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Abstract

Using construction of probability distributions describing density operators of quantum system states,
the relation of Feynman path integral [1] with the time evolution of the density operator (Landau
density matrix) [2] (as well as the state wave function) is found. The explicit expression of the
probability in terms of the Green function of the Schrodinger equation is obtained. The equation for the
Green function determined by arbitrary integral of motion is written. The examples of the probability
distributions describing the evolution of the free particle states, as well as of the states of the systems
with time dependent integrals of motion (like the oscillator) are discussed.
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1. Introduction

The quantum system states are discussed, using either the complex wave function ¢ (g, t), where
q is the position of a particle satisfying the Schrodinger equation [3] or the density matrix introduced
by Landau [2] or the density operator ¢ [4] acting in a Hilbert space H. The classical system states of the
particle are described either by the position g(t) and the velocity §(t) (or the momentum p(t) = mg(t))
satisfying the Newton equation or by the joint probability representation f(q(t), p(t)) of the particle
satisfying the evolution equation determined by the Hamiltonian

p2
H(gpt) =75 +V(q), m=1,

where the kinetic energy term depends on the momentum of a particle and potential energy term V(q)
determines the force acting onto the particle.

Recently the probability representation of quantum states was suggested in [5] and developed
in [6-9]. Within the framework of the probability representation of quantum mechanics, the par-
ticle states are determined by probability distributions. These probability distributions determine
the quantum density operators p both for mixed states and for pure states with the wave function
¢(x) = (x | ¢) and the density operator py =| 1) (¢ |. Different representations of quantum mechanics,
where the quantum states are determined in terms of different functions, which are quasi-probabilities
were known before, for example, the Wigner function [10], the Husimi-Kano function [11,12], the
Glauber-Sudarshan function [13,14], the Blokhintsev mixed density matrix [15], and the Wootters
quantum mechanics without probability amplitudes [16].

The languages of classical mechanics and quantum mechanics are significantly different. In
the classical mechanics, probability distribution functions are used for describing the states. The
properties of classical probability distributions are described by conventional probability theory [17].
The different aspects of quantum system properties and methods of quantum-mechanical applications
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to different areas of science within the framework of the probability theory are done in [18,19]. The
entanglement phenomena were discussed, for example, in [20,21]. The entanglement phenomenon in
quantum mechanics considered within the framework of the probability representation of quantum
mechanics provides the possibility to introduce the notion of the entangled probability distributions
in classical probability theory [22,23]. The different processes in quantum and nonlinear optics were
discussed in [24-26] and within the framework of the symplectic and optical tomography schemes
in [27-30]. Some mathematical aspects of tomography and the probability representation of quantum
and classical states were considered in [31-34]. The wave function formalism was introduced for
classical oscillator systems in [35,36]; in [37] the Hermitian operators were introduced in order to
make the classical mechanics and quantum mechanics languages closer. The groupoid approach to
the state evolution of the system containing quantum and classical parts was considered in [38] and
dynamics properties of classical, quantum, and hybrid systems were discussed in [39]. The different
aspects of cosmology theory were considered within the framework of the probability representation
of quantum mechanics in [40,41]. Some applications of tomographic methods to different kinds of
processes and experiments were discussed in [42-52]. The interesting analysis of the foundation of
quantum-mechanics papers from the view point of teaching aspects was done in [53].

The aim of this article is to discuss properties of the probability representation of particle system
states and the relation of this representation with known representation of the states by the wave
functions [3] as well as the connection with the Feynman path integral method [1], where the evolution
of the system state described by the Green function G(x, x’, t) of the Schrédinger equation expressed
in terms of the path integral, in view of the Lagrangian of the classical particle system, is used. The
examples of the free particle and oscillator probability distribution constructions in terms of the path
integral (or the Green function G(x, x’, t)) are found explicitly as well as the relation of the method
with time-dependent integrals of motion [54-57] connected with the Green function G(x, ¥/, t). The
idea to consider the quantum states in terms of the probability distribution G(X|u, v) is to construct
the invertible map of the density operators p of the quantum states acting in a Hilbert spaced H,
where the density operator § and other operators like the position operator and the momentum
operator act. This means that we consider maps shortly shown as ¢ — G,(Y), G,(Y) — p. Analogous
maps were constructed for the Wigner and other mentioned quasi-probability distributions but were
unknown for the case of probability distributions G(Y). The general scheme is to find an invertible
map of the operator A onto the function f4(Y) for all the cases described, using a generic scheme
of constructing two sets of operators called the quantizer D(Y) and dequantizer U(Y) pairs. Below
we discuss this method and find the case of the pairs determining the functions f4(Y), which are
probability distributions for density operators A = p.

2. Quantizer-Dequantizer Method

In order to introduce the notion of probability distributions describing quantum states, we discuss
possibilities to describe density operators p of the states by functions f called symbols of the operators.
It turned out [58,59] that there exist invertible maps of operators A acting in a Hilbert space H onto
the functions f4 (X), where X = x9,x3,...,xy and x;, i = 1,..., N are parameters. Some of them can
be continuous and some of them are discrete ones. The mentioned map has the form

fa(®) = Tr AU(X), (1)

where U(¥) is called the dequantizer operator (see, for example, [60]) acting in the Hilbert space. The
inverse transform has the form

A= [ fa®DE) a. @

The operator D(¥X) is called the quantizer operator. In the case, where the dequantizer operator
U (%) has the properties of density operators, i.e. U(¥) = Ut(¥), Tr U(X) = 1 and diagonal elements
of the dequantizer operators are nonnegative, symbols of the density operator p should have the
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properties of probability distribution functions. Due to relations (1), (2), all information on the state
operator § is available in the symbol of the operator f,(¥).

For systems like one-mode harmonic oscillator or a free particle, it is known that the dequantizer
operator U(¥), where ¥ has components x; = X, xo = i, x3 = v, can be taken as

N 1 . A . R ~ . .
U(X, 1, V) g = 5 /[exp(zk(Xl — ug —vp)) dk] o = O0(XT =G —vp)yw, 3)

and the quantizer operator can be taken as

N 1 RPN . L
D(X, 4, V) = 7 lexp (i(X1 — pg — UP))]XX/ . (4)

We use here matrix elements of the quantizer and dequantizer operators in the position rep-
resentation. In this case, the symbol of the density operators p of the system states G(X|u, v) has
the form

G(X|p,v) = Trpd(X1 = g —vp); (5)

it is called the state tomogram. Also tomograms are conditional probability distributions of a random
variable (the position X) with condition parameters y and v, such that for determining the axes of the
position g and momentum p in the system phase space we have

X =pq+vp, p=scosh, v=s"sin6. ©)

The parameter 6 determines the angle between different pairs of the position and for these axes in
the system phase space, and s is scaling parameter used for these axes. The conditional probability
G(X|u,v) in the case of classical oscillator is determined by the Radon transform [61] of the probability
distribution function f(g, p). The symplectic tomogram of classical system was introduced in [6].

As it was found [62] for the pure state with the wave function ¢(y), the state tomogram reads

o 2
/lP(y) em(% - ny) dy‘ : 7)

Gy(X|p,v) ,

1
- 27|y

For the ground state of the harmonic oscillator, one has the conditional probability distribution of

1 X2
Go(X[p,v) = Wexp T2r) 8)

We point out that all known state descriptions like the Wigner function or the Husimi-Kano

the form

function are determined by quasiprobability distributions, which are connected with the tomogram (8)
by integral transforms relating pairs of their quantizer and dequantizer operators.

3. Green Function and Feynman Path Integral

The Schrédinger equation for the wave function ¢ (y, t) reads

wly, 52 R .0
‘/’(a-‘; H_ (”2 +V(y)>¢(y,t), p=—i ®

i

where y is the position, p is the momentum operator, and V(y) is the potential energy in the posi-
tion representation. It can be considered as the evolution for the initial wave function ¢ (y,t = 0)
determined by the Green function G(y,y/, t), which is the matrix element of the evolution operator
(yla(t)ly') = [a(t)],, in the position representation. Here, 7i(t) is the evolution operator. So, one has

Py t) = / Gly,y' Yy, t=0)dy". (10)
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This matrix element was expressed as the Feynman path integral [63] (see, also [1])
. t
Gyt = lagle™ ) = / Dy ex [l/ ' L(‘M)] : (11)
! vo=gry@=g L Jo

where L(g, §) is the classical system Lagrangian
n_ T
Llgq) = 5 = V(@)

We assume the mass m = 1 and the Planck’s constant # = 1. Also

N \N/2N
Dg = lim (21”_[> }:[1 dqn.

N—oo

The aim of our consideration is to connect the Green function properties with the probability
distribution - tomogram G(X|u, v, t), which provides the dependence of the wave function ¢(x, t) of
the form (10). Then formula (7) gives the tomographic probability representation of the state

2
w Xy
Gy(X|p,v, t) = = |1/| /1/1 y,t exp( , )dy (12)
Expressing (i, t) in terms of the system Green function, we obtain
my? _ Xy ’
Gy(X|p,v,t) = - |1/| //Q vy )y, 0)dy exp( ” )dy‘ . (13)
Then one has the tomogram of the form
. 1 / / ’ 2
Gy(Xlpv,t) = 5o /g(y,X,w,f)llJ(y,O) dy (14)
where
' / iny?  iXy
8y, X, u,v,t) =/Q(y,y,t)e><p S T ) (15)

We call the function g(y', X, u, v, t) the tomographic propagator in the probability representation
of quantum mechanics.

4. Example of the Evolution of Free Particle Tomogram

We consider the example of the probability representation of the Green function for a free particle,
namely, for given ground states of the harmonic oscillator with wave function

1 2
Yoly:0) = 2573 eXP(—yz)f (16)

we study the tomogram of the state obtained from this function, if to cut the spring of the oscillator.
The evolution of this state becomes a free evolution with the Green function

S I\2
Gyy,t) = \/zl—leXp(l(y Zty) ) (17)

Thus, the wave function ¢ (y, t) of the system at time moment t becomes

1 : . \2 12 ,
Yo(y, t) = /Wexp<l(y2ty) - y2> dy'. (18)
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We have
) = ep(- ) w
O i P\ 2t —0) )
Due to unitarity of the evolution operator,
[ lwoly, )P dy = 1. 20)
The density operator of the state (16) is
po(t) = ltho(£)) {o(t)], (21)
and the corresponding tomogram reads
Go(X|p, v, t) = Trpo(t)d (X1 — ug — vp). (22)

This tomogram can be calculated by using the wave function ¢y(y,t). Since (Po(t)) .
Po(y, H) 9§ (v, t) and according to the approach developed for systems with quadratic Hamiltonian like
free motion particle, the calculation of this trace can be done by means of the integrals of the motion of
the system [54-57]

Ro(t) =4 —pt

and
po(t) =p
Then the Heisenberg operators are £y (t) = § + pt, py(t) = p. After calculating the trace (22), we
arrive at
Go (X[, v, t) = Trpo(t = 0)8(X1 — pu (t) — vi(£)p)- (23)
For po(t = 0), the function ¢y(y,t = 0) is determined by formula (16). Then, in view of (7),
we obtain

2
Go(X|ji,v,t = 0) = X ) (24)

1
\/We)(p<y2+v2

This means that formula (24) provides the possibility to calculate the explicit expression for
G(X|u, v, t) by change of parameters yt — y and v — v + ut. One arrives at

1

XZ
G()(Xl]xl,v,t) = \/7-[(]/[24_(1/_’_]4[»)2) eXp(PM/W) (25)

Thus, we obtain this expression, using the calculated wave function ¢ (y, t), the formula for
propagator in the tomographic representation g(y, X, u, v, t), and the connection of the propagator
with the initial tomogram.

5. Integrals of Motion and the Green Function (Path Integral)

For given Schrodinger equation

iagb(a? D Ao, h=w=m=1, (26)

the evolution operator #(t) such that

¥(x, 1) = a(t)¢(x,0), (27)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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or in the Dirac notation for the state with i(x, t),

{xlp(£)) = p(x,1);

a

here |y(t)) = 1(t)|¢(0)). Since one has (27) and #(t = 0) = 1, there exist integrals of motion [(t), such
that the mean value (I(f)) has the form

WOIBO[p(E) = ($(0)[1(0)|p(0))- (28)

The integral of motion [(t) has the form of the relation of the operator [(0) and the evolution
operator i(t), such that
I(t) = a()1(0)a* () (29)

for the Hermitian Hamiltonians and unitary evolution operators #(t). In the position representation,

the position operator (x) = xi(x) and the momentum operator py(x,t) = —ialpéz' ) . Also the

Green function G(x,x’,t) of the Schrodinger equation acts as the matrix element of the evolution

operator, namely
G(x,x',t) = (x|a(t)|x) = ugw (t) (30)
and

G(x,x',0) = 6(x — /). (31)

Operator #(t) is unitary operator, it means #'(t) = #71(#). Equation (29) means that arbitrary
integral of motion satisfies the condition

I(t) ()G (x, ', 1) = [a(D1(0)2" ()] ()G (x, ', 1), (32)

and this means that the Green function satisfies the equation

~

I(t)(x)g(x,x’, f) = itr(O)(x/)g(X, x/, £). (33)

For example, the integral of motion
do(t) = a(t)ga*(t)
preserves the initial values of the particle position and provides the equation for the Green function
do(H) G (x, ¥, 1) = ¥'G(x, %, 1), (34)

So, there exists the relations for the Green function G(x, x't), where §o(t) acting on the Green
function provides an equality for the action of the operator (gy(t))"" on the second variable of the
Green function. The integral of motion o (t) = i(t)pit(t) preserves the initial value of the particle
momentum and gives the equation for the Green function

0G (x, X/, t)

f?()(t)(x)g(x,xl, t) = IT (35)

for arbitrary Hamiltonian systems. An analogous relation takes place for the Green function, in view of
the action of the integral of motion py(t) onto the first and the second variables of the Green function.

.0
For example, for the free particle motion, the momentum operator reads po(t) = p = —is~ and

- iy . s s . 0
the preserved initial position operator §o(t) = 4 — tp = x + 1t$.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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This means that the free motion Green function satisfies the equations
. a / o a /
—1£g(x,x,t) = 1$g(x,x,t) (36)
and 5
<x+itax>g(x,x/’t) = —x’g(x,xl,t). (37)

Also, G(x,x’,0) should be equal to the identity operator matrix element, i.e., G(x,x’,0) =
(x|1]x") = 6(x — x'). Then we obtain the explicit Gaussian form of the Green function of the free

particle
N2
G(x,x',t) = 1 - exp(l(x *) ), (38)

27 2t

satisfying the formulated relations with the integrals of motion. In the probability representation of
quantum mechanics, the propagator reads

) [ dy (y—y)* iy iXy
g(y,X,y,v,t)—/\/ﬁexpz 2t + 2v v )

and its explicit form is

/ _ —i(y'v + Xt)? ﬁ
g(y'X'”'”’t)_WeXp< 2ut(v+pt) 2t )

Analogously, one has the integrals of motion for harmonic oscillator

N

Go(t) = fcost — psint,

po(t) = gsint + pcost.

The harmonic-oscillator Green function satisfies the equations

/
xcostG(x,x',t) +isint W =x'G(x,%,t), (39)
/ /
—icostw—kxsintg(x,x’,t):iw' (40)

dx dx! 7

ry 1 i 2., .n ot
G(x,x',t) = 5 e P Zsint[<x + x )cost Zxx} . (41)

Also, both Green functions for free motion (38) and for harmonic oscillator (41) should satisfy the

it reads

equation with Hamiltonians
0G (x,x',t)
l —
ot

where, in the first case of free motion, the Hamiltonian reads

= HG(x, ', 1), (42)

H:

N,

and, in the second case of the harmonic oscillator, the Hamiltonian is

xAZ

+ 5

A

H:

N

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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6. Three Methods of Calculating Tomograms

The tomogram of the state with the wave function ¢ (t) obtained for the free motion of the initial

oscillator state ¢ (x,t = 0) = —x?/2

e can be obtained by three different procedures. Namely, one

1/4
can find the tomogram of the initial oscillator state, using the density matrix of the oscillator state
po(x,x',t =0) = yo(x,t = 0)p*(x/,t = 0). There exists the rule to calculate the trace of the product of

several operators d;,i = 1, ...n, which means equality
Tr (f(ﬁlﬁz. ..ﬁn)) =Tr (f(ﬁzﬁg. ..ﬁnﬁl)). (43)

Let us calculate the product of the density operator p(t) in the time moment ¢ and the dequantizer
operator §(X1 — ug — vp), this product is the tomogram of the state. We will use the connection
of the density operator in the time moment ¢ with the density operator in the initial moment of
time t = 0, namely, p(t) = 16(0)a*(t), where 7(t) is the evolution operator. Then, we obtain, in
view of (43), the relations Tr (o(t)d(X1 — pug — vp)) = Tr(a(t)p(t = 0)at(H)o(X1 — ug —vp)) =
Tep(t = 0)at (1)8(X1 — ug — vp)a(t)) = Tr (p(t = 0)3(a* (1)X1a(t) — it (H)an(t) — vt (£)pa(t)) =
Tr (o(t = 0)0(X1 — pdy — vpr)). The i and py are the Heisenberg position and momentum operators
expressed in terms of the integrals of motion 4y (t) and po(t). For a free particle, we get the possibility to
take tomogram of the state ¥(x,t = 0) and simply replace §o(t) and py(t) by the Heisenberg operators
in the tomogram. In this case, we obtain the rule how to replace the parameters y — up(f) and
v — vg(f) in the tomogram. For free particle it provides the rule y — u + vt and v — v for the
tomogram of the ground state of the harmonic oscillator.

The second way of calculating tomogram is to use the wave function. The same result can be
obtained, if we calculate the wave function of the free particle motion, which has started in the state of
oscillator i (x, t = 0). Then one can calculated the tomogram using formula (12) [62].

The third way of calculating the tomogram is to use the propagator in the probability represen-
tation ¢(y', X, u, v, t) (15). Here, we make the calculation of the tomogram by two steps. First, we
calculate the propagator ¢(y/, X, u, v, t), which we introduce in this paper; it acts onto the initial wave
function. But it contains the result of the action of the evolution onto the system by taking into account
the influence of parameters y and v. Then, the second step is to calculate the action of the propagator
¢(y', X, u,v,t) onto the wave function 1(0). The combination of both actions using two steps provides
the final result which is equivalent to the result of the first and the second ways.

They correspond to employment of the path integral method related to the Green function
expressed in terms of the path integral. Thus, we have, for example, for free particle motion of the
initial state in the form of oscillator ground state the wave function given by (19). The tomogram of
this state has the integral form (7) and in explicit form it is presented by (25).

7. Conclusions

To conclude, we point out the main results presented in the paper.

We consider the Green function of the Schrédinger equation for the state wave function. Since
the Green function is associated with the Feynmann path integral, we use this property to point out
the probability representation of the quantum state wave function introduced in [6], to apply the
tomographic probability distributions to the Feynmann path integral and to introduce the correspond-
ing propagator (the tomographic propagator), for example, the free motion tomographic propagator
(the Green function) given by (15). We discussed the explicit forms of new equations for the Green
functions given in terms of the integrals of motion operators and used them on the examples of the
oscillator system and the free motion of the particle. Other systems like an inverted oscillator and its
description by the path integral will be considered in future publications.

We summarize the main results of our paper. We introduced new relation associated the Green
function of Schrodinger equation G(x, x’,t) and the symplectic tomogram G(X|u, v, t) which is the
conditional probability distribution of random position X. The parameters y and v determine the

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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conditions, which provide the information on scales and orientations of the axes giving the position g
and momentum p for the system phase space. The tomogram being related with the Green function of
the system is determined by the wave function of the system ¢(y) or by the density operator p of the
system state.

We constructed the new function (propagator g(y/, X, u, v, t)) which is used to obtain the con-
nection of the wave function ¢ (y, t) of a system with the probability representation Gy (X|u, v, t) of
the form

Gy(X|p,v,t) = / s, X, uv, )(y',0)dy’;

here, for arbitrary systems, the introduced propagator is determined by the Green function of the
system G(y,y/,t) (15) (similar to the used for free motion and oscillator). For an arbitrary integral
of motion, the equation of the Green function and the Feynman path integral is written. The new
probability distributions can be obtained determining the system states with Hamiltonians, which are
nonquadratic forms of the position and momentum. We obtained new equations for Green functions
G(y,y,t) using arbitrary integrals of motion [(t) and will consider these equations for examples
with nonquadratic Hamiltonians in future publications. Also, the examples of two—-dimensional
systems with wave function {(x1, xp, t) (like Landau levels problem, see [57]) will be considered in
future publications.
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