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Abstract

Volatility modelling is a key feature of financial risk management, portfolio optimisation, and fore-
casting, particularly for market indices such as the JSE Top40 Index, which serves as a benchmark
for the South African stock market. This study investigates volatility modelling of the JSE Top40
Index log-returns from 2011 to 2025 using a hybrid approach that integrates statistical and machine
learning techniques through a two-step approach. The ARMA(3,2) model was chosen as the optimal
mean model, using the auto.arima() function from the forecast package in R (version 4.4.0). Several
alternative variants of GARCH models, including sGARCH(1,1), GJR-GARCH(1,1), and EGARCH(1,1),
were fitted under various conditional error distributions (i.e., STD, SSTD, GED, SGED, and GHD).
The choice of the model was based on AIC, BIC, HQIC, and LL evaluation criteria, and ARMA(3,2)-
EGARCH(1,1) was the best model according to the lowest evaluation criteria. Residual diagnostic
results indicated that the model adequately captured autocorrelation, conditional heteroskedasticity,
and asymmetry in JSE Top40 log-returns. Volatility persistence was also detected, confirming the
persistence attributes of financial volatility. Thereafter, the ARMA(3,2)-EGARCH(1,1) model was
coupled with XGBoost using standardised residuals extracted from ARMA(3,2)-EGARCH(1,1) as
lagged features. The data was split into training (60%), testing (20%), and calibration (20%) sets. Based
on the lowest values of forecast accuracy measures (i.e., MASE, RMSE, MAE, MAPE, and sMAPE),
along with prediction intervals and their evaluation metrics (i.e., PICP, PINAW, PIWA, and PINAD),
the hybrid model captured residual nonlinearities left by the standalone ARMA(3,2)-EGARCH(1,1)
and demonstrated improved forecasting accuracy. This highlights the robustness and suitability of the
hybrid ARMA(3,2)-EGARCH(1,1)-XGBoost model for financial risk management in emerging markets
and signifies the strengths of integrating statistical and machine learning methods in financial time
series modelling.

Keywords: ARMA(3;2); EGARCH(1;1); forecasting; hybrid model; JSE Top40 Index; machine learning;
risk management; time series; volatility modelling; XGBoost

1. Introduction
1.1. Overview

The global stock market, known for its complexity and constant evolution, has consistently drawn
the attention of both investors and researchers alike. Several factors influence the movement of stock
prices, such as macroeconomic conditions, key economic indicators, market sentiment, company
performance, and various other elements. Volatility, described by [1] as the size of price variations in a
security or market index over time. Predicting and modelling volatility is crucial for investors, financial
analysts, and regulators, as it plays a key role in risk management and asset pricing. The Johannesburg
Stock Exchange (JSE) Top40 Index is a 40-share index representing the top 40 largest companies listed
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on JSE. It consists of multinational corporations with substantial operations in South Africa and across
the world. The index is also used to create exchange-traded funds (ETFs) and derivatives, providing
investors with broad exposure to the South African equities market.
The modelling of volatility has evolved significantly, beginning with the foundational ARCH model by
[3] and its extension to the GARCH model by [2]. While GARCH models are capable of capturing time-
varying volatility, they often struggle with nonlinear and asymmetric market behaviours. Financial
data frequently exhibit stylised facts such as volatility clustering, leverage effects, and heavy tails,
which may not be fully captured by traditional GARCH models.
Besides traditional econometric models, hybrid models combining machine learning (ML) with statisti-
cal techniques have shown promise for volatility forecasting. A case in point is the GARCH-XGBoost
hybrid model, in which GARCH captures linear time structures and XGBoost, a very powerful tree-
based ML model [4], captures nonlinearities. Studies such as ref. [5] demonstrated that these hybrid
models substantially improve forecast accuracy in volatile markets. However, their application in
the South African context, particularly with the JSE Top40 Index, has been limited. In light of these
developments, the primary aim of this study is to develop a modelling framework for assessing the
volatility of the JSE Top40 Index using a hybrid GARCH-XGBoost approach, with the intention of
improving risk forecasting accuracy. Specifically, the study seeks to explore the volatility behaviour of
the JSE Top40 Index, construct and evaluate a hybrid GARCH-XGBoost model, and provide recom-
mendations on risk management and financial decision-making in the South African market using the
results of volatility modelling.
This research investigates the application of the hybrid GARCH-XGBoost model in simulating the
volatility of the JSE Top40 Index based on historical daily closing prices for 2011–2025. Compared
to the standalone traditional GARCH method, this research develops a knowledge base in volatility
modelling and forecasting in emerging markets. This entails the incorporation of flexible statistical
techniques and machine learning into a more robust and improved volatility estimation system. The
study will likely aid financial analysts, investors, and policymakers by improving risk forecasting tools
and informing strategic decision-making, with potential implications for other emerging markets.

1.2. Literature Review
1.2.1. Traditional Volatility Models
ARCH and GARCH Models

The foundation of volatility modelling in financial markets was laid by [3] with the establishment of
the Autoregressive Conditional Heteroskedasticity (ARCH) model, which allowed the variance of
asset returns to vary over time in response to past errors. This was later extended by [2] through the
Generalised Autoregressive Conditional Heteroskedasticity (GARCH) model, which incorporated
both lagged conditional variances and past squared innovations. GARCH models are now recognised
as cornerstone of volatility forecasting, effectively capturing volatility clustering (a phenomenon where
periods of high volatility tend to be followed by high volatility and low volatility by low volatility).
Nonetheless, despite their widespread application and empirical progress, GARCH-type models
encounter notable limitations, particularly in accounting for nonlinear dependencies and asymmetrical
effects of positive and negative shocks on volatility.

Extensions of GARCH Models

To tackle the inherent flaws of the basic GARCH model, a number of extensions have been proposed.
Ref. [12] proposed the Exponential GARCH (EGARCH) model, and ref. [13] proposed the Glosten,
Jagannathan and Runkle GARCH (GJR-GARCH) model that accommodates asymmetric shock effects
on volatility. These models perform very well in financial markets, as negative shocks have more
impact on volatility than the same magnitude positive shocks, which is known as the leverage effect.
Although they are more sophisticated, these models have the disadvantage of being parametric and
do not always reproduce the rich dynamics of real financial time series data.
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1.2.2. Machine Learning in Volatility Forecasting
eXtreme Gradient Boosting Algorithm

In ML algorithms, XGBoost (eXtreme Gradient Boosting) has become very popular as one of the
best techniques for forecasting time series data due to its effectiveness and prediction performance.
XGBoost is a gradient boosting technique that creates an ensemble of decision trees by iteratively
fitting the model to the residuals produced by the preceding trees. XGBoost has shown strong ability
in financial applications such as volatility forecasting, largely due to its ability to detect complex,
nonlinear relationships and interactions among variables. Several studies have found that XGBoost
often outperforms traditional econometric models in this area [14,15], owing to its strength in capturing
the underlying patterns and dependencies present in financial data.

1.2.3. Hybrid Modelling Approaches
GARCH-XGBoost Hybrid Approach

A promising hybrid approach entails combining the GARCH model with XGBoost. In this approach,
the GARCH model is first used to model the linear volatility dynamics, and the residuals from the
GARCH model are then used as input features for the XGBoost algorithm. This hybrid GARCH-
XGBoost model has been shown to improve forecasting accuracy, especially in capturing complex
patterns that are not adequately addressed by traditional GARCH models alone. The ability of this
approach to blend statistical theory with data-driven learning methods makes it a powerful tool for
modelling volatility, particularly for indices like the JSE Top40.

1.2.4. Empirical Studies on the JSE and Other Similar Stock Markets
Empirical Studies on GARCH Models

Ref. [16] carried out an analysis of stylised facts and volatility patterns of the FTSE/JSE Top40 index.
The study employed both parametric and non-parametric approaches, using a Markov-switching GJR-
GARCH(1,1) model to assess conditional volatility. The research findings demonstrated the presence
of volatility clustering, monthly seasonal effects, and significant autocorrelation in logarithmic returns.
The FTSE/JSE Top40 index exhibited a 98.8% probability of long memory, while its volatility showed a
99.6% probability of long memory.
Ref. [17] analysed the impact of listing and trading futures contracts on the underlying stock index
volatility behaviour, concentrating on the FTSE/JSE Top40 index. The study employed a modified
GARCH model, incorporating a dummy variable to capture the non-constant variance of residuals. By
dividing the sample period into pre- and post-futures eras, the research found that the introduction of
futures contracts increased the volatility persistence of index returns.
Ref. [18] investigated the structure of return volatility on the JSE Securities Exchange of South Africa
by employing ARCH-type models. The standard GARCH(1,1) model provided the best description of
return dynamics compared to more complex augmentations. Additionally, the BDS test indicated that
the model significantly, though not fully, accounts for nonlinearities in the series.
Using daily stock market returns from the JSE, ref. [19] examined the relative performance of the
asymmetric normal mixture GARCH (NM-GARCH) model. The empirical results showed that the
NM-GARCH model performed better than any other competing models, suggesting that incorporating
a variety of errors improves volatility models’ ability to predict financial time series dynamics.
Ref. [20] aimed to forecast volatility in the JSE and the AEX using GARCH models. The study analysed
data from 2010 to 2021 and found that market volatility is relatively high on both exchanges. The
research demonstrated that volatility persists in both markets, with return movements following
similar trajectories.

Empirical studies on hybrid GARCH and Machine Learning approaches

Ref. [4] proposed a hybrid model combining ARIMA, GARCH, and XGBoost to improve the accuracy
of stock opening price predictions. The model modifies ARIMA residuals utilising GARCH and
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XGBoost, leveraging their complementary strengths. Empirical results on Hong Kong stock data
indicated that this hybrid approach outperforms traditional single models and other hybrid models in
terms of accuracy and robustness.
Ref. [24] analysed hybrid modelling for stock market forecasting by combining ARIMA-GARCH
models with machine learning models such as support vector machines (SVM) and long-short-term
memory (LSTM) networks. Applied to NASDAQ, DAX, NSE, and BIST index data, the hybrid
models significantly enhanced prediction accuracy over single models, effectively detecting linear and
nonlinear trends in finance time series.
Ref. [25] investigated the forecasting of high-dimensional asset return covariance matrices through
the integration of GARCH processes and neural networks. The proposed model includes forecasting
volatilities through hybrid neural networks while correlations take a standard econometric approach.
Under a minimum variance portfolio framework, the hybrid model outperforms equally weighted
portfolios and its econometric counterparts with univariate GARCHs.

1.2.5. Summary and research gap

The literature review illustrates that despite the popularity of classical GARCH models and
their extensions in forecasting volatility, they are not capable of capturing complex nonlinearities and
asymmetries in the financial time series data. ML algorithms, most notably XGBoost, have been shown
to be helpful in addressing these limitations. Yet, minimal research has applied these advanced models
to the JSE Top40 Index, particularly with hybrid approaches. This study aims to bridge this gap by the
application of the hybrid GARCH-XGBoost model to model the volatility of the JSE Top40 Index. By
combining statistical modelling and machine learning, this study will offer a better and more robust
approach to volatility forecasting in South African financial markets.

1.3. Contribution and Research Highlights
1.3.1. Contribution of the Study

This study contributes to the growing body of literature on financial time series forecasting by
proposing a novel hybrid volatility modelling approach that integrates traditional statistical models
(ARMA(3,2)-EGARCH(1,1)) and machine learning (XGBoost) through a two-step approach. The main
contribution is the prospective ability of this hybrid model to enhance forecast performance and
detect complex nonlinear patterns that may not be captured by standalone models, particularly when
applied to emerging markets such as the JSE Top40 Index. The study emphasises the need to integrate
traditional econometric and machine learning models to facilitate effective financial risk management
and decision-making.

1.3.2. Highlights of the Study

Research highlights:

• Proposed a hybrid ARMA(3,2)-EGARCH(1,1)-XGBoost model for improved volatility forecasting.
• Used a two-step modelling approach, combining statistical and machine learning techniques.
• Demonstrated that the hybrid model effectively captures nonlinear residual structures left by

standalone models.
• Achieved superior forecasting performance based on MASE, RMSE, MAE, MAPE, and sMAPE.
• Evaluated prediction intervals using PICP, PINAW, PIWA, and PINAD, with improved interval

accuracy and reliability.
• Highlighted the potential of hybrid models in financial risk forecasting in emerging markets.
• Emphasised the importance of model fusion in achieving both accuracy and robustness in time

series volatility forecasting.

The remainder of this research is outlined as follows: Section 2 discusses the methodological frame-
work, Section 3 presents empirical results and analysis, and Section 4 concludes the study with key
findings and recommendations.
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2. Methodology
2.1. Data Collection and Preprocessing
2.1.1. Data Collection

The study is going to use daily closing prices of the JSE Top40 Index for a specific time period
from 2011 to 2025. The data, which is freely available, can be accessed on https://za.investing.com/
indices/ftse-jse-top-40-historical-data. The data is collected over a five-day trading week.

2.1.2. Data Preprocessing

The dataset will be checked for possible anomalies, such as missing values and outliers, which
could affect the accuracy of the volatility models. For outlier detection, visual methods such as boxplots
and histograms will be used to identify extreme values. These visualisations permit for an intuitive
understanding of the data distribution and help to detect potential outliers. If outliers are detected,
appropriate actions such as removal or transformation will be considered. For handling missing data,
the deletion method will be applied, where rows containing missing values will be removed if the
missing data is not substantial.

Furthermore, log returns will be calculated from the raw daily closing price data to transform the data
into a format that is more appropriate for volatility modelling. Log returns are preferred as they allow
for the assumption of stationarity in the time series data. The log return for each time period will be
computed using the formula:

rt = 100 × log
(

Zt

Zt−1

)
, (1)

where rt is the log return at time t, Zt is the closing price at time t and Zt−1 is the closing price of the
previous day. These preprocessing steps, including outlier detection, handling missing values, and log
return transformation, will ensure that the data is clean, reliable, and ready for modelling.

2.1.3. Stationarity Check

The stationarity of the data will be checked through time series plots. If the data appears
non-stationary, differencing methods will be applied to achieve stationarity. Then, the Augmented
Dickey-Fuller (ADF) and Kwiatkowski-Phillips-Schmidt (KPSS) tests will be carried out to confirm
whether the data is stationary. After differencing and testing, a visual check of the transformed data
will be done once more to ensure stationarity before moving forward with the modelling process.

2.1.4. Autocorrelation and Heteroskedasticity Detection

Financial time series typically exhibit autocorrelation and patterns of conditional heteroskedas-
ticity that violate classical ordinary least squares (OLS) assumptions and lead to inefficient or biased
estimates. Autocorrelation describes the linear dependence of lagged values of a time series, whereas
heteroskedasticity refers to non-time-constant error variance. It is essential in financial modelling,
particularly in forecasting and estimating volatility, to detect such characteristics. In this subsection,
we present two visual plots and two statistical tests: ACF and PACF plots for autocorrelation, the Box-
Ljung test of autocorrelation, and Engle’s ARCH LM (Lagrange Multiplier) test of heteroskedasticity.

2.1.5. Normality Test

The Jarque-Bera (JB) test is a statistical test used to determine if a given sample of data follows a
normal distribution. Unlike other tests, the JB test focuses on the skewness (asymmetry) and kurtosis
(tailedness) of the data. In the case of a normal distribution, the skewness should be 0, and the kurtosis
should be 3. Since financial time series data often exhibit non-normal characteristics, such as skewed
returns or fat tails, the JB test is particularly useful in analysing such data.
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2.2. GARCH Models
2.2.1. Standard GARCH Model

When modelling the dynamic changes in volatility, the ARCH model requires estimating a large
number of parameters, which makes predictions more complex and variable. In contrast, the GARCH
model incorporates additional conditional variance terms (σ2

t ), reducing the complexity of parameter
estimation. This gives the model better long-memory properties and a more flexible time-lag structure.
Since GARCH(1, 1) is commonly used in empirical research, this study focuses on it, where equation 2
represents the mean equation and equation 3 defines the variance equation.

rt = µt + εt, (2)

where rt and µt denotes the log-returns of the JSE Top40 Index at time t and conditional mean of the
log-returns, respectively. µt is modelled using the ARMA(p, q) model defined as:

µt = µ +
p

∑
i=1

ϕirt−1 +
q

∑
i=1

θiεt−i,

εt ∼ N(0, 1) is the error term (log-returns shocks or innovations) defined as:

εt = σtZt,

where Zt ∼ iid(0, 1) with mean zero and variance 1.

σ2
t = ω + α1ε2

t−1 + β1σ2
t−1 (3)

2.2.2. Glosten, Jagannathan and Runkle GARCH Model

The Glosten, Jagannathan and Runkle GARCH (GJR-GARCH) model is a type of asymmetric
GARCH model that introduces dummy variables to differentiate the impact of positive and nega-
tive shocks on volatility. This helps capture the varying effects of market fluctuations more accu-
rately. The most commonly used version is GRJ-GARCH(1,1), which builds on the standard GARCH
(sGARCH(1,1)) model by incorporating a dummy variable. The variance equation of the GJR-GARCH
model is given by equation 4 as shown below.

σ2
t = ω + αε2

t−1 + γIt−1ε2
t−1 + βσ2

t−1, (4)

where It−1 =

1, εt−1 < 0

0, εt−1 ≥ 0
is an indicator function that accounts for asymmetry.

2.2.3. Exponential GARCH Model

The Exponential GARCH (EGARCH)) model is another asymmetric volatility model, but unlike
traditional GARCH models, it models the logarithm of variance ln(σ2

t ) instead of the variance itself.
This approach ensures that volatility remains positive without requiring parameter restrictions. If
the coefficient βln(σ2

t−1) is positive, it suggests that fluctuations in the time series persist over time, a
phenomenon known as volatility clustering. The variance equation for the EGARCH(1, 1) model is
presented in equation 5.

ln(σ2
t ) = ω + α1

(
εt−1

σt−1

)
+ β1ln(σ2

t−1) (5)
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2.3. eXtreme Gradient Boosting Model

The eXtreme Gradient Boosting (XGBoost) model is a powerful ML algorithm based on extreme
gradient boosting. It follows a boosted tree approach, where each tree refines its predictions by
minimising the difference between the estimated and actual values [11]. Mathematically, XGBoost can
be represented as a summation, as illustrated in Equation 6.

ŷi =
K

∑
k=1

fk(xi); fk ∈ F , (6)

where ŷi is the predicted value for the ith-observation, K is the total number of trees, fk(xi) represents
the prediction from the kth-tree and F is the the space of regression trees.
The objective function in XGBoost consists of two main components, i.e the loss function, which
measures the difference between the predicted and actual values, and a regularisation term that
controls model complexity. It is given by:

L(Θ) =
n

∑
i=1

l(yi, ŷi) +
K

∑
k=1

Ω( fk), (7)

Ω( fk) = γT +
1
2

λ ∑
j

w2
j , (8)

where Ω( fk) is the regularisation term, l(yi, ŷi) is the loss function measuring the difference between
the actual and predicted values, T is the umber of leaves in the tree, wj are the leaf weights, and λ and
γ are regularisation parameters that control model complexity.
At each kth-boosting step, a new tree fk is added to the model as shown in equation 9:

ŷ(K)i =
K

∑
k=1

fk(xi), (9)

where ŷ(K)i is the final prediction after Kth-boosting iterations.
The objective function is approximated using 2nd-order Taylor expansion shown in equation 10:

L(K) ≈
n

∑
i=1

[
l(yi, ŷ(K−1)

i ) + gi fK(xi) +
1
2

hi f 2
K(xi)

]
+ Ω( fK), (10)

where gi =
∂l(yi ,ŷi)

∂ŷi
and hi =

∂2l(yi ,ŷi)
∂2 ŷi

represents gradient and Hessian, respectively. The main objective
is to optimise fK(x) in each step.
The optimal weight of each leaf j is given by:

w∗
j = −

∑i∈Ij
gi

∑i∈Ij
hi + λ

, (11)

where Ij is the set of data points in leaf j.
The gain function helps to identify the best tree split and is given by the equation 12:

Gain =
1
2

[ (
∑i∈IL

gi
)2

∑i∈IL
hi + λ

+

(
∑i∈IR

gi
)2

∑i∈IR
hi + λ

− (∑i∈I gi)
2

∑i∈I hi + λ

]
− γ, (12)

where IL and IR are the left and right child nodes, respectively. The split with the highest gain is
considered.
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2.4. GARCH-XGBoost Hybrid Model

Collect and preprocess JSE Top40 index data

Compute Log-Returns rt = 100 × (log(Zt)− log(Zt−1))

Fit GARCH-type model to returns

Extract standardised residuals from GARCH Construct lag-based features from residuals

Split data into training and test sets

Train XGBoost model using residuals as input features

Predict future volatility using XGBoost

Evaluate models performance

Figure 1. GARCH-XGBoost diagram workflow.

2.5. Conditional Distributions and Parameter Estimation

In volatility modelling, particularly with GARCH models, the selection of an appropriate con-
ditional distribution is essential. This distribution governs the behaviour of the residuals or returns
given the past information and impacts the model’s flexibility in capturing various features such as
fat tails, skewness, and asymmetry. These are the most commonly used conditional distributions that
can be employed with these models: Student-t Distribution (STD), Skewed Student-t Distribution
(SSTD), Generalised Error Distribution (GED), Skewed Generalised Error Distribution (SGED), and
Generalised Hyperbolic Distribution (GHD). The model’s parameters were estimated using Maximum
Likelihood Estimation (MLE).

2.6. Evaluation Metrics

To assess the performance of models, we use evaluation metrics such as Log-likelihood (LL),
Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC), and Hannan-Quinn Infor-
mation Criterion (HQIC). The R software package is used to compute the value of LL, AIC, and BIC.
The formulas for AIC, BIC, and HQIC are given by the following equations 13:

AIC = −2L(ϕ̂) + 2k, BIC = −2L(ϕ̂) + klog(n), and HQIC = 2klog(log(n))− log(σ̂2), (13)

where L(ϕ̂) denotes the maximised log-likelihood, σ̂2 denotes the estimated variance of the model’s
errors, k represents the number of estimated parameters in the model, and n is the sample size. The
model with the lowest value of LL, AIC and BIC is considered.

2.7. Forecast Accuracy Measures

To evaluate how well the prediction model performs, this study employs several accuracy metrics,
including the Mean Absolute Square Error (MASE), Mean Absolute Error (MAE), Root Mean Square
Error (RMSE), Mean Absolute Percentage Error (MAPE), and Symmetric Mean Absolute Percentage
Error (sMAPE).
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2.8. Prediction Interval Evaluation Metrics

Prediction interval evaluation metrics are used to assess the quality of prediction intervals (PIs)
generated by a model. These metrics consider two main aspects: how often the true values fall within
the intervals (called coverage) and how wide the intervals are (sharpness). Below are commonly used
metrics:

2.8.1. Prediction Interval Coverage Probability

Prediction Interval Coverage Probability (PICP) measures the proportion of true values that fall
within the predicted intervals. Its mathematical equation is given by:

PICP =
1
n

n

∑
i=1

I
(
yi ∈ [L̂i, Ûi]

)
(14)

where, n is the number of observations, yi is the true value, L̂i, Ûi represent lower and upper bounds
of the prediction interval, and I(·) denotes the indicator function (I if condition is true, 0 otherwise).

2.8.2. Prediction Interval Normalised Average Width

Prediction Interval Normalised Average Width (PINAW) measures the average width of prediction
intervals, normalised by the range of the target variable. It’s equation is given as:

PINAW =
1

nR

n

∑
i=1

(
Ûi − L̂i

)
(15)

where, R = max(y)− min(y) denotes the range of true values.

2.8.3. Prediction Interval Normalised Average Deviation

Prediction Interval Normalised Average Deviation (PINAD) quantifies the average deviation
between the interval midpoint and the true value. Its equation is given by:

PINAD =
1

nR

n

∑
i=1

∣∣∣∣ L̂i + Ûi
2

− yi

∣∣∣∣ (16)

2.8.4. Prediction Interval Coverage Average -Normalised Width

Prediction Interval Coverage Average-Normalised Width (PICAW) measures the average width
of prediction intervals that successfully captured the true values. Its equation is given as:

PICAW =
1

nR

n

∑
i=1

(
Ûi − L̂i

)
· I
(
yi ∈ [L̂i, Ûi]

)
(17)

These metrics provide a comprehensive understanding of how reliable and informative the prediction
intervals are in capturing the true variability of the target variable.

3. Empirical Results and Discussion
3.1. Exploratory Data Analysis (EDA)
3.1.1. Graphical and Statistical Diagnostics of the JSE Top40 Index and it’s Log-Returns

Figure 2 shows the time series plot of the JSE Top40 closing price index from the year 2011 to
2025. The plot is mainly upward-sloping, indicating a general increase in the index over the observed
period. The time series plot indicates visible spikes, suggesting some level of volatility, particularly
with a drastic drop in early 2020 that is likely to have been brought about by the global impact of the
COVID-19 pandemic. Following this downfall, the index exhibits a strong recovery and continues
rising. The oscillations vary in magnitude with time, capturing different levels of volatility, a common
feature of financial time series and conducive to the application of advanced volatility models such
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as GARCH-XGBoost and GAS. There also does not appear to be any clear-cut seasonal trend in the
data, which indicates the absence of periodic recurring effects. Non-stationarity of both the mean
and variance of the series indicates the need to transform it into log-returns to facilitate more robust
statistical analysis and forecasting.

Time series plot of the JSE Top40 price index
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Figure 2. Time series plot of the JSE Top40 Price Index.

Figure 3 provides a preliminary exploration of the JSE Top40 daily log returns through various
graphical techniques. Panel (a) illustrates the time series plot of the log returns, which were obtained
by first differencing the log-transformed price series to induce mean stationarity, which is a necessary
condition for most time series modelling techniques. The resulting series has a zero mean and exhibits
volatility clustering, where periods of high volatility tend to follow each other, implying conditional
heteroskedasticity. Panel (b), the histogram superimposed with a normal density curve, reveals that
the distribution is leptokurtic and slightly negatively skewed and thus implies the presence of heavy
tails and asymmetry in the behaviour of the returns. This is also confirmed by panel (c), the Q–Q plot,
with significant deviation from the diagonal line in both tails, confirming non-normality as well as
excess kurtosis. Panel (d), the boxplot, shows that values cluster around the median with a few outlier
observations outside the whiskers, also confirming outliers and the fat-tailedness of the distribution.
Overall, these findings suggest the presence of non-normality, volatility clustering and extreme returns.

(a) Log−returns of the JSE Top40 index
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(d) Boxplot of the JSE Top40 log−returns
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Figure 3. (a) Log-returns for JSE Top40 stock index, (b) histogram with density curve plot of daily log-returns, (c)
normal Q–Q plot of daily log-returns, and (d) boxplot of the JSE Top40 log-returns.

Figure 4 shows the missing value plot for each variable of the JSE Top40 index. The plot indicates that
there are no missing observations in any of the variable columns. Overall, this suggests that the JSE
Top40 index dataset contains no missing values.
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Figure 4. Missing value plot of each variable of the JSE Top40 index.

Figure 5 shows the ACF and PACF plots of the JSE Top40 Index daily log returns, providing information
about the presence of autocorrelation in the log return series. The ACF plot illustrates a series of
significant spikes, particularly in the early few lags, beyond the 95% confidence levels, to signify that
the log returns are autocorrelated. Similarly, the PACF plot also shows high peaks at various lags,
again reflecting a sign of autocorrelation present in the log return series. These visual inspections are
also confirmed by the results in Table 1 that show the Box-Ljung Q test statistics for various lag lengths.
In all the lags which have been reported (i.e., 10, 15, 20, 25, 30 & 35), test statistics are greater than their
corresponding critical values, and the p-values are substantially below the level of 5%, and the null
hypothesis of no autocorrelation is therefore rejected. Overall, these findings establish statistically
significant autocorrelation in JSE Top40 log returns.
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Figure 5. ACF and PACF plots of the standardised JSE Top40 log-returns.

Table 1. Results of the Box-Ljung Q test for autocorrelation detection.

Lag Statistic Critical value p-value

10 56.445 18.30704 1.694 × 10−08

15 64.871 24.99579 3.599 × 10−08

20 78.941 31.41043 5.934 × 10−09

25 91.214 37.65248 1.811 × 10−09

30 99.013 43.77297 2.657 × 10−09

35 102.93 49.80185 1.314 × 10−08
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Figure 6 displays the ACF and PACF plots of the squared log returns of the JSE Top40 Index, which are
used for identifying second-order dependence (autocorrelation in the variance). Both plots exhibit
significant and slowly decaying autocorrelations at multiple lags, especially in the ACF plot, indicating
that there is long-lasting autocorrelation in the squared log returns. This is the traditional sign of
conditional heteroskedasticity, with the implication that the variance of the log returns is time-varying.
Table 2 provides formal proof of this finding through Engle’s ARCH LM test at various lag lengths.
At all lags (i.e., 10, 15, 20, 25, 30 & 35), the test statistics are far greater than the corresponding critical
values, with p-values smaller than 2.2 × 10−16, leading to a decisive rejection of the null hypothesis of
no ARCH effects. These results confirm the presence of conditional heteroskedasticity in the squared
log returns.
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Figure 6. ACF and PACF plots of the squared standardised JSE Top40 log-returns.

Table 2. Results of the Engle’s ARCH LM test for heteroscedasticity detection.

Lag Statistic Critical value p-value

10 995.91 18.30704 < 2.2 × 10−16

15 1252.2 24.99579 < 2.2 × 10−16

20 1298.4 31.41043 < 2.2 × 10−16

25 1353.7 37.65248 < 2.2 × 10−16

30 1379.3 43.77297 < 2.2 × 10−16

35 1387.3 49.80185 < 2.2 × 10−16

Table 3 summarises the results of stationarity and normality tests applied to the log returns. Both ADF
and KPSS tests indicate that the log return series is stationary. However, the JB test strongly rejects the
null hypothesis of normality (because p − value < 2.2 × 10−16), implying that the log returns are not
normally distributed.

Table 3. Summary of stationarity and normality tests for the log-returns.

Test Statistic p-value Conclusion Decision

ADF −15.934 0.01 Reject H0 Stationary

KPSS 0.024996 0.1 Fail to reject H0 Stationary

JB 5916.8 < 2.2 × 10−16 Reject H0
Not normally

distributed
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Table 4 shows the descriptive statistics of the log-returns of the JSE Top40 index, which reveal sig-
nificant characteristics about the nature of the log-return distribution. The mean is approximately
0.02982, indicating a slight upward trend in the average daily log-returns over the sample period. The
distribution is moderately dispersed with a standard deviation (SD) of 1.1414, signifying a high level
of volatility. The minimum (Min) and maximum (Max) values of −10.45042 and 9.05698, respectively,
suggest the presence of extreme log-return values, possibly due to market shocks or outliers. The
negative skewness (Skew) coefficient of −0.2670857 implies that the log-return series is slightly skewed
to the left, meaning that extreme negative log-returns are more dominant than extreme positive ones.
Moreover, the kurtosis (Kurt) value of 6.3282 exceeds the benchmark value of 3 for a normal distri-
bution, exhibiting a leptokurtic distribution characterised by heavy tails and a higher probability of
extreme log-returns. The deviation from normality in the distribution is further evidenced by the JB
test in Table 3, which confirms that the log-return series does not follow a normal distribution. These
stylised features regarding the negative skew and excess kurtosis are typical of financial time series
data and suggest that models accounting for asymmetry and fat tails may be more appropriate for
modelling the volatility of JSE Top40 log-returns.

Table 4. Summary statistics of the log-returns.

Min Q1 Q2 Mean Q3 Max SD Skew Kurt

−10.45042 −0.56997 0.05201 0.02982 0.66839 9.05698 1.141365 −0.2670857 6.3282

3.2. Selection of the ARMA(p,q) Mean Model

The mean model for the log-returns was selected by using the auto.arima() function from the
forecast package in R (version 4.4.0). The function used ARMA models with Autoregressive (AR)
and Moving Average (MA) of a maximum order of 10. Based on information criteria, the most suitable
model was found to be ARMA(3,2) with zero mean, which implies that the mean dynamics of the
series are best described by an AR(3) and MA(2) model.

3.2.1. ARMA(3,2) Mean Model Diagnostics

Figure 7 is a plot of the residual values after fitting the ARMA(3,2) mean model to the log returns
of the JSE Top40 Index. The residuals move randomly around zero, indicating that the model has
effectively removed the linear dependence trend in the mean. However, the graph shows periods of
high and persistent volatility, particularly during and around 2020, which is most likely a reflection
of the shocks that hit the markets during the COVID-19 pandemic. These clusters of large residuals
point towards volatility clustering, which implies the residuals are not homoskedastic. This graphical
evidence suggests the likely presence of conditional heteroskedasticity in the residuals.
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Figure 7. Time series plot of the Residuals from ARMA(3,2) model.
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Figure 8 shows the ACF plot of the residuals of the fitted ARMA(3,2) model for the JSE Top40 log
returns. While most of the autocorrelation coefficients lie within the 95% confidence bounds, there
are statistically significant spikes for some of the lags, which means that not all the autocorrelation
was captured in the model. This is confirmed by the Box-Ljung test results shown in Table 9, where
the null hypothesis of no autocorrelation is rejected at all lags considered (lags 10 to 30), with p-
values consistently below the 5% significance level. These results indicate the presence of remaining
autocorrelation in the residuals, implying that the ARMA(3,2) model does not adequately account for
all linear dependencies in the return series. Furthermore, the JB test strongly rejects the null hypothesis
of normality (p-value < 2.2 × 10−16), indicating that the residuals are not normally distributed.
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Figure 8. ACF and PACF plots of the Residuals from ARMA(3,2) model.

Table 5. Box-Lyung and JB test on the ARMA(3,2) Residuals.

Lag Statistic p-value

10 24.016 0.007559

15 31.296 0.008016

20 48.361 0.0003784

25 57.701 0.0002152

30 65.569 0.0001854

30 65.569 0.0001854

JB 4949.7 < 2.2 × 10−16

Figure 9 presents a graphical evaluation of the distributional characteristics of the residuals of the
ARMA(3,2) model. The histogram (left panel) has a peak close to zero, as one would expect for residu-
als, but the distribution is leptokurtic (more peaked and heavier-tailed than a normal distribution),
indicating non-normality. This is also supported by the Q-Q plot (right panel), in which the points
deviate substantially from the 45-degree reference line, especially in the tails. These deviations indicate
that the residuals are not normally distributed. This finding is in line with the foregoing JB test result.
Fat tails in residuals suggest that the residuals exhibit excess kurtosis, as is common in financial time
series, and suggest the potential need for conditional error distributions with heavier tails.
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Figure 9. Histogram and Normal Q-Q plots of the Residuals from ARMA(3,2) model.

Figure 10 presents the time series plot of the squared residuals of the ARMA(3,2) model for an
assessment of the variance’s behaviour over time. Most of the squared residuals are of low magnitude,
while the plot contains several bursts of high volatility with a sharply peaked curve at around 2020
that is presumably driven by the COVID-19 pandemic-related financial market crisis. This clustering
of large squared residuals is a clear indication of volatility clustering, a stylised fact of financial return
series, and points to the presence of conditional heteroskedasticity. The visual evidence from this plot
suggests that the variance is not constant over time.
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Figure 10. Time series plot of the Squared Residuals from ARMA(3,2) model.

Figure 11 presents the ACF plot of the squared standardised residuals from the ARMA(3,2) model
fitted to the JSE Top40 log returns. The plot shows high autocorrelation at a range of lags, and
particularly at small orders, with decreases that are comparatively slow as the lag increases. This
persistent autocorrelation structure of the squared standardised residuals is very strong and indicates
that there is time-varying volatility, i.e., residual variance is time-varying and depends on prior squared
values. These findings are statistically confirmed by the results of Engle’s ARCH LM test in Table 6,
which reports extremely large test statistics and p-values less than 2.2 × 10−16 at all considered lags.
This leads to a decisive rejection of the null hypothesis of no ARCH effects, indicating the presence
of conditional heteroskedasticity in the residuals. Furthermore, Table 7 displays the results of the
Box-Ljung test on the squared standardised residuals, with all p-values also being less than 2.2× 10−16,
which suggests the presence of conditional heteroskedasticity; that is, the variance of the residuals is
serially correlated and changes over time.
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Figure 11. ACF plot of the Squared Residuals from ARMA(3,2) model.

Table 6. Engle’s ARCH LM test on the ARMA(3,2) Residuals.

Lag Statistic p-value

10 884.65 < 2.2 × 10−16

15 991.9 < 2.2 × 10−16

20 1006.6 < 2.2 × 10−16

25 1007.8 < 2.2 × 10−16

30 1011.8 < 2.2 × 10−16

Table 7. Box-Ljung test on the ARMA(3,2) Squared Residuals.

Lag Statistic p-value

10 2244.7 < 2.2 × 10−16

15 2594.2 < 2.2 × 10−16

20 2722.6 < 2.2 × 10−16

25 2787.7 < 2.2 × 10−16

30 2807.7 < 2.2 × 10−16

3.3. Fitting of ARMA(3,2)-GARCH-type Models

Table 8 provides a comparison of ARMA(3,2)–GARCH-type models fitted under different condi-
tional error distributions: STD, SSTD, GED, SGED, and GHD. The evaluation criteria used are the AIC,
BIC, HQIC, and LL. Among all specifications, the ARMA(3,2)-EGARCH(1,1) model under the SSTD
exhibits the lowest values for AIC, BIC, and HQIC and the highest LL value. These results suggest
that ARMA(3,2)-EGARCH(1,1) with SSTD is the optimal model and provides the best in-sample fit
compared to the sGARCH and GJR-GARCH variants under the same distributional error assumptions.
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Table 8. Evaluation metrics for ARMA(3,2)–GARCH-type models under different conditional distributions.

Conditional Distributions

Model STD SSTD GED SGED GHD

ARMA(3,2)-
sGARCH(1,1) AIC 2.8899 2.8839 2.8911 2.8848 2.8837

BIC 2.9075 2.9032 2.9086 2.9041 2.9047
HQIC 2.8962 2.8908 2.8973 2.8917 2.8912
LL −5069.028 −5057.504 −5071.057 −5059.006 −5056.05

ARMA(3,2)-
EGARCH(1,1)AIC 2.8648 2.8592 2.8677 2.8616 2.8601

BIC 2.8841 2.8803 2.8870 2.8827 2.8829
HQIC 2.8717 2.8668 2.8746 2.8691 2.8682
LL −5023.923 −5013.125 −5028.948 −5017.282 −5013.602

ARMA(3,2)-
GJR-
GARCH(1,1)

AIC 2.8692 2.8625 2.8700 2.8646 2.8633

BIC 2.8885 2.8836 2.8893 2.8856 2.8861
HQIC 2.8761 2.8700 2.8769 2.8721 2.8714
LL −5031.562 −5018.872 −5033.11 −5022.453 −5019.186

3.3.1. ARMA(3,2)-EGARCH(1,1) Model Diagnostics

Figure 12 displays the ACF plot of the standardised residuals obtained from the ARMA(3,2)-
EGARCH(1,1) model. Most autocorrelation coefficients lie within the 95% confidence bounds, with
only a few marginally exceeding the limits. This visual evidence indicates that the model has captured
the linear dependence structure adequately, as little to no residual autocorrelation remains. This is also
supported by the Box-Ljung test of the standardised residuals presented in Table 9. p = 0.309 at lag 1,
which is well above the 5% level of significance, and consequently, there is no statistically significant
autocorrelation at lag 1. Although lag 14 has p = 0.00087, reflecting residual autocorrelation, the value
of p for lag 24 is 0.069, which is only marginally more than the 5% level. Overall, these results confirm
that the ARMA(3,2)-EGARCH(1,1) model has indeed eliminated much of the autocorrelation from the
residuals, with the residuals that are left being nearly white noise.
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Figure 12. ACF plot of the Standardised Residuals from ARMA(3,2)-EGARCH(1,1) model.
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Table 9. Box-Lyung test on the ARMA(3,2)-EGARCH(1,1) Standardised Residuals.

Lag Statistic p-value

1 1.034 0.3093218

14 9.511 0.0008747

24 16.625 0.0691665

Figure 13 shows the ACF plot of the squared standardised residuals of the ARMA(3,2)-EGARCH(1,1)
model. There is little significant autocorrelation evident, as most of the spikes are inside the 95%
confidence limits, and a couple of small lags reach the boundary. This visual outcome suggests that
the conditional heteroskedasticity has been adequately captured by the ARMA(3,2)-EGARCH(1,1)
model, leaving little to no remaining structure in the squared standardised residuals. This observation
is reinforced by the results of Engle’s ARCH LM test shown in Table 10, where all p-values at lags
3, 5, and 7 are substantially greater than 0.05. Hence, we fail to reject the null hypothesis of no
ARCH effects, confirming the absence of remaining conditional heteroskedasticity in the squared
standardised residuals. Similarly, Table 11 presents the Box-Ljung test statistics on the squared
standardised residuals, which also yield non-significant p-values across all reported lags. This validates
the finding that the model has eliminated any remaining conditional heteroskedasticity in the squared
standardised residuals. Overall, these results show that the ARMA(3,2)-EGARCH(1,1) model is a good
fit for modelling both the average and the ups and downs of the JSE Top40 log returns.
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Figure 13. ACF plot of the Squared Standardised Residuals from ARMA(3,2)-EGARCH(1,1) model.

Table 10. Engle’s ARCH LM test on the ARMA(3,2)-EGARCH(1,1) Standardised Residuals.

Lag Statistic p-value

3 0.0002491 0.9874

5 1.8261604 0.5109

7 3.5082149 0.4231

Table 11. Box-Ljung test on the ARMA(3,2)-EGARCH(1,1) Squared Standardised Residuals.

Lag Statistic p-value

1 0.0004513 0.9831

5 1.7573732 0.6767

9 4.1015005 0.5718
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The top panel in Figure 14 shows that the fitted model’s standardised residuals closely follow the fitted
SSTD with fatter tails than the normal density. The lower Q-Q plot confirms this by showing that most
points are along the 45-degree line, suggesting a good fit, although the slight deviation of the tails
suggests some residual non-normality. Overall, the residuals exhibit a distribution with the assumed
SSTD.
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Figure 14. Q-Q and Empirical Density plots of the Standardised Residuals from ARMA(3,2)-EGARCH(1,1) model.

The News Impact Curve in Figure 15 shows that negative shocks have a greater effect on future
volatility than positive shocks of the same magnitude, indicating strong asymmetry. This confirms that
the fitted ARMA(3,2)-EGARCH(1,1) model captures the leverage effect present in the data.
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Figure 15. News Impact Curve.

The findings in Table 12: Sign Bias Test reveal that the individual terms of sign bias (negative or
positive sign) are not statistically significant since their respective p-values are above 0.05. However,
the joint effect has a p-value greater than the 5% threshold, providing evidence for asymmetry. These
results also align with Figure 15: News Impact Curve, where it is clear that the negative shocks have
more influence on volatility than positive shocks.
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Table 12. Sign Bias Test Results.

t-value p-value

Sign Bias 1.5751 0.11532

Negative Sign Bias 0.2628 0.79270

Positive Sign Bias 1.2225 0.22159

Joint Effect 10.6213 0.16396

The mean (µ) parameter and the constant term (ω) in the variance equation shown in Table 13 are
statistically insignificant, as indicated by their p-values greater than 0.05, suggesting they do not have
a meaningful impact on the model. However, the parameters α1 and β1 are highly significant with
p-values < 0.05, implying that past shocks and past volatility significantly influence current volatility.
The model exhibits strong persistence in volatility, as shown by the high value of β1 = 0.977563,
indicating that volatility clusters persist over time. Moreover, the positive and significant leverage
term γ1 = 0.097962 suggests evidence of asymmetry, meaning that negative shocks tend to increase
volatility more than positive shocks of the same magnitude. This is also demonstrated by the News
Impact Curve shown in Figure 15.

Table 13. Parameter Estimates of the ARMA(3,2)-EGARCH(1,1) model.

Parameter Estimate p-value

µ 0.007207 0.533070

ω 0.001928 0.385990

α1 −0.116609 0.000000

β1 0.977563 0.000000

γ1 0.097962 0.000000

3.4. Fitting the hybrid ARMA(3,2)-EGARCH(1,1)-XGBoost Model (Two-Step Approach)

In this section, a two-step approach modelling framework was employed to enhance the fore-
casting performance and quantify uncertainty in the standardised residual time series. The approach
began with fitting an ARMA(3,2)-EGARCH(1,1) model to the daily log returns of the JSE Top40 Index.
The autocorrelation linear structure, conditional heteroskedasticity and asymmetry were captured by
the ARMA(3,2)-EGARCH(1,1). The rugarch package from R (version 4.4.0) estimated the model under
an SSTD for innovations to accommodate both skewness and heaviness in tails. Once the optimal
ARMA(3,2)-EGARCH(1,1) model was fitted, the standardised residuals were extracted for further
analysis. In the second step, the standardised residuals were modelled using the XGBoost algorithm.
This ML method was selected due to its high flexibility in capturing nonlinear patterns and interactions
that traditional time series models might overlook. To prepare standardised residuals for XGBoost, a
set of lag features (lags 1 to 15) and rolling window statistics (means and standard deviations over
window sizes 2, 3, 5, 10, and 20) were generated using data.table and zoo packages in R (version
4.4.0). These features were designed to reflect temporal dependencies and local volatility structure in
the standardised residuals.

The prepared data was also split into three sets: 60% for model training, 20% for calibration (for
the construction of prediction intervals), and 20% for out-of-sample testing. The XGBoost model was
trained on the squared error loss function with a five-fold cross-validation to determine the optimal
number of boosting rounds. Hyperparameters were a 0.05 learning rate, an optimal depth of 4, and
a subsample ratio of 0.8 to prevent overfitting. Predictions were made on the test and calibration
sets after training.To measure how uncertain the forecast is, we used the differences between what
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we predicted and what actually happened in the calibration set to create 90% prediction intervals.
Specifically, the 95th and 5th percentiles of the obtained residuals were used to add to the test set
point predictions in order to find the lower and upper bounds of the prediction interval, respectively.
For this purpose, the algorithm mimics the conformal prediction principles, wherein the prediction
intervals are obtained from the residual distribution over a calibration set, with finite-sample cov-
erage guarantees without strong assumptions on the residual’s distribution. The 90% prediction
intervals were complemented by the inclusion of 95% and 99% prediction intervals constructed from
the 97.5th/2.5th and 99.5th/0.5th percentiles of calibration residuals. This approach provided a useful
way of constructing data-driven nonparametric intervals capturing model uncertainty without strong
distributional assumptions. Overall, the two-step approach allowed the power of classical time series
modelling (via ARMA(3,2)-EGARCH(1,1)) to be merged with the potential of ML (via XGBoost) to
produce accurate point forecasts as well as useful prediction intervals for the standardised residual
series.

3.4.1. Forecast Performance Evaluation of Residual-Adjusted Forecasts from hybrid
ARMA(3,2)-EGARCH(1,1)-XGBoost Model

Table 14 presents the first ten forecast results obtained from the hybrid model. Each row shows
the actual standardised residual and the corresponding point prediction from the model. The table
demonstrates that the forecast values are generally close to the actual standardised residuals, indicating
that the model performs well in approximating future values. This supports the model’s accuracy in
point forecasting and highlights its potential effectiveness in capturing the underlying dynamics of the
residuals.

Table 14. First 10 Forecast Results from the Hybrid ARMA(3,2)-EGARCH(1,1)-XGBoost Model.

Actual Prediction

−1.0120410 −1.09369814

1.1786938 1.19492352

0.4166964 0.48389503

0.5499758 0.50791401

−0.5239740 −0.56324828

−0.7549064 −0.75089699

−0.7377047 −0.82774675

0.7169882 0.71523917

−0.6337408 −0.65407395

0.0296163 0.01168768

Table 15 shows the forecast accuracy measures of the hybrid ARMA(3,2)-EGARCH(1,1)-XGBoost
model fitted using a two-step approach. The hybrid ARMA(3,2)-EGARCH(1,1)-XGBoost model was
validated using some measures of the accuracy of forecasts on the test sample of the standardised
residuals. MASE is 0.0534 and RMSE is 0.1386, indicating a reasonably low value of the error in the
prediction of the model. MAE is 0.0595, suggesting that, on average, the predictions of the model
are about 0.06 units away from the actual standardised residuals. MAPE is 27.93%, and sMAPE is
16.41%. These values show moderate relative accuracy of the forecast, and sMAPE is a more accurate
and symmetric performance measure of percentage errors that is suited for standardised residuals in
which values can be positive as well as negative.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 4 August 2025 doi:10.20944/preprints202508.0247.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202508.0247.v1
http://creativecommons.org/licenses/by/4.0/


22 of 27

Table 15. Forecast Accuracy Measure Results from the Hybrid ARMA(3,2)-EGARCH(1,1)-XGBoost Model.

Forecast Accuracy Measures

MASE RMSE MAE MAPE(%) sMAPE(%)

0.0534 0.1386 0.0595 27.9251 16.4121

Figure 16 displays the forecast performance of the hybrid ARMA(3,2)-EGARCH(1,1)-XGBoost model
on the test set of standardised residuals, along with its corresponding 90% prediction intervals. The
actual standardised residuals are plotted in black, while the red line represents the point forecasts
generated by the XGBoost component. The shaded region between the dotted green lines is the lower
and upper bounds of the 90% empirical prediction intervals constructed based on the calibration
residuals. From the Figure 16, there is clear evidence that the hybrid model was tracking the dynamics
of the residual series well. The modelled series follows the rise and fall of the actual standardised
residuals, including at the points of sharp peaks and troughs. The presence of several extreme spikes,
particularly between indices 100 − 150 and at index 600, were generally well-bound within the range
of the interval, indicating the model’s ability to respond to abrupt volatility.

Furthermore, the vast majority of actual values lie within the prediction intervals, visually sup-
porting the previously reported 94% empirical coverage rate, which exceeds the nominal 90% level.
This suggests that the constructed intervals are not only reliable but slightly conservative (an often
preferred trait in financial forecasting), where underestimation of uncertainty can have costly implica-
tions. Additionally, the temporal average width is fairly consistent with the reported average width of
0.2623, demonstrating reliable quantification of uncertainty without inflated spread. Altogether, the
plot attests to the numerical performance measures and confirms that the hybrid model is precise in
point forecasting as well as data-efficient in deriving forecast uncertainty from prediction intervals.
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Figure 16. Forecast of Standardised Residuals with 90% Prediction Intervals from the ARMA(3,2)-EGARCH(1,1)-
XGBoost Model.

Figure 17 shows that the hybrid model’s 95% prediction intervals effectively capture the uncertainties
in forecasts, with 97.14% of the actual standardised residuals falling within the interval. This indicates
slightly conservative, yet reliable, prediction intervals. The average interval width of 0.4115 reflects a
reasonable balance between precision and coverage, confirming the model’s strong calibration and
forecasting performance.
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Figure 17. Forecast of Standardised Residuals with 95% Prediction Intervals from the ARMA(3,2)-EGARCH(1,1)-
XGBoost Model.

Figure 18 provides a demonstration of the robustness of the hybrid model’s 99% prediction interval
with an empirical coverage rate of 99.29%. This indicates that nearly all actual standardised residuals
fall inside the interval, a remarkable quantification of uncertainty. The average interval width of 1.3625,
while wider than for lower levels, is to be expected and acceptable for so high a confidence level. This
wider band enhances the reliability of coverage and makes the model particularly well-suited for
risk-attentive forecasting scenarios.
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Figure 18. Forecast of Standardised Residuals with 99% Prediction Intervals from the ARMA(3,2)-EGARCH(1,1)-
XGBoost Model.

The results of the prediction interval test in Table 16 indicate that the coverage probabilities (PICP) of
the 90%, 95%, and 99% intervals are 94.0000%, 97.1429%, and 99.2857%, respectively. These results
suggest that the prediction intervals are well-calibrated since they closely estimate or slightly exceed
their nominal confidence levels. The normalised average interval widths (PINAD) for the 90%, 95%,
and 99% intervals are 0.7939%, 0.7984%, and 0.8130%, respectively, reflecting growing interval width
with increased confidence levels. Moreover, both the average interval widths (PINAW) and their scaled
values (PICAW) increase with higher confidence levels due to the inherent trade-off between interval
sharpness and coverage. Generally, the results indicate that the model is able to produce reliable and
informative prediction intervals across all confidence levels.
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Table 16. Evaluation Metrics of the Prediction Intervals
.

Evaluation Metrics

PINC(%) PICP(%) PINAW(%) PICWA(%) PINAD(%)

90 94.0000 0.0329 0.0460 0.7939

95 97.1429 0.0516 0.0626 0.7984

99 99.2857 0.1707 0.1756 0.8130

The time-varying forecast errors plot in Figure 19 indicates the difference between actual and predicted
standardised residuals over time. Most errors are around zero, suggesting consistent and unbiased
forecasts. There are a few large spikes representing occasional larger forecast deviations, but they
are infrequent and not systematic. This reaffirms the model’s ability to generate stable forecasts with
occasional outliers, possibly due to unexpected volatility shocks.
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Figure 19. Time-Varying Forecast Errors plot.

4. Discussion and Conclusions
4.1. Discussion

The results of this study validate the performance of the hybrid ARMA(3,2)-EGARCH(1,1)-
XGBoost model in volatility forecasting performance improvement in the case of the JSE Top40 Index.
Initial mean structure selection using the auto.arima() function identified ARMA(3,2) as the optimal
mean model. Subsequent GARCH-type model estimation under varying conditional error distribu-
tions identified the ARMA(3,2)-EGARCH(1,1) model under SSTD as the optimal model, as indicated
by its lower AIC, BIC, HQIC, and LL values. The EGARCH part picked up significant volatility
characteristics such as autocorrelation, asymmetry (leverage effects), and persistence. This was con-
firmed by residual diagnostics, showing no autocorrelation and heteroskedasticity, thereby confirming
the model adequacy. Yet, single statistical models leave residual nonlinearities unaccounted for. To
counter this, the hybrid model employed XGBoost to forecast the EGARCH model’s standardised
residuals. In a two-step approach, the data were assigned to training (60%), test (20%), and calibration
(20%) sets. The model’s performance on the test set showed satisfactory point forecasting accuracy:
RMSE = 0.1386, MAE = 0.0595, MASE = 0.0534, and sMAPE = 16.41%, indicating low absolute error
and relatively high forecasting efficiency. Table 14 showed that hybrid model point predictions were
closely precise relative to actual standardised residuals. Furthermore, Table 15 and subsequent figures
confirmed the strong predictive power and credibility of the model. The hybrid model effectively
reflected spikes and dips in volatility even in cases of abrupt market changes. Interestingly, prediction
intervals for different confidence levels (90%, 95%, 99%) exhibited empirical coverage rates greater
than nominal rates, reflecting well-calibrated but conservative intervals, better for financial forecasting
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use to avoid risk underestimation. The average width of the prediction intervals (i.e., 0.2623 for 90%,
0.4115 for 95%, and 1.3625 for 99%) revealed a good balance between precision and uncertainty. The
PICP rates of 94.00%, 97.14%, and 99.29% also supported this. This outcome shows the ability of
the model to produce reliable volatility forecasts while maintaining interval prediction points. The
hybrid model’s time-varying forecast error analysis showed that most of the residuals were near
zero, with occasional large departures occurring. This is indicative of the model generating normally
unbiased forecasts with excellent stability and elasticity to volatility shocks. Compared to the stan-
dalone ARMA(3,2)-EGARCH(1,1), the hybrid model clearly isolated residual nonlinear patterns in the
standardised residuals, enhancing forecasting precision and measurement of risk.

4.2. Conclusions

This research successfully demonstrated the efficacy of combining classical econometric models with
advanced machine learning methods to further volatility modelling of the JSE Top40 Index. The
ARMA(3,2)-EGARCH(1,1) model with the SSTD distribution was determined to be the best option
among competing GARCH-type models, well capturing essential features such as volatility clustering,
asymmetry, and persistence of the log returns. The residuals from this model, used for training an
XGBoost model, made it possible for the hybrid ARMA(3,2)-EGARCH(1,1)-XGBoost framework to
enhance volatility forecasting while considering nonlinear trends and interactions. These results show
the potential of hybrid models in financial applications, particularly in markets with high uncertainty,
dominance, and complexity of dynamics. Future studies may include expanding the consideration of
exogenous macroeconomic variables and deep learning methods to further improve predictive power.
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Abbreviations
The following abbreviations are used in this manuscript:

ACF Autocorrelation Function
ADF Augmented Dickey-Fuller
AIC Akaike Information Criterion
ARMA Autoregressive Moving Average
BIC Bayesian Information Criterion
EDA Exploratory Data Analysis
EGARCH Exponential Generalised Autoregressive Conditional Heteroskedasticity
GARCH Generalised Autoregressive Conditional Heteroskedasticity
GED Generalised Error Distribution
GJR-GARCH Glosten-Jagannathan-Runkle Generalised Autoregressive Conditional Heteroskedasticity
HQIC Hannan–Quinn Information Criterion
JSE Johannesburg Stock Exchange
JSE Top40 Index Johannesburg Stock Exchange Top 40 Index
KPSS Kwiatkowski–Phillips–Schmidt–Shin
LL Log-Likelihood
MAE Mean Absolute Error
MAPE Mean Absolute Percentage Error
MASE Mean Absolute Scaled Error
MLE Maximum Likelihood Estimation
ML Machine Learning
PACF Partial Autocorrelation Function
PICP Prediction Interval Coverage Probability
PINAD Prediction Interval Normalised Average Deviation
PINAW Prediction Interval Normalised Average Width
PICAW Prediction Interval Coverage Average -Normalised Average
Q-Q Quantile–Quantile
RMSE Root Mean Square Error
sGARCH Standard Generalised Autoregressive Conditional Heteroskedasticity
SGED Skewed Generalised Error Distribution
SSTD Skewed Student-t Distribution
TD t-Distribution
XGBoost Extreme Gradient Boosting
sMAPE Symmetric Mean Absolute Percentage Error
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