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Abstract

This paper is concerned with the global funnel control (FC) issue of the nonlinear systems with
unknown dynamics and time-varying fractional powers. An FC strategy is proposed in this paper,
which not only yields uniform performance insurance under any initial condition of the control system
but also leads to a continuous and amplitude-reduced control input with respect to the existing
solutions. Besides, it exhibits prominent simplicity, with no need for parametric details of time-
varying fractional powers, adding a power integrator technique, parameter identification, function
approximation or derivative calculation. A comparative simulation demonstrates the effectiveness
and superiority of the developed method.

Keywords: global property; time-varying fractional powers; prescribed tracking performance; non-
parametric uncertainties

1. Introduction

Given the theoretical difficulties and practical demands, considerable research attention has been
devoted to the control of the uncertain nonlinear systems involving fractional powers. In engineering
contexts, such odd-power nonlinear systems can be found in various applications, with under-actuated
mechanical systems [1] and dynamical boiler-turbine units [2] being typical instances. Notably,
feedback linearization fails to be applied to this type of system, which stems from the uncontrollability
of its Jacobian matrix. Additionally, the system exhibits a nonaffine relationship with the control input.
As a result, formulating control strategies for odd-power systems presents considerable challenges. To
deal with this problem, a variety of methods have been proposed, such as adaptive control [3-9], neural
or fuzzy control [10-12], adding a power integrator technique [9,13-16], and funnel or prescribed
performance control [11,12,17]. Nevertheless, the application scope of the aforementioned approaches
is confined to integer powers. In contrast, some schemes for the control systems involving fractional
powers have been developed recently [5,6,8,17-20]. In the literature [18,19], the fractional powers
greater than zero and less than one are taken into consideration. It is important to highlight that a
shared characteristic of the above-mentioned results is the requirement for known powers. Notably,
the power integrator addition technique proves unsuitable for scenarios involving unknown powers,
as it depends heavily on the homogeneous dominant component. To handle this situation, numerous
approaches were put forward in the literature [9,14-16], but the bounds of powers need to be available
for the control design. Additionally, the system nonlinearities of the aforementioned results are either
constrained by known functions [1,4,7,13] or represented by a structure featuring both known functions
and unknown parameters [9,16].

FC aims at fast and accurate reference tracking, with both the settling time and accuracy less than
the respectively preselected values. This is accomplished by restricting the tracking error within a
preselected performance boundary. In the conventional performance design, however, the choice of
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performance functions is contingent upon the initial condition of the control system [11,12,17,21-26].
Once the initial error is outside the performance envelop, the control signal becomes insolvable (e.g.,
u = In(—1)) or leads to a positive feedback loop. As a result, only semi-global performance of the
control system is able to be ensured. For global FC, a predefined-time tuning function is designed
to modify the tracking and intermediate errors within the FC framework [27]. By this means, the
issue of global, fast and accurate convergence for all errors is converted into the problem of local
constraints of the adjusted errors that can be addressed by using the barrier function-based control
approach. Alternatively, employing a shifting function and a performance function where the initial
value approaches infinity is also effective [28-33]. Nevertheless, the existing global FC methods
work for the standard strict-feedback systems without fractional powers [27-31]. In addition to
this, extensive simulation and experimental results show that the above global FC methods yield
large control amplitude during the transient phase (e.g., control peak) when there is a large initial
error. Due to actuator saturation of the practical control system, the performance requirement may
not hold. Additionally, global stability can also be guaranteed by other control methods, e.g., the
improved adaptive control [9,29-31,34-37], neural network control [32,38] and small-gain theorem
[35]. Unfortunately, they are applicable to the standard strict-feedback systems [27-34,36]; assume
the parametrically uncertain nonlinearities or their bounding functions [9,29-31,34,36]; involve sign
functions in the control law [34,36].

The above discussion reveals that the global FC problem of the nonlinear systems with unknown,
time-varying, and fractional powers remains open. To this end, a novel FC strategy is designed in this
paper. Its superiority is enumerated as follows.

1. It is effective for the nonlinear systems with unknown, time-varying, fractional powers and
totally unknown closed-loop dynamics, in contrast to the references [1,4,7-16,27-34].

2. It shows flexibility in the sense of the global performance insurance, the continuous control input,
and the reduced control amplitude, with respect to the results [9,13,20-26].

3. The simplicity of FC is preserved, without needs for parameter identification [4-8], adding a
power integrator technique [9,14-16], function approximation [10-12] or derivative calculation
[31,33].

2. Problem Formulation
2.1. System Description

Consider the following nonlinear system with time-varying fractional powers:

% = fi(%) + [xia )P0, i=1,- n—1,

dn = fu(%n) + W], (1)
y=xu
where ¥; = [x1,- -+, x;]T € R; %, constitutes the system state; p;(t) is a continuous and time-varying

scalar of which the scope covers both the integer and the fraction,i =1,--- ,n;u € iand y € R are
the input and the output, respectively; the power sign function [-]? is defined as [-]? = sgn(-)| - |” for a
real number a > 0; f;(X;) € R,i=1,--- ,n, are the nonlinear functions, each of which is continuous in
their respective arguments.

Assumption 1. There are constants, p > 0and p > 0, for which

p<pi(t)<p, i=1--,n t>0. )
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2.2. Control Objective
The control objective for (1) is to drive y(t) to track y,(t), with

ly(t) —yr(8)]| < k1(t) = (k1o — k1oo)e " + kieo, 2>k, (3)

where kig, k100, #1 and «x are the preselected positive constants with k19 > kjeo; k10 denotes the largest
acceptable deviation of the steady-state error; 1 denotes the expected rate at which the performance
boundary ki (t) decreases from kj to ki; & denotes the expected settling time of reference tracking.

Assumption 2. Both y,(t) and y,(t) are bounded over [0,00) [10,18,21-23,27].

Remark 1. This study is concentrated on the case where neither the specific knowledge of the the nonlinear
dynamics in (1) nor the bound of time-varying fractional powers in Assumption 1 and the bound of the reference
derivative in Assumption 2 are available for the control design below.

To summarize, the problem investigated herein is summarized below.

Problem 1. For the fractional-power nonlinear system in (1), design a controller off-line to ensure the bounded-
ness of all closed-loop signals, and the control objective in (3) is achieved.

3. Control Development

A predefined-time tuning function is employed:

e(t) = { iin(%), ift <x, @

otherwise,
where « is given in (3). Adopt it to modify the tracking error:
er(t) = e(t)(y(t) =y (1)) Q)

For any y(0) and y,(0), we know from (4) and (5) that

e1(0) = ¢(0) - (¥(0) = y-(0)) = 0- (y(0) —¥,(0)) =0, 6)
er(t) = y(t) —yr(t), t>x. (7)

Based on (4), the tracking performance requirement in (3) is transformed to
|61(t)| < kl(t), t>0. (8)

On the purpose of (8), we employ a barrier function:

_ ey (t)
Ul(t) - tan<2k1(t) )/ (9)
which yields the first intermediate control law:

ay(t) = =bim(t) —crer(t), (10)
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where by > 0 and ¢; > 0 are free-design constants, standing for the virtual control gains. We now

advance to

;(t) = —bin;(t) — ciei(t),

(11)
(12)

(13)

(14)

fori = 2,---,n, recursively, where kjy > kjc > 0, pt; > 0, b; > 0 and ¢; > 0 are the freely-chosen
constants. Ultimately, the control law is acquired by

u(t) = an(t). (15)

Remark 2. Different from the existing global FC laws [23-26], not only the barrier functions but also the
tracking and intermediate errors are introduced to our control law in a proportional feedback way. By this means,
the task of errors stabilization is divided into the barrier functions and errors together, i.e., the feedback errors
share partial responsibility. The simulation results below show the significant advantage of the amended FC law
in reduction of the control amplitude, especially during the transient phase of the control system.

4. Performance Analysis

Lemma 1. For any y,(t) and x;(0),i =1, -, n, we obtain

i(0)=0, i=1,--,n, (16)
1(0) = 0. (17)
Proof. Substituting (6) into (9) with (3) yields
7 (0) = tan ( ;fll((g)) ) —0. (18)
Putting (6) and (18) into (10), one has
a1(0) = —=by71(0) — c1e1(0) = 0. (19)
By (4) and (11), it is obtained that
e2(0) = £(0) - (x2(0) — a1(0)) =0+ (x2(0) — a1(0)) = 0-x2(0) — 0-a1(0) = 0. (20)

Substituting it into (13) with (12) yields

72(0) = tan ( e2(0) ) — 0. 1)

Putting (20) and (21) into (14), one has

0(2(0) = —b2172(0) - C2€2(0) = U. (22)
From (4), (11) and (22), there holds

e3(0) = (0) - (x3(0) — a2(0)) = 0+ (x3(0) — a2(0)) = 0- x3(0) — 0- a2(0) = 0. (23)
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Continue along the same path to examine ¢;(t), i = 4, - - - , n, one by one. We are able to conclude that

e:(0) =0, (24)
771‘(0) =0, (25)
«;(0) =0, (26)

fori =4,---,n. Based on (15), (17) holds. O

Lemma 2. Foranyty > 0andeachi € {1,--- ,n}, |&;| < oo duringt € [0, t;), provided
1. e(t) evolves inside (—k;(t),k;(t)) and keeps at a distance from —k;(t) and k;(t) during t € [0, t5);
2. é;and n;(t) are both bounded during t € [0, t5).

Proof. The derivatives of (9) and (13) are computed by

m(t)z%(”(@m—w) i=1. o t<t, @7)
1

k(1) cos? (5

.Bl(t): ’ izl,"',i’l, t<t2 (28)

Differentiating (10) and (14) gives
i(t) = =bii(t) —ciéi(t), i=1,---,n, t <t (29)
Substituting (27) into (29) yields

Bi(t) = — ”bi.ii(t) (éi(t) B ei(;?éi)(t)

It follows from (3) and (12) that k;(t) and kL(t) arebounded,i =1, - - ,n. The boundedness of 7;(t) in
(9) and (13) guarantees that of B;(t) in (28),i € {1,--- ,n}. Therefore, |&;(t)| < co on [0, t) under the
assumed conditions of Lemma 2,i € {1,--- ,n}. O

) —Ciéi(t), i=1,---,n, t<t. (30)

Lemma 3. Under (4), consider a continuous scalar function q(t) with bounded q(0). Firstly, for any t3 > 0, if

lim|q(t)] = oo, (31)
then
lim e(1)]g(1)| = . @)
Secondly, for any ty > 0, if
le(t)q(t)| < oo, t <ty (33)
then
lq(t)] < oo, t <ty (34)

Proof. We show (32) and (34) by contradiction. At the outset, suppose (31) but

e(t)|q(t)] < co. (35)
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This means that lim;_,+, €(t) = 0, which in turn indicates from (4) that t3 = 0. As a result, (31) is
rephrased by

lim[g(£)| = |q(0)] = co. (36)

t—0

However, (0) is bounded, which contradicts (36). Hence, (35) is invalid, and instead, (32) is established.
Suppose (33) but there is t* € [0, t4) for which

Lim [g(#)] = oo. (37)
By (33) and (37), we further have
lim (t) = 0, (38)
b

which in turn implies from (4) that t* = 0. Thus, (37) is rewritten by

lim|g(£)] = [q(0)] = eo, (39)
t—0
which however contradicts the fact that [§(0)| < co. Thereby, (37) is invalid, and instead, (34) is
true. O

Theorem 1. Problem 1 is tackled by the control strategy composed of (4), (5) and (9)—(15), under Assumptions
1and 2.

Proof. We commence with the argument that:
lei ()| <ki(t), V=0, (40)

fori =1,.--,n. This assertion is validated using the proof by contradiction method. From (3) and (12),
we have k;(0) > 0,i =1, - - ,n, which in conjunction with Lemma 1 give (40) at t = 0. Note that x;(t),
i=1,---,nin(1)and k;(t),i =1,---,n,in (3) and (12) are all uniformly continuous. The uniform
continuity of e1 (¢) follows from (4) and Assumption 2. Thus, the continuity of 71 (¢) in (9) and a1 () in
(10) is guaranteed, if |e1(t)| < ki(t). Further, the continuity of e;(¢) in (11) holds under the identical
condition. Continuing along the same path to examine ¢;(¢),i = 3,- - - , 1, one by one, we are able to
conclude that e;(t) is continuous in the case of [e;(t)| < k;(t),j =1,--- ,i — 1. These findings indicate
that a violation of (40) implies the existence of T > 0 for which

lim [e;(t)[ = lim k;(t), 3j€{1,---,n}, (41)
t—=T1~ t—=T1~
with
lei()| <ki(t), i=1,--+,n, t<T. (42)

Next, (41) with (42) is supposed, and each case in (41) is to be enumerated for verification. For brevity,
the arguments of some functions may not be shown.
Case 1: Initially, we examine

lim |eq(#)| = lim kq(¢). (43)
t—1~ =T~
Under (42), a precondition for (43) is
im Ol S k), (44)
t—=T~ t t—=T~
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Differentiating (5) by (1) yields
1 =&(x1 —yr) + (%1 — yr) = w1 +e[x]™, (45)
where
wi = &(x1 —yr) +e(f1 — Yr)- (46)
There further holds
lim dlex(®)] _ lim sgn(e1)w; + lim sgn(ep)e[xp]P
it dt t—T— t—T
= lim sgn(e;)w; + lim sgn(ey) sgn(xp)e|xa | (47)
t—=T t—=T—

It follows from Assumption 2 and equation (4) that ¢, ¢, y,, and y, are bounded. From (42), one has
lej] < o0,i=1,2,t € [0,7). By the second item of Lemma 3, there holds |y — y,| < co over [0, 7),
which in turn warrants |y| < oo (i.e., |x1| < o) on [0, T). Due to the continuity of fi(x1) in x7, we have
|f1] < oo, t < 7. Inserting these findings into (46) gives

lwi] < oo, t<T. (48)
Note from (9) and (43) that
lim sgn(eq)n; = +oo. (49)
t—1~
Under (10), there further holds
lim sgn(ej)a; = —oo. (50)
t—T

Applying the first item of Lemma 3 to (50) yields

lim sgn(eq)en; = —oo. (51)
t—T-
By (11), we have
exy = ey + enq. (52)
Further, there holds
sgn(ep)exy = sgn(eq)ex + sgn(eq)en. (53)
Putting (51) into (53) under (42) yields
tl_l)rg sgn(ej)exy = —oo. (54)
By (4), there holds
tl_i}r?i sgn(e1)xp = —oo. (55)
It further follows that
lim sgn(e;) sgn(xz)|xz |t = —co. (56)

t—=T

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Further, substituting (48) and (56) into (47) shows

. dle(t)]
tLHFrI— a7 ©7)

Note from (3) that k; (t) is bounded. Apparently, (57) contradicts (44). Therefore, (43) is invalid. There
instead exists a constant, li; > 0, for which

|€1(t)| < kl(t) - < kl(t), t<T. (58)

Consequently, #; in (9) and &7 in (10) remain bounded on [0, 7). Under (11) and (42), invoking the

second item of Lemma 3 yields (x, — &7) is bounded on [0, T), which implies that |x;| < oo, t < T. By

(45), |é1]| < oo during t € [0, 7). This in company with (58) yields by Lemma 2 that |&| < oo over [0, T).
Case 2: Consider

lim |ep(t)| = lim ky(f). (59)
=T =T~
Under (42), a precondition for (59) is
im 2O0 S 1 o), (60)
tr-  dt t—T
Taking the derivative of e in (11) via (1), we have
by = €(xg — ) +e(Xp — &1) = wy + €[x3)P2, (61)
where
wy =é(xg —aq) +e(fo —iq). (62)
Further, there holds
lim dlea(B)] _ lim sgn(ep)wy + lim sgn(ep)efx3]P2. (63)
t—r-  dt t—T t—T

Note that ¢, ¢, x1, xp, a1 and &; are all bounded during t € [0, 7). Since f,(%;) is continuous with
respect to ¥, we further have |f,| < oo, t < 7. Putting the above facts into (62) leads to

lwa| < o0, t<T. (64)
One sees from (13) and (59) that
lim sgn(ep)np = +co. (65)
t—T-
By (14), there further holds
lim sgn(ep)ay = —oo. (66)
t—=T

Applying the first item of Lemma 3 to (66) yields
lim sgn(ep)eny = —oo. (67)
t—=T~

From (11), we have

ex3 = e3 + €xy. (68)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Further, there holds
sgn(ep)exs = sgn(ep)es + sgn(en)ens. (69)
Putting (67) into (69) under (42) yields
tl_l)lg sgn(ex)exs = —oo. (70)
By (4), there holds
tliT, sgn(ep)xz = —oo. (71)
It further follows that
tlir?f sgn(ep)[x3]? = tlir?f sgn(ep) sgn(x3)|x3|P? = —oo. (72)
Further, substituting (64) and (72) into (63) shows

Note from (12) that k,(t) is bounded. Obviously, (73) contradicts (60). Hence, (59) is invalid. There
instead is a constant, h, > 0, for which

lea(t)] < ka(t) —ha < ka(t), t<T. (74)

Further, 7, in (13) and «; in (14) are bounded over [0, 7). Under (11) and (42), invoking the second
item of Lemma 3 yields (x3 — a;) is bounded on [0, T), which implies that |x3| < oo, t < T. By (61), é»
is bounded over [0, T). This in conjunction with (74) yields by Lemma 2 that |iy| < oo on [0, T).

Casei(i =3,---,n): Adopting the same analytical way from Case 2, we can conclude that there
are a set of positive constants, h3, - - - , hy, for which

lei()| < ki(t) —hi <k(t), i=3,--+,n, t<T. (75)
Clearly, (58), (74) and (75) contradict (41). Therefore, (41) is invalid. There instead holds
|€i(t)| <ki(t)—h; <ki(t), i=1,---,n, t>0. (76)

It is apparent that the claim in (40) is valid. This shows that the controller warrants the error constraints
but evades the errors approaching the preselected boundaries. Further, it follows from (4), (5) and (40)
for i = 1 that (3) is established.

It remains for us to verify that the rest of the signals in the closed loop are bounded. From (9), (13)
and (76), there hold #7; < cofort > 0,7 = 1,--- ,n. This in conjunction with (10), (14), (15) and (40)
ensures the uniform boundedness of a; and u,i = 1,--- ,n — 1. Based on (5), (11), (40) and the second
item of Lemma 3, there hold |x; — y,| < coand |x; — ;1| < oo fort >0,i =2,---,n. By Assumption
2, there further hold x; < c0,i =1,---,n, are bounded for t > 0. [

Remark 3. The proof by contradiction reveals the inherent robustness of the developed control approach to the
unknown nonlinearities and time-varying fractional powers. This phenomenon results from the infinity property
of the barrier functions, as shown in (55) and (71). When extended to the nonlinear system with unknown
powers in (1), the infinity property remains preserved, as indicated in (56) and (72). Therefore, only a bounded
control input is needed, the techniques for approximation, identification and estimation are removed.
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5. Simulation Study

To evaluate the proposed control strategy, a comparative simulation study is conducted. Consider
the following second-order systems with time-varying fractional powers:

X = _x% o x% + [x2}1.5+sin(t),
ity = 2223 + [u]3reos(d), (77)
y = X1.

In the simulation, (77) is initialized at either #(0) = [3, —1]T or x(0) = [~0.5,0.2]T. The control task is

to driver y(t) to follow y,(t) = sin(t) with
ly(t) —yr ()] < ki(t) = (1—0.01)e”" +0.01, t > 1. (78)

The design of the controller follows from Theorem 1 withx =1,by =4,¢1 =3,bp =2,cp =2and
ko (t) = kq(t). Applying it to (77), Figures 1-5 illustrate the simulation results. As depicted in Figures 1
and 2, the output follows the reference under varying initial values, and the tracking error achieves
convergence to the designated performance envelope within the predefined duration. Thereby, under
different initial conditions, the prescribed performance specification in (78) is implemented, which
implies the global attribute. Similarly, the preassigned performance specification for the intermediate
error is also fulfilled, as displayed in Figure 3. Finally, one sees from Figures 4 and 5 that both the other
state variable and the input are bounded under different initial conditions. Accordingly, the simulation
findings confirm the effectiveness of the developed controller.
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Figure 1. The system output under %(0) and x(0).
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Figure 2. The tracking error under ¥(0) and x(0).
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For comparison, an enhancing FC scheme is implemented for (77) under the identical control task.
The controller is designed by [39]

er(t) = y(t) —yr(t),
0.4t .
K = csch (1454 §4) +1, ift <1,
1, otherwise,

k(t) = sgn(e1 (0)) - (k(t) — 1) + 0.01k(¢),
k(t) = sgn(e1(0)) - (k(t) — 1) — 0.01k(¢t),
o(t) = ei(t) —k(t)
k() — k()
x(t) = :
o() (1 — () (R() — k(1)) 7

o(0) = XD (ko)) — KO — 1) (ko) - k1)),
(1) =~ (40 + () — (3 = D)+ 3

ex(t) = x2(t) ~ (1),

u = —=2ey(t) + 1 () = x(E(£) — x93,

Take x(0) = [—0.5,0.2]T into consideration. Figures 6-9 exhibit the simulation findings. Despite
ensuring that the control system achieves predefined performance and all signals remain bounded,
the comparative controller demands that the nonlinearity is known and that the first and second-
order derivatives of the reference are obtainable. Moreover, the choice of performance boundaries is
contingent upon the initial condition of the control system. In contrast, the above requirements are
eliminated by our approach. In addition, the comparative controller requires larger amplitude of the
control input. To be specific, Figure 9 shows sup,¢ (o 1) [u(t)| > 20 with the comparative controller
and sup, (g 1] |u(t)| < 10 with our controller. Thus, the comparative simulation findings illustrate the
advantage of the developed strategy.
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Figure 6. The system output under our controller C; and the comparative controller C,.
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Figure 9. The control input under our controller C; and the comparative controller Cj.

6. Conclusion

We put forward a FC approach for reference tracking with prescribed performance in this paper. It
is able to cope with unknown nonlinearities and unknown time-varying fractional powers. It achieves
fast accurate reference tracking under arbitrary initial state of the control system and removes the re-
quirements for specific information of the time-varying fractional powers, the parametrically uncertain
form of system dynamics and the tools for approximation, identification and estimation. Moreover,
the required control input is both continuous and shows lower amplitude than the conventional global
FC laws. The simulation results validate our approach. Subsequent research will address extensions to
MIMO systems.
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