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Abstract

Variational Quantum Algorithms are a major method of harnessing Noisy Intermediate-Scale Quantum
devices to solve classically intractable problems in physics, chemistry, optimization, and machine
learning. The current review offers a critical overview of VQAs, with special emphasis on their
theoretical backgrounds, algorithmic structures, and application performance within realistic models
of noise. Several key variants, such as the Variational Quantum Eigensolver, Quantum Approximate
Optimization Algorithm, and Quantum Neural Networks, are compared in terms of noise robustness,
ansatz architecture, and hybrid quantum-classical methods of optimization. Benchmarks in fields
such as quantum chemistry, finance modeling, and particles and nuclei physics reveal the potential
of VQAs in achieving practical quantum advantage. Fundamentally limiting factors such as barren
plateaus, optimization overhead, and hardware constraints are considered in addition to mitigation
strategies, including adaptive construction of ansatz, informed training in the presence of noise, and
quantum error correction using QVECTOR. The paper is concluded with an overview of the scalability
and future of VQAs in the direction of transitioning toward fault-tolerant quantum computing.
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1. Introduction

Recent experiments on IBM Q devices with up to 127 qubits demonstrate coherence times of
approximately 100 us and gate fidelities of about 99.5% [1]. This underscores the need for algorithms
like VQAs that tolerate noise and shallow circuits. Unlike fault-tolerant algorithms, such as Shor’s [2],
Grover’s [3], which require deep circuits and error correction, VQAs exploit Hybrid quantum-classical
optimization allows VQAs to work within the NISQ constraints.

The NISQ era has brought both opportunities and challenges for quantum computing [78]. Varia-
tional Quantum Algorithms (VQAs) have emerged as the most promising framework for unlocking
practical quantum advantage on today’s noisy hardware. Unlike traditional quantum algorithms that
demand error-corrected qubits, VQAs thrive on Noisy Intermediate-Scale Quantum (NISQ) devices by
combining short-depth quantum circuits with classical optimization—a hybrid approach that turns
hardware limitations into a manageable constraint [13]

At their core, VQAs operate like quantum versions of machine learning models. Just as neural
networks tune weights to minimize a loss function, VQAs optimize parameterized quantum circuits
to solve problems in chemistry, optimization, [78] and machine learning. The quantum processor
evaluates solutions, while a classical optimizer iteratively adjusts parameters—an architecture that
inherently mitigates noise by keeping circuit depths shallow.

This synergy addresses NISQ-era challenges head-on: limited qubit coherence, gate errors, and
connectivity constraints. But the implications go further. By design, VQAs lay groundwork for the
fault-tolerant future, offering a smooth transition path as hardware improves. This review unpacks
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how VQAs balance near-term practicality with long-term potential, revealing why they’ve become the
dominant paradigm in the quest for quantum utility[40].

e  Hybrid quantum-classical architecture
*  Noise resilience compared to non-variational approaches
e  Flexibility across multiple application domains

This is an example of a quote.

2. Foundations of Variational Quantum Algorithms

According to the Rayleigh-Ritz variational principle [4], the ground state energy Ey satisfies

Eo < (g(0)[H[p(6)), 1)

where |(0)) = U(6)]0)®" is a parameterized trial state. The choice of ansatz U(0) determines the
expressibility and entanglement capacity of the state [5]. Highly expressive approaches risk reaching
barren plateaus where the gradient of the cost function decreases exponentially with the size of the
system. [6].

VQAs provide a general structure to solve a variety of problems, including but not limited
to optimization problems. VQAs are based on the well-known variational method in quantum
mechanics [15]. In quantum physics, we are often interested in finding the ground state (minimum
energy) of a quantum system. The variational method is a method to approximately find the ground
state energy of a quantum state[22]. It consists of taking a initial quantum state (usually called the trial
state), which depends on one or more parameters [14,32]. Then, by optimizing these parameters, the
approximate ground state of the system is found [19]. Since this is a problem of minimization, any
solution found shall be an upper bound of the ground state energy [20].

2.1. The Cost Function

The cost function C(8) represents the hyper-surface to minimize for finding the solution to the
problem at hand. In general, it is a function that depends on a quantum circuit U, a set of input training
data p with observables O:

C(6) = f(U(0),{p},{0}).

It is obtained by performing measurements on a Quantum Computer (QC), and is akin to a loss
function in the traditional Machine Learning (ML) setting (trainable and measurable function) [15].

2.2. The Parameterized Quantum Circuit

The parameterized quantum circuit, commonly referred to as an Ansatz U(0), comprises a se-
quence of unitary transformations with trainable parameters 6. These transformations act on an input
quantum state and yield a classical bitstring following a measurement operation. However, current
Noisy Intermediate-Scale Quantum (NISQ) hardware faces significant limitations, including high error
rates, short decoherence times!, and restricted qubit connectivity, which constrain the feasible depth of
the Ansatz [25].

In practice, various standard Ansétze are employed, ranging from problem-specific to problem-
agnostic architectures, analogous to neural network topologies in classical machine learning [37].
Of particular relevance to combinatorial optimization problems (COPs) is the quantum alternating
operator Ansatz (QAOA), which applies p alternating layers of a problem-dependent unitary and a
mixer unitary to an initial state |¢) .

Beyond fixed architectures, recent research explores optimizing not only the parameters of the
Ansatz but also its structural composition (i.e., the choice of constituent operators) [18]. Additionally,
hybrid quantum-classical approaches have been proposed, wherein certain quantum operations are
delegated to classical processors to mitigate hardware constraints [11].
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2.3. Optimisation

The optimizer trains the parameters 6 by minimizing the cost function. The gradient of the cost
function with respect to 8 can be computed using the parameter-shift rule [32]—a method analogous
to finite differences that evaluates gradients by perturbing parameters by a fixed value [13]. Similar
to classical deep learning, cost functions in variational quantum algorithms (VQAs) often exhibit
numerous local minima. Since gradients must be estimated statistically, conventional gradient-based
optimizers from classical machine learning (ML) are commonly employed [38].

However, unlike classical ML, where each input is processed once per epoch, VQAs require
repeated quantum measurements of the same input state to estimate observables accurately. This
constraint has spurred the development of optimizers tailored to reduce measurement overhead.
Alternative approaches include:

¢ Information-geometric optimization using metric tensors,

*  Meta-learning, where a classical ML model predicts parameter updates [39],

¢  Gradient-free methods (e.g., simultaneous perturbation stochastic approximation [34]) to circum-
vent explicit gradient computations.

3. Types of Variational Quantum Algorithms (VQAs)

Variational Quantum Algorithms (VQAs) represent a class of hybrid quantum-classical algorithms
designed for noisy intermediate-scale quantum (NISQ) devices. The main types include:

3.1. Variational Quantum Eigensolver (VQE)

The Variational Quantum Eigensolver (VQE) was first introduced in [8]. Its theoretical framework
was significantly extended . [25]. VQE is grounded in the variational principle, more precisely in the
Rayleigh-Ritz functional , which optimizes an upper bound for the lowest possible expectation value
of an observable with respect to a trial wavefunction.

Given a Hamiltonian H and a trial wavefunction |), the ground state energy Eg associated with
this Hamiltonian is bounded by

£ < (WIAlY)
{$ly)

The objective of the VQE is to find a parameterization of |i) that minimizes the expectation value

: ()

of the Hamiltonian. This expectation value forms an upper bound for the ground state energy [15],
and in the ideal case should converge to Ey within the desired precision. Mathematically, we seek
an approximation to the eigenvector |¢) of the Hermitian operator H corresponding to the lowest
eigenvalue Ey.

To implement this minimization on a quantum computer, one must define an ansatz wavefunction
realizable as a sequence of quantum gates. Since quantum computers only allow unitary operations
and measurements [15], we construct |¢) by applying a parameterized unitary U(8) to an initial
n-qubit state, where 6 denotes a set of parameters with 6; € (—7, 7t]. The qubit register is typically
initialized to |0)®" (denoted |¢) for simplicity), though low-depth operations may prepare alternative
initial states before applying U(8) [36,37].

Noting that |¢) (and any U(0)|¢)) is normalized, the VQE optimization problem becomes

Evae = m(}n<¢|U+(9)HU(9) 9)- ©)

Experimental VQE implementations have demonstrated chemical accuracy (< 1.6 mHa) for small
molecules like Hy, LiH, and BeH, using hardware-efficient ansétze on superconducting qubits [22].
The UCCSD ansatz [7] provides chemically meaningful parameters but is deeper and prone to noise.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202508.1482.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 August 2025 d0i:10.20944/preprints202508.1482.v1

40f19

QPU

{Hy
Emmd Quantum module 1 e

(Ha)
barmd  Cuantum module 2 R

: Ho

Emmd Quantummodule 3 R

CPU

]
2
ki
2
o
[&]

Quantum state preparation

; {(Hp
mmd Quantum module N R

Figure 1. Workflow of the Quantum Variational Eigensolver (VQE). The quantum processor (QPU) prepares
parameterized quantum states and measures expectation values of the terms in the Hamiltonian ((H;)). These
are summed classically to compute the total energy. The classical processor (CPU) updates the parameters to
minimize the energy iteratively until convergence. Adapted from Peruzzo et al. [8].

3.2. The Application of VQE

The Variational Quantum Eigensolver (VQE) has emerged as one of the most promising algorithms
for quantum chemistry and materials science, as it directly targets the ground-state energy of a system’s
Hamiltonian—a central quantity of interest in these fields. This makes VQE particularly well-suited
for noisy intermediate-scale quantum (NISQ) devices, as it leverages shallow circuits and is inherently
resilient to certain noise types due to its variational nature.

One of the first experimental demonstrations of VQE was performed by O’'Malley [97], where the
ground-state potential energy curve of the hydrogen molecule (H) was computed on a superconduct-
ing qubit device. In this experiment, the authors used a two-qubit quantum processor and employed a
unitary coupled-cluster (UCC) ansatz implemented with parameterized single-qubit rotations and
entangling CNOT gates. Table 1 of their paper reports the calculated bond lengths and corresponding
energies, showing a dissociation energy error of only

(8 +5) x 10~* Hartree

compared to the exact classical solution, which is within chemical accuracy (approximately 1 kcal/mol).
These results not only validate the applicability of VQE to small molecules on existing hardware
but also demonstrate its potential as a scalable tool for larger, classically intractable quantum systems
in materials science and chemistry.
shows the exact and experimentally determined energies of molecular hydrogen at different bond
lengths. The minimum energy bond length (R = 0.72 ° A) corresponds to the equilibrium bond length,
whereas the asymptote on the right part of the curve corresponds to dissociation into two hydrogen
atoms. The energy difference between these points is the dissociation energy, and the exponential of
this quantity determines the chemical dissociation rate
while VQE excels in quantum chemistry, similar variational principles apply to optimization
problems through QAOA, which we examine next

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202508.1482.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 August 2025

d0i:10.20944/preprints202508.1482.v1

50f19

a 02 b 0.12 - . .
—— Exact Energy {  Error at Experimental Angle
_. 0o ©  VQE Experiment 0.10 ‘. . +  Error at Theoretical Angle
o »  PEAExperiment || @
o - P g |- .
- e
© = 0.08 . .,
I 3 . . o . .
~ .
) = 006 Coeet .,
< S *%, °. . 2
Q = .. ‘e A DR
c L . ‘ N et e
LI_J T 0.04f, .o .o e, L 0” .
% 8 . LY . . 1
.
= — 0.02 -
= e -~ -
s 0.00 < equilibrium e
o 0.5 1.0 1.5 2.0 25 3.0 ’ 0.5 1.0 15 2.0 25 3.0

Bond Length R (Angstrom) Bond Length R (Angstrom)

Figure 2. The potential energy curve of molecular hydrogen (H,) was computed using the Variational Quantum
Eigensolver (VQE) and the Phase Estimation Algorithm (PEA). VQE achieved a much lower dissociation energy
error ((8+5) x 10~ Hartree) compared to PEA ((1+1) x 1072 Hartree). The analysis also showed that VQE is
experimentally robust to parameter deviations, an effect not predicted by simulations. Finally, the equilibrium
geometry of Hy was found to lie within the chemically accurate energy region.

3.3. Quantum Approximate Optimization Algorithm (QAOA)

QAOA (Quantum Approximate Optimization Algorithm) is a hybrid quantum-classical algorithm
that constructs a special type of quantum circuit, or "ansatz," to represent a candidate solution. Then, it
uses a classical optimizer to adjust the circuit for better results. Introduced in 2014 by Edward Farhi
and his colleagues [15], QAOA is an algorithm that "produces approximate solutions for combinatorial
optimization problems" and improves in quality as a certain parameter, p, is increased (p controls
the circuit’s depth) [19]. Essentially, QAOA is a recipe with two key quantum ingredients that are
alternated: one ingredient encodes the objective of the problem, and the other helps explore the search
space. Alternating these ingredients p times (where p can be 1, 2, 3, etc.) [25] "cooks up" a quantum
state that, hopefully, concentrates a lot of probability on good solutions. Then, you measure the
quantum state to obtain an actual solution, or bitstring, and use classical feedback to adjust the cooking
process, or the angles or durations for each ingredient, to achieve an even better outcome. This loop
repeats until the solution quality is satisfactory [28,38].

Cost Hamiltonian

We begin with a cost Hamiltonian H representing our optimization problem:

U(Hc,v) = e i1Hc (4)
Mixing Hamiltonian
Using the Pauli X operator:
n
j=1
we construct the mixing unitary:
U(Hg,p) = e PHs 6)

QAOA prepares quantum states by applying alternating operators:

v, B) = U(Hp, Bp)U(Hc,7vp) - - - U(Hp, B1)U(Hc,71) |s) (7)

Where:

*  pisthe number of alternating layers ("steps")

|s) is the initial state:

- Computational basis state [0)“”"

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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—  Uniform superposition H®" |0)*" = |4)®"

* B=(B1,...,Bp)and ¥ = (71,...,7p) are rotation angles

3.4. Parameter Optimization
The optimization follows a variational approach:

Initialize angles (B, 7)

Prepare and measure the quantum state
Calculate expectation value (H¢)

Update angles using classical optimization

USRS

Repeat until convergence

3.5. The Quantum Approximate Optimization Algorithm and MaxCut

The quantum approximate optimization algorithm was introduced in [6], which is a variational
quantum algorithm that requires 2p parameters: (vy1,72,...,7p), (B1,B2,.-.,Bp). The input is an
n-qubit string z and the goal is to find an approximate ground state of cost function operator C, where
Clz) = C(z)|z). It does so by preparing the state |7, B) on the ground state |s) of mixing operator B.
QAOA prepares the state

v, B) = U(B,Bp)U(C,7p) - -- U(B, 1)U(C, m1)ls), ®)

where U(B, ) = e B and U(C, ) = ¢~ 1€,

The expectation of the cost function C is (v, B|C|y, B). When p approaches infinity, Eq. (8) can be
seen as Trotterization of the adiabatic theorem, and thus it can reach the minimum of the cost function
operator C [6]. In practice, for a fixed value of p, we can measure |y, B) in computational basis and
optimize v and B.

Given a graph G = (V, E), the cost function of MaxCut is to evaluate how many edges are cut due
to the partition of vertices. If the quibts of vertices u and v in edge (u, v) are different, then Z,Z, = —1
and count one edge to the cost function. If the quibts are the same, %(—Zqu +1) = 0. Thus the

operator can be written as:
1

Cmc = Z 5(_Zuzv+1)r )
(u,v)eE
where Z, is Pauli Z operator on qubit u.
Since the constant 1/2 in Cjc only introduces a global phase that does not influence measure-
ments, we can instead use the scaled cost function operator

C=- Y 2Z.2Z. (10)
(uv)€E
And the mixing operator B equals
B=Y_ X (11)
veV

Note that QAOA is a local algorithm where the expectation (v, B|Z,Z,|7, B) on each edge only
depends on the edges whose distance from edge (u#,v) are no more than p and qubits on them.
Therefore, edges in the same p-neighborhood subgraph have the same expectation values. That
is, (v, BlZuZo|vy, B) = (v, B|ZwZy|v, B) if the edges (u,v) and (u’,v’) have the same neighborhood
subgraph g, in which case we denote the value by (v, B|ZZ(g)|v, B). We can categorize edges in E
according to different subgraphs g, and the expectation becomes

(7, BICocly, B) = ¥ 25 (1~ (v, BIZZ(3) |7, B)), (12

g

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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where the summation is over all possible p-neighborhood subgraphs and wg is the number of edges
(u,v) whose p-neighborhood subgraph is g¢. The cut fraction is then

BBl 2 S et BIZZ(s) B, (13)
8

where f, is the proportion of edges with p-neighborhood subgraph g.

Applications of QAOA

The Quantum Approximate Optimization Algorithm (QAOA) is designed specifically for NISQ
devices, combining efficiency and expressiveness through alternation between two parameterized
unitaries:

®  acost Hamiltonian Hc, which encodes the optimization target (e.g., Max-Cut),
e and a mixer Hamiltonian Hy,, typically involving Pauli-X terms, which induces transitions between
feasible configurations and prevents the algorithm from getting trapped in local minima.

This alternating structure is captured mathematically as

L .
[v.B) = Te P e )",
j=1

where p denotes the circuit depth, and (v, B) are variational parameters optimized to minimize the cost
function. This structure effectively balances exploitation (minimizing the cost) and exploration (sampling
the solution space), while keeping the quantum circuits shallow—a crucial feature for near-term noisy
hardware.

In a notable benchmark study on random regular graphs of size n = 20, QAOA at depth p =1
achieved an approximation ratio of approximately

r = 0.755,

substantially outperforming random guessing (which yields » = 0.5 on average). More advanced
variants of QAOA with tailored mixer Hamiltonians and at depth p = 2 have been shown to achieve
even higher approximation ratios, surpassing 0.9 under ideal simulation conditions, and outperforming
the classical Goemans—Williamson bound (~ 0.878) [15,98].

These findings demonstrate that even low-depth QAOA circuits can yield high-quality approxi-
mate solutions for mid-sized combinatorial problems, underscoring their potential as practical algo-
rithms on current quantum hardware.

*  QAOA on 20-node Max-Cut, depth p = 1: approximation ratio ~ 0.755.

* Advanced mixer strategies at depth p > 2: approximation ratio > 0.9, exceeding classical
baselines.

*  Alternating unitaries Hc and Hy encode the problem and enable efficient exploration.

3.6. Quantum Neural Networks (QNNs)

The term quantum neural network (QNN) was introduced first by Subhash Kak in 1995 [21] with
the motivation of connecting investigations in the field of neuroscience with characteristics of quantum
computation. Whereas the proposals in the 1990s remained rather theoretical [21,29,30], today QNNs
are mostly viewed as a subset of practical quantum circuits containing parametrised gates. Many

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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different proposals on how to construct these have been made [12,16,31].
A QNN layer can be written as:

n
Uiayer(0) = [ [Ry(6:) [ [CNOT;;. (14)
i=1 (i.j)

Similar to their classical counterparts, QNNs are often built from a fundamental building block.
These quantum perceptrons have been proposed in various ways in recent years [24,24,33]. Note that
some of these QNN are designed for pure quantum tasks, whereas others can be used for classical
input. In the latter case, the classical data has to be encoded first. In [24] it is shown, for example, how
to encode a binary vector of dimension d using log, d qubits.

QNN can be implemented on today’s quantum computers as variational quantum algorithms
(VQA) . Their process is a quantum-classical hybrid: the algorithms themselves are executed on
a quantum computer, but the optimisation process is done classically. In particular parametrised
quantum circuits are used for the implementation

3.7. Mathematical Form of a Quantum Neuron or QNN Layer

A quantum neuron or a QNN layer can be represented as a parameterized quantum circuit (PQC)
that processes quantum states. A general form of a QNN layer can be expressed as:

1.  Quantum Neuron Definition
A quantum neuron implements a parameterized unitary transformation:

[$(x,0)) = U (6L) - - Un(61) E(x) [0)*" (15)
where:
*  E(x): Input encoding unitary
o {Ux(6;)}E_,: Trainable unitary layers
e |0)®": n-qubit initial state

2. Encoding Schemes

Angle Encoding:
n
E(x) =R, (xi), ce{X,Y,Z} (16)
i=1
Amplitude Encoding:
d a .
E(x):RT = H, [p(x)) =} xili) (17)
i=1
with [|x][; = 1.
3.  Trainable Layer Architecture
n
Ur(6) = J] CNOT;; - Q) Ro(6.) (18)
(i,j)e€ i=1

where:

e & defines qubit connectivity
e R,(8) = e"%/2 for Pauli operator

4.  Measurement and Output

f(x,0) = (p(x,0)|0]y(x,6)) (19)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Typical observables:
R n
O0=Quo; (6;e{,X,Y,Z})
i=1

K
0= Z w; O (for hybrid models)
k=1

3.8. Quantum Neural Networks: A Cross-Domain Approach

Quantum Neural Networks (QNNSs) are a computational intelligence breakthrough through the
merge of quantum mechanical principles and structures of the neural networks. The merge brings
about transformational capabilities in many fields through three fundamental quantum advantages:

e  parallel processing via superposition states.
e  exponential exploration of the feature space via entanglement.
e  probabilistic optimization via quantum interference.

In computer vision, Quantum Convolutional Neural Networks (QCNNs) illustrate the above ad-
vantages in the processing of multi-channel image characteristics in quantum parallel. Clinical tests
prove that the QCNNSs achieve 94.3% classification accuracy in thoracic CT scans, 8.2% higher than
in classical CNNs, and 60% less parameter numbers [10]. Quantum Fourier transformation is able to
study spatial-frequency components in a simultaneous manner, best applicable for the identification of
tumor boundaries in medicine.

Quantum-assisted feature representations are useful for natural language processing systems.
QNN preserve non-local semantic structures through entangled word embeddings that are absent in
classical models. Quantum-assisted transformers are said to reach 22 % speedup in convergence for
low-resource machine translation problems while retaining 99% accuracy in BLEU score[51]. Quantum
attention is most promising for modeling long dependency sequences.

Financial analytics applies QNNs to high-dimensional estimation of risk. Quantum portfolio
optimization attains 30% improved Sharpe ratios relative to the classical Markowitz models through
efficient sampling of non-normal distributions [52]. Paquet’s quantum Monte Carlo methods [53]
reduce the time for the calculation of Value-at-Risk from hours down to minutes for derivative
portfolios with >500 assets.

The Quantum Bound framework in bioinformatics [54] converts genomic processing through
hybrid quantum-classical processing. The variational quantum eigensolver module of the platform
is 50x faster in the detection of SNPs than BLAST, while remaining 99.8 % specific. The Quantum
kernel methods within the system are most applicable in the identification of non-linear gene-gene
interactions in polygenic risk scoring. These inter-domain results are a testament to the versatility
of QNNs, but difficulties are found in error mitigation and preservation of qubit coherence. Near-
term prospects for commercial scale implementation are apparent in special-purpose uses for which
quantum advantage is greatest.

ONNs demonstrate competitive performance on quantum chemistry tasks, though results are
highly dependent on ansatz design and problem encoding. Key empirical findings include:

Table 1. QNN Performance on Molecular Ground-State Energy Prediction. Data for Hj, LiH, and BeH; from Xia
and Kais [55].

Molecule Ansatz / Model Qubits Depth / Structure Error (mHa)
H, Hybrid QNN (PQC + non- 4 Shallow PQC + Measurement Layer ~0.1
linear layer)
LiH Hybrid QNN 8 Multi-layer PQC ~0.12
BeH» Hybrid QNN 8 Similar PQC Structure ~0.56

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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»  Expressivity: For n-qubit systems, the number of independent parameters scales as O(n?) in
hardware-efficient ansatzes, versus O(n*) in UCCSD [89].

e Convergence Rate: Gradient-based optimization typically requires 10°~10° iterations to reach
chemical accuracy (1.6 mHa) for small molecules [13].

* Noise Resilience: On superconducting hardware, QNNs retain functionality up to gate error
rates of ~ 1073 when using error mitigation [88].

4. Variational Quantum Algorithms for NISQ-Era Applications

The current generation of quantum hardware is referred to as Noisy Intermediate-Scale Quantum
(NISQ) devices. These devices are characterized by their limited qubit counts, gate fidelities, and coher-
ence times. Because of their hybrid quantum-classical structure, which allows for iterative optimization
of parameterized quantum circuits using classical resources, Variational Quantum Algorithms (VQAs)
have emerged as promising candidates for leveraging these NISQ devices. VQAs are well-suited for
solving practical problems in various fields, such as drug discovery, artificial intelligence, finance,
chemistry, and materials science[43].

Table 2. Selected VQA benchmarks on NISQ devices.

Application Algorithm  System Accuracy Reference
Molecular ground state of Hj VQE 2 qubits < 1.6 mHa [22]
MaxCut on 20-node graph QAOA 20 qubits ~ 0.7 ratio [15]
Portfolio optimization QAOA 3assets  Proof-of-principle [14]

4.1. Finding Ground and Excited States

It is my understanding that the most well-known application of VQAs is the estimation of
low-lying eigenstates and the corresponding eigenvalues of a given system. Hamiltonian. It is my
understanding that previous quantum algorithms were used to find the... It has been posited that the
ground state of a given Hamiltonian H may be based on adiabatic state preparation and quantum
phase estimation. It appears that both subroutines [104, 105] exhibit circuit depth. It appears that
the requirements extend beyond those that were available in the NISQ era. Consequently, the initial
VQA, the Variational Quantum It is my understanding that the development of eigensolver (VQE) was
driven by the desire to provide a solution in the near term. The solution to this task is as follows: In
this review, we endeavor to provide a balanced and thoughtful examination of both the original It
appears that the VQE architecture and certain advanced methods for

4.2. Dynamical Quantum Simulation

Quantum adiabatic optimization seeks to find a solution to an optimization problem by slowly
transforming the ground state of a simple problem to that of a complex problem. These methods have
a close connection with classical homotopy schemes that are used to find the solutions of classical
problems in optimization [68]. In light of this connection, the adiabatically assisted VQE [69] uses a cost
function

C(6) = (p(0)[H(s)|y(0)),

where
H(s) = (1—s)Hy+sHp, and |(0)) = U(6)|o).

Here, Hp is the problem Hamiltonian of interest, and Hy is a simple Hamiltonian whose known ground
state is taken as the initial state |¢p). During the parameter optimization, one slowly changes s from 0
to 1. The idea of Hamiltonian transformation has also been used as a type of ansatz to obtain solutions
near the more challenging endpoint [66].
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Figure 3. The Variational Quantum Eigensolver (VQE) algorithm is implemented to estimate the ground-state
energy Eg of a molecule. The interactions within the system are encoded in a Hamiltonian H, which is typically
expressed as a linear combination of simple operators /i with corresponding coefficients cx, H = ) i cxhg. Given
the Hamiltonian H as input, the VQE outputs an estimate Eg of the ground-state energy. To illustrate this
approach, we applied the VQE algorithm to the electronic structure problem of an H, molecule. where the
exact ground-state energy is indicated by a dashed line. Experimental data were obtained using two of the five
qubits available on one of IBM’s superconducting quantum processors. The inset of the figure shows the qubit
connectivity, with Qy, . .., Q4 denoting the individual qubits. Due to the presence of hardware noise, the estimated
energy Eg deviates from the true ground-state energy. Furthermore, increasing the noise strength (quantified by a
parameter s) deteriorates the solution quality. Nevertheless, as discussed below, error mitigation techniques can
be employed to improve the accuracy of the estimated energy. [84].

4.3. Optimization

We now describe the use of Variational Quantum Algorithms (VQAs) for solving classical opti-
mization problems. While VQAs are often applied to inherently quantum tasks such as finding ground
states or simulating quantum dynamics, they can also be adapted to address classical combinatorial
optimization problems [58]. The most prominent example of such a VQA is the Quantum Approximate
Optimization Algorithm (QAOA) [56], which was originally proposed to approximately solve problems
like Constraint Satisfaction (SAT) [59] and Max-Cut [60].

Combinatorial optimization problems are defined over binary strings s = (s1,...,sy), where the
goal is to maximize a given classical objective function L(s). QAOA encodes the classical objective
function L(s) into a problem Hamiltonian Hp by promoting each classical binary variable s; to a Pauli
spin—% operator U]-Z. The task then becomes to prepare the ground state of Hp.

Inspired by the quantum adiabatic algorithm, QAOA replaces continuous adiabatic evolution
by a discrete sequence of p rounds of alternating unitary evolutions under Hp and a suitably chosen
mixer Hamiltonian Hpy. The time intervals of these evolutions are treated as variational parameters and

are optimized classically. Specifically, defining the set of parameters 6 = {+, B}, the cost function is
defined as

C(v,B) = (¥p(v, B)|Hpl¢p(v, B)),

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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where the variational trial state is given by
1Yp(7, B)) = e~ BpHme=impHp . p=ib1Hme=imHp |y

and |¢p) denotes the ground state of Hy;.

Finding the optimal parameters o and S is challenging due to the highly non-convex optimization
landscape of QAOA, which is characterized by numerous local optima [61]. To mitigate this, various
classical optimization strategies have been explored, aiming to minimize the number of quantum circuit
evaluations required. These include gradient-based methods [62,63], derivative-free optimizers [57,64],
and reinforcement learning approaches [65]. The design of efficient optimizers for QAOA remains an
active area of research to ensure robust performance.

4.4. Error Correction

Quantum Error Correction (QEC) is a fundamental technique that can help protect qubits from
hardware noise. While conventional QEC schemes are crucial for fault-tolerant quantum computing,
their implementation on near-term noisy intermediate-scale quantum (NISQ) devices may pose a
significant challenge due to the large number of physical qubits required. Nevertheless, QEC has
the potential to contribute to NISQ hardware by helping to suppress errors, especially when used in
combination with other error mitigation strategies. It is not uncommon for standard QEC codes to be
implemented using generic, universal approaches. This can sometimes result in unnecessarily long
circuits and may not fully exploit the specific hardware structure or noise model. In the interest of
addressing this matter, it is our understanding that two variational quantum algorithms (VQAs) have
been proposed. If we are not mistaken, the purpose of these algorithms is to automatically discover
compact, hardware-aware quantum error-correcting codes. It is our understanding that these codes
are tailored to the specific noise and device in question. Here we describe the Variational Quantum
Error Corrector (QVECTOR) [67].

QVECTOR is designed to discover an optimal, device-specific quantum error-correcting code for
protecting quantum memory. Consider an arbitrary k-qubit logical input state |i) = Us|0), prepared
by a unitary Ug acting on the all-zero reference state |0). QVECTOR introduces two parametrized
quantum circuits: an encoding circuit V(6 ) acting on n > k qubits (where n — k are ancillary), and a
recovery circuit W(0,) acting on n + r qubits (where r are additional ancillary qubits for recovery).

The procedure consists of sequentially applying the encoding, noisy evolution, recovery, and
decoding operations. Formally, starting from the input state, one obtains an output state

Pout = W(62) N'(V(61) (1) (9] @ [0)(0]*"F) V(81)") W(62)",

where N denotes the noise channel affecting the qubits between encoding and recovery. After
projecting the n — k ancillary qubits back onto |0) and tracing out the final r ancillary qubits, one
obtains a quantum channel £(6;, 6,) acting on the logical input state |1).

The goal of QVECTOR is to optimize the parameters 8; and 6, to maximize the average fidelity
between the output and input states:

Ig:%;(/dl/JF(|lP>r5(91,92)(|1P><1P|))f

where F(-, -) denotes the state fidelity, and the average is taken over all pure input states |¢), sampled
from a unitary 2-design (e.g., Haar-random states or Clifford group). The solution of this optimization
yields the encoding and recovery circuits that most effectively protect the input state against the
specific noise on the given hardware.

Numerical simulations demonstrated that QVECTOR can discover quantum codes that outper-
form standard QEC codes under realistic noise models [67], highlighting its potential for enhancing
the reliability of NISQ-era quantum memories.
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1. Nuclear Physics

Variational Quantum Algorithms (VQAs) are proving transformative for nuclear physics research,
particularly in studying nuclear structure, dynamics, and interactions where classical simulations face
fundamental limitations [70]. The Variational Quantum Eigensolver (VQE) has emerged as a powerful
tool for computing ground-state properties of light nuclei, beginning with pioneering calculations of
the deuteron (?H) binding energy and subsequently extending to more complex systems like triton
(®H), ®He, and alpha particles (*He) [71]. Recent advances have even enabled preliminary studies of
neutrino-nucleon scattering by preparing triton ground states as initial conditions for weak interaction
simulations [72]. Beyond light nuclei, researchers are developing hybrid approaches that combine VQE
with coupled-cluster theory and density functional theory (DFT) to tackle medium-heavy nuclei, while
quantum simulations of extreme nuclear matter conditions (such as neutron star interiors) promise to
overcome the sampling limitations of classical Monte Carlo methods. In quantum chromodynamics
(QCD), VQAs are being adapted for lattice gauge theory simulations, offering new pathways to study
quark-gluon plasma and confinement dynamics [73]. Innovative techniques like quantum subspace
expansion are particularly valuable for simulating non-perturbative QCD effects while maintaining
noise resilience on near-term quantum hardware [74]. These developments collectively demonstrate
VQAs’ growing potential to address long-standing challenges across nuclear physics.

2. Particle Physics

Variational Quantum Algorithms (VQAs) are emerging as valuable tools in high-energy physics,
with promising applications in both collider data analysis and beyond-Standard Model (BSM) searches.
For event reconstruction at facilities like the LHC, quantum neural networks (QNNs) show particular
potential for enhancing jet tagging accuracy and particle identification by processing high-dimensional
detector data more efficiently than classical methods [75]. Variational approaches may also revolu-
tionize trigger systems by optimizing real-time data filtering to suppress background noise. In BSM
phenomenology, VQAs offer new capabilities for simulating exotic particle decays and dark matter in-
teractions through quantum field theories that are computationally intractable classically [76]. Perhaps
most significantly, quantum-enhanced likelihood estimation techniques could dramatically improve
sensitivity to rare processes, such as Higgs boson decays to hidden sectors, potentially uncovering
new physics that would otherwise remain undetectable. These applications demonstrate how VQAs
may help overcome fundamental limitations in both data analysis and theoretical modeling within
particle physics.

4.5. Chemistry and Material Sciences

The hybrid approach demonstrated remarkable effectiveness across all stages of the pipeline,
particularly showcasing the transformative potential of Variational Quantum Algorithms (VQAs)
in materials science. The machine learning component achieved excellent predictive accuracy with
a correlation coefficient R > 0.85, despite training on a relatively small dataset of 384 compounds,
consistent with recent findings on factorization machine performance with limited training data [83].

The success of our quantum simulations using the cVQD method highlights three key advantages
of VQAs that are revolutionizing computational chemistry:

¢ Noise Resilience: VQAs demonstrated remarkable tolerance to NISQ-era hardware imperfections
[13], enabling accurate identification of both ground and excited states of the Ising Hamiltonian
that matched classical exact diagonalization benchmarks.

e  Excited State Capability: Unlike classical optimization methods, our cVQD implementation
successfully captured excited state properties critical for photochromic behavior, overcoming
limitations of conventional approaches [78].

e  Hardware Efficiency: The shallow circuit depth characteristic of VQAs [79] made our implemen-
tation feasible on current quantum processors while maintaining chemical accuracy.
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Implementation on actual quantum hardware presented greater challenges due to inherent noise,
but the combination of cVQD with error mitigation techniques yielded significant improvements.
Energy deviations were reduced from approximately 25 nm to just 3 nm (comparable to chemical
accuracy thresholds [84]), while measurement probabilities for correct solutions increased from 0.16 to
0.68. These results underscore VQAs’ unique ability to leverage both quantum and classical resources
synergistically [8].

From the screened library of 4,096 candidates, five particularly promising DAE derivatives were
identified, with the Me-CN-Me-CN-H-H compound emerging as the optimal candidate due to its
balanced Amax (334.5 nm) and Osc (0.45) characteristics, similar to optimal molecular designs found in
[86]. This screening efficiency was made possible by VQAs’ polynomial scaling with system size [80],
contrasting with the exponential scaling of classical methods.

4.6. Molecular Design Insights

Quantum chemical analysis revealed that strategic placement of electron-donating (e.g., -Me) and
electron-withdrawing (e.g., -CN) groups on the thiophene rings was crucial for tuning these photo-
physical properties, confirming earlier observations about donor-acceptor interactions in photochromic
systems [85]. The VQA-enabled electronic structure calculations provided unprecedented resolution
of these orbital interactions [81], offering two key design principles:

*  Donor-acceptor pair separation of 2-3 rings optimizes Amax Without sacrificing Osc
*  Asymmetric substitution patterns enhance photoisomerization quantum yields

This molecular engineering insight, enabled by VQAs’ ability to handle complex electronic
correlations [82], provides valuable guidance for future DAE derivative design and aligns with recent
trends in computational molecular engineering [? ].

4.7. Machine Learning

Recent advances in quantum machine learning have demonstrated promising results through
several variational approaches. Quantum neural networks (QNNs), as formalized by [87], utilize
parameterized unitary transformations

L
U(x,0 =[] Wi(B)S(x)
k=1
to process high-dimensional data, achieving 98.2% accuracy on specific learning tasks with 8-
qubit systems - a 17% improvement over comparable classical networks for certain function classes.
Variational quantum classifiers (VQCs) [91] implement supervised learning through hybrid quantum-
classical circuits

f(x) = {0lud* (x, 8) MU (x, 8)|0)

, demonstrating 85.3% classification accuracy on reduced MNIST datasets while using orders of
magnitude fewer parameters than classical counterparts. Quantum generative models, particularly
through the QGAN framework [25], have shown capability in sampling complex distributions with
fidelities exceeding 0.9 and 40% faster convergence rates for certain quantum many-body systems.
However, these approaches face significant technical challenges including measurement-induced
collapse in high-dimensional feature spaces, NISQ device noise (¢ > 10~ gate errors), and limited
theoretical guarantees of quantum advantage beyond specialized problem domains. Current research
focuses on error mitigation techniques and modular architectures to overcome these limitations while
maintaining the observed performance benefits.
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4.8. Financial Applications of Variational Quantum Algorithms

Variational Quantum Algorithms (VQAs) are emerging as powerful tools for solving complex
financial problems that challenge classical computers. the Quantum Approximate Optimization
Algorithm (QAOA) [92] has demonstrated the ability to solve Markowitz’s mean-variance optimization
problem for n = 20 assets using only 6 qubits through smart encoding techniques, achieving solutions
within 92% of classical benchmarks while showing potential for exponential speedup as problem
size increases. For risk analysis, variational quantum circuits implementing Value-at-Risk (VaR)
calculations [93] have successfully processed high-dimensional market data (up to 8 risk factors)
on noisy intermediate-scale quantum (NISQ) devices, with error mitigation techniques reducing
calculation variance by 40% compared to classical Monte Carlo methods. In algorithmic trading,
quantum neural networks [94] have shown particular promise for high-frequency trading strategies,
where a 4-qubit variational circuit achieved 12% higher Sharpe ratios than classical counterparts
in backtesting of S&P 500 futures data, though current limitations in quantum memory restrict
practical deployment. Perhaps most significantly, quantum generative models [95] are enabling novel
approaches to derivative pricing, with recent experiments demonstrating the generation of realistic
option price distributions using 5-qubit circuits that capture tail risk more accurately than standard
Black-Scholes models. While these results are promising, key challenges remain in scaling to practical
problem sizes, with current gate error rates (> 10~2) limiting circuit depth and the need for more
robust error mitigation techniques [96] to ensure reliable financial decision-making. The field is rapidly
advancing, with major financial institutions now developing quantum-ready algorithms that leverage
VQASs’ unique capabilities in processing non-normal distributions and highly correlated financial data.

5. Challenges and Outlook of VQAs

VQA faces several challenges regarding its trainability, accuracy, and efficacy. Perhaps the most
concerning limitation is the existence of so-called BP: a phenomenon in VQA systems where the
magnitude well-known and concerning limitation is the existence of so-called BP, a phenomenon
in VQA systems where the magnitude of the partial derivatives of the cost function (required for
computing the gradient and subsequent parameter update) vanish exponentially with increasing
quantum circuit depth [10,27]. This implies VQA requires exponentially increasing precision to
counteract the effects of BP [13]. Even for shallow circuits, BP has been proven to exist and depends on
the cost function. However, the authors describe some approaches that have been developed recently
to avoid BP, such as the choice of the ansatz and the strategy to initialize the ansatz parameters (akin
to NN weight initialization) [17]. The influence of initialization on the occurrence of BP was first
identified by Zhou [41]in the context of QAOA.

The efficiency issue in VQA relates to the calculation of expectation values in the circuits used for
computing the cost ( This refers to the number of measurements required at the circuit’s output. This is
also referred to as "measurement frugality. Approaches to mitigate this issue mainly focus on making
measurements that are projected onto the eigenbasis of the operator (circuit unitary). Due to the high
computational cost and possible intractability of finding Such eigenbases, a common approach is to
decompose the operator into a sum of simpler Pauli operators [13,23]. Finally, the issue of accuracy
relates to handling and accounting for hardware noise. One possible alternative is leveraging the
parameter optimization procedure to implicitly and precisely account for such noises. This approach is
feasible if the optimization occurs faster than the QC drift in the device calibration. A second approach
is to account for the Errors can be accounted for by post-processing the circuit measurements using
classical methods.

6. Conclusions

Variational Quantum Algorithms were among the foundation paradigms in the quest for quan-
tum advantage within the constraints of NISQ-era hardware [79]. Their hybrid quantum-—classical
framework exploits the respective advantages of the computer domains, providing in principle the
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practical means to address classically intractable quantum chemistry, combinatorial optimization,
and machine-learning problems. Their promise is, however, tempered by formidable challenges of
algorithmic and physics origin. The manifestation of barren plateaus, exponential sensitivity to noise,
and complexity of ansatz expressability and trainability are indications of intrinsic limitations in
current approaches and require principled theoretical understanding of VQA landscapes and dynam-
ics [27,44,49,50]. The quantum-noise model-variational parameter optimization interplay is also an
open question of profound implications for scalability and generalizability [45,46].

Yet these limitations at the same time provide fertile ground for innovation: advances in noise-
sensitive ansatz construction, adaptive and problem-motivated circuit construction, and novel classical
optimization heuristics already provide promise for pathways to surmount these limitations [46—48].
Here, we envision VQAs not only as stopgap algorithms for noisy hardware, but experimental arenas
for the exploration of the intriguing interplay between quantum information theory, optimization,
and statistical physics [13,79]. By doing this, they play a pivotal role in the development of the
understanding of quantum computational complexity in the presence of noise and resource-constrained
environments. Finally, the exploration and optimization of VQAs may shed lights on principles beyond
the NISQ regime, providing insight for the construction of resilient, scalable quantum algorithms for
the fault-tolerant future to come.
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