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Abstract

We present an experimental determinant model, inspired by self-adjoint scattering on a simple quantum
network, whose line-phase reproduces much of the oscillatory part of the zero counting function for
the Riemann zeta function. With modest tuning, the model attains RMS =~ 0.055 on the first 600,000
zeta zeros (best small-slice sweep ~ 0.047) and RMS ~ 0.0197 on the first 129 zeros of a real Dirichlet
L-function (mod 5). We do not claim a proof-level operator; rather, we document the architecture, its
diagnostics, and transferable numerical performance as evidence that this mechanism is worth further
analytic development toward the Riemann Hypothesis (RH). Background on { and its zeros may be
found in [1,2]; numerical context on zero statistics is provided by [3].
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1. Introduction and Motivation

The spectral interpretation of zeta zeros has long been considered a plausible route to RH, linking
number theory and quantum/spectral ideas (see, e.g., [[2], Ch. 1-2] and [[1], Ch. 14]). On the physics
side, quantum-graph models provide a minimal setting for chaotic scattering and trace formulae [5],
while the Hamiltonian viewpoint of Berry and Keating [4] frames zeta zeros as a putative spectrum.
Large-scale computations of zeros (heights, spacings, and the success of random-matrix predictions)
are surveyed in [3] and set a high bar for any candidate model.

We explore a determinant built from a simple network carrying prime lengths L, = logp. Its
scattering determinant separates into an Euler-like product and a coherent rank-1 correction, yielding
a line observable that can be compared to the exact smooth backbone derived from the I'-factor. Our
aim in this note is conceptual and empirical: to specify the model precisely, describe the diagnostics it
passes, and report the residuals against large zero sets.

Bouguet graph (first 60 primes) — loops tangent at hub

Figure 1. Schematic network used to assemble the determinant.
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2. The Determinant Model and Its Line Observable
2.1. Setup and Hub Mixing

Let P denote the primes and assign to each p € P a loop “time” L, = log p. Work on ¢?(P) with
a unit vector u = (up)pep,
up o p V05, >0 1
pxp ’ u > U. 1)

At the hub we impose the rank-1 unitary

Ury) = e (1+ (1 =1) [wyul),  nyeRr, )

where ¢ is a global phase and 7 controls a single coherent channel. Quantum-graph unitaries of this
type are standard scattering couplers [5].

2.2. Diagonal Propagation and Regularization

~Ly/2,

Along s = % + it the exact per-prime propagationis p™° =e ~itLy We package this into a

diagonal operator
Dya(s) = diag(x(p)p*wp(s)),  wpy(s) € (0,1], 3)
with x a Dirichlet character (trivial for ). Two practically useful windows:

e Fejér (line) window on s = %+ it wy(t) = max{0,1 — (L,/(cA(t)))?}7 with A(t) =
xloglog(max{t, fmin}). This mimics the explicit-formula cutoff and is numerically robust on
the line.

*  Analytic Gaussian wy(s) = exp(—7(s) L3) with T holomorphic near Rs > 3 (e.g. 7(s) = ag > 0).
This favors analytic continuation but is less aggressive than the Fejér taper for finite tables.

For standard properties of { and its I'-factor we refer to [1, Ch. 2—4].

2.3. Determinant, Bracket, and Observable

The determinant factorizes as
D(s) = det{I—aDya(s)) - (1—b5(s)), a=¢e¥%, b=¢Y (ezz"7 -1), (4)

where the rank-1 bracket
5(s) = (u, (I— aDX,A(s))fl Dy a(s)u) o)

captures the unique coherent channel. On the line we read the oscillatory count
1. .
Sget(t) == - Slog D(5 + it). (6)
For comparison we use the exact smooth backbone Ngm (t) = 9(t) /7, with
6,(t) = SlogI(} +4) — flogm, 8(t) = SlogI(125=) + Llog L. 7)

The bouquet-like separation (4) mirrors Euler product times a low-rank correction; see the general
scattering perspective in [5].

Finite-P Diagnostic

For a finite prime set, the matrix determinant lemma yields

det{ — a Dya(s) Uy, ) = ([T (1 - ax(p) p"wp(s))) - (1~ b5(s)),

p<P

verified numerically to machine precision in our runs; this supports the stability of (4)-(5).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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3. Scoring Against Zeros

Let t be the positive ordinates of zeros on the critical line (with multiplicity). We form residuals

e = (Nom(tx) — Saet(tx) — Co) —k, 8

calibrating Cy on a short prefix and scoring on the hold-out. We report RMS(ey), P95 of |e|, and
max |eg|. This follows standard practice in numerical { studies [3].

Parameters

A single set works across { and a sample Dirichlet family: 1 € [0,0.09], ¥ € [0.08,0.095], Fejér
scale k ~ 4.4, and u, o p~1/27% with §, ~ 0.05. The analytic Gaussian uses a small ay when we prefer
holomorphic regularization.

4. Numerical Experiments

We summarize (i) zeta zeros up to K = 600,000, and (ii) the first K = 129 zeros of a real character
modulo 5 (even, a = 0). In both cases we used 8,000 primes (max p = 81,799) and exact per-loop
unitary propagation.

4.1. Zeta Zeros: Sweep and Full Score
On a K = 150,000 slice we sweep (1, i, k):

(7, ¢,%) ~ (0.085,0.085,4.40) = RMS = 0.0468 (slice).
Freezing these, the full K = 600,000 run (calibration M., = 1000) achieves
RMS = 0.0546, P95~ 0.553, max |ex| =~ 0.990.

By bands: [1,2 - 10°] RMS 0.0484, [2 - 10°,4 - 10°] RMS 0.0556, [4 - 10%,6 - 10°] RMS 0.0592. These scales
are consistent with the known backbone and the slow variation of the entire factor on o > 1 [1].

4.2. Dirichlet L (mod 5, Even)

On the first 129 positive zeros we tune (1, 1, k) (calibrating Cy on the first 20 zeros) and obtain
(n,9,x) ~ (0.080,0.085,4.44) = RMS ~ 0.0197,

with P95 ~ 0.0280 and max ~ 0.1066 (hold-out K = 109). The stability under prime depth and modest
window jitter suggests the mechanism transfers across families, a desirable feature in any spectral
model of A(s) [4].

4.3. Summary Table

Table 1. Residual statistics on hold-out sets.

Family K Primes (n,9,x) RMS P95 Max
Z (full) 600,000 8000 (0.085,0.085,4.40) 0.0546 0.5529 0.9903
{ (slice) 150,000 8000 best-of-grid 0.0468 — —

L(xs,-) 129 8000 (0.080,0.085,4.44) 0.0197 0.0280 0.1066

5. Diagnostics and Analytic Design
We implemented diagnostics that mirror the analytic roadmap:

*  (A) Schatten proxies. For Rs > 1, sums }_p~7 and ¥ p~%” serve as trace/HS proxies for Dy A(s);
numerically these are small and consistent with trace-class behavior on the Euler half-plane [[1],
Ch. 2].
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®  (A2) Finite-P factorization. The determinant-lemma factorization holds to machine precision
(validating the product x bracket split in (4)—(5)).

e (B) I'-phase control. On |t| < 25, an odd Chebyshev phase shim approximates the exact I'-phase
to sub-radian error; in production we simply use the exact I' contribution to Nsm, consistent with
the classical completion [[2], Ch. 2].

*  (O) Bracket nonvanishing. With 7 = 0 the bracket is off (b = 0). For small  we observe
|1 —b5(s)| bounded away from 0 on ¢ 2 0.51 across broad ¢ ranges.

¢ (D) Euler half-plane match. On ¢ > 1 the completed object differs from A by a slowly varying
entire factor at the few—percent level, improving with prime depth and smoother windows;
compare the smooth behavior of the completed ( in classical sources [1,2].

6. Conclusions and Outlook

This determinant model is intentionally minimal: an Euler-like diagonal (prime loops),
one coherent channel (rank-1 hub), and the correct archimedean phase. Despite its simplicity, it
achieves RMS ~ 5 x 1072 on 600k zeta zeros and ~ 2 x 1072 on a Dirichlet sample, while passing
nontrivial factorization and stability checks.

The gap to an “ideal” operator remains analytic: (i) prove trace class and meromorphic continua-
tion of D(s) to s > %, (ii) realize the I'-phase as a finite-energy gadget or unitary dilation, (iii) control
1—b5(s) on fs > %, and (iv) enforce a functional equation with the correct divisor so that

D(s) = A(s) E(s) ", E entire, nonvanishing,

after which Hadamard factorization would complete the identification (see the classical framework
in [1,2]). From the numerical side, extending cross-family tests and tightening the Euler half-plane
amplitude should be the next priorities; from the operator side, building in symmetry (J-invariance) at
the outset aligns with the spectral aspirations of [4].
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