Pre prints.org

Article Not peer-reviewed version

A Formal Proof of Castigliano Theorem
and a Related Generalization Including a
Non-Linear Case

Fabio Botelho ~
Posted Date: 18 November 2025
doi: 10.20944/preprints202508.0573v3

Keywords: castigliano theorem; generalized castigliano theorem; virtual work principle; elasticity theory;
numerical example

Preprints.org is a free multidisciplinary platform providing preprint service
that is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0
license, which permit the free download, distribution, and reuse, provided that the author
and preprint are cited in any reuse.



https://sciprofiles.com/profile/2321302
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 18 November 2025 doi:10.20944/preprints202508.0573.v3

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article
A Formal Proof of Castigliano Theorem and a Related
Generalization Including a Non-Linear Case

Fabio Silva Botelho

Department of Mathematics, Federal University of Santa Catarina, UFSC, Florianépolis, SC, Brazil; fabio.botelho@ufsc.br

Abstract

This short communication develops a formal proof of Castilgiano Theorem in a elasticity context.
The results are base on standard tools of applied functional analysis and calculus of variations. It is
worth mentioning such results here presented may be easily extended to a non-linear elasticity context.
Finally, in the last section we present a numerical example in order to illustrate the results applicability.
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1. Introduction

In this article version we present some corrections and improvements concerning the previous
versions [1,2].

In this article version we also include a new extension to a non-linear elasticity case.

In the next section we present the mathematical formalism of a result in elasticity theory known
as the Castigliano’s Theorem.

We also present a generalization of such an theorem and its connection with the principle of
virtual work in a elasticity theory context.

Furthermore, in this article version we also include a new extension to a non-linear elasticity case.

The results are obtained through an application of basic tools of functional analysis and calculus
variations to a solid mechanics theory.

Our main reference in solid mechanics is [3]. Similar results have been presented in section 40 of
preprint [4].

For basic topics on the applied functional analysis and calculus of variations, please see [5,6].

For the Sobolev spaces involved, we would cite [7].

Remark 1.1. In this text we have adopted the Einstein convention of summing up repeated indices, unless
otherwise indicated.

2. A Formal Proof of Castigliano Theorem

Let QO C R® be an open, bounded and connected set with a regular (Lipischitzian) boundary
denoted by 0Q).
In a context of linear elasticity, consider the functional | : V' — R where

N
J(u) = Ein — (ui, fi)12 — g”i(xj)Pif'
j=
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u=(u1,u2,u3) € Wy (GR3) =V, f = (f1, fo, fa) € L2(GR3), Y = Y* = L2((;R®), and
PjeR, Vie {1,2,3},je{1,---,N}
for some N € N.
Here we have denoted 1
Ein =5 /()Hijkleij(u)ekl(”) dx,
. 1 [ ou; aM]
31]("‘) =3 <a—x] + a—xl .
Moreover Hjjy is a fourth order positive definite and constant tensor.
Observe that the variation of | in u; give us the following Euler-Lagrange equation
—(Hijre (1) Z o(xj) =0, in Q. 1
Symbolically such a system stands for
oJ(u) .
= 1,2
au; 0,vi e {1,2,3},
so that N
O(Ej, — (ui, fi)2 — Yinq ui(xj) P
(Bin = (i fidi2 = By i(x))Py) =0, VI € {1,2,3}. )

aul

We denote 1 € V solution of (9) by u = u(f, P), so that multiplying the concerning extremal
equation by u; and integrating by parts, we get

Hi(u(f,P),f,P) = 2Eu(u(f,P)) = (ui(f,P), fi)12 Zu (xj, f, PP
= 0, YfeYs PeR¥W, 3)
Therefore |
ap,, (F(u(f,P). £, P)) =
so that
Zif)j’:—d%s<< wlf,P). £ Lz+}:u % f,p) l,> -0, @

where we recall that, from the Implicit Function Theorem, we have

dEin _ aEin %
dPls N auk aPlS'

Hence, from this and (12), we obtain

dEy, _ d B
dPls+dPls< ~ P S 2” e f7) ”) -
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so that
dEin (Ein — (ui, fiyr2 — T i (X)) Py) Quy,
dPls auk E)Pls
p) N
TN (ui, fi) 2 + ) wi(x)) Py
s j=1
— 5)

From this, recalling that

(Ein — (ui, fi)12 — TN i(x)) Py)

=0, Vk € {1,2,3}

auk
we obtain
dE;, B
dPls ul (xs) - 0’
so that

() = G = 2o (3 Hies uCF, e (5, P)) ),

vle{1,23},Vse{l,--- ,N}.
With such results in mind, we have proven the following theorem.

Theorem 2.1 (Castigliano). Considering the notations and definitions in this section, we have

uy(xs) = Z%: = d?)ls <%/QHijkleij(u(ffp))ekl(u(f/P))dx)/

vle{1,23},Vse{l,--- ,N}.

2.1. A Generalization of Castigliano Theorem

In this subsection, denoting by é(xy) a standard Dirac delta function in a distributional sense, we
present a more general version of the Castigliano theorem.
Considering the context of last section, we recall that

Hy(u(f,P),f,P) = 2Ei(u(f,P))— (ui(f,P),fi)r2 Zu ]/f P)P, ij
= 0, YfeY", PeR¥W, (6)
Therefore, here denoting the Gateaux derivative of H; related to f; by

d

d—fl(Hl (u(f,P), f.P)),

from the extremal equation

d
d—fl(Hl(u(f, P).f,P)) =0,

for x; € Q) such that
X # 3, Vi € {1+ N},
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we have, in an appropriate distributional sense,
d
(FF i PLEP) o)) =0
so that
d
2 (Bululs,P)),0(x QB
_<if << ui(f,P), fi)i2 + Z” ]/f P) z]) 5(xk)>
= 0 : @)
that is
d
(T Enlur, P50 )
<i< P)) — (lf, P, i Zu f.)P )”S<>>
) ' xir i) df, 2
<if< fP fl Zu ]rfP 1])/5 (xk)>
12
(®)

From such results, we may obtain
(T Enlur, P00 ) = (), 800}z =0,
so that

<difl(Ein(”(f’ P)))/5(xk)>L2 —u(xx) =0,

that is

() = (7 (EuulF, P05 )

VI € {1,2,3}, Vx; € Qsuch that x; # x;, Vj € {1,--- ,N}.
With such results in mind, we have proven the following theorem.

Theorem 2.2 (The Generalized Castigliano Theorem). Considering the notations and definitions in this
section, here again denoting the Gateaux derivative of Hy related to f; by

d

d_ﬁ(H1<u(f/P)/f/P))/

we have
() = (3 Enlu(F ). 20x))
Vi e {1,2,3}, Vx € Q such that x; # xj, Vj € {1,---,N}.

2.2. The Virtual Work Principle

Considering the definitions, results and statements of the previous section and subsection, we
may easily prove the following theorem.

Theorem 2.3 (The virtual work principle). Let x; € Q such that x; # x;,Vj € {1,--- ,N}.
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For a virtual constant load P € R on x; at the direction of u(x;), define now J : V.— R where

J(u) = Ejpy — (ui, fi) 12 Zu xj) Pyj — Pu(x;).

Under such hypotheses,

Vk € {1,2,3}, Vx; € Q such that x; # x;j.

Proof. The proof is exactly the same as in the Castigliano Theorem in the previous section except by
setting the virtual load P = 0 in the end of this calculation and will not be repeated. [J

3. The Castigliano Theorem for a Non-Linear Elasticity Case

Let QO C R? be an open, bounded and connected set with a regular (Lipischitzian) boundary
denoted by 9Q).

In a context of non-linear elasticity, consider the functional | : V' — R where
J(u) = Ein — (ui, fi)12 Z” %) Pij

u = (uy,up,u3) € W3'2(Q,-R3) =V, f=(ffof3) € L2(LR3),Y = Y* = L2((;R3), and
P;eR, Vie{1,2,3},je{l,--- ,N}

for some N € N.
Here we have denoted

1
Ein =5 /()Hijkleij(u)ekl(”) dx,

eii(u) = L(oui + == o L TR
EAN) ox;  0x; mi
Moreover H;jy is a fourth order positive definite and constant tensor.
Observe that the variation of | in u; give us the following Euler-Lagrange equation

—(Hijuen (1)) j — (Hipxrers (4) th ) Z =0, in Q. 9)
Symbolically such a system stands for

9] (u)
aui

=0,Vie{1,2,3},

so that N
d(Ein — (ui, fi) 12 — Xj=q ui(x}) Pyj)
8u,

=0, VI € {1,2,3}. (10)
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We denote 1 € V solution of (9) by u = u(f,P), so that multiplying the concerning extremal
equation by u; and integrating by parts, we get

Hy(u(f,P),f,P) 2Eiu (u(f, P)) + 1(011( (f, P))(tm(f, P)),i(um(f, P))j),2
N
—(ui(f, P), fi)2 — Z;“i(xj/frP)Pif
=
= 0,YfeY*, PeR¥, (11)
where
oij(u) = Hjwen (u), Vi,j € {1,2,3}.
Therefore p
d_P,S(Hl(”(f’P)’f’P)) =
so that
o %Ein  d P P)); P));
Tt o (54 P ), ) )2
N
—i <ui(f,P),fz->Lz-I-Zuz-(xj,f,P)P,-]- =0, (12)
ap, &

where we recall that, from the Implicit Function Theorem, we have

dEz'n aE,'n E)uk

dPls N auk aPls'
Hence, from this and (12), we obtain
dE; d (1
e ( (30, ) £, PY) o)), )
d
+—| Ein — (uwi(f, P), fi) 2 Zu xj, f,P)P;j | =0, (13)
APy
so that
dE; d
T+ g (500 P () (1,212
N I(Ein — (ui, fiyr2 — TRy ui(x))Pyj) duy,
auk E)Pls
) N
a0+ LR
- 0 (14)
From this, recalling that

I(Ein — (ui, fi) 2 Z] 1 4i (%) Pij)

o =0, Vk € {1,2,3}

we obtain

it (i P)) P £, P )12 ) = () =,
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so that
_ dEj, d p p p
wlx) = ;. + (G ) P £ ), )
= o (3 Howetur, Pea(ur, ) )
d
b (50 P 1, P 0P ). (15)
vle{1,23},Vse{l,---,N}.
With such results in mind, we have proven the following theorem.
Theorem 3.1. Considering the notations and definitions in this section, in particular for
Ep =~ [ Hipger d
in = E/Q ijkeij(u)ex (1) dx
and
(3"(1/{)_1 %_'_%_i_u U
2oy oy MM )Y
we have
— B 4 P P P
wix) = ;. + 2 (3P P £, ), )y
— o (3, Howe s, Pea(ur, ) )
d (1
b (50 P 1, P 0P )2 ). (16)

vle{1,2,3},Vse{l,---,N}.

3.1. A Numerical Example Related to the Castigliano Theorem

Let Q = [0,1] C R be the axis of a straight beam with a rectangular cross section of dimensions
b x h, where units in this subsections refer to the international system.
Let 3
[
12
and denote by E > 0 the Young modulus for a steel beam.
Assume such a beam is subject to a vertical load P > 0 uniformly distributed on Q.
Assume also the beam is clamped at x = 0 and simply supported at x = 1.
Denoting by w € V = W22(Q) the vertical field of displacements results from the action of P, the

related boundary conditions are given by

w(0) =w(1) =0, wy(0) =0, wy(1) =0.

The total beam energy is defined by | : V — R, where

EI [
== dx— [ Podx.
) 5 /Q Wy A% — | Pwdx

In order to apply the results of the previous section, we free the rotations of the beam at x = 0,
considering a moment load M on x = 0 with general work

Muw ,(0).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Hence, we define
Vi ={weW*(Q) : w(0)=w(l) =wa(1) =0},

and define J; : V1 — R, by

EI
J1(w) 27/03‘),2” dx—/QPw dx — M w(0).

We emphasize again, through the methods of the previous section, we intend to obtain the value
of M which corresponds to
w,x(o) = 0-

Let ¢ € W22, The variation
51 (w; 9),

stands for

0 (w; @) = EI/Q Wxx @ xx AX — /Q Py dx — Mg (0).

Here assuming, w is smooth enough, integrating by parts and recalling that ¢ € V;, we obtain

0 (w; @) = EI/Q W xxxx @ dx — EIw xx(0) @ x(0) — /Q Py dx — Mg (0),

so that the extremal condition
01 (w; @) =0, Vo € V5,

provide us the following natural boundary condition
M - _Elw,xx (0)

and the equation
Elw yxxx — P =0, in Q.

Here we recall the remaining essential boundary conditions,
w(0) = w(1) = w (1) = 0.
A particular solution of such an equation
Elwxxxx — P =0, in Q)

stands for

where
T WEr
The concerning general solution stands for

w(x) = wp(x) + bx® + cx? +dx +e.

The boundary condition w(0) = 0 implies that e = 0.
The boundary condition
M = _Elw,xx(o),

stands for
M = —EI(2c),

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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that
so tha M
2ET
Moreover, from
w/xx(].) - 0,
we obtain
12a +6b +2c = 0.
From
w(l) =0
we have
a+b+c+d=0.
From these last two equations, we obtain
c
b=—=—-2a=b(c),
c—20=b(0
d
- d=a-— 2c
= 3¢
From the Castigliano Theorem, M € R must be such that
dE;,
X(O) - dM - 0/
where £l )
Ei, = > /Ow,xx dx.
Observe that
dEin _ dEin E -0
dM ~— dc dM 7
so that in fact, it suffices to obtain,
dE; 0
de
Moreover, observe that
El
Eiyp = ) /Q w,zxx dx
1
= % / (12ax? 4 6b(c)x + 2¢)* dx
0
EI 1 2.4 2,2 2
= 5 (144a°x* + 36b(c)“x” + 4c
0
+144ab(c)x® + 48acx® + 24xb(c)c) dx
EI [144a%x° b(c)?x3 )
144ab(c)x*  48acx®  24b(c)cx®]’
+ + +
4 3 2 0
_ EI[144a% N 36b(c)?
2 5 3
a4 1441b(c) N 483ac L 24c;7(c) > 17)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Hence, we must have
dEy _ OEindb  OEy
de ~  ob dc oc
=0 (18)
so that,
db(c) db(c) db(c)
12(2)b(c)7 +8c+ 36a7 +16a +12b(c) 4+ 12¢ o = 0. (19)
Recalling that
dbc) _
de -1/3,

we have got
—8b(c) +8c —12a+ 16a + 12b(c) — 4c = 0.

From such a result and recalling that

we have got

8
§+16a—1za+16a—4c—24a—4c:o,
so that 8¢
— —4a =0,
3 a
which has a solution
%
=5
Thus,
. 3P
_(2)4!151’
that
o M = —2¢cEl = 3P
= —ZC ——T

3.2. Checking This Last Result for M by Solving the Concerning Ordinary Differential Equation
In this section we check the result obtained for M by solving the following ODE,

EIw yxxx — P =0, inQ = [0,1],

with the boundary conditions,

w(0) =w(1) =wy(0) = wy(1) =0.
We recall the general solution stands for
w(x) = ax* + bx® 4 cx® + dx + e,

where

From w(0) = 0, we obtain e = 0.
From w (0) = 0, we obtain d = 0.
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From w(1) = 0, we have
a+b+c=0.

From wyy (1) = 0, we have
12a+6b+2c =0.

From such results, we obtain

and

Observe that
M(x) = —Elw sy,

so that in particular
3P

T
This value for M here obtained coincide with the one obtained in the previous subsection, as

M = M(0) = —Elw,x(0) = —EI(2c) =

expected.
The objective of this section is complete.

4. Conclusion

In this article, we have presented a formal proof Castigliano Theorem in a elasticity theory context.
We have also presented a generalization of such a result and a numerical example to exemplify its
applicability.
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