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Abstract

The paper presents a stability analysis of single-channel, slow-rolling, Semi-Automatic Command to
Line of Sight (SACLOS) missiles using a comparison of the Routh-Hurwitz and the Frank-Wall
stability criteria and a nonlinear analysis. Beginning with a 6-degree-of-freedom (6DOF) model in the
Resal frame, a linearized model for the commanded motion is developed. This linearized model,
which features complex coefficients due to the coupling of longitudinal channels in rolling missiles,
is used to define the structural scheme of the commanded object and its flight quality parameters.
The guidance kinematic relations, guidance device equations, and actuator relations, incorporating a
switching function specific to slow-rolling single-channel missiles, are also defined and linearized
within the Resal frame to construct a comprehensive structural diagram of the SACLOS missile. From
this, the characteristic polynomial with complex coefficients is derived and analyzed by comparing
the Routh-Hurwitz and the Frank-Wall stability criteria. This analysis determines a stability domain
for the guidance gain and establishes a minimum limit for the guidance time. The stability domain
defined through the linear model is then validated using a nonlinear model in the body frame.

Keywords: SACLOS missile; slow-rolling missile; single channel command missile; characteristic
polynomial with complex coefficients; stability criterion; mathematical model; Routh-Hurwitz
stability criterion; Frank-Wall stability criterion; flight dynamics; guidance and control; Resal frame;
thrust vector control

1. Introduction

In modern anti-armor warfare, guided missiles are a primary tool, often employing "three-point
guidance” methods that rely on the alignment of the carrier, missile, and target. These systems can
be categorized by their guidance mechanism, with wire-guided missiles typically using angular error
control, while laser or radio-beam-guided missiles utilize linear error control. This paper focuses on
the former, specifically on wire-guided missiles that require a direct hit on heavily armored targets.
This is achieved through a Semi-Automatic Command to Line of Sight (SACLOS) guidance method,
where an operator tracks the target, and a guidance signal is automatically generated and transmitted
to the missile via a wire.

For subsonic flight regimes, where aerodynamic control surfaces have limited effectiveness,
these missiles often rely on gasodynamic controls, such as thrust vector control, to perform necessary
maneuvers. The use of slow-rolling missiles in engaging heavily armored targets has become
increasingly prevalent in modern weaponry. This design offers several advantages, including a
reduction in the missile's size and mass. The rolling motion also serves to cancel out disturbing forces
and torques that arise from aerodynamic or gasodynamic asymmetries. Furthermore, the roll allows
for control to be executed on a single channel with a single pair of mobile nozzles, simplifying the
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control system and reducing energy requirements, which is conducive to the development of portable
missile systems.

Although these systems are known and technically developed [1-3], they represent a special
aircraft class, for which, due to the specifics of the movement, theoretical models necessary to clarify
some aspects regarding the improvement of their functionality are still in development.

The guidance and control of rolling missiles have been extensively studied. Research has
addressed two-channel rolling missiles [4,5], including dual-spin projectiles with high-velocity
rotating bodies for gyroscopic stability and lower-velocity rotating tips with canards for trajectory
control [6]. Other studies have focused on single-channel missiles with time-modulated commands
[7-11]. Recent work on two-channel missiles has explored autopilot design with double [12] or triple
[13] feedback loops, the stability of precession motion (conical) [4,5], and the influence of signal errors
from the target tracking system [12,14]. Another area of research has been the development of sensors
to determine the missile's attitude, particularly the roll angle, which is crucial for command signal
generation [15,16]. For instance, some have proposed a new combination of silicon micro-gyroscopes
to demodulate yaw, pitch, and spin angular velocities. Another strategy suggested in the literature is
the application of a two-step adaptive augmented unscented Kalman filter (TS-AAUKEF) [16], which
serves to calibrate the magnetometer for accurate roll angle estimation.

To address what was done in the specific case of the single-channel missile, the following section
analyses the results from previous research [7-11, 17] in detail.

Reference [7] proposes a digital controller as an alternative to the conventional analogue time-
modulation controller. The authors demonstrate that by substituting the analogue phase control with
a digital amplitude control system, it is possible to achieve decoupling of the yaw and pitch channels.
This method effectively mitigates errors arising from actuator delay and sensor noise. However, the
primary limitation of this solution (at the time of proposal) was the increased complexity of the
missile's control system, which consequently led to a higher overall cost.

The stability of a rolling rocket with single-channel control is examined in [8] through the
development of closed-form analytical solutions from linearized dynamics. This analysis uses a
mixed reference frame: the control command is processed in the body frame, while the system
dynamics is modelled in the non-rolling Resal frame. Furthermore, the command signal is generated
via a series expansion, facilitating a comparative analysis between an idealised rectangular command
and a practical implementation that accounts for actuator delays.

In reference [9], a linear model for the commanded motion of a slow-rotating rocket is developed
from the equations of motion in the Resal frame. This model uses complex coefficients to account for
the coupling between channels caused by gyroscopic and Magnus terms, which allows for the
characterization of both nutation and precession motion and the definition of flight quality
parameters. This linear analysis concludes in a structural scheme of the commanded object that is
specific to slow-rolling missiles with complex coefficients. Unlike the serial development approach
in [8], the proposed solution in [9] generates the switch command by considering the sign of a
trigonometric expression that depends on the roll angle, as detailed in [18]. The paper analyses two
types of single-channel, slow-rolling guided missiles: a portable anti-aircraft homing missile and a
portable anti-tank wire-guided missile. In contrast to [8], which formulates the command in the body
frame, [9] derives an equivalent command in the Resal frame from the time-modulated command.
This equivalent command is then used to construct structural diagrams for both the homing and
wire-guided missile types. Due to the complexity introduced by the structural schemes' complex
coefficients, the scope was limited to determining the characteristic polynomial's roots and the phase-
frequency/amplitude-frequency diagrams for the wire-guided rocket, emphasizing the differences
from a non-rolling rocket.

The feasibility of controlling an autonomous rolling rocket via a single-channel reactive
command is explored in [10]. The work contrasts a simplified two-nozzle Reaction Control System
(RCS) with a conventional six-nozzle configuration. While the traditional system ensures complete
three-axis attitude control, the proposed two-nozzle alternative provides actuation for only the pitch
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and yaw channels. This latter approach leaves the roll angle uncontrolled, thus allowing for free roll
rotation of the vehicle.

In [11], starting from the results in paper [9], the case of the anti-aircraft rolling homing missile
was analysed, performing a stability analysis with the Frank-Wall criterion.

Reference [17] addresses the optimal control problem for the minimum-time attitude
manoeuvring of a rolling missile. In this formulation, a single reaction jet is used to generate the
necessary transverse control moments. The problem considers a rocket with an arbitrary initial
transverse angular velocity. The objective is to steer the missile to a specified final attitude in the
shortest possible time, while simultaneously nullifying the final transverse angular velocity.

The current paper builds upon previous work on single-channel missiles, particularly the
findings in [9], by analyzing the stability of a single-channel, slow-rolling SACLOS missile using the
Frank-Wall stability criterion [19]. A key distinction between two-channel and single-channel
missiles lies in the command formation. While two-channel systems use proportional deflection of
both canards, single-channel missiles employ a time-modulated maximum deflection of one canard,
managed by a switching function. We will also consider the influence of the guidance gain (k) and
time guidance (z.) of the guided device system, leading to a fifth-order characteristic polynomial,
which introduces additional stability conditions that will be analyzed in detail. The effect of phase
shift, introduced by actuator delay and inaccuracies in roll angle determination, will also be
examined.

Since this paper represents an alternative development of the paper [11], for the case of single-channel
slow-rolling missiles with thrust vector control and SACLOS guidance, we will present only the specific
elements that appear in this new case, for the common aspects referring to the paper [11].

Contributions of This Paper

This paper presents several key contributions to the study of single-channel, slow-rolling
missiles. The primary novelty lies in the comprehensive stability analysis of a SACLOS missile using
the comparative Routh-Hurwitz (R-H) and Frank-Wall (F-W) stability criteria and nonlinear analysis.
This analysis examines the influence of key guidance system parameters, leading to the definition of
specific restrictions and stability domains. To support this analysis, the paper establishes a method
for determining the F-W stability parameters for the resulting 5th-order characteristic polynomial,
with detailed calculation procedures provided in Appendix E. A detailed structural scheme for a
single-channel, slow-rolling SACLOS missile is also developed and presented. Furthermore, this
work includes a thorough analysis of the stability and command derivative magnitudes derived from
the linearized model, as well as the flight quality parameters. Finally, the stability domains identified
through the linear analysis using the R-H and F-W criteria are validated against a nonlinear 6-DOF
model, confirming the accuracy and applicability of the results.

The novelty of the paper consists of:

e  Comparative analysis between the exact solution and the approximate solution for the
equilibrium flight parameters (Section 2);

o  The detailed structural scheme for the SACLOS slow-rolling missile with a single-channel
(Figure 12);

e  Synthesis of the guidance system using the allocation of poly-zeros according to the
methodology “Standard coefficient method” (Section 5.6);

e  The analysis of the stability of SACLOS missiles using the Routh-Hurwitz criterion for the
simplified case without roll. This analysis follows the influence of the main parameters in the
missile's guidance system, and stability domains will be defined (Section 7.1).

o The stability analysis for slowly rolling, single-channel SACLOS missiles, employing the Frank-
Wall stability criterion. The investigation examines the influence of key guidance system
parameters on stability, utilizing a comprehensive model that incorporates higher-order
dynamic terms. Based on this analysis, operational constraints are identified, and stability
domains are defined for several of these critical parameters. (Section 7.2).
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e  The evaluation of the Frank-Wall (F-W) stability parameters for 5th order polynomials (the
methodology is detailed in Annex E of the paper).

e  The validation of linear analysis with R-H and F-W stability criteria using a nonlinear model
(Section 7.3)

2. Basic Movement

Since the general equations of motion in the body frame and the Resal frame were presented in
the paper [11], to linearize the equations of motion, we will now analyze the basic motion in the Resal
frame, because in this case, unlike in [11], we have gasodynamic control.

We will consider a symmetrical evolution in the vertical plane as basic motion. The lateral
movement elements are set to zero: r*=0; B =0; &;=0. From Figure 1 we can write the
equilibrium equations in the vertical plane:
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Figure 1. Vertical plane motion elements with thrust vector control.

ma; = FyCf + ToC] + G cos 6; maj, = FoCt + Ty Cy);

1
HoCA + UyCL. + 1°pA = 0; HyCA + UyCT — q*pA = 0, )

If we detail the lateral accelerations: a; = —q*u"; aj; = r"u”, the relations become:

C3 +ToFy 'C] + mq™uw'Fy ' + GFy ' cos 0 = 0; €)' + TyFy 'C) —mr*u*Fy ' = 0
2
CA + ToFg1CEL + r*pAHy = 0; CA+ ToFy1Cl — q*pAHyt = 0. @
If the terms of gasodynamic damping [20] are neglected and it is noted
Rr =xr/l; Cp=TT;", the thrust components become:

C] = Crsindy; Cy = —Crcosdpsind, = —Crsind,,
CT — 9y T o ; * T _ % T o ;. *, (3)
m = —XpC; = —XpCrsinbpy; Cy = XpCy = —XpCrsindy;
where, as shown in [9,21], the equivalent gasodynamic deflection to the pitch axis of the Resal frame
can be taken for twin-channel missiles approximately equal to the deflection in a control plane, and
for single-channel missiles it is obtained by integrating the projection of the deflection from the
control plane over a period of rotation along the direction of the pitch axis of the quasi-linked frame.
Note: Since in the body frame the position of application of the gasodynamic command is behind
the center of mass, it follows x; < 0.
The aerodynamic coefficients are developed in this way:
C& = by + bya® + byg* + by3pB ; CJ) = —=bi — by % — by + byzpa ;
CA = dya +dad" + dyspfi G = dy + dy” — dyzpa @)
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For analyzing the magnitude terms in these expressions, and those that will be elaborated later,
we will use, according to [22,23], the following parameters:

Small values:

t* = 1/V- reference time;

g = gl/V?- reduced gravitational acceleration

Large values:

m = 2m/(pSl)- the reduced mass of the aircraft

ig = 2 B/(pSI3)-the reduced moment of inertia in pitch

Introducing these parameters into relations (2), we obtain:

bia + bya® + by§* + by3pf + ToCrsinéy, + Mg* cosy* +
mgcos(y + a) =0;
biB + b3 + by?* — byspa + TyCrsind;, + Mif* cosy* = 0; (5)
dya+d,a® + dyg* + dy3pB — ToRrCrsindy, + 2igd,7* = 0;
dif + dyB3 + dyf* — dyspa — ToRrCrsind,, — 2ip@,§G" = 0.

where we noted Ty = ToFg'%; tan?y* = tan® a + tan® B while @, = Ap/(2B) is the dimensionless
angular rate of precession, and y = 6 — « is the flight-path inclination angle.

If we impose angular velocities §*, #* and the angle of inclination of the trajectory y, the system
(5) can be solved numerically with a Newton algorithm [24] in relation to the sizes «a, f, 6, 6,
which represent the flight parameters for the basic motion under consideration.

If we impose a translational motion with zero angular velocity of pitch and yaw (§* = 0; #* =
0), and neglecting the aerodynamic terms of higher order (b, = 0; ; by3 = 0;d, = 0; dg = 0; dy3 =
the system decouples and becomes:
bia + ToCrsinéy, + Mgcos(y + a) = 0; dya — ToRpCrsindy, = 0;

bip + ToCrsins; = 0; d,f — Ty, Crsinéy, = 0. (6)

One can notice that for lateral motion the last two homogeneous equations lead to the trivial
solution: f = 0; 6, = 0, while the first two equations, corresponding to longitudinal motion, for the
given y lead to a transcendent equation in the angle « and a calculus relation for the equivalent
thrust deflection in pitch &y,.

Thus, eliminating the incidence between the equations of longitudinal motion, we obtain:

G
st )

Sinéme = —

where the static stability reserve was noted.{ = d,/b;.
If the terms of the thrust are eliminated, the following is obtained:

Gcos(y+ae) Xt

Te = Foby  Rr+d) (8)

Imposing the value of the climb angle y, implicitly for the particular case of horizontal flight
y = 0, the system is reduced to the relation (8) which becomes a transcendent equation that is solved
iteratively in relation to the incidence to which is added the explicit relation (7) which allows the
determination of the equivalent thrust angular deflection.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 2. Comparison between the exact solution (5) and the approximate solution (7) (8) for the equilibrium

command - initial mass values.

6 —10.5
i 10
5 \ Alpha exact ]
B \ —— Dm exact E
i Alpha aprox 95
B Dm aprox i
S 4f 1, =
[ = —19 O
k=) B )
= - R k=]
P ] 'E'
2 L -85 5
© 3 :
i -8
2| ]
i -175
[ L1 L1 L1 L1 L
6.25 0.3 0.35 0.4 0.45 Og

Mach

Figure 3. Comparison between the exact solution (5) and the approximate solution (7) (8) for the equilibrium

command - final mass values.

These parameters (a,,Opme, e, 0ne) represent the basic movement of the rolling missile,
presented in Appendix B.

From Figure 4 it can be seen that the equilibrium incidence in the lateral plane (B) is negative,
which will lead to a deviation of the trajectory to the left of the firing plane, a phenomenon specific
to aerodynamically stabilized rolling missiles.
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Figure 4. Equilibrium incidence in the lateral plane.

3. The Linear Equations

To obtain the linear equations, we will consider the hypotheses from the work [11].
Also, for the symmetry, for the gasodynamic commands, we will consider the small angular
deflections so that:

Sindy, = 8m; cosé,y, = 1; siné;, = &,; coséy, =1 9)

Linearizing translational equations in the Resal frame [11], we obtain:

. K F,l Fyl ) ol 2
Aa = ﬁblAa + (1 +— VT b4) A"+ —— T byAd + —— VT bi3pAB + —— *VZ by pAr*
T, . F, 1 .
+ 7CTA6m — WblAa’W + ﬁAZp
. F, (10)
AB = — AR+ < )Ar* + b13pAOC
F,12 T, . E 1
mu V2 b14pAq - mu CTA6n - W blAﬁW - ﬁAYp
On the other hand, linearizing rotational equations in the Resal frame [11], we obtain:
Ag* = Fdl a+ —d4 "+ —dgAa + BV dspAf + de ~3 pAr* — FxTCTA&n
Ho
dlAaW,
(11)
- HO Hol " Ol Hol Holz A . UO ~ "
Ar* = ?dlAﬁ + Wd;}AT + dgAB dlgpAa CVZ d14 - E pAq - ?xTCTA(Sn
Hy
7 hbBw.
For Coupling the equations, similar to the paper [11], the following dual notations are made:
X Fol Fol Fol? To
ay = =1+— b4, y = mV *bg, af = mVS* bis; ay = mvzz* byy; b = —=Cr =
To _ To . _ HO . _ @ _Hol ;. B _ Holp ; . _ (Hol?
mut CZ - _mu* C;/ a‘g - ?dll aw ~ Bv d4, w Edgz A = BV d13/ arw - (mdlll- - (12)

A 1.8 UoXT _Uo o1 _Up T
S)pibh =T =2 = e,

These parameters represent the stability and command derivatives that are presented in
Appendix B.
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Next, we will rewrite the coefficients of the equations of motion, in which we will include the
previously defined parameters for the basic movement, obtaining;:

b b p p T

a 1 4~ _bo o B _ p _D ~0 K6 — _To _

a =, a —1+ =1; ay—m_O, a, = t*b13_0, ay—ﬁbM_O, by_mt*CT’ 2 =

da q ds a do B P r (dM A ) . A L 20y 5
. a —_ . a e . a — d . a — —_— = — = — b =

t*ZiB' w t*iB' (2 t*ig’ w t*2ig 137 (2 thig Bt p Bt*p 4 @ (13)
ToXr
t*ziB T

Also, we define the complex quantities:
y=a—if @ =q —ir §=6,—i0y viy=aw—ify F=Zy+IY;
14
, (14)

Y _ ja B, w _ 4 or. Y ] .
ay—ay+zay, ay —ay+lay, Ay = A + 10y, aw—a +iay;,
with: i =+/—1.

In this case the equations (10) and (11) are:

«
AFp

B—

Ay* = alAy* + aZAw” + afAy” + bfAS* — aZAyy, + (15)
Aot = al Ay* + aZAw* + a%Ay* + bSAS* — alAy;,.

Applying the Laplace transform, the homogeneous form is:
a- ay)s - ay —ay y*
—(a%s+al) s—aZ [A ] [0] (16)
with the characteristic polynomial:

w’

P(s) = (1 —af)s* — (a) + aZ + a%ay — alaZ)s + ajaZ — alal (17)

Separating complex terms, we will obtain:

P(s) = (1 —af)s? — [af + a, + a%a] — afad + l(a +al, +alay — afal)|s + afal — alal

18
+aja B afaw+l(ayaw—aq B +ag,a5 agay). (18)
With the approximations (13), the characteristic polynomial becomes:
11 A Cd) CEbAS P
=52 + —1—[n(=dy) + (—d,) + (~d '—A} Zp-o
P() = 5% = In(dy) + (<o) + (~do)] + i 55 s+t*2[ TS
g (19)

+ [ + i(2n(-d)a, — piss)].
B

where 1 will be explained later.

To verify the correctness of relations (13), in Figure 5 and Figure 6 the roots of the characteristic
polynomial obtained with the approximate relation (19) and the exact relation (18) are presented
comparatively. The diagrams are obtained for a range of Mach numbers: 0.3...0.45.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 5. The roots of the characteristic polynomial -initial.
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Figure 6. The roots of the characteristic polynomial -final.

Based on these results, the approximate relations (13) will be used to obtain the simplified
structural scheme for the commanded object.

4. The Flight Quality Parameters

For the considered configuration, similar to the work [11], the following notations are defined:

Ay B, o~ 5 iz, s _ 1
Wp =5l P="m = X =2y P (= (20)

where w, is the angular rate of precession, with dimensionless form @, = w,t* and { represents
static stability (Figure B17).
In this case, the characteristic polynomial (19) has the form:

P(s) =s2+20(8 +id)s + N2(1 + iy), (21)

with natural pulsation 2 and damping factor ¢ having the expressions:
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0o |F—ayas 1 |(d)
B 1—af t* | ig '
22)
_ n(a§,7‘+afa+a%aq—af,‘a?ﬂ) -
§ z(a{i‘afﬂ—a]‘iag,) =2«/ls( 2 )[77( dy) + (=dy) + (=dy)]

Sometimes, the inverse of natural pulsation is used:
T =1/0 - time constant of nutation movement.

In Figure B18, Figure B19 and Figure B21 from Appendix B the natural pulsation, damping factor
and time constant according to the Mach number are presented.

The roots of the characteristic polynomial (21) are:

S = —E0 —iw, £ i01 -2+ 2 + i(y — 28¢), (23)
Developing we obtain:
Sy, = —(§ +ip) ¥ QoV1+ K?(sing — icosg) (24)
L (x-289) 2 4 a2, ﬂ

where: K = firg? a? &+ 9% 0=
To obtain the command parameter, we put the relation (15) in matrix form:

Ay -1 _a;/l 1/(mu*) AS*  Ave AEAT

RAEYRIC [ e o |we v amy, 5)

with the inverse matrix:

A7) =

s—a% ay ] 6)

P(s) [a s+ al (1—a}';)s—a}f
where P(s) is the characteristic polynomial.

Based on this relation, as shown in [11], after processing, the following transfer function is obtained:
—-bis? + [(1 — a¥ — af)bd + (aZ + a&)b|s + al,bf — ayb5
P(s)

H(s) = 27)

where the input §* = 6, — i, is the complex form of gasodynamic deflection in the Resal frame and

the output w* = w,, — iw, represents the complex form of the angular velocity of the velocity vector.
With the notations:

18 = agby-afpl AT = agbf-albs  abpf-abnd 28)
® " afal-aled’ @7 aZbd-a¥py’ T T a%bi-a$by’
the transfer function, due to the large value of the parameter i, becomes:
F) . .
ko (1+iv+2iAT,s
HE(s) = a0 2Tws) 29)
T2s2+2T(§+ip)s+1+iy

where the following notations were made:
kS the command factor and the parameter
T, the advance time on command or the aircraft's time constant [25]
and v is a Magnus term.
Dropping the secondary terms for the gasodynamic commanded missile, the parameters from
the relations (28) become:

kS =~ _ R+ L& _XrH{T _ T(5+XT)[ ]
®= T ome “TI0O T T o Ry mve
AT, = _Crfo_ 2igt'dp 2 igt’@p _ 1 pAHo_l[ I
® = by Crfofr+{CrTy ~ (=b1) (C+2p)  (=by) ((+2p) = (30)
e d13CTT0 14 _ dis p

by Crlofr +(CrTy  (=by) ({ +Zr)
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where we recall that it was noted: X; = x/l where x; represents the distance between the point of
application of the gasodynamic control and the center of mass, in the body frame, having a negative
value.

We can also evaluate the complex acceleration in the Resal frame:

Aa* = VAw*, (31)
with:
a* = —(a§ + ia;). (32)

Based on these relations, we can build the structural scheme of the commanded movement for
slow-rolling missiles, with gasodynamic command, shown in Figure 7.

Wind Disturbing force  F
incidence o
Yy —> ng Acceleration
kS(1 4 iv + 2iAT,,s) -v a
s | R TCET SR B N B
8 (Tzsz +2T(E+ip)s+1+ L)() <
Command Angular velocity of the
(tthSt. Commanded object tangent to the trajectory
deflection)

Figure 7. Structural scheme of commanded movement for a slow-rolling missile

5. The Guided Flight Model

5.1. The Guidance Relations

As shown in [21,26,27], the guidance kinematic relations will be constructed into a frame linked
to the carrier - target line of sight called the guiding frame (Figure 8). The guiding frame AX;Y;Zr
originates at point (4), which represents the position of the carrier, the axis Xy pointed target (T),
the axis Zr isin a vertical plane facing downwards, and the axis Yy horizontally, it follows from the
condition of the right frame. The guiding frame is non-inertial.

In the case of angular deviation control, the guidance parameters are: €y; £z, for determining
which relations are used:

_1%m 1M
g, = tan IE; &, = —tan 15; (33)
and:

From Figure 9 and Figure 10 it is observed that the angular error in the two guidance planes can

be expressed as follows:
€y =0y = @y, &, = 0z — Pz. (35)

Assuming that the target, the carrier and the mobile evolve independently in the two planes, the
geometric connection between the angles can be derived, obtaining:

Uy =Wy, — W U = Wy — Wy, (36)
where the angular velocities were noted:

Uy =&y Uy =& Wy =0y Wy =0, WO =@y Wy = @, (37)
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parallel to fixed

direction in space

fixed direction
/ in space

Figure 9. Kinematics of three-point guidance method - first guiding plane.
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Figure 10. Kinematics of three-point guidance method - second guiding plane.

5.2. Linear Form of Kinematic Guidance Relations

In the case of semiautomatic command to line of sight (SACLOS), which is based on angular
error control, the collinearity of the three points (A-M-T) is achieved by cancelling the angular
deviation in the two guidance planes:

& =0; =0, (38)
Considering the geometric connections between angles in the guiding planes (35), one can write:
Py = 0y; @z = 0y, (39)

which represents the collinearity of the position vectors for target D and missile P Figure 8.
If the condition of cancelling the rate of the deviations is also imposed:

v, = 0; v, = 0’ (40)
relation (36) show:
Wy, =W W, = wy, (41)

which is the condition that the vectors D and P rotate with the same angular velocity.

To construct a model of guidance with angular deviation control, we start from the observation
that the linear shape of the guide controls is decoupled for the case of a general movement.

Thus, if the definition relation of the angular errors is linearized:

gy = tan"(zy/xy), & = —tan"(yu/Xy), (42)
under the conditions of the basic movement, the following is obtained:
Ag, = Ah,/P,As, = —Ah, /P. (43)

By entering the expression of the linear deviation previously established, we obtain:
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Ahgy  Ahgr Ahyy | Ahyr
de, = =2 L e, = — 222 - (44)
On the other hand:
Ae, = =A@, + Aoy, ; Ae, = =A@, + Ao, (45)
In this case, the deviation of the angular errors becomes:
Ah,y Azy, Az,
Adg, = P + 40, = P T p + 4oy
(46)
Qe = =2 4 g, = — M0 4 py, /P + Ao,
From whence:
A A
Agy = —%Awm— 40 + Aoy ; A, = —%Awn+%+z]az. (47)

Considering the particularity of the basic movement adopted, in which the velocity vector of
the mobile is collinear with the target's line of sight, namely:

Vi = Uy (48)

and noting the input functions of order "0" due to the carrier's position deviations:

AfOZ:_AZAO. Afoy:_M' (49)

P’ P

the deviation of the angular error can be put in the form:
v v
Ae, = A, — (ﬁAwm - AfUZ);AsZ = Ao, — (P—:"zzlwn - Afoy). (50)

thus, obtaining the cinematic block.
From this relation it can be seen that for the case of the fixed carrier the deviation of the absolute
angle of the line of sight of the missile is given by:

8y =2 A — Mfyy; B9, = 2% Awy + Af,,. (51)
On the other hand, the guidance commands in the guidance planes are:
Au, = (kyde, + kyAvy)P, Au, = (kide, + kj4v,)P, (52)
where:
Aé, = Avy, ; AE, = A, (53)
By applying the Laplace transform, the guidance command can be put in the form:
Au, = P(kys + kj)de,, ; Au, = P(kys + k3)Ae, (54)

For the linearization of the guidance command, a particular basic motion is considered, where
the target, the mobile and the carrier are collinear and the velocity vector of the missile is oriented
along this line.

In this case, the angle of lateral inclination of the missile must be zero, the head angle of the
missile is equal to the angle of rotation in the horizontal plane of the guidance frame 1 = 1,4, which
overlaps the pitch plane of the missile with the vertical plane of guidance.

The axis of the rocket is above the velocity vector, with which it forms a positive incidence that
balances the force of weight.

For the simplification of the structural scheme, in the case of the fixed carrier, the zero-order
input functions f; fo, can be considered cumulated with the inputs due to the target through the
angles g, g,, obtaining in this case a simplified transfer function, with a single input.

5.3. The Guidance Command

As shown in the paper [11], neglecting the angle of incidence in the vertical plane, and assuming
that the pitch angle of the rocket 6 overlaps 8, angle of the guiding frame, the command can be
put in the following form:
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[Um Un]" = Ky[Uy U], (55)
where the following notation was made:
0 0 .
_J0 1 0 _[cos¢p sing
Ks=1p o 1] Ay (1) (1)] - [—sind) cos ¢’ (56)

Ay being the direct rotation matrix with roll angle.

Next, we will seek to bring matrix expressions to complex form using a polar coordinate system
that highlights the module and phase of the guidance command. Thus, if the commands are put in
the complex form:

U= Uy — TUp U™ = Uy, — DUy, (57)

where u is the command in body frame and u* is the command in the guiding frame / Resal frame.
In this case, the relation (55) becomes:

u=ue?. (58)
Base on Figure 11, the guidance command can be put in polar coordinates:
u* = pe'?, (59)

where:

p = Ju? +uZ —is the command module; ¢ = arctg Yz

— —is the command phase.
y
In this case, the command for the two channels (pitch and yaw) in the body frame becomes:
u= pei((‘o"'d’ +§)’ (60)

where ¢ is the phase shift, the significance of this angular error being detailed in work [11].

Yy

B

Figure 11. The guidance command in polar coordinates.

As we showed in papers [9] and [11], for the single-channel case we can give up one component
of the command in the body frame, obtaining in the guiding frame a command oriented in both
directions due to the roll rotation.

To obtain the time modulation of the command for a single-channel missile, it is necessary to
use a switching function of the form indicated in work [18]:

f(@,%x) =sin® (x + cos D), (61)
where x, called the fill factor, is given by the relation:
X = p/Unaxs (62)

in which p is the command module, u;,,, is the maximum guidance command, and the argument
®, called the relative roll angle, is given by:

dP=¢p+¢+m/2+g, (63)
where ¢ represents the command phase (Figure 11), ¢ is the roll angle and ¢ is the phase shift.
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The switching function (61) is applied instantaneously through a nonlinear element, relay-type,
the pitch canard deflection angle being;:

8 (P, X) = Saysign(f (P, x)). (64)

As shown in the [18] for the expression of the equivalent command, the weight compensation
command is also entered. This is achieved by the equilibrium fill factor for a horizontal base motion,
which is a function of the ratio of the weight compensation control component to the maximum order
value:

_2.. 1 &
k. = LS (65)

Unlike the roll-stabilized missile, where the balance command can be achieved directly by
changing the zero position of the command surfaces (canard, elevator), in the case of rolling missiles,
the equivalent balance command is introduced by the guidance term; in this case, the balance control
is non-zero. Resuming the linear relation established in the works [11] and [9] can be written as:

A" = kidu®, (66)

which expresses the connection in deviations between the command and the thrust equivalent
deflection.

5.4. The Structural Scheme

Next, in order to build the structural scheme of the SACLOS, it is necessary to define the complex
shape of some pairs of kinematic parameters in the guiding planes.
Thus, for the absolute angles of the rocket's line of sight, the complex size can be defined:
¢ =9y g, (67)
Similarly, for the absolute angles of the target's line of sight, the quantity is defined:

0" =0y, — 0, (68)
and from the angular deviations in the guiding planes, the following are obtained:
& =g, — g, (69)
where:
&y =0y — @y, & =0, — @y (70)

Between the three complex quantities defined above there is the relationship:
e =0"—¢@". (71)

Finally, it is also possible to define the complex form of the zero-order entry function in the
system due exclusively to the operator or the sighting device:

fo = foz + ifoy, (72)
function that will be cumulated with the absolute angle of the target's line of sight (™).
Processing of the error signal and formation of the guidance control signal is done using a P.D.
(derivative proportional) type element that has the following known structure:

(kfitski)

Ts+1

Hi(s) = P, (73)

where k5 [m ']and ki[m~!s] are guidance gains, and 7 is a time constant that eliminates high
frequencies.

NOTE - In case of Manual Command to Line of Sight (MCLOS), the control is done manually by
a human operator, as indicated in the paper [18], and the signal can be shaped by a transfer function:

HE(s) = emmos (sl p, (74)

7s+1

an expression which, as indicated in the same paper, can be approximated with:
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3 (kE v
Hi(s) = (1-s%) (= p, (75)

3 7s+1

Based on the relations thus obtained, the structural scheme for the SACLOS single-channel
rolling missile controlling the angular deviation in the case of the fixed carrier are presented in Figure

12
Commanded object Ey —» KE
. T (Airframe) Kinematic
Yw —*| Hs - . block
k(1 + iv+ 2iAT,s) - @
2 - . = . —->®—> V—M >
(T s24+2T(E+ip)s+1+ L)() Ps?
6*
Actuator
ke
Guidance device
w (sky + k&P 4 - gr o’
u u
s+1

Figure 12. Structural scheme for rolling single-channel SACLOS missile.

5.5. Determination of the Characteristic Polynomial
For the analysis of the stability, the transfer function of the open system is first determined:

k(14iv+2iAT,s)(1+7cs)e’s

H(S) = $2(T2s2+2T(E+igp)s+1+iy))(1+ts)

(76)
where we considered null the phase shift introduced by the actuator ¢ = 0, and we noted the
guidance gain:
k = kEkEkSVy[s7?] (77)
and the guidance time:
Te = ki/kils] (78)
In this case, the transfer function of the closed system becomes:

k02 (1+iv+2iAT,s) (1+Tcs)e’s
S2(s2+20(E+ig)s+02(1+ix) ) (1+75) +kQ2 (1+iVv+2iAT4s) (1+15)els

Hy(s) = (79)

where O = 1/T represents one's pulsation.
For the stability check we develop the characteristic polynomial from the denominator of the
transfer function.
The characteristic polynomial, after ordering, becomes:
P(s) =s° + [(Tt™! + 28) + 2ip]s* + [(1 + 26Tt +i(x + 2¢Tt1)]03%s3
+ [(1 = 2kAT, 7. sin(g)) + i(x + 2kAT, 7, cos(c))]R?T1s?
+ k[(cos(¢) — sin(¢)(v + 24T,t71)) + i(sin(g) + cos(g)(v (80)
+ 2AT, 7))t .77 102%s
+ k[(cos(¢) — vsin(g)) + i(sin(g) + v cos(g))]2?t?

For the stability analysis, we put the polynomial in the form:

P(s) = s® 4+ (p1 +iq)s* + (p; + iqz)s® + (p3 + iq3)s* + (ps + iqe)s + (ps + iqs) (81)
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where:
p. = (Tt 4 28)02; q; = 290
py =1+ 26Tt 1)0%q, = (x + 29Tt 1)0?
ps = [1 — 2kAT,, t.sin(¢)]2%17%; q3 = [x + 2kAT,t.cos(5)]R%T™Y;
(82)

Ps = k[cos(g) —sin() (v + 24T, 7tz )]%r .t
qs = k[sin(¢) + cos(q)(v + 24T, t;1)]2%r.t7%;
ps = k[(cos(¢) — vsin()]2%17L; g5 = k[sin(¢) + v cos(g)]R%r71.

5.6. The Guidance System Synthesis

At this point we aim to determine the three parameters of the guidance system: k, 7., 7.
To begin with, we will neglect the complex coefficients, considering a regular missile without
roll rotation. In this case, the transfer function of the closed system (79) becomes:
ktot l0%s+kt10?
s5+(r~14208)s*+(N2+208t71)s3+021 152+ kT 1~ 102s+kT— 102

Ho(s) = (83)

Next, we will use an allocation of poly-zeros according to the methodology “Standard coefficient
method” from the paper [28]. This analysis can give us indicative information on the main control
parameters of the system.

According to the methodology, for the transfer function obtained (84), with a characteristic
polynomial of order 5, the recommended transfer function is of the form:

180¢s+0

H(s) =
) $5+9054+290353+3803 s2+180¢s+027

(84)

where 2, = ti with t, the desired system response time.

.
By identifying the coefficients of the characteristic polynomial of the two transfer functions, the
following relations are obtained:

kt™102 =05,  kt.oTl0? =180%; 0%t =3803; 0%+ 208t =290%; T+ 208 =90,.  (85)

The main quantities that intervene in these relations and that are related to the dynamics of the
missile are:

2 - pulsation; ¢ — damping factor and kg - amplification factor that intervenes in the gain k.

The values of these quantities are presented graphically according to the Mach number in the
initial phase (with fuel) and in the final phase (without fuel) in Annex B of the work

From the diagrams (Annex B), for the analyzed velocity range Vj; = 100 ....150, the parameters
have the values: 2 =10...16,;, ¢ =0.16...0.19; kf, =~ (0.5..045;

From the last two relations (85) is obtained:

0% + 208771 = 2902; 171 = (90, — 208) (86)
Eliminating 77, the equation follows:
290% — 18080, — N?(1 —48%) =0 (87)

with the positive solution:

Q2 =zﬂ_9(9f+‘/29_3552) (88)

For the range of values of pulsation 2 and damping factor ¢, the solution has the following
values: 0, = 2.32...3.85
From (), the response time can be estimated:

P22 9 _
T 0, 232.385

3.87...2.34 [s]

Since the response time of the system must be low enough to combat close targets, we choose
t, = 3, from which it follows 2, = 3.
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From the third relation (85) we get:
_QZ
T=c—z (89)
3803

which for the pulsation values range 2 = 10 ... 16., has values in the range of

7=0.1..0.25[s]

Combining the second relation (85) with the relation (89) yields:
180,
= (90)

fe = 38k

for which an estimate of the gain k is needed.
Considering approximate relations (30) we obtain:

T({ + %r) (¢ +%r)
k = kEk S Vy = —kﬁkgTMgvM = —kskng—(T (1)

The parameters that intervene in the expression of gain are k§ = 0.035 [m™']; k¥ = % = 0.64;

T=90N; { =0.0314...0.0385; X; = —0.295...— 0.313; m = 10.63...8.63 kg from which it follows:

k=—280 ~ 159 167 [s72];
m{
For this range of variation of the gain k, from (90) we obtain:

k=163[s%]; 1=02[s]; 7.=0.87]s]

Based on the results obtained, the values adopted are:

6. Calculus Model

To obtain numerical results, we will further specify the data of the calculus model.

6.1. Aerodynamic Characteristics
The aerodynamic characteristics were determined using the configuration from Figure 13.

830
601

393

746

Figure 13. Rolling missiles with gasodynamic controls.

Considering the specifics of the configuration and the flight regimes, starting from the regular
aerodynamic coefficients indicated in [29] and [30], according [31] we introduce additional terms that

contain influence of rotational and non-stationary motion and combinations with incidences.
Thus, the development of aerodynamic coefficients in the body frame for the slow-rolling

airframe from Figure 13 is given by:
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Cy = a; + ay(a® + B?) + az(a* + ) + a,a?p?
Cy = —byB — byB% — by — bof + byzpax + by4 P
C, = bya + ba® + byG+bo@ + by3pP + byup? ©2)
2

Cl =1 + C3p’\
Cp=dia+dya® + dg+de@ + dizpf + diupr
Co = dif + daf3 + duf + dof — dyspa — d14PG

where, the rotational velocities and non-stationary translational variables are considered
dimensionless, according to the standards [22,31] are:

p=pt5q=qts#=rt; a=at;f = pt". (93)
The terms of development of aerodynamic coefficients are presented against the Mach number
in Appendix A.
6.2. Mechanical and Reference Characteristics

The mechanical characteristics of the model are indicated in Table 1

Table 1. Mechanical characteristics.

Mass Center of Mass Roll Inertial Yaw/Pitch Inertial

Phase m[kg] Xem[m] Moment A [kgm?] Moment B [kgm?] ime [s]
Start 11.4 0.49 0.021 0.373 0

Initial @ 10.6 0.50 0.018 0.364 0.65
Final 8.6 0.49 0.016 0.341 27.

After finishing the booster.

For the considered configuration, the reference length is [ = 0.830 m, the reference surface is
S = 0.012 m?, and the maximum angular thrust deflection is 8,4, = 17°.

6.3. Thrust Characteristic

The thrust characteristic of the model is shown in Figure 14.

25

2 |-
15k
E -
Z |
- [
1 -
0.5

[ L L L L l L L L L 1 L L L L l L L L L l L L L \\
0 5 10 15 20 25
t[s]

Figure 14. Thrust diagram.
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Given the thrust diagram and the table of mechanical characteristics, the missile will have two
flight phases: a first phase of acceleration (boosting) and a second phase of marching flight, with
approximately constant velocity, as shown in the velocity diagram in Figures 33 and 34.

6.4. Time Constants and Controller Gains

As basic data for the linear model, the following parameters were considered:
e  Guidance gain k = 1.63 indicated as the optimal value in the previous analysis
e  The guidance time constant for the derivative term of the guidance law 7, = 0.87[s]

e  The time constant for guidance control 7 = 0.2 [s]
rad]

e Rolling rotational velocity close to that indicated in Figure 35 and Figure 36 p = ¢ = 50 [T =

rot

8 [

e  Calculation altitude H = 0 [km]
e  Phase shift p = 20°

7. Stability Analysis of the Single-Channel SACLOS Slow-Rolling Missile

7.1. Stability Analysis with the Routh—-Hurwitz Criterion

Further, neglecting complex terms, we will do a stability analysis with the Routh-Hurwitz
criterion to highlight restrictions on the guidance and control parameters.

The Routh-Hurwitz conditions for the 5% order polynomial with real coefficients are obtained
from the matrix of coefficients constructed as follows:

[Pr Pz ps 0 0
1 p, po 0 O
0 p1 p3 ps O (94)
0 1 p, pg O
0 0 p1 ps ps
From condition: A;=p; > 0, results successively:
=0Tt 1+2)>0=>-280<t! => - <t (95)
From condition: A,= p;p, — p3 > 0 is obtained successively:
Tt +28)A+2Tét™H)—7171>0 (96)
24+ 2T¢T+T? >0 97)

For stabile missile, with 0 < ¢ < 1; and T > 0 relation (97) is always satisfied, being quadratic
equations in T with complex conjugate roots.
From the condition A;> 0, results successively:

A3= p1p2p3 — P3 + P1Ps—Papi>0 o
A= [-T(T + 2&1)(Tr, — Tt + 2&rT )k + 26(T? + 26Tt + )T 3> 0
Since A; is linear in k, condition (98) becomes:

28(T? + 2&TT + 12)

k<ks=
< T(T + 2&1)(Tt, — TT + 2&T7,)

(99)

relation that allows obtaining the stability domain related to A; for 7 fixed.
From condition A,> 0 results successively:

Ay= P1P2D3Ps — P5Ps + P1PaPs — DiD; — P1P5Ps + P1PaDs + D2p3Ps — pE > 0

(100)
A= [-T(Tzt, — Tt + 281 )%k? + 26(T? 4+ 28Tt + t2)(t, — T — 26TK]T 7174 > 0

Since A, is quadraticin k, the second condition (100) becomes:
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28(T? + 28Tt + t2) (1, — T — 2¢T)
T(Tt. — Tt + 2ét7.)?

0<k<k,= (101)
The relations (99) and (101) allow obtaining the stability domains related to A; and A, .
Figure 15 and Figure 16 show the corresponding stability domains k = k(z,) for A; and A,,

obtained with relations (99) and (101), for = fixed at operating point (z = 0.2), in the initial and final

of the second phase.

It can be seen from the two diagrams that the stability domain for A, is more restrictive than
that for A3, and hence only the domain corresponding to A, will be taken into consideration.

In addition, the domain A, highlights the inner limit of . :

T+ 28T <7, (102)
where the gain k becomes zero.
60 -
I —— k3
i — B

| | Operating point
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T lsl

Figure 15. Stability R-H domains Mach=0.3, T = 0.2 - initial.
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Figure 16. Stability R-H domains Mach=0.45, t = 0.2 — final.

Applying relations (99) and (101) over the entire Mach number range, the diagrams from Figure
17 and Figure 18 are obtained. It can be seen from these diagrams that the k4 limit is always more
restrictive than k3 and that the current value of the gains k falls within the stability domain over
the entire Mach number range.
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Figure 18. Upper limits (k3) (k,) and gain (k) - final; k;; = 0.035; 7 = 0.2; 7, = 0.87.

Finally, the condition As= A,ps > 0, because we have already imposed the condition A,>
Oleadsto ps = t7k0? > 0,ie. 0 < 1.

To summarize, for a regular system with a subunitary damping factor (0< ¢ < 1) and the time
constant of the nutation positive (T > 0), the only constraints that remain active are those given by
A,>0  which limits the guidance gain (0 <k <k,) and lower limits the guidance time
(t + 2éT < 1), and ps which lower limits the time constant (0 < 7).

The result obtained is equivalent to the criterion Liénard—Chipart, which for the 5% order polynomial
with real coefficients imposes the following conditions [32]:

p1>0 ; p3 > 0; ps > 0;4,>0; A,>0 (103)

As an additional check, in Figure D1 and Figure D2, the roots of the characteristic polynomial
with real coefficients at the operating point, analyzed by the conditions R-H, are presented. It is
observed that the polynomial has four conjugate complex roots with negative real parts and a
negative real root, which confirms the stability of the analyzed system.

Next, we will analyze the characteristic polynomial of the system, considering the complex part
of its terms using the stability criterion Frank-Wall.
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7.2. Stability Analysis with the Frank-Wall Criterion

Based on the relations (E 5), (E 6), (E 7) and the characteristic polynomial coefficients, the Frank-
Wall parameters (4,, A, A3, Ay, As) were determined and graphically shown in Appendix C. For the
basic input data considered, the stability criterion F-W is met: A; > 0; A, > 0; Az > 0; Ay > 0;A5 >
0, as we can see from Figure C9, Figure C10, Figure C11 and Figure C12. It is observed that they are
positive over the entire domain, which means that the roots of the characteristic polynomial will have
real negative parts.

Next, we will analyze the root locus of the characteristic polynomial (Appendix D) To begin, we
shall consider the basic test case set out in section 7.3, Table 1, for the second phase of flight at two
points, at the beginning (t = 0.65 [s]) and the end of the phase (t = 27 [s]). The analysis is done on
the range of Mach numbers corresponding to phase 2 (Mach = [0.3, ...,0.45] ) at ground level. A first
observation of a general nature is that the roots do not have a symmetrical distribution with respect
to the real axis, as in the case of stabilized roll rockets, where the characteristic polynomial has real
coefficients. There are five roots of the polynomial, thus:

- Roots 2 and 4 are close to those of the characteristic polynomial of the commanded object (23)
or (24)(24) which has a negative real part and large complex parts that are almost conjugate.

- Root 3 is large in module, with a negative real part and a small complex part, due to guidance
control.

- Roots 1 and 5 are small in module, with negative real parts and small complex parts due to the
guidance loop

Figure D3 and Figure D4 present the roots of the characteristic polynomial with complex
coefficients for the initial point of the second phase without phase shift (¢ = 0°) and with phase shift
(¢ =20°).

Figure D5 and Figure D6 present the roots of the characteristic polynomial with complex
coefficients for the final point of the second phase, without phase shift (¢ = 0°) and with a phase shift
(¢ = 20°).

In this case, unlike the case with real coefficients previously analyzed (Figure D1 and Figure D2
), we have five complex roots arranged non-symmetrically related to the real axis, that is, we no
longer have complex conjugate roots. However, it is observed that the real part of the roots is negative
in all cases, which ensures the stability of the analyzed system.

It is of interest to verify whether, in the case of the missile with rolling rotation (polynomial with
complex coefficients), we obtain the same stability domains as in the case of the R-H analysis for a
missile without rolling (polynomial with real coefficients).

Unfortunately, because the F-W calculation relations are complicated, we cannot find an analytic
solution like in the R-H case. Therefore, we will summarize some numerical results for verification.

Thus, in Figure 19, Figure 20, Figure 21 and Figure 22 the variation of the F-W parameters is
presented depending on the guidance gain (k). It is observed that the cancellation of these
parameters (A3, A4, A5), that is, the limit of the stability domain, is done by a jump from the positive
to the negative value. The jump is explained by the fact that these points are close to the points of
cancellation of the R-H determinants and by the relation (E 8), between the determinants R-H and
the parameters F-W, in which the determinant R-H is in the denominator of the parameter F-W. Due
to the jump at the point of cancellation, determining an exact solution numerically for these points is
difficult.

From the analysis of the diagrams, it is observed that for A; the condition is similar to A; is
found, ie. k < ks, and for A, the stability conditions similar to A, are found, i.e. we have a
domain for k between 0 and ky, . The condition k,, < ks is also found, i.e. the stability
condition for 4, is more restrictive than A;. As for Ag, this introduces a condition similar to A;.
Regarding A; and A,, these parameters were not analyzed because they do not depend on the gain
k.

It can be seen from the figures that in the initial phase (Figure 19,Figure 20) the cancellation
values kg are smaller and in the final phase (Figure 21, Figure 22), which means that the domain of
stability is more restricted in the initial phase. Also, in the initial phase, a third cancellation point kg,
is observed, which is not found in the final phase nor in the R-H analysis. Regarding the shift phase,
it is observed that this leads to a decrease in the upper cancellation point k,y, therefore there is a
slight decrease in the stability domain.
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Figure 19. Variation of the F-W parameters as a function of the guidance gain - initial; Mach = 0.3;¢=0° 7 =

0.2; 7, = 0.87.
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Figure 20. Variation of the F-W parameters as a function of the guidance gain - initial; Mach = 0.3; ¢ = 20° 7 =
0.2; 7, = 0.87.
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Figure 21. Variation of the F-W parameters as a function of the guidance gain - final; Mach = 0.45; ¢ = 0° 7 =

0.2; 7, = 0.87.
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Figure 22. Variation of the F-W parameters as a function of the guidance gain - final; Mach = 0.45; ¢ = 20° 7 =

0.2; 7, = 0.87.

Figure 23 and Figure 24 the corresponding stability domains k = k(z.) for A; and A, for 7

fixed at operating point (r = 0.2) in the initial and final of the second phase.

It can be seen from the two diagrams that the stability domain for A, is more restrictive than
that for A3, and hence only the domain corresponding to A, will be taken into consideration.

In addition, the domain A, highlights the inner limit of 7, from relation (102).

The stability domains are presented for the initial moment (Mach=0.3) and the final moment
(Mach=0.45). Similar to the R-H analysis, it is observed that in the case of the F-W analysis, the
stability domain is smaller in the initial phase than in the final phase of the guided flight.
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Figure 24. Stability F-W domains Mach=0.45, ; ¢ = 0° ; t = 0.2 - final.

From the previous analysis it follows that the most restrictive stability domain F-W, which must
be considered, depends on the first point of cancellation of A,, namely ky,,.

To have a comparative picture, in Figure 25 and Figure 26, the stability range A, obtained with
the R-H criterion and the stability range A, obtained with the F-W criterion are presented together.

Thus, in Figure 25 and Figure 26 the stability range of the gain k as a function of the guiding
time 7, for a fixed time constant 7. It is also observed from all the diagrams, that for the considered
operating range, the F-W stability domain is reduced compared to the R-H domain, which represents
an important result in the comparative analysis performed.
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Figure 26. Stability domains Mach=0.45, v = 0.2 — final.

To exemplify the result of the previous analysis, we will start from the operating point and
increase the gain k until we obtain instability on the F-W criterion. Then we will check whether
stability is maintained for the R-H criterion at that new operating point.

Thus, if we increase ki, from k; = 0.035 to k = 0.105, and the other parameters remain
unchanged (7, = 0.87, t = 0.2), the F-W parameter that will become negative will be A,, as can be
seen from Figure 27.
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At the same time, one root of the characteristic polynomial with complex coefficients has a
positive real part, as seen in Figure 28. The diagram is obtained for a range of Mach numbers 0.3...0.45.

20~

15?_ —F— 1

u —F— 22

I —— Z3

10k —t— Z4

r z5

r 4]

u q

5 .
E ofF (4]

5F

-10:—

15

~ T AT AT RN RN S|
205 -4 -3 -2 -1 0 1

Re

Figure 28. Roots of the characteristic polynomial with complex coefficients— initial; ¢ = 0°k;; = 0.105; v =
0.2; T, = 0.87.

On the other hand, from Figure 29 it can be seen that for Mach > 0.35 the gain k value is
maintained in the stability range (R-H) determined on the polynomial with real coefficients but is out
of the stability range (F-W) determined on the polynomial with complex coefficients.
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Moreover, for this case, the roots of the characteristic polynomial with real coefficients have a
negative real part, as can be seen from Figure 30. The diagram is obtained for a range of Mach
numbers: 0.3...0.45.
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Figure 30. Roots of the characteristic polynomial with real coefficients — initial k5 = 0.105; T = 0.2; 7, = 0.87.

This means that for the case of a rolling missile, the stability analysis on the polynomial with real
coefficients, in this case R-H, is not sufficient, requiring an additional analysis on the polynomial with
complex coefficients of the F-W type and an evaluation on the nonlinear model, as we will proceed
further.

7.3. Stability Analysis Based on the Nonlinear Model

Based on equations of motion in the body frame [11], and kinematic guidance relations (33), (34),
as well as guidance control equations (73), switching function (61) with the relative roll angle
definition relation (63) and expression of pitch canard deflection angle (64), the nonlinear model of
guided flight of the single-channel, slow-rolling, SACLOS missile is obtained.
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A nonlinear model in the Resal frame, based on relations from the paper [11] would be much
easier to build and use, but we would lose essential information related to command formation such
as the fill factor or the command phase, parameters useful in the analysis as will be seen below.

The objective of the nonlinear model analysis is to verify the limits of the guidance gain (k) set
out in the previous point, such as the guidance time (z.). We will consider parameters similar to
linear analysis: T = 0.2 [s]; ¢ = 0°0r ¢ = 20° and a tactical situation with a fixed target placed at a
distance of 3 km and a height of 10 m. For the gain we will use the relation (91):

k = kEKEKSVy (104)

From this relation, only the first factor k;; canbe imposed because itis related to the constructive
solution guidance device. At the same time, the second factor is constant k§ = 2/ and the third
factor k4 depends on the dynamics of the missile, being difficult to control. In this case, we will
choose kj; so that, when multiplied by the other two gains and velocity, a value close to the desired
k is obtained. Given the objectives of this section of the paper, we will seek to obtain three gains, the
first less than the operating value k = 0.7 the second close to the operating value k = 1.6,
considerate optimal, and used in linear analysis, and the third bigger than the operating value, at the
limit of the stability F-W range, as can be seen from Figure 29, namely k = 6. As previously stated,
these values will be determined as a function of time, simultaneously with the integration of
nonlinear equations of motion that will be done in the body frame. Obviously, due to the variation of
the third factor k9, and the velocity V), the guidance gain will vary over time, as can be seen in
Figure 31 and Figure 32 where the phase shift was ¢ = 0°or ¢ = 20° . The analysis is performed
considering three identical missiles but with different guidance gains, the first: M1, below the optimal
value (the under-gain case), the second: M2 close to the optimal value defined in the linear analysis
(the optimal-gain case), and the third: M2 bigger than the optimal (the over-gain case).
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Figure 31. Guidance gain; ¢ = 0%, 7 = 0.2; 7, = 0.87.
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Figure 32. Guidance gain; ¢ = 20° 7 = 0.2; 7, = 0.87.

For the three rocket models defined above Figure 33 and Figure 34 show the velocity diagram
that was previously used to define the analysis range on the linear model Mach = [0.3,...,0.45],
which corresponds to the second phase of flight. There are no significant differences between M1 and
M2. For M3 (over-gain case), a loss of velocity is observed. This phenomenon occurs regardless of the
phase shift, as can be seen from the two diagrams.

200
150 -
w100
.E, B
> [ M1
B M2
50 (- M3
0—
7\|\\\\|\\\\|\\\\l\\\\l\\\\l\\\\l
0 5 10 15 20 25 30

t[s]

Figure 33. Velocity diagram; ¢ = 0%, = 0.2; 7, = 0.87.
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Figure 35 and Figure 36 show the angular roll velocity diagram based on which the rotational
velocity of p =8 [%Ot], corresponding to the second phase of flight, used in linear analysis, was

chosen. It is observed that the roll velocity follows the velocity profile and does not differ
substantially between M1 and M2. For M3 (over-gain case) a loss of roll velocity is observed.
Similarly, for roll velocity, the phase shift does not have a significant influence.
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Figure 35. Roll velocity diagram; ¢ = 0°; v = 0.2; 7, = 0.87.
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Figure 37 and Figure 38 show the vertical and horizontal projections of the trajectories for the
three analyzed cases without the shift phase.

Observation: In the trajectory diagrams, the following were noted, according to [26]: A- carrier;
T - Target; M — Missile.

Although all missiles hit the target, for M3 (the over-gain case), from vertical projection Figure
37 an overshoot can be seen at the entry into the second phase which caused the loss of velocity and
roll velocity observed in the previous diagrams.

From the horizontal projection Figure 38, pronounced oscillations are observed for M3 (the over-
gain), which can also lead to loss of velocity. Also, from both diagrams (the vertical and horizontal
projection), it is observed that for M1, a greater final distance from the target is obtained but still
within the imposed final distance of 3 m.
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Figure 37. Target hitting — vertical view; ¢ = 0° 7 = 0.2; 7, = 0.87.
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Figure 39 and Figure 40 show the vertical and horizontal projection of the trajectories for the
three analyzed cases with shift phase (¢ = 20°). Unlike the previously analyzed cases, if the shift
phase is considered M1, with under-gain, it no longer reaches the target. The other features of the
movement are preserved. For M3, an overshoot and oscillations along the trajectory are observed,
which leads to a loss of velocity with a decrease in the performance of combating distant targets (over
3 km).

From the vertical projection (Figure 39) it can be seen that M1, after missing the target, continues
to fly until it hits the ground.
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Figure 39. Target hitting — vertical view; ¢ = 20° 7 = 0.2; 7, = 0.87.
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Figure 40. Target hitteing — horizontal view; ¢ = 20°, T = 0.2; 7. = 0.87.

From Figure 38 and Figure 40 a deviation of the trajectory to the left of the firing plane can be
observed, a phenomenon specific to aerodynamically stabilized rolling missiles.

Figure 41 and Figure 42 show the command fill factor without and with the shift phase. It is
observed that in both situations, for all missiles, the filling factor stabilizes at the equilibrium value,
which achieves weight compensation. For both cases (Figure 41 and Figure 42), for M3, the filling
factor saturates over a longer period of time, which leads to a decrease in the missile's
maneuverability, therefore a decrease in performance, including the close targets. Also, for M3,
strong oscillations are observed during the trajectory, which leads to a loss of velocity and, implicitly,
a decrease in performance regarding distant targets. As for M1, it shows pronounced long-period
oscillations of the filling factor, especially under shift phase conditions (Figure 42).
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Figure 41. Command fill factor; ¢ = 0° 7 = 0.2; 7, = 0.87.
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Figure 43 and Figure 44 show the command phase without and with the shift phase.

It is observed that in both situations, for all missiles, the phases stabilize at a small negative
equilibrium value, which compensates for the Magnus and gyroscopic effects in the lateral plane.

For both cases, the phase of M3 has strong oscillations all the time, which leads to a loss of
velocity, therefore a decrease in performance regarding distant targets.
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Figure 43. Command phase; ¢ = 0° ; T = 0.2; 7, = 0.87.
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Figure 44. Command phase; ¢ = 20° ; 7 = 0.2; 7, = 0.87.

Figure 45, Figure 47 and Figure 48 shows the influence of the guidance time (z.). Unlike the
cases previously analyzed, in these last situations, the three gain cases will be resumed, but with a
reduced value of the guidance time (7, = 0.3).

Thus, in Figure 45 and Figure 46 the vertical and horizontal projection of the trajectories for the
case without the shift phase, and 7, = 0.3 is presented. Let's compare it with the corresponding
diagrams in Figure 36 and Figure 37 (with tau sub c equals 0.87). We can see that the decrease to 7, =
0.3 leads to strong oscillations of the trajectory, which denotes a tendency to destabilase the system.
In cases without the shift phase, M2 hit the target, while M1 and M3 missed the target. In contrast,
for the cases with the shift phase (Figure 47 and Figure 48) with 7, = 0.3 all three missiles miss the
target, which shows the importance of a correct choice of guidance parameters.
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Figure 45. Target hitting — vertical view; ¢=10°;7=10.2; 7, =0.3.
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Figure 46. Target hitting — horizontal view; ¢ = 0° ;7= 0.2; 7, = 0.3.
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8. Organization of Results from the Appendix

Appendix A illustrates the variation of the primary aerodynamic coefficients as a function of the
Mach number.

Appendix B tabulates the thrust incidence, equilibrium thrust deflection angle, and key flight
quality parameters for the start and end of the flight's second phase (marching mode), based on the
mechanical data in Table 1. The analysis domain, selected with reference to the velocity profiles in
Figure 33 and Figure 34, covers Mach numbers from 0.34 to 0.45 within the operational flight altitude.

The characteristic polynomial coefficients were determined for the start and end of the second
flight phase using the relation (82) and the flight parameters from Appendix B. From these
coefficients and relations (E 5), (E 6)(E 6),(E 7), the Frank-Wall (F-W) parameters (4;,A,, A3, A4, 4s)
were calculated as a function of the Mach number. As shown graphically in Appendix C, the results
confirm the F-W stability criterion. A; > 0; A, > 0; A3 > 0; A, > 0; A5 > 0, is met, with the positivity
of the parameters demonstrated in Figure C9, Figure C10, Figure C11 and Figure C12.

Appendix D contains the root locus of the characteristic polynomial in both cases with real
coefficients and complex coefficients.

Appendix E contains the algorithm details for Frank-Wall stability criterion for 5th order
polynomials.

9. Conclusions

We present a stability analysis for a slowly rolling, single-channel Semi-Automatic Command
to Line-of-Sight (SACLOS) missile. The analysis begins in Section 2 with the definition of the basic
motion for a single-channel slow-rolling rocket with gasodynamic command. Next, in section 3, the
coupled linear form of the commanded motion of the rolling missile was obtained.

Leveraging the missile's symmetric configuration, the analysis first identifies the symmetrical
and cross-coupling terms for the pitch and yaw channels, treating the latter as complex quantities.
Building on this, Section 4 derives the flight quality parameters and presents a structural model for
the commanded motion of the rolling missile, which is characterized by complex parameters due to
the inherent channel coupling.
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Subsequently, Section 5 constructs the complete guided flight model. The development begins
by defining the guidance kinematics and proceeds to a detailed analysis of the single-channel
actuator, including its command generation logic and error compensation methods. The formulation
of the final guidance equations integrates these components into the non-linear 6-DOF framework,
creating a comprehensive guided flight model.

To complete the linear analysis, the commanded motion model from Section 4 is connected with
the transfer functions for the guidance device and actuator within a closed guidance loop, yielding
the final closed-loop structural diagram for the SACLOS system. Within this scheme, three
parameters are emphasized, specifically the guidance gain. (k), the guidance time (z.) and the time
constant (t), that will be analyzed in the following sections. Also, in Section 5, we obtained the
characteristic polynomial of the transfer function associated with the closed-loop scheme. Next, based
on the simplified structural scheme, a synthesis of the parameters of interest was carried out through
a poly-zeros allocation method: “Standard coefficient method” .

Because in stability analysis from the following sections, we will use numerical values, in section
6, a numerical model was defined for a similar rocket in this class, for which aerodynamic,
mechanical, thrust, time constants and amplification constants were provided, including the values
for the guidance gain (k), the guidance time (7.) and the time constant (t).

Section 7, dedicated to stability analysis, contains three parts. First, it is dedicated to a simplified
analysis using the R-H criterion for the characteristic polynomial with real coefficients. The second is
the complex analysis using the F-W stability criterion for the characteristic polynomial with complex
coefficients, and the third is for a realistic 6DOF model. The results obtained were compared between
the three models, resulting in significant similarity between the linear model with complex
coefficients and the nonlinear model. The presence of complex-valued elements in the system's
structural scheme results in a characteristic polynomial with complex coefficients. Consequently,
stability was assessed using the Frank-Wall (F-W) criterion, a generalization of the Routh-Hurwitz
(R-H) criterion applicable to such polynomials. For the resulting 5th-order characteristic polynomial,
the F-W criterion requires five distinct parameters to be positive to ensure system stability. Due to
the analytical complexity of these F-W parameters, a simplified case was first considered where the
missile's roll was neglected. This simplification enabled the use of the standard R-H criterion, yielding
determinants with much simpler expressions. The subsequent analysis of these five R-H parameters
resulted in the definition of five corresponding system constraints. Thus, from the first condition R-
H resulted the first lower limitation for the time constant (—(2£2)™! < 1), the second condition for
regular case with damping factor subunitary (¢ < 1) and the time constant of nutation positive (T >
0) is always fulfilled. The third condition resulted in an upper limitation for the guidance gain
(k < k3), and the fourth condition imposed a lower and the upper limit of the guidance gain (0 <
k < k,) more restrictive than the third condition. Also, a fifth condition imposes a lower limit for the
guidance time (7 + 2¢T < 7,).

The simplified Routh-Hurwitz (R-H) analysis yielded a fifth, more restrictive constraint on the
time constant (t>0). While the R-H parameters were treated analytically, the more complex Frank-
Wall (F-W) parameters required numerical evaluation (Section 7). This numerical study included
evaluating the F-W stability parameters and the influence of key parameters on the system's
characteristic roots. A key finding from comparing the R-H (non-rolling) and F-W (rolling) results is
that roll motion contracts the stable range for the guidance gain, particularly at the upper boundary.
Finally, the linear F-W stability predictions were verified through non-linear simulations of a tactical
scenario. Three cases were tested: under-gained (M1), optimal-gained (M2), and an over-gained case
(M3) set at the predicted stability limit.

The results of the nonlinear model confirmed the limitations obtained with the F-W stability
criterion. In the first and last cases, the system performance is degraded, for the first case (the under-
gain case) obtains a greater final distance from the target, with the possibility of missing the target
and for the third case, having large oscillations of the guidance parameters (phase and fill factor)
during the flight. Moreover, for the third case, a significant overshoot is observed in the initial phase,
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which, together with the oscillations along the way, leads to a loss of velocity, with the loss of the
ability to combat targets at long distances. Instead, in the second case, with the guidance gain close
to the operating value, the missile hit the target, the guidance parameters having an asymptotic
behavior during the trajectory. In parallel with the guidance gain, the behavior of the missile in the
conditions of decreasing the guidance time from 7, =0.87 [s] to 7, =0.3 [s], for the three cases that
were analyzed, finding that 7. decrease leads to strong oscillations of the trajectory, which denotes
a tendency to destabilize the system. In cases without the shift phase, M2 hit the target, while M1 and
M3 missed the target. In contrast, for the cases with a shift phase with 7, = 0.3 all three missiles miss
the target, which shows the importance of a correct choice of guidance parameters.

In summary, this paper develops a comprehensive stability analysis for a slowly rolling, single-
channel SACLOS missile, starting from a non-linear 6-DOF model formulated in the Resal frame. This
model is first linearized to derive a structural scheme for the commanded motion, which yields flight
quality parameters with a complex-valued form due to channel coupling. Subsequently, the guidance
loop components—including the kinematic relations, guidance device, and a single-channel actuator
with a specific switching function —are defined and linearized. These elements are then integrated to
construct a complete, closed-loop linear model of the SACLOS system. From this linear model, the
system's characteristic polynomial is determined. The presence of complex coefficients necessitates
the use of the Frank-Wall (F-W) stability criterion, which is compared against the simpler Routh-
Hurwitz (R-H) criterion for the non-rolling case. This analysis establishes a stability domain for the
guidance gain and lower limits for the guidance time constant. A key finding is that the stability
domain predicted by the F-W criterion (with roll) is more restrictive than that obtained with the R-H
criterion. Finally, the results of the linear stability analysis are verified through simulation with the
original non-linear 6-DOF model. The non-linear system's behavior shows strong agreement with the
predictions of the more accurate F-W criterion, thus validating the derived stability boundaries for
the guidance gain and time constant.

The paper contains five Appendixes, as follows: Appendix A presents graphical the main terms
of development of aerodynamics coefficients; Appendix B presents graphical the linear model flight
quality parameters used for the characteristic polynomial of the transfer function; Appendix C
presents graphical the real and imaginary part of the characteristic polynomial coefficients as well as
the five F-W stability parameters; Appendix D contain the root locus of the characteristic polynomial.
Appendix E detailing the calculation of F-W stability parameters.

Nomenclature

Aerodynamics terms

ay; ay; as; Ay; ag3 - Term of development of axial force coefficient

by; by; by; by; by3; byy - Terms of development of coefficients for normal forces

dq; dy; dy; dy; diz; dqy - Terms of development of the torque coefficients in pitch and yaw
cy; ¢3; - Terms of development of the roll torque coefficient

The Flight Quality Parameters

2 — The natural pulsation of nutation;
¢ —The damping factor of nutation;
T = 1/02 - The time constant of nutation;
k¢ —The command factor;
T, — The advance time on command,;
wp — The angular rate of precession;
¢ — The static stability;
t* — The reference time;
M — The reduced mass of the aircraft or relative density;
ip — The reduced moment of inertia in pitch;
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g —The reduced gravitational acceleration;
Nmax — The maximum load factor;

The Guidance Parameters

A — The Carrier;

M — The Missile;

T - The Target;

AT - Line of sight carrier-target;

AM - Line of sight carrier — missile;

D —Range of the target related to the carrier;

P —Range of the missile related to the carrier;

R —Range of the target related to the missile;

Y4, 0, — The attitude angles for the guiding frame orientation;
gy, 0,- Absolute angles of the line of sight carrier - target;
@y, @,- Absolute angles of the line of sight carrier - missile;
&y, &, —The angular deviations in guiding planes;

vy, U, — The rate of angular deviations in guiding planes;
hy, h, —The linear deviations in guiding planes;

Ymr Xmu — Missile climb angle and flight path azimuth angle;
Vy — Missile velocity;

Uy, Uy, Wy — The components of the missile velocity in the guiding frame;

yr, xr — Target climb angle and flight path azimuth angle;
Vr —Target velocity;

ur, vy, wp — The components of the target velocity in the guiding frame;

a,, —Missile acceleration;

ar — Target acceleration;

wy, w,~ Angular rate of LOS carrier- target;

w;, wy— Angular rate of LOS carrier- missile;
Wy, Wzy — Missile angular rates of the velocity vector;
k —The guidance gain;

7. — The guidance time;

7 — The time constant;

u — The guidance command in the body frame;
u* —The guidance command in the Resal frame;
p —The command module;

¢ —The command phase;

¢ —The phase shift error;

x — The fill factor;

® - The relative roll angle;

0, —The pitch canard deflection angle;

6" —The average equivalent canard deflection;
k} — The guidance device gain;

ki —The actuator gain;

The Stability Parameters

Ay; Ay As; Ay As — Routh- Hurwitz determinants
Ay; Ay Az; Ay As — Frank-Wall stability parameters
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Appendix A. Aerodynamics

The reference system for all aerodynamic coefficients is the body frame.

The reference area, respectively the reference length for all aerodynamic coefficients, is the
fuselage cross-section, respectively the fuselage length.

For torque coefficients, the reference point is the final center of mass of the rocket.

For the translational development terms, work [33] with experimental corrections was used.

For rotational and non-stationary terms, including Magnus terms, the paper [29] was used.
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Figure A1. Term of axial force coefficient at zero incidence (al). Term of development of the coefficient of axial

force with the squares of incidences (a2).
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Figure A2. Term of development of the coefficient of axial force with the incidence of the 4th power (a3). Term

of development of the coefficient of axial force with the product of quadrat incidences (a4).
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Figure A3. Terms of development of coefficients for the normal forces with incidences.
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Figure A5. Terms of development of coefficients of normal forces with rate of incidence (b9) and angular velocity
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Figure A6. Terms of development of the torque coefficients in pitch and yaw with incidences.
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Appendix B. Parameters of the Linear Model
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Figure B1. Velocity (V) and roll angular rate (p) corresponding to velocity.
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Figure B3. Equilibrium pitch thrust deflection.
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Figure B6. Derivative term of the incidence equation against angular velocity.
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Figure B7. Derivative term of the incidence equation against unsteady incidence.
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Figure B8. Derivative term of the incidence equation against the cross incidence - Magnus term.
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Figure B9. Derivative term of the incidence equation against the cross angular velocity — Magnus term.
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Figure B10. Derivative term of the angular velocity equation against the incidence.
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Figure B11. Derivative term of the angular velocity equation with respect to angular velocity.
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Figure B12. Derivative term of the angeular velocity equation against unsteady incidence.
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Figure B13. Derivative term of the angular velocity equation against cross incidence — Magnus term.
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Figure B14. Derivative term of the angular velocity equation against the cross angular velocity — Magnus and
gyroscopic term.
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Figure B15. Derivative term of the incidence equation against thrust deflection.
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Figure B16. Derivative term of the angular velocity equation against thrust deflection.
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Figure B17. Static stability.
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Figure B18. Natural pulsation of nutation.
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Figure B19. Nutation damping factor.
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Figure B20. Command factor.
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Figure B21. The time constant of the missile.
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Figure B22. Maximum overload factor.
Appendix C. Frank-Wall Analyses Results

Coefficients of the Characteristic Polynomial
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Figure C1. Coefficient of the characteristic polynomial — the real part, initial; ¢ = 0°.
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Figure C2. Coefficient of the characteristic polynomial — the real part, initial; ¢ = 20°.
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Figure C3. Coefficient of the characteristic polynomial — the real part, final; ¢ = 0°.
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Figure C4. Coefficient of the characteristic polynomial — the real part, final; ¢ = 20°.
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Figure C5. Coefficient of the characteristic polynomial — the imaginary part, initial; ¢ = 0°.
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Figure C6. Coefficient of the characteristic polynomial — the imaginary part, initial; ¢ = 20°.
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Figure C7. Coefficient of the characteristic polynomial — the imaginary part, final; ¢ = 0°.
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Figure C8. Coefficient of the characteristic polynomial - the imaginary part, final; ¢ = 20°.

Stability Parameters F-W

025 —0.9
- Jos
02| i
i Jo7
™ | ]
< | 1 @
D15 o6 -
177 <
<t 1 =
< 0 i
- Jos
01| i
i o4
0 O [ L L l L L l L L l L L l L L ] 3
8.2 0.3 0.35 0.4 0.45 0.9

Mach

Figure C9. Stability parameters F-W — initial; ¢ = 0°.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.



https://doi.org/10.20944/preprints202508.1918.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 August 2025 d0i:10.20944/preprints202508.1918.v1

64 of 70

03 14
3 —1.2
025 ]
r -1
002 i
< - : m
< [ Jos <
i <
< I 1 <
<€.15} |
i —06
0.1} 1
L —o04
0.05 L Ll Ll L1 L1 oo
8.25 0.3 0.35 0.4 0.45 0.

Figure C10. Stability parameters F-W — initial; ¢ = 20°.

018 11
0.16 1
i -1
014} :
m B h .
Q.12 1°°
3 |
| N <
<01} 1 <
< [ o8
0.08f 1
i ~ —Ho0.7
0.06 | 1
0.04 L1 L1 L1 L1 ‘76
0825 0.3 0.35 0.4 045 0.9

Mach

Figure C11. Stability parameters F-W — final; ¢ = 0°.
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Figure C12. Stability parameters F-W — final; ¢ = 20°.

Appendix D. The Root Locus of the Characteristic Polynomial

The diagrams are obtained for a range of Mach numbers: 0.3...0.45.

Characteristic Polynomial with Real Coefficients
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Figure D1. Roots of the characteristic polynomial with real coefficients — initial.
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Figure D2. Roots of the characteristic polynomial with real coefficients — final.

Characteristic Polynomial with Complex Coefficients
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Figure D3. Roots of the characteristic polynomial with complex coefficients— initial; ¢ = 0°.
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Figure D4. Roots of the characteristic polynomial with complex coefficients— initial; ¢ = 20°.
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Figure D5. Roots of the characteristic polynomial with complex coefficients — final; ¢ = 0°.
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Figure D6. Roots of the characteristic polynomial with complex coefficients — final; ¢ = 20°.
Appendix E. Frank-Wall Stability Criterion for the 5th Order Polynomial
Considering a 5th order polynomial with complex coefficients:
P(s) = s° + (p1 +iq)s” + (92 +iq2)s° + (3 + i43)s* + (P4 + i94)s + (s + iqs). (ET)
to check if the real part of the roots is negative, first an associated polynomial is constructed:
(E2)
Q(s) = p1s* +iq,5° + p3s® +iqus + ps,
after which, the ratio of the polynomials is put in the form:
Q) _ 1
Azs + Bz + 1
A35 + B3 + il
A4S + B4 +

Ass + B5

According to the F-W stability theory [19], the necessary and sufficient condition for all roots of
the polynomial (E1) to have the negative real partis that that A; > 0; ...; 4, > 0 and that B, ... B, be
pure complex numbers or null.

In the same paper [19], the algorithm for calculating the F-W stability parameters is presented,
which we detail below for a 5th order polynomial.

P(s) = s° + apy5* + @52+ @3S+ ages+ags; (E4)
Q(s) = ay18* + a8 + ay38%tastags
After which, for the 5th order polynomial is obtained successively:
P11 = Qo1 — ) 312 = Qo2 — 313 = o3 — .314 =0y ——; P15 = Aos;
tz = P12 — Pua a_lz; a3 = P13 — P11 a_13 ; @24 = P1a— P11 a_u) a5 = Prs5 — P11 a_ii}

(E5)
Bz = @17 — a11 .323 = a3 — 0»’11 ,824 =014 — a11 ﬁzs =05

a3 A4 a5
Q33 = Po3 — Poz—; Q34 = Pos — Poz——; A35 = Pas — .322
a2z (45°Y)

%35, _
B33 = az3 — ‘122 ,334 =04 — azza_%/ B3s = ays
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_ 34, _ ass,
Ugs = P3a — Pa3 7. Fas = Bss — Ba3 P
33 33
= I S
Bag = @34 — Q33 P Bas=a3s;
44
- @45,
Us5 = Pas — 344a ;
44
Bss = Qs
Based on these relations, the stability parameters can be determined:
(E6)
a a a. a. [2%
Al :ﬁ; AZZAF A3 =£;A4=£; Aszﬂ
a1 az2 as3 Aa4 ass
respectively:
E7)
B11 B2z Bss Baa Bss (
B,=—-1,B, === By ==—=; B, =—; Bg =—=>>
1 a11 12 az’ 3 ass’ 4 v 5 as5
Check for non-rolling case
For the case without rotation, the five parameters become:
_1 S N I 03 _ 4
hoTs A=y ATy Ay A Ty (E8)

where A, A,, A3z, Ay, As are the R-H determinants for the 5™ order polynomial with real coefficients.
It is observed that in this case the two conditions are equivalent:

A >0,4,> 045> 0,4, > 0,45 >0, <=> A;>0;A4,> 0;A3> 0;A,> 0;A5> 0; (E9)
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