
I,,=34.0
Using the values shown in Table 1, one obtains (in standard SI units)
Ag = 0.168 — 0.078 cos?(6; — 65). (34)

and

56.522sin(61) — 19.216 cos (01 — 6;) sin(6;)
a = , (35)
cos2(01 — 0,) — 2.147

sin[2(6; — 62)]
2[cos?(01 — 6,) — 2.147]
. 0.402 Sil‘l(91 — 92)

cos2(0; — 0p) —2.147’

~ 81.416sin(6;) cos(0; — 02) 4 59.036 cos(6;) sin(61 — 6,) — 43.479 sin(6-)

= cos2 (6, — 0,) — 2.1473 /

a) = —

az =

5.335 Sil’l(91 — 92)
 cos2(6y — 6,) —2.147°
sin[2(61 — 62)]
2[cos?(6, — 6,) — 2.147]

a5 =

ag = —

Note that a; = ag for any 6; and 6,.

The human gait is usually considered as a cycle decomposed into eight phases, see Figure 2. The
phases can be categorized in various ways. Here we do that by using the ankles for the hip, knee, and
ankle joint, for each of the eight phases of the human gait cycle. The angles are given, i.e. their typical
values, in Table 2.

Table 2. The table provides the hip, knee, and ankle joint angles for each of the eight phases of the human

gait cycle.

Gait phases

ﬁf the Initial Loading Mid stance Terminal Pre Swing Imt.lal Mid Swing Terp‘unal
uman contact response stance Swing Swing

gait cycle

Hip 20° 20° 0° —20° —100 15° 250 20°

Knee 0% —50 20° 00 —5° 00 —5° 40° 60° — 70° 250 0% —50

Anklejoint  ° 50 —10° 50 10° 150 50 0° 0°

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 2. The gait is typically thought of as a continuous series of periodic activities. The full gait cycle is normally
defined as the time interval between the first heel strike contact of one foot (for example, the right foot) and the
subsequent heel strike contact of the same foot. We use the so-called new gait terms involving the following
eight phases, following one of the widely-accepted categorizations reported in the literature: 1) initial contact,
2) loading response, 3) midstance, 4) terminal stance, 5) pre swing, 6) initial swing, 7) mid swing, and 8) late
swing, see Refs. [21,22]. All angles are measured with respect to the vertical axis passing trough the middle of the
body, see Table 2.

5. Numerical Results

The small free oscillations of a conservative linear system in the phase portrait have the form of
closed trajectories in the neighborhood of a stable steady state. It is well-known that amplitudes of
oscillations for linear systems (for nonlinear conservative ones also) depend on the initial conditions.
On the other hand, its period is permanent and independent of initial conditions and the energy level
of the system. The periodic oscillations in conservative systems are always orbitally stable, i.e. for
very small perturbations in the initial conditions a periodical motion passes into another one as these
two motions are very close.

Solving numerically Equation (30) we obtain:

1)  For small initial angles and speeds we obtain the following solutions for ; and 65:

03 | T
02| | Wl ‘fg /‘? W |
- nitUARMAANARAN Y
A AR DAVTATHTN it
-0.2f | Wun™yy uy i ]
-0.3¢ | |
6 5 16 15 20 -0.15 -0.10 -0.05 0.00 0.05 0.10 0.157
(a) (b) "

Figure 3. (a) The figure shows the behavior of 6; and 6; for ¢ € [0,20] and a specific choice of the initial conditions:
61(0) = 57/100, 6'[0] = 0.1, 6[0] = 571/100, 65[0] = 0.1.(b) Phase diagram of the system under the same
boundary conditions.

2)  For intermediate initial angles and speeds we obtain the following solutions for 6; and 0,:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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| H “““\;1 “‘l“‘ e | s/“‘ .“ :‘&
KRS

_0.5 ““ Ui \ “\

-2

-0.4 -0.2 0.0 0.2 0.4

(@) (b)
Figure 4. (a) The figure shows the behavior of 6; and 6, for t € [0,20] and a specific choice of the initial conditions:
61(0) = 57/36,61[0] = 0.1, 6,[0] = 571/36, 6,[0] = 0.1. (b) Phase diagram of the system under the same boundary
conditions. It demonstrates that the movement is not purely periodic but there is also an element of chaos in it.
We observe that the spread of the phase diagram is about three times larger than for the small angles. i.e., larger
the initial angles larger is the spread of the phase diagram.

6. Small Angles Approximation

In the current section we solve both analytically and numerically Equation (28) and Equation (29)
form the system of two coupled nonlinear differential equations in the small angles approximation.
Performing small angles expansion in these equation and retaining only linear terms, we obtain

Iz[Clml + L1m2] Gl(t) — C%lezez(t)

01(t) = 36
=g Ly [Cmy — ] — I (36)

and )
02(t) [I + Limy| — L164(t)[Cimy + Lymsy]

37
L%mz [C%mz — 12] — 1112 ( )

Gz(t) = ngCQ

Obviously, these two equations describe two linearly coupled oscillators. Looking for a solution in
the form

01(t) = Ajexpliwt], and 0,(t) = Ayexpliwt] = Ay r expliwt], with r= A/A;, (38)
we obtain

Vv Cimy + Limy
VLIimy(Co+ L)+ L

w==+,3 (39)

and
(Comy + Limg)(CoLamy + ) w?® Colyma + I

szz[lez(Cz + L]) + 11] - g Comy

(40)
Plugging in Equation (39) and Equation (40) the values of all quantities involved, we obtain
w = +4709 and r=1.618. (41)

The behavior of 61(t) and 6,(t) is shown in Figure 5. One observes for very small angles periodic
behavior. The changes in the behaviors of 0; (t) and 6, (t) are in phase with each other.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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1.5
1.0
0.5

S 00 | | — 64]t] (rad)

-0.5 E ] 6,][t] (rad)
-1.0 :
-1.5

0 5 10 15 20
t

Figure 5. The figure shows the behavior of 6 () and 6, (t) as a function of ¢ € [0, 20].

7. Comparison of Our Model Results to Real Walking

In this section, we will briefly discuss how our results compare to real walking.

Walking is a fundamental human activity, essential for daily life, work, and social interaction. Its
significance extends to well-being, enabling shopping, commuting, and maintaining connections with
others. The study of human motion, with a particular focus on gait, has a long history, dating back
to ancient times [23]. This research encompasses diverse areas, including neuromuscular disorders,
joint replacement, sports injuries, and assistive devices [24,25]. Furthermore, the increasing interest
in humanoid and wearable robots [26] underscores the continuing importance of understanding
human locomotion.

The results of our model of human walking indicate that for small initial angles (periodic move-
ment), the period T = 271/w =~ 1.33 seconds. One forward swing of the leg corresponds to a half
cycle, which takes T7,, = 0.67 s. This is quite close to the number reported in Ref. [27,28], according to
which at slow walk T/, ~ 0.60 s. T1/» = 0.67 s corresponds to about 2400 step /hour. If we assume
the average step length to be approximately 0.6 m, we obtain a speed of approximately 1.44 km/h.

For the movements shown in Figure 3, T; ;, = 0.81 s, while for Figure 4, T}/, = 0.44 s. These
data correspond to 2.67 km/h and 5.9 km/h, respectively. The corresponding step lengths are, then,
2L sin(). Having that for T}, = 0.81 s one has 6 = 2 x 571/100 =~ 18° we obtain for the step length
(L1 + Lp)sin(18°) = 0.27 m and (L + Lp) sin(50°) = 0.68 m for Ty, = 0.44 s. According to Ref. [28]
[p. 127], see also Refs. [29,30], the speed for a slow walk is about 0.5m/s = 1.8 km/h. There one takes
a step length of 0.3 m, the time for a step T/, ~ 0.60 s. For a fast walk, the speed is estimated about
2.0m/s = 7.2 km/h, and the step length of about, 0.7 m, so the step time is about 0.35 s. As we see all
these numbers are very close to the numbers we obtained within our model.

8. Conclusions

The mathematical model described in the current article is based on a double pendulum represen-
tation of a limb (e.g., thigh + shank) with realistic mass—inertia parameters. The model uses measured
anthropometric data (those for average Bulgarian males in the paper). Naturally, it can be tailored to
specific populations or individuals, making it a bridge between abstract physics and personalized
bio-mechanical solutions. Thus, although it’s a theoretical construct, it has clear real-world applications
across several domains: i) gait analysis and rehabilitation; The model can simulate normal and patho-
logical walking patterns, helping clinicians design targeted physiotherapy or post-surgery recovery
plans. ii) prosthetics and orthotics design; By adjusting parameters (mass, length, inertia) to match
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a patient’s anatomy, engineers can optimize artificial limbs for more natural movement. iii) injury
prevention; Understanding joint loads and motion dynamics can guide ergonomic recommendations
for athletes and workers. Many of the biomechanical problems associated with the evolution of total
knee and total hip replacements have been evaluated in terms of walking mechanics. Mathematical
modeling of human walking is an approach to estimate the human joint kinematics and dynamics
during walking. More specifically, mathematical modeling and analysis help us distinguish between
healthy patterns and the presence of any pathological alterations.

Summarizing, we conclude that in the current paper, a realistic mathematical model of human
limb movement is proposed using a double pendulum that moves in a plane under the influence of
gravity. The model simulates the complete limbs of the human body and can easily be scaled to study
different groups (children, women and et al.) of human populations. The model is dynamic, and it has
a realistic representation, such as a slow/fast healthy walk.

The model can be, obviously, improved by introducing torques acting on the segments of the
pendulum. This will lead to source terms on the right-hand side of Equation (28) and Equation (29).
The problem will become even more interesting and complicated if these torques depend on the
time [31]. Understanding torques enables inferences about the muscles that most likely contract at
certain moments to cause the leg to swing in tandem with gravity [24]. In addition, one can also
consider a double inverted pendulum [32-35].

As already stated above, the key characteristic of the model is its non-linearity and chaos. Small
changes in initial conditions can lead to different outcomes. This makes it a powerful model for
studying the complex control required for human movement [9,31,36].

The double pendulum is a cornerstone model for understanding how the human body moves, as
it perfectly illustrates the mechanics of multi-segment chains. Much of our gait (walking/running) can
be explained by passive pendulum-like motion, which is incredibly energy-efficient. The model helps
us understand this: indeed, during the swing phase of walking or running, the leg behaves remarkably
like a double pendulum.
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