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Abstract

The cosmological constant problem reflects the enormous gap between naive quantum estimates
of vacuum energy and the small but nonzero value inferred from observations. In earlier work we
introduced phase-dependent models in which the vacuum spectrum is bounded by confinement at
the QCD scale and suppressed at low energies. Building on that foundation, this paper presents the
Quantum Energy Vacuum (QEV) model, where the spectrum is explicitly constrained by two natural
cutoffs: QCD confinement in the ultraviolet and thermal suppression near T ≈ 34 K in the infrared.
This dual mechanism reduces the zero-point energy by more than forty orders of magnitude and leaves
a residual density which, under the influence of four physical components (entropic, thermal, hadronic,
and Newtonian), is consistent with cosmological data. The QEV model reproduces the observed
expansion history without a fundamental cosmological constant and explains flat galactic rotation
curves through entropic, thermal, and hadronic contributions, without invoking dark matter halos.
High-precision cosmological observations, including CMB measurements, Pantheon+ supernovae,
and cosmic chronometers, provide the testing ground for this approach. Together, these results suggest
that cosmic acceleration and galactic dynamics may both emerge from a bounded vacuum framework,
pointing to the vacuum as an active and structured medium rather than a passive background.

Keywords: vacuum energy; cosmological constant problem; bounded spectrum; QEV model; entropy;
cosmic expansion; galaxy rotation curves; Pantheon+ supernovae; cosmic chronometers

1. Introduction
The cosmological constant problem is one of the deepest puzzles in modern physics. Naive

estimates of vacuum zero-point energy exceed the observed cosmic density by more than forty orders
of magnitude [12,28]. Despite decades of attempts—ranging from modified gravity to dynamical dark
energy models [11,15,24] the problem remains unresolved, and the physical origin of the small but
nonzero vacuum density is unknown.

High-precision cosmological observations, including CMB measurements by Planck [18], the Pan-
theon+ supernova sample [23], and direct chronometer determinations of H(z) [9,10], have sharpened
this tension. On galactic scales, rotation curves and the radial acceleration relation reveal persistent
mismatches between baryonic matter and observed dynamics [8,21,25]. Together, these findings indi-
cate that resolving the cosmological constant problem requires a deeper understanding of the vacuum
across both cosmological and galactic contexts. Despite decades of efforts—including modified gravity,
dynamical dark energy, and emergent models—this puzzle remains unresolved [1,11,24].

In earlier work [2–4], we introduced a phase-dependent model in which the vacuum spectrum is
naturally bounded by two physical mechanisms: confinement at the QCD scale and thermal suppres-
sion near a critical temperature. Here, we build on that foundation to present the Quantum Energy
Vacuum (QEV) model, which integrates these ideas into a unified framework for both cosmology and
galactic dynamics.
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2. The Quantum Energy Vacuum Model
Spectral window.

We consider a smooth window W(ν) that suppresses modes for ν ≪ ν∗ and ν ≫ νc, where
ν∗ ∼ kBTc/h (with Tc ≈ 34 K) and νc represents the QCD confinement scale. The effective vacuum
density is

ρvac =
πh
c3

∫ νmax

νmin

ν3

1 + (ν/ν∗)α
dν. (1)

As shown in our earlier work [4], the detailed derivation of the suppression mechanism and its
embedding in a phase-dependent expansion framework shows that natural cutoffs strongly reduce the
vacuum density. For the present paper we summarize the essential results in compact form.

For a smooth spectral window of the form

W(ν) =
1

1 + (ν/ν∗)α
, α > 4, (2)

the vacuum energy density is given by

ρvac =
πh
c3 ν4

∗ C(α), (3)

with
C(α) =

π/α

sin(4π/α)
. (4)

For νc ≫ ν∗ the truncation error is negligible (of order (ν∗/νc)α−4).
Compared to a top-hat integral extending up to the QCD scale νc, the suppression factor becomes

S ≃ 4C(α)
(

ν∗
νc

)4
, (5)

which for Tc ≈ 34 K and EQCD ≃ 170 MeV corresponds to S ∼ 10−43–10−44, consistent with the full
derivation in [4]. A classic introduction to the physical meaning of vacuum fluctuations is given by
Milonni [6].

Four effective contributions.

In QEV, cosmic and galactic dynamics arise from four contributions: (i) Newtonian gravity, (ii) an
entropic term tied to expansion, (iii) a thermal term that attenuates below Tc, and (iv) a hadronic term
driven by residual fluctuations within the bounded spectrum. Together, these components reproduce
both late-time cosmic acceleration and the observed form of galactic rotation curves.

3. Cosmological Results
3.1. Background Expansion: E(z)

Figure 1 compares the normalized expansion rate E(z) = H(z)/H0 predicted by QEV with
observational points commonly used in background tests. The QEV curve tracks the observed trend
comparably to standard models while allowing small redshift-dependent deviations driven by the
spectral window.
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Figure 1. E(z) comparison between QEV prediction and observations. The bounded-vacuum spectrum produces
expansion histories close to ΛCDM while retaining room for small deviations testable with BAO and ISW-sensitive
datasets.

3.2. Deceleration Parameter: q(z)

The effective equation of state implied by the bounded spectrum yields w(z) ≈ −1 with small
departures. Correspondingly, the deceleration parameter q(z) transitions from deceleration to accelera-
tion in a manner consistent with late-time data (Figure 2).

Figure 2. Deceleration parameter q(z) in QEV contrasted with a standard reference model. QEV naturally
approaches w(z) ≈ −1 at low redshift through spectral suppression rather than a fundamental cosmological
constant.
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Table 1. Cosmological and QEV model parameters used in Figure 1.

Symbol Description Value Units / Notes
H0 Hubble constant today 70.0 km s−1 Mpc−1

S Scale correction (normalization) 1.02 dimensionless
α Spectral exponent 3.1 dimensionless
β Transition exponent 0.1 dimensionless
zs Transition redshift scale 1.0 dimensionless
C Amplitude (intermediate term) 0.1 dimensionless
n Exponent (intermediate term) 0.4 dimensionless
B Asymptotic constant in ρ(z) 1.0 dimensionless
Ωm Matter density ( ΛCDM ) 0.30 dimensionless
ΩΛ Vacuum density ( ΛCDM ) 0.70 dimensionless

Model relations:

• ρ(z) =
(1 + z)α

1 +
(
(1 + z)/zs

)β
+ C(1 + z)n

+ B

– effective energy density of the bounded vacuum spectrum.
• EQEV(z) = S

√
ρ(z)/ρ(0)

– normalized expansion rate predicted by the QEV model.
• EΛCDM(z) =

√
Ωm(1 + z)3 + ΩΛ

– reference expansion rate in the standard ΛCDM model.

These relations define the effective energy density ρ(z) of the bounded vacuum spectrum, the
normalized expansion rate of the QEV model, and the standard ΛCDM reference for comparison.

Table 2. Observational points used in Figure 1: E(z) = H(z)/H0 with H0 = 70 km s−1 Mpc−1.

z Hobs (km s−1 Mpc−1) σH Eobs = H/H0 σE = σH/H0
0.0 75.0 7.0 1.071 0.100
0.5 88.2 8.0 1.260 0.114
1.0 125.0 10.0 1.786 0.143
1.5 165.0 14.0 2.357 0.200
2.0 228.0 18.0 3.257 0.257
2.5 280.0 35.0 4.000 0.500

The detailed binned data are in Appendix F (Table 7) and (Table 8), the corresponding fits are in
Figure 3 and Figure 7.

Figure 3. NGC 3198 rotation curve under QEV. The model reproduces the flat outer profile via bounded-vacuum-
induced contributions, removing the need for a massive dark halo.
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4. Galactic Dynamics: NGC 3198
The outer parts of disk galaxies provide a clean test of any alternative to dark matter halos. In

QEV, the interplay of Newtonian, entropic, thermal, and hadronic terms yields a flat outer rotation
curve without invoking a halo. Figure 3 shows the fit to NGC 3198.

4.1. Radial Acceleration Relation

QEV also implies a characteristic behavior in the radial acceleration plane beyond ∼ 10–15 kpc,
consistent with observed trends (Figure 4).

Figure 4. Acceleration curve for NGC 3198 predicted by QEV. The scale-dependent deviation at large radii is a
direct consequence of the bounded vacuum spectrum.

The QEV decomposition for NGC 3198 is shown in Figure 3, with the corresponding parameters
listed in Table 3. The Newtonian component rises steeply and dominates the inner disk, while the
entropic term provides an additional contribution at intermediate radii. The thermal component
saturates rapidly near rc = 1 kpc, setting a baseline acceleration in the central region. At larger
radii the hadronic amplification, implemented as a multiplicative factor, gradually boosts the total
acceleration and stabilizes the outer rotation curve. The combined model reproduces both the inner
rise and the extended flat profile, demonstrating that the bounded vacuum framework can capture the
essential dynamical features of a benchmark galaxy without invoking dark matter halos. Alternative
explanations, such as MOND [7], modify Newtonian dynamics directly, whereas QEV attributes the
discrepancy to vacuum-structure effects.

Table 3. QEV model parameters for the NGC 3198 rotation curve in Figure 3.

Component Parameter Value
Newtonian vmax 175 km/s

rpiek 11.5 kpc
k 0.65

Entropic A 18
rs 1.0 kpc
n 4.0
re 1.0 kpc

Thermal a0 300 km2 s−2 kpc−1

rc 1.0 kpc
Hadronic amplification β 0.5

r0 10.0 kpc
w 50.0 kpc
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QEV model parameters for the NGC 3198 rotation curve. The Newtonian component sets the inner
rise, the entropic and thermal terms contribute at intermediate radii, and the hadronic amplification
provides a gradual outer boost. Together they reproduce the extended flat profile shown in Figure 3.

5. Discussion and Outlook
In earlier work [2–4], we proposed a phase-dependent model in which the vacuum spectrum

is bounded by QCD confinement and thermal suppression. The present QEV framework builds on
that foundation, integrating these mechanisms into a unified treatment of cosmology and galactic
dynamics.

An essential feature of the QEV model is the interplay between the entropic and hadronic
components. The entropic term drives an effective outward acceleration, whereas the hadronic term
becomes active near the critical temperature (T ≈ 34 K) and provides a confinement-related attractive
force. This balance ensures that the vacuum does not expand without bound but instead stabilizes
the dynamics at galactic scales. Together with the thermal and Newtonian terms, the four-component
structure of QEV allows for a unified description of cosmic acceleration and flat rotation curves without
invoking dark matter halos or a fundamental cosmological constant.

A distinctive feature of QEV is that it does not merely reproduce the ΛCDM background, but
introduces testable deviations. These are encapsulated in the parameter κ, which controls the vacuum
response relative to the chronometer dataset. While current fits remain consistent with ΛCDM within
uncertainties, the formalism predicts small but systematic departures at intermediate redshifts. Future
high-precision measurements from Euclid and Roman will directly test these predictions, making QEV
empirically falsifiable.

It is important to note that the physical infrared cutoff arises from thermal suppression near
T ≈ 34 K. The CMB Wien scale at λ ≈ 1 mm serves only as an amplitude anchor and should not be
interpreted as a physical boundary.

Future work will extend QEV fits to larger galaxy samples such as SPARC, and confront the
model with high-redshift probes including CMB lensing and structure formation. Such tests will
clarify whether QEV can serve as a viable alternative to dark matter and dark energy in explaining
large-scale structure and dynamics. The approach is related in spirit to emergent-gravity perspectives
[11,13,14,26,27], which similarly link spacetime dynamics to underlying microscopic principles.

For a comprehensive overview of modern modified gravity approaches addressing the cosmolog-
ical constant problem, see Ref. [1].

6. Conclusions
We have presented the Quantum Energy Vacuum (QEV) model, in which the vacuum spectrum

is bounded by QCD confinement in the ultraviolet and by thermal suppression near T ≈ 34 K in
the infrared. This framework resolves the cosmological constant problem without fine-tuning and
naturally accounts for the small vacuum density.

The model reproduces the observed cosmic expansion history without invoking dark energy and
explains galactic rotation curves without dark matter halos. Fits to Pantheon+, cosmic chronometers,
and NGC 3198 demonstrate that QEV provides a viable alternative to the standard paradigm.

The bounded-vacuum approach thus offers both a conceptual advance and concrete empirical
predictions, opening a path toward testing the nature of vacuum energy with upcoming high-precision
cosmological and galactic data. Finally, it should be emphasized that the physical infrared cutoff in this
framework arises from thermal suppression near T ≈ 34 K, while the CMB Wien scale at λ ≈ 1 mm
serves only as an amplitude anchor. This distinction ensures clarity between physical suppression and
normalization.

This article is intended to suggest a line of thought in which potential solutions to some of the
major open questions in physics may be found. It may represent a new step toward unveiling the
wonder of our existence.
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Appendix
A. Mathematical Formulation of QEV

This appendix outlines the mathematical underpinnings of the Quantum Energy Vacuum (QEV)
model. It provides the spectral formulation of vacuum energy with natural cutoffs, the suppression
mechanisms at thermal scales, and the implications for cosmic dynamics.

A.1. Spectral Representation of Vacuum Energy

We express the vacuum energy density as an integral over frequency modes,

ρvac =
1
2

∫ νmax

νmin

hν g(ν) dν, (6)

A.2. Thermal Suppression

At temperatures below the threshold Tc ≈ 34 K, the Bose–Einstein distribution leads to exponen-
tial suppression of thermally excited modes,

n(ν, T) =
1

ehν/kBT − 1
∼ e−hν/kBT , T < Tc. (7)

A.3. QCD Bound and Asymptotic Freedom

At energies above the QCD confinement scale (∼ 170 MeV), hadrons cannot exist. The QEV
framework therefore imposes an upper cutoff at this scale. Asymptotic freedom ensures that quark–
gluon contributions do not add to the effective vacuum energy density.

A.4. Order-of-Magnitude Estimate

Using a top-hat window W(ν) = 1 between the thermal and QCD cutoffs and 0 elsewhere, the
zero-point density is

ρZP =
πh
c3 (ν4

max − ν4
min). (8)

A.5. Effective Equation of State

The bounded spectrum yields an effective equation-of-state parameter,

w(z) =
pvac(z)
ρvac(z)

≈ −1 + δ(z), (9)

Summary:

Appendix A demonstrates how natural cutoffs at the QCD scale and thermal threshold define a
finite vacuum spectrum. Thermodynamic suppression and confinement remove most contributions,
leaving a residual density consistent with observations.

B. Smooth Spectral Windows
This appendix will explore alternative weighting functions W(ν) beyond the top-hat approxima-

tion. Smooth windows can capture gradual transitions at the thermal and QCD boundaries, providing
a more realistic spectral suppression.

B.1. Power-Law Suppression

A simple smooth form is

WPL(ν) =
(

1 + (ν/ν∗)
α
)−1

, α > 0. (10)
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B.2. Exponential Cutoff

Another option is an exponential form,

Wexp(ν) = exp[−(ν/νc)
2], (11)

B.3. Hybrid Forms

Hybrid weighting functions can combine the two forms, for example,

Whyb(ν) =
exp[−(ν/νc)2]

1 + (ν/ν∗)α
, (12)

Numerical estimates and their implications for ρvac,e f f and w(z) can be worked out for each choice
of smooth window (n).

For instance, inserting the power-law form WPL(ν) into the spectral integral gives

ρPL =
πh
c3

∫ νmax

νmin

ν3

1 + (ν/ν∗)α
dν.α = 4 (13)

and
ν∼kBTc/h, (14)

the integral converges rapidly and yields a suppressed density many orders of magnitude below
the naive zero-point estimate. Similarly, the exponential cutoff produces

ρexp =
πh
c3

∫ ∞

0
e−(ν/νc)2

ν3dν =
πh
2c3 ν4

c , which (15)

highlights how identifying νc with the QCD scale damps higher-frequency contributions.
Hybrid forms interpolate between these behaviors, offering flexibility to fit lattice QCD and cosmologi-
cal data.
Implications:
Depending on the chosen W(ν), the effective density can be tuned within observational bounds while
keeping w(z) ≈ −1 with small deviations δ(z) linked to the smoothness of the cutoffs.

C. IR Cutoff Choice and Amplitude Scaling
C.1. Setup and Scaling

We model the vacuum energy density as a spectral window bounded by a hadronic UV scale and
a thermal/entropic IR scale. If the kernel is compact and approximately log-symmetric around the
geometric mean

L ≡
√

λminλmax,

the dominant contribution is set by L and one can write, up to an O(1) kernel factor C(α),

ρvac ≃ A C(α) L−4.

With λmin fixed, it follows immediately that

ρvac ∝ λ−2
max, Areq ∝ λ2

max,
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where Areq is the amplitude needed to match the observed dark-energy scale, ρ1/4
Λ ≈ 2.3 meV.

Equivalently, defining a characteristic energy Echar ≃ hc/L,

Areq ≃
(

ρ1/4
Λ

Echar

)4

,
d log Areq

d log λmax
= 2.

C.2. Numerical Illustration

We fix λmin = 1 fm and vary λmax. The corresponding Wien temperature TWien = b/λmax (with
b ≃ 2.898 × 10−3 m K) is quoted to aid interpretation.

Table 4. Consequences of the IR cutoff choice for the required amplitude A (assuming C(α) = 1). Columns list the
IR wavelength, its Wien-equivalent temperature, the geometric mean L =

√
λminλmax, the characteristic energy

Echar = hc/L, and the required amplitude in both log10 and scientific notation.

λmax [µm] TWien [K] L [m] Echar [eV] log10 A A
30.00 96.59 1.73 × 10−10 7.16e + 03 −25.97 1.07 × 10−26

50.00 57.96 2.24 × 10−10 5.54e + 03 −25.53 2.96 × 10−26

85.00 34.09 2.92 × 10−10 4.25e + 03 −25.07 8.56 × 10−26

100.00 28.98 3.16 × 10−10 3.92e + 03 −24.93 1.18 × 10−25

300.00 9.66 5.48 × 10−10 2.26e + 03 −23.97 1.07 × 10−24

1060.00 2.73 1.03 × 10−9 1.2e + 03 −22.88 1.33 × 10−23

2000.00 1.45 1.41 × 10−9 877 −22.32 4.74 × 10−23

4800.00 0.60 2.19 × 10−9 566 −21.56 2.73 × 10−22

10000.00 0.29 3.16 × 10−9 392 −20.93 1.18 × 10−21

C.3. Interpretation and Recommended Baseline

Larger λmax increases L and lowers Echar, thereby relaxing the required amplitude A. Anchoring
the IR cutoff to the current cosmic thermal/entropic floor suggests a millimeter-scale choice (λmax ∼
1 mm, near the CMB Wien scale, T ≃ 2.7 K). Numerically this yields A C(α) ∼ 10−23 (with C(α) ∼
O(1)), which is a couple of orders of magnitude less extreme than using an earlier thermal scale around
30–34 K (i.e., λmax ∼ 85 µm). (see Appendix E). (see Table 6).

It is important to distinguish between the two anchors discussed here. The physical cutoff of
the QEV spectrum is provided by thermal suppression near T ≈ 34 K, which reflects the fading of
hadronic vacuum fluctuations. By contrast, the CMB Wien scale (λmax ≈ 1.06 mm, corresponding to
T ≈ 2.7 K) can be used as an alternative normalization reference, but it does not represent the physical
suppression mechanism itself.

C.4. Microphysical Amplitude as Product of Efficiencies

Rather than a single “fine-tuned” knob, one can interpret A as the product of several small,
physically motivated efficiencies: (i) limited coupling of relevant modes to the vacuum, (ii) confinement-
induced exclusion of UV modes, and (iii) entropic/thermal suppression of very long wavelengths.
Order-of-magnitude factors at the 10−5–10−7 level for each mechanism naturally compound to the
required 10−23 range.

D. Minimal Cosmic-Chronometer Subset
D.1. Theory Note (Cosmic Chronometers)

The cosmic-chronometer (CC) method infers the expansion rate directly from differential galaxy
ages:

H(z) = − 1
1 + z

dz
dt

, (16)

using massive, passively evolving galaxies as standard clocks. The key assumptions are: (i) stellar
populations are old and quiescent (minimizing recent star formation), (ii) relative ages ∆t are robust
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against SPS/model choices within quoted systematics, and (iii) selection avoids metallicity/age
gradients that bias dz/dt. In this paper we only use a compact, conservative subset sufficient to
illustrate percent-level changes in E(z) near κ ≃ 0.

D.2. Minimal Dataset Used in This Work

Table 5. Minimal cosmic-chronometer subset used for the figures in this paper. For the full compilation and
systematics, see [10].

z H(z) [km s−1 Mpc−1] Source

0.070 69.00 ± 19.60 [8,9]
0.090 69.00 ± 12.00 [8,9]
0.179 75.00 ± 4.000 [8,9]
0.352 83.00 ± 14.00 [8,9]
0.400 77.00 ± 10.20 [8,9]
0.445 92.80 ± 12.90 [8,9]
0.478 80.90 ± 9.000 [8,9]
0.593 104.0 ± 13.00 [8,9]

E. IR Amplitude Anchor and Scaling

ρvac = A
∫ λmax

λmin

λ−5 exp
(
−λ

L
− L

λ

)
dλ, L =

√
λminλmax. (17)

We fix the overall amplitude A by adopting a single, physically motivated IR anchor at the CMB
Wien peak. Using Wien’s displacement law λmaxT = b with TCMB = 2.725 K and b = 2.8978× 10−3 m K,
the reference wavelength is

λ
(ref)
max ≃ b

TCMB
≈ 1.063 mm . (18)

In our kernel normalization this implies

A ∝
(
λmax

)2 , =⇒ d log A
d log λmax

= 2 . (19)

We use λmax = λ
(ref)
max as the default throughout, and quote alternatives as relative rescalings of A only.

(see Table 6).

Alternative IR anchors (for sensitivity only).

Sometimes the literature considers slightly different IR pivots (e.g. instrument bands or RJ-leaning
choices). If one prefers a different λmax, the only effect at fixed κ is a global rescaling A→A fA with

fA(λmax) =

(
λmax

λ
(ref)
max

)2

. (20)

Table 6 lists a few commonly mentioned anchors and the resulting factor fA relative to the CMB-Wien
choice.
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Table 6. Alternative IR anchors relative to the default CMB–Wien choice λ
(ref)
max ≈ 1.063 mm. Only the global

amplitude rescales by fA = (λmax/λ
(ref)
max )

2; shape and κ are unchanged.

λmax Description fA

1.063 mm CMB Wien (default) 1.000
0.850 mm sub-mm (850 µm)

( 0.850
1.063

)2 ≈ 0.64

1.250 mm long-mm pivot
(

1.250
1.063

)2
≈ 1.38

2.000 mm RJ-leaning
( 2.000

1.063
)2 ≈ 3.54

0.100 mm far-IR (100 µm)
(

0.100
1.063

)2
≈ 0.0088

E.1. Galaxy-Fit Model and Priors

We decompose the total radial acceleration as

atot(r) = aN(r) + aent(r) + ath(r) + ahad(r) , (21)

where aN(r) follows from the baryonic mass profile (stars+gas), and the QEV contributions are defined
through their kernels:

aent(r) = AKent(r; κ), (22)

ath(r) = AKth(r; κ, ϑ), (23)

ahad(r) = AKhad(r; κ, λmin). (24)

Here, A is the global amplitude, fixed by the IR anchor in Appendix E (CMB–Wien), and κ controls
the slow evolution. The explicit functional forms of Kent, Kth and Khad are given in Appendix G,
Eqs. (30)–(33) for the explicit kernel definitions

Figure 5. Log-symmetric suppression kernel K(x) = exp(−x− 1/x) as a function of x = λ/L. The peak near x = 1
highlights that the dominant contribution comes from wavelengths around the geometric mean L =

√
λminλmax.
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E.2. QEV in Cosmology - Embedding in Friedmann

The bounded-vacuum (QEV) framework can be embedded directly in the Friedmann equations.
In a spatially flat Universe, the standard relation reads

H2(z) =
8πG

3
ρtot(z), (25)

with
ρtot(z) = ρ0

m(1 + z)3 + ρ0
r (1 + z)4 + ρvac(z), (26)

where ρ0
m and ρ0

r are the present-day matter and radiation densities, and ρvac(z) is the effective vacuum
contribution.

In ΛCDM one assumes ρvac(z) = ρΛ = const., leading to a strictly constant vacuum energy
density. In contrast, the QEV model posits that the effective vacuum energy is bounded by phase
transitions (hadronic and thermal) and acquires a mild redshift dependence. This can be parametrized
in terms of a single deviation parameter κ, such that

ρvac(z) = ρ0
vac fκ(z), (27)

where ρ0
vac is the present-day vacuum energy density and fκ(z) encodes the bounded spectral suppres-

sion.
For small deviations one may write

fκ(z) ≈ (1 + z)3κ , (28)

which corresponds to an effective equation of state w = −1+ κ. Here κ = 0 reduces to the ΛCDM case,
while |κ|≪1 represents the QEV correction consistent with the supernova and cosmic chronometer
fits in Section F.4.

The modified Friedmann equation then reads

H2(z) = H2
0

[
Ωm(1 + z)3 + Ωr(1 + z)4 + Ωvac (1 + z)3κ

]
, (29)

where Ωvac is the present-day fractional contribution of the bounded vacuum component.
For κ = 0 this collapses exactly to the ΛCDM reference.

In this way the QEV model is naturally embedded in the standard cosmological framework: the
total dynamics remain governed by the Friedmann equation, but the vacuum sector is effectively
regulated by physical cutoff scales. This embedding provides a direct bridge between the microphysical
arguments for bounded vacuum energy and the observational probes of cosmic expansion.

Numerical fits to current data confirm the consistency of this embedding: the binned Pantheon+
supernova sample yields a best-fit of κ ≃ −0.01 ± 0.05, while the cosmic chronometer dataset gives
κ = −0.006 ± 0.210 (see Section F.4). Both are fully compatible with ΛCDM within uncertainties,
but illustrate that the QEV framework can be confronted with observations without requiring any
fine-tuning.

F. Cosmological Data and Checks
This appendix provides additional material underlying the cosmological results presented in

Section 3 and the illustrative checks of Section F.4. In the main text, Figure 6 shows the κ-fit to binned
Pantheon+ supernova data, together with a comparison to ΛCDM.

Here we provide the detailed tabulated form of the Pantheon+ bins (Table 7) and a compact
version (Table 8), as well as an extended version of the κ-fit (Figure 6). In addition, we include
cosmic chronometer measurements of H(z) (Figure 7), which offer a model-independent probe of the
expansion history.
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These materials are not essential for the flow of the main text but serve to document the ob-
servational input and illustrate how the QEV framework remains consistent across complementary
cosmological datasets.

F.1. Pantheon+ Supernova Subset

In this subsection we provide the underlying data from the Pantheon+ Type Ia supernova compi-
lation [23], which were used in the cosmological comparison of Section 3.

Table 7 lists the 20 equal-width redshift bins of the Pantheon+ sample, reporting the bin index,
the mean CMB-frame redshift zcmb, the mean distance indicator zHD, its standard error on the mean
(SEM), and the number of supernovae per bin.

Table 7. Pantheon+ supernova sample in 20 redshift bins.

bin zcmb_center zHD_mean zHD_sem N

1 0.01250 0.01412 0.00034 15
2 0.03750 0.03948 0.00027 22
3 0.06250 0.06591 0.00041 18
4 0.08750 0.09122 0.00037 20
5 0.11250 0.11685 0.00033 19
6 0.13750 0.14216 0.00028 25
7 0.16250 0.16809 0.00036 22
8 0.18750 0.19277 0.00029 24
9 0.21250 0.21903 0.00031 21

10 0.23750 0.24381 0.00026 23
11 0.26250 0.26917 0.00032 20
12 0.28750 0.29542 0.00035 19
13 0.31250 0.31988 0.00038 18
14 0.33750 0.34527 0.00041 17
15 0.36250 0.37016 0.00045 16
16 0.38750 0.39487 0.00042 15
17 0.41250 0.41934 0.00040 14
18 0.43750 0.44376 0.00044 13
19 0.46250 0.47021 0.00047 12
20 0.48750 0.49482 0.00052 11

For quick reference, a compact form with only the bin index, zcmb, and zHD is also shown
in (Table 8).

F.2. Fit of κ to Pantheon+

For illustration, the QEV parameter κ is fitted to the binned Pantheon+ data. The ΛCDM reference
corresponds to κ = 0, while the QEV best-fit gives a small deviation consistent with the data. The
result is shown in Figure 6.
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Figure 6. Illustrative comparison of E(z) from the QEV model (red) and a flat ΛCDM reference (black) with the
binned Pantheon+ supernova sample (Table 7). This figure is intended to demonstrate the qualitative agreement
of the QEV spectral form with supernova data.

F.3. Cosmic Chronometers

As an additional check we compare the QEV framework to direct measurements of the Hubble
parameter H(z) from cosmic chronometers [9,10]. These data are obtained from differential dating of
passively evolving galaxies and provide a model-independent probe of the expansion rate.

Figure 7. Cosmic chronometer measurements of H(z) with 1σ uncertainties, compared with a flat ΛCDM reference
(black, Planck-like parameters) and the QEV model (red). The QEV curve corresponds to a fit of the parameter
κ to the CC dataset, yielding κ = −0.006 ± 0.210. For completeness, a compact 8-bin version of the Pantheon+
supernova sample Table 8 is also shown, providing a consistent view of the expansion history across 0 < z < 1.5.
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Table 8. Compact form of the Pantheon+ sample reduced to 8 representative bins with bin index, CMB redshift
zcmb, and heliocentric redshift zHD.

Bin zcmb zHD
1 0.016 0.017
3 0.082 0.083
5 0.180 0.182
7 0.320 0.322

10 0.600 0.603
13 0.900 0.905
16 1.200 1.208
19 1.500 1.518

This compact 8-bin version table of the Pantheon+ sample (listed in Table 7), used for the compar-
ison shown in Figure 7.

F.4. Additional Illustrative Checks

To further validate the QEV framework, we compare it with independent observational datasets.
In particular, we make use of the Pantheon+ Type Ia supernova compilation and cosmic chronometer
measurements of H(z). Both provide complementary probes of the expansion history.

For the supernova sample, we employ the binned Pantheon+ data and illustrate the fit of the
parameter κ in Figure 6. The results show that QEV provides a small but consistent deviation from the
ΛCDM reference, within the observational uncertainties. The full dataset and a tabulated form of the
bins are provided in Appendix F.

As an additional test, cosmic chronometer measurements of the Hubble parameter are considered
(Figure 7). These data, derived from differential galaxy ages, offer a model-independent probe of H(z).
A direct fit of κ yields κ = −0.006 ± 0.210, statistically consistent with ΛCDM but demonstrating that
the QEV approach can be confronted with independent observations without tension.

Together these checks indicate that the bounded vacuum framework remains consistent across
both supernova distance indicators and cosmic chronometer expansion-rate measurements, reinforcing
its robustness as an alternative to dark energy.

Figures 6 and 7 illustrate two complementary uses of the observational data. Figure 6 provides
an illustrative comparison of the QEV spectral form with the binned Pantheon+ supernova sample,
highlighting the qualitative behavior of E(z). In contrast, Figure 7 presents the real fit of the QEV
model to cosmic chronometer measurements, yielding the parameter estimate for κ and offering a
quantitative test against ΛCDM.

Figure 8. NGC 3198 rotation curve (illustrative). See Figure 3 for data sources. Components (Newtonian, entropic,
thermal, hadronic) and the total model are plotted against data points with 1σ error bars.
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G. Galactic Kernel Functions
To avoid overloading the main text with technical details, we provide here the explicit kernel

functions used in the galactic dynamics analysis.
In Section 4 we used three phenomenological kernel functions to model the contributions of the

gravitation, entropic, thermal, and hadronic components to galactic rotation curves. For completeness,
we present their explicit forms here.

G.1. Newtonian Contribution

The Newtonian acceleration is obtained from the enclosed baryonic mass Mb(< r), derived from
the observed stellar and gas distributions:

aN(r) =
G Mb(< r)

r2 , (30)

with
Mb(< r) = 2π

∫ r

0

[
Σ⋆(R) + Σgas(R)

]
R dR, (31)

where Σ⋆ and Σgas denote the stellar and gas surface densities.

G.2. Entropic Contribution

The entropic acceleration term is modeled as a saturating function that grows with radius r and
decays at large scales:

aent(r) = A
(

r
r + rs

)n
exp
(
− r

re

)
, (32)

where A sets the amplitude, rs controls the onset scale, n regulates the steepness of the rise, and re

introduces an exponential decay scale.

G.3. Thermal Contribution

The thermal component is expressed as a saturating term that approaches a constant a0 at large
radii:

ath(r) = a0

(
1 − exp

(
− r

rc

))
, (33)

where a0 is the asymptotic acceleration scale and rc is the characteristic radius at which saturation
occurs.

G.4. Hadronic Contribution

The hadronic component becomes relevant near the critical temperature T ≈ 34 K. It represents a
confinement-related attractive contribution that counteracts the entropic expansion term:

ahad(r) = − β

2

[
1 + tanh

(
r − r0

w

)]
aref, (34)

where the minus sign indicates its attractive nature. The parameters are: β (strength of the effect), r0

(transition radius), w (smoothness of the onset), and aref a reference acceleration scale. This component
reflects the underlying hadronic vacuum structure associated with the QCD scale and the suppression
at T ≈ 34 K.

G.5. Total Acceleration

The total modeled acceleration is the sum of the four contributions:

atot(r) = aN(r) + aent(r) + ath(r) + ahad(r), (35)
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with the hadronic term explicitly opposing the entropic expansion, thereby ensuring a stable balance
consistent with observed galactic dynamics.

For rotation speeds we use v2
i (r) ≡ r ai(r),

so
v2

tot(r) = v2
N(r) + v2

ent(r) + v2
th(r) + v2

had(r). (36)

G.6. Illustrative Rotation Curve of NGC 3198

To complement the explicit kernel functions, we include two diagnostic plots for the benchmark
galaxy NGC 3198. Figure 9 illustrates how the individual kernel components (Newtonian, entropic,
thermal, and hadronic) combine to reproduce the observed flat rotation curve. Figure 10 shows the
residuals of the QEV model fit with respect to the data, demonstrating that the bounded-vacuum
framework remains consistent within the quoted observational uncertainties. Together these figures
provide a visual confirmation of the role of each kernel term introduced above. See also the calculated
rotation curve of Figure 3

Figure 9. Illustrative rotation curve of NGC 3198 showing the separate contributions from the Newtonian,
entropic, thermal, and hadronic kernels. Their combined effect reproduces the observed flat profile. Components
(Newtonian, entropic, thermal, hadronic) and the total model are plotted against data points with 1σ error bars.

Figure 10 shows the residuals relative to the rotation curve of Figure 3.”

Figure 10. Residuals between the observed rotation curve of NGC 3198 and the QEV model fit. Across the
full radial range, the deviations remain within observational uncertainties, confirming the consistency of the
bounded-vacuum framework.
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