Pre prints.org

Article Not peer-reviewed version

Combinatorial Identities of Three
Complex Parameters and Their Basic
Applications

Kunle Adegoke i , Robert Frontczak , Chiachen Hsu

Posted Date: 30 July 2025
doi: 10.20944/preprints202507.2534 v1

Keywords: combinatorial identity; complex parameter; binomial coefficient; trigonometric identity; Horadam
number

Preprints.org is a free multidisciplinary platform providing preprint service
that is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0
license, which permit the free download, distribution, and reuse, provided that the author
and preprint are cited in any reuse.



https://sciprofiles.com/profile/1345795
https://sciprofiles.com/profile/3199308
https://sciprofiles.com/profile/4352067

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 July 2025 d0i:10.20944/preprints202507.2534.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and
contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article
Combinatorial Identities of Three Complex Parameters
and Their Basic Applications

Kunle Adegoke 1'*, Robert Frontczak ? and Chiachen Hsu 3

1 Department of Physics and Engineering Physics, Obafemi Awolowo University, 220005 Ile-Ife, Nigeria
2 Independent Researcher, 72764 Reutlingen, Germany

3 No. 605, Daxue S. Rd., Nanzi District, Kaohsiung City, Taiwan

*  Correspondence: adegoke00@gmail.com

Abstract

Inspired by a problem proposal recently published in the journal The Fibonacci Quarterly we offer a
generalization consisting of two combinatorial identities involving three complex parameters. These
identities turn out to be immensely rich. We demonstrate this by providing basic applications to four
different fields: polynomial identities, trigonometric identities, identities involving Horadam numbers,
and combinatorial identities. Many of our findings will generalize existing results.
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1. Introduction

In a recent issue of the journal The Fibonacci Quarterly [12] the second author asked the readers
to prove the identity

n a\ ak — bk n a— 1)k — _ 1)k
Z(_l)kl<k> kb :kZ(_l)k1< 1) k<b 1) , (1)

k=1 =1

valid for all complex numbers a and b. Although not hard to prove, such an identity provides an
unusual but useful link between sums with and without binomial coefficients.

Our purpose in this paper is to derive a generalization of (1) involving an additional (that is third)
complex parameter. Polynomial combinatorial identities are equations that express relations between
polynomials and combinatorial quantities. These identities usually involve sums of polynomial terms
weighted by quantities like binomial coefficients, falling or rising factorials or other counting numbers.
Common examples are the binomial or multinomial theorem. Polynomial identities with a complex
parameter in the binomial coefficient are not unusual and can be found in the literature. Examples for
such identities were derived in the articles by Boyadzhiev [4], Wang and Wei [25] or Chen and Guo
[6], for instance. Identities with two or even three complex parameters also exist but are rare. Two
particular examples that come to mind are the Chu-Vandermonde identity and Hagen-Rothe identities
[7,8,16]: For complex numbers x and y, and non-negative integers m and n the Chu-Vandermonde

LE6) =65

identity is

of which
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is a special case. The Hagen-Rothe identities are similar. Still other sums related to ours were also
studied by Egorychev [11] and Lyapin and S. Chandragiri [21].

Our three parameter generalization of (1) consists of two separate identities presented in a main
lemma in the third section. These identities will turn out to be immensely rich and will allow us
to deduce a big amount of important results as basic properties. These results will come from four
different fields: polynomial identities, trigonometric sums, sums involving the Horadam sequence,
and combinatorial identities. In the field of combinatorial identities we will focus on three different
classes: Frisch-type identities, Klamkin-type identities and combinatorial sums involving powers of
integers.

2. Preliminaries

Before presenting our main results, we first collect several preliminary identities that will be
frequently used later.

Lemma 1. If k and n are integers and x is a complex number, then

(o) =+ () @

(o) =0 (3): ®
(n_kk> = (-1 <Z_D = (—1)"_](51(:), 4)
(k) = (i) ®

Proof. Identity (2) follows directly from the —1 transformation. [

In particular,

Lemma 2. We have

()= LLIEN) 2 e e i o
()= ()3 s
)= (0 >225' S "
()=o) ”
( 3/2> ( >(2r+1)2—zr, rez, (10)

(1/52 ! r) - (_1)5( i sS)) (rjs> (2:) 2% nse a1

Proof. These are consequences of the generalized binomial coefficients. They are easy to derive using
the Gamma function. They can also be found in Gould’s book [13]. O

Next, we recall some facts about Horadam sequences that will be needed later. The Horadam
sequence w; = wj(a, b; p,q) is defined, for all integers, by the recurrence relation [18]

wo=a, w1 =b, wj=pwj1—qwjy j=2,
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with
1
w—j= E(owjﬂ —W_ji2),

where a, b, p and g are arbitrary complex numbers with p # 0, g # 0, and p? — 4q > 0. The sequence wj
generalizes many important number and polynomial sequences, for instance, the Fibonacci sequence
F = wj(O, 1;1,—1), the Lucas sequence L= wj(Z, 1,1, —1), the Pell sequence P = wj(O, 1;2,—1), the
Chebyshev polynomials of the first and second kind given by Tj(x) = wj(1,x;2x,1) and U;(x) =
w;j(1,2x;2x,1), and so on. The j-th term of a Horadam sequence is given by

- _ Adl(p,q) — BT (p,q)
wj = wi(p,q) = o(p,q) —t(p,q)

(12)

where
A =w; —wot(p,q), B=wi—woo(p,q),

and o(p,q) and T(p, q) are given by

+9 s
c=o(p) == t=1(p.g) = 5,

where § = /p? — 4q, so that o(p,q) T(p,q) = q.

The sequences F; and L; are classical sequences and are indexed as sequences A000045 and
A000032 in the On-Line Encyclopedia of Integer Sequences [23]. Koshy [19] and Vajda [24] have
written excellent books on them. In addition, the sequences u; = wj(O, 1;p,9) and vj = wj(Z, p.q)
are called the Lucas sequences of the first kind and the second kind, respectively. Their explicit forms
equal
o'(p,g) — 7 (p,4)
o(p,q) = (p.q)

Finally, we mention the gibonacci sequence (or generalized Fibonacci sequence) G; = Gj(a,b) =
wj(a, b;1, —1). This sequence was studied by Horadam [17] in 1961 under the notation Hj. Terms of
the gibonacci sequence can be accessed directly through the Binet-like formula:

uj = uj(p,q) = and  v;=vj(p,q) = (p,q) + 7 (p,g).

i — BB/
G = A - BF
«—p
wherea = (1++/5)/2,8= (1—+/5)/2,and A = G; — GoBand B = G; — Gou. Itis readily established

that
G j= (—1)](G0L]- - G]-).

Lemma 3. Forall r,s # 0 we have the relations

r

0" = oup — quy_1,
r

T = Tuy — qur_1,

0’6 = 0ov, — qu,_1,

T'0 = —71v, + qu,—1,
and more generally
u Ur—1)s u Ur—1)s
oS = 2185 qs (r=1) and T'° = 255 — qs (r=1) .
Ug Ug Us Us

Proof. The statements can be verified directly by computation working with us0" (respectively us1"®)
andg=ct. O
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Lemma 4. For all integers r,s and t we have

r S s—t _t
O Us—t =0 Ur—t — (4 0 Ur—s,

—tt
T Ur—s,

r P S
TUs—t =T Ur—t —(

r s—t t
0'us_ 16 = v,y — ¢° ' vy,

s—tt

Tus— 16 = —T0,4 + 4" 'T'0p—s.

3. The Main Lemma and Its Immediate Consequences

40f23

Lemma 5. If a, b and x are complex numbers and n is a non-negative integer, then

kizl(—l)k1<nfk)a — bk i( > (1-b)k— . —(1—a)k 13)

and

O L L ey

k=1 k=1

_ f (k) (—1)* () £ b)),

Therefore,

ap(ETH) ROy > (5 (Bt
GBI

x—k><k—1) cal + bl
= . —-1) —
j21<n—k j—1 (-1 j

and thus

n X — a— k _ 1)k
Z(_l)k(n_ili)( 1 b=1)

i R VR R}
- Lo ”]ibjé( D)oy
-t () raen K ()
=i<—1>(n_])”]i” (RS0 oY ()

e ~
I M: I
—_ —_

This completes the proof. [
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When x = #n then identity (13) reduces to (1), which with a = 1 and b = 0 gives the classical
identity [4]

LG k—1 n 1 o
k;(_l) (k)k = H,, (15)

with H; =1+1/2 4 --- 4 1/n being the nth harmonic number. Similarly, by settingx =n+1,a =1
and b = 0 in identity (13), we obtain
n

n
k-1 n+1 1_ n—k+1 _
k:21< 1) <k+1)k_k§k = (n+1)Hy —n.

It follows from (Zﬂ) = () that

n
k-1 n 1 . o 1
k:Zl( b (k)k(k+1)_H” T

Note that the left-hand side of the equation above is

-0 ()5 - L0 ()

k=1 k=1

hence we have

n
k()L 1
kX::O( 2 <k)k+1_n+1‘ (16)
The last expression is also known. It is stated, for instance, in the book [10] as Exercise 27 in Chapter 2

(p.105).

The additional complex parameter x in the binomial coefficient provides a very rich source for
various combinatorial identities. A first immediate consequence of the main Lemma 5 is the following
result:

Theorem 1. If n is a non-negative integer and a and x are complex numbers, then

ki:l(_l)kl (n i k> 1—Tak = i <z : :) (1 _ka)k

k=1

R =t

k=1

and

Proof. Set b = 1in (13) and (14) and simplify. [

Another instant consequence are the following identities.
Theorem 2. If n is a non-negative integer and a and x are complex numbers, then

L

k=1

i<nik>(ﬂk+ak):f<:fl:§><l+a)ku<11__l_aak+akl+1>' a8)

k=1 k=1

Proof. Identity (17) is obtained by setting b = 1/a in (13) and writing —a for a. Identity (18) follows
from differentiating (17) with respect to a and multiplying through by a. O

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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We also get immediately the next known result.

Theorem 3. If a and x are complex numbers and n is a non-negative integer, then

TS A

k=1

Proof. Differentiate (13) with respect to a2 and write —a fora. O

Remark 1. Identity (19) is not new and can be found in a different form in Gould’s compendium [13] as
equation (1.10). 1t is also recorded by Chu [9, Equation (4)].

Another important consequence is the next theorem.

Theorem 4. If n is a non-negative integer and x is a complex number and a is a complex variable, then

RN S T

k=1 k=1 k=1

In particular, we have
n n
k1 NIy (x-k\1
k;( 1 (nk)k_l;(nk>k' @1

Proof. Add (13) and (14) and write —a for a. The particular case follows by substituting a = —1 in
(20). O

Proposition 1. If n is a non-negative integer and a is a complex variable, then

om\ab & (T+a)k
(1) - L5 - @)

L (-1 = L (Z) e, (23)

é(_l)k(;’:) (1’;112)]{ - q Jia)z <<_1)nun+l(niz T i 1) O 1)1(11 +2))' 29

In particular,

1 n 1 1
Z(_l)k<k>k+2 BCERICEE (25)

k=0
= (1+n)f(k+2) n+2

Proof. Identity (22) is obtained by setting x = #n in (20). Identity (23) follows upon setting x = —1
in (20) and using Lemma 1, while (24) follows from x = 1. Note that in deriving (23) we used the
equation (15). Identity (26) comes from settinga = —(n+2)/(n+1) in (24). O

Remark 2. Identities (22) and (23) will be called dual identities. We also note that setting x = 0 in (20) gives
the binomial transform of the binomial theorem.

The next theorem generalizes (19).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Theorem 5. If m is a positive integer, n is a non-negative integer, x is a complex number and a is a complex

variable, then ] )
! x kNa“m™ & (x—k\ k(A +a)™
k;n (n - k> (m) ko k;m <n - k) <m> k ' 27)

Proof. The proof is by induction on m. The base case, m = 1, is valid because it is the derivative of
(20). Assume the truth of the hypothesis (27). Differentiating (27) with respect to a shows that the
identity is valid for m 4 1 whenever it is valid for m and the proof is complete. Note that

(k—m)(:;) _ (m+1)(mk+1).

k—1
m—1

£ (D £ G

k=m k=m

O

By using the identity %(1];) = L(%71) and shifting the summation index, equation (27) can be

simplified into

Remark 3. Any identity derived from (27) remains valid under the interchange (zjﬁ) < (=1)k(, ). Simi-

larly, the interchange (i:i) < (=1)F f_r,l() leaves any identity derived from (28) valid.

Substituting @ = —1 and a4 = 0 into equation (28) yields the following results:

Proposition 2. If m is a positive integer, n is a non-negative integer and x is a complex number, then
! x+1\ [k x—m
LI () =0 ()
=m
i x—k\(k\ [x+1
= \n—k)\m)  \n—m)
Evaluation at x = —1/2, on account of Lemma 2, yields the following combinatorial identities.

Proposition 3. If m is a positive integer and n is a non-negative integer, then
i 2(n—k)\ [k 22k _ (2 (n) (2m 7122,11 (29)
=\ n—k m)1—2(n—k) n)\m)\m ’

Y (—1)k (Z) (7’;) (Zkk> T (—1)" (2(:__721) ) (2:) _11_22(2:_”1). (30)

k=m

and

Remark 4. By shifting the summation index it is not difficult to show that (29) also contains
" 2k> 272k (2n> )
Y = = 22 (31)
= ( k)1-—2k n
as a special case. The combinatorial sum (31) can be found in Riordan’s book [22, p.130]. In addition we have

from (30) its counterpart

" n\ (2k\ 1

Z(_l)k(k>(k> = (32)
k=0

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Proposition 4. If m and n are non-negative integers such that n > m + 1, then
! n—m
~1)kk =0.
=m

In particular, for alln > 1,

f(—l)k(Z) —0,

k=0

which is a well-known classical combinatorial identity that appears in numerous references; for instance, see
equation (2.3.2) in [10].

Proof. Set x = 0in (28), use Lemma 1, shift the summation index and seta = 0. [

Using the summation identity

n [n/2] [n/2]
Y fl= ),  f@o+ ), f(k-1)
k=m k=|(m+1)/2] k=|(m+2)/2]

together with (28), we obtain the following result:

Proposition 5. Let m be a positive integer, n a non-negative integer, x a complex number and a a complex

variable. Then
i x—k\ [k (14+a)" 4 (1 —a)km
=\ — k) \m 2

A2l rxp1y 2k
2k—m : ;
Y (n—Zk) <m>a if m is even,

k=|(m+1)/2|

ﬁg ( x+1 ><2k—1>uzk—m—1 if m is odd
k=lr2)/o) \TT2RHL/A

i (z:@ <:1) (1+a)k—m . (1—a)km

k=m
[n/2] -
Z < x;;(l 1) <2k 1>a2k_m_1 if m is even,

k=|(m+2)/2| moAkT "

LnZ/ZJ < X+ 21k> <2k> g2k—m if m is odd.
k=[(mr1)72) N "

and

Theorem 6. If m and n are non-negative integers, x is a complex number and a is a complex variable, then

L)) e B E G

k=1

k

ml oo x— kN (k+m\ (k+m\ 11
LRG0 ®
].Ol;ln—k j m k

(33)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Proof. The proof is by induction on m. The base case, m = 0, is identity (20). Now assume the veracity
of (33), the induction hypothesis, for a non-negative integer m. Replacing a with  and integrating with
respect to ¢ from 0 to a shows that (33) holds for m + 1 whenever it holds for m. Note that

(k+m+1)<k;m) = (m+1)<k;’iil>.

O

Remark 5. Identity (33) is also valid under the interchange stated in Remark 3. Thus, for example, we have
n N =1 _k+m
Z(_l)k<x k> <k—|—m) a
= n—k m k
n n -1 k+m
_om ok x )\ 1 IPVYAR: k4+m\ " (14a)
=" L ) (n—k)k+k_zl( 2 (n—k)( m ) K (34)
m=1 _ n -1
LRl SO0
=0 k=1 = ] mn
Proposition 6. If m and n are non-negative integers and a is a complex variable, then

]:Zl (Z) (k ;m) *1ak+m _ (m; n> -1 ((1 +a)mtn é <m ;{l— n) ak) ' (35)

Proof. Set x = 0in (34) and use Lemma 1. [

Remark 6. Identity (35) is equivalent to Gould [13, Identity (4.13), p.471].
Substituting a = —1 into (33) yields the following result.

Proposition 7. If m and n are non-negative integers and x is a complex number, then

o (1)) £ G
m—1 n _ " o\ L
EerEEe)

Proposition 8. If m and n are non-negative integers, then

) ECD) T

S NE

j=0

0 T
() e T

i

Proof. Set x = —1/2in (36) and use Lemma 2. [

Substituting x = 0, x = —1, and x = 1 into (33), and applying Lemma 1, we obtain the following
results.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Proposition 9. If m and n are non-negative integers and a is a complex variable, then

L)) asar TR ((5) (07)

) B
1

Proposition 10. If m and n are non-negative integers, x is a complex number and a and b are complex variables,

then
i X k+m\ tak — bk
= \n—k m k

e L B e @)
Rl EGIDCEN)

Proof. Follows from (33). O

The next three sections are dedicated to illustrating important basic applications of the combi-
natorial identities derived in this section. We will explore three primary fields: identities involving
trigonometric functions, identities related to Horadam sequence and finally, we will consider three
certain types of combinatorial identities.

4. Some Trigonometric Identities

In this section we derive some possibly new trigonometric identities.

Proposition 11. If n is a non-negative integer, x is a complex number and 0 is a real number, then

£ ()0 (TR () £ (TN e

k=1

é(ﬂﬁk)sm :k_zl( k)sm(l;cm)@COS(Z))k' (39)

and

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Proof. Seta = ¢,i = \/—1,0 € R in the main identity (20) and use Euler’s formula
e’ = cos(8) +isin(f)

together with
14a=¢e%22c0s(6/2).

Compare the real and imaginary parts. This completes the proof. [

Corollary 1. If n is a non-negative integer and 0 is a real number, then

Z( )cos(ke ; k9/2)< COS(;))k_Hn

k=1

and

Proof. Set x = n in Proposition 11. O

Corollary 2. If n is a non-negative integer and 0 is a real number, then

F e () = rs(§) )

k=1
" " kO) ¢ in(kf/2 0\ \"
LV = v () ()
Proof. Set x = —1 in Proposition 11, use Lemma 1, and simplify. O

Corollary 3. If n is a non-negative integer and 0 is a real number, then

L 2(n—k) cos(kf)
kzzl(_l)k< L )22k p

) E=(E) (D) e() )

() Eer= () Tn($) (=(3)

Proof. Set x = —1/2 in Proposition 11, use Lemma 2, and simplify. O

and

Corollary 4. If n is a non-negative integer and 0 is a real number, then

L (n—k) 2% cos(kf)
Z k+1( n—k >2(n—k)—1 k

= (2(11;1__11)) I:Z:l(—l)kZZk (Z : :) (2(kk_—11)> _1% (cos(?) (2 cos(%))k - 1>

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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and

L (n—k) 2% sin(k6)
Z kH( n—k )2(n—k)—1 k

) e (D) () ()

Proof. Set x = 1/2 in Proposition 11, use Lemma 2, and simplify. [

Proposition 12. Let n be a non-negative integer, x a complex number and 0 a real number. If 0 + 11/2 & nZ,

then
IR G Ee I S S

k=1

If6 & rtZ, then
Hﬁk)mkz%:;(ii’i)s“‘ik(“—Z(ii’;)i (41)

Proof. Seta = tan?(#) and a = tan2(6), in turn, in the main identity (20) and simplify. [

Proposition 13. If n is a non-negative integer, x is a complex number and 0 is a real number, then

i (nf )cos (0/2) i( :>2kcos (0/4) i( ) 42)

and

k"zl (nfk>5ﬁ‘k§f/2> _k”zl (z:ili)zksmzk((elj m/4) - (z::)}( )

k=1
Proof. Seta = cos(6/2) and a = sin(6/2), in turn, in the main identity (20) and simplify. I
To avoid repetitions we omit the special cases.

5. Identities Involving Horadam Sequences

In this section we state new identities involving Horadam sequences w, = wy(wo, w1;p,q)
introduced in Section 2.

Proposition 14. If n is a non-negative integer, x is a complex number, t is an integer, and r, s are positive
integers, then

k k
L x ) (—1)k Uys L (x —k) (—1)k Us
w, = Wy,
kzzl <n —k k qsu(r—l)s skt k=z1 n—k k qsu(r—l)s st
1
k

In particular,

L x \(=DF/ u \F & (x—k\ (—1)f 1\ o x—k\1
k_Z:l(nk> k (qur_1> wk+t_];<nk) k <qur_1) wrk+t_wt];<nk>k'
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Proof. Seta = —uy50°/(q°u(,_1),) in (20). Then Lemma 3 yields

k k
- X (_1)k Urs sk . <x - k) <_1)k Usg rsk Z <x — k) 1
= — —. (44
kgl (Tl - k) k <qsu(rl)s> 7 k:zl n—k k qsu(rfl)s T k; n—k/k ( )

Similarly, with a = —urs7°/(4°u(,_1)s) in (20) in conjunction with Lemma 3 we obtain

k k
é x ) (—1)k Ups s v (x—k) (—1)k Us ok (x—k)l
" = T — =. (45
k:Zl (n —k k U (r—1)s k:Zl n—k k U (r—1)s k:zl n—k)k 45

The identity follows upon multiplying (44) and (45) by ¢*, respectively 1!, and combining according to

the Binet form (12). The special case is obtained by setting s = 1. O

Proposition 15. If m and n are non-negative integers, r is an integer and x is a complex number, then
oo, ) ()
= n—k m vkk
m_l o Ur(jem) & —k\ (k+m\ (k+m\ "1
- _q)f-mZr=m) * -
2 (-1 j—m 2 <n —k i m k (46)

=0 /A = J
(_1)m - x—k k+m - U2rm+rk
+ qrm kzzl n—k m okk

In particular,

n n
Cper( X )M oy (YR e
L (-1 <nk)v’;k_2<nk)v’;k'

k=1

n
et (7 ek _
LD () =

which has the interesting property that it is its own binomial transform.

with the special value

Proof. Seta = —o" /v, and b = —1" /v, in (37). O

Remark 7. In view of Remark 3, identity (46) also implies

f <x—k> (k—l—m)lurk

= \n—k m vkk

-1
CE et () () !
_1)m n -1
PG e (T ()

In particular, at x = 0 we obtain

Eeo () (1) = con () (e (1) ),

Remark 8. These results should be regarded as basic. To keep the paper readable we do not state the spacial
cases. We can obtain more general results by utilizing Lemma 4.
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6. Combinatorial Identities
Lemma 6. If r, k and s are complex numbers and x is a complex variable, then
! r+kfs s—1 k+r ! -
/y —y) dy U , Rr+k—s+1)>0and0#s¢7Z; 47)
-1
/ Yy k+s 1dyf ! (21:) , R(r—s+1)>0and R(k+s) > 0; (48)

k+s
1

/0 )Ty =

-1
r
r+1<k+s> , Rk+s+1)>0and R(r—k—s+1) >0, (49)

and

1
/0 ynfk+5(1 _ y)rfnfs

1 r—k
_r—k—|—1<r—s—n>' Rn—k+s+1)>0and R(r—n—s+1) >0. (50)

Proof. The integrals in (47)- (50) are immediate consequences of the Beta function, B(r, s), defined, as
usual, for complex numbers r and s such that #(r) > 0 and R(s) > 0, by

Br,s) =B = [y 1y

With the help of the Gamma function, the integral is evaluated as

o=ty =2 () )

Note that in obtaining (49) and (50), we also used

u+1\ u+1fu
v+1) v+1\v/)’

an identity which we will often use without comment in this paper. [

6.1. Frisch-type identities
The following combinatorial identity is attributed to Frisch [1,2,14,15]:

n -1 -1
Z(—l)k@)(btk) :nic<’;ff> , bob—ceC\Z . (51)

Here, we derive generalizations and variants of this identity.

Theorem 7. If m is a positive integer, n is a non-negative integer, v and s are complex numbers such that
R(r —s+1) > 0and s is not a non-positive integer and x is a complex number, then

k_im km(”fk>(fi><kjr>_l:kék(k—snws)C—:)(;)(k_k;:S)_l/ 52)

and
ol G T T I wp = o PR I
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Proof. Write —a for a in (27) and multiply through by =5+ (1 — a)*~! to obtain

S () (e a-ar = (TR () e

k=m k=m

and hence (52) after term-wise integration from 0 to 1 with respect to a by (47) and (48). Identity (53)

follows from (52) by the
Cavk=m [ X x—k
S ) Y

Corollary 5. If m and n are non-negative integers and r and s are complex numbers such that R(r —s+1) > 0
and s is not a non-positive integer, then

symmetry of (27). O

(o () ey o
R T 0 Ry R

Proof. Set x = 0in Theorem 7 and use (4). Note that x = 0 in Theorem 7 removes the singularity at
m = 0 on account of (4). O

Remark 9. Identity (55) generalizes Frisch’s identity (51) to which it reduces at m = 0. In addition, new
combinatorial identities can be derived by setting s = £1/2 in Corollary 5. We leave this little exercise to the
interested reader.

Corollary 6. If m is a positive integer, n is a non-negative integer, r and s are complex numbers such that
R(r —s+1) > 0and s is not a non-positive integer, then

Eer (D060 s
() ) )

L))
:(_1)m<_<nn_11)<nn;r+_sll)l(n1)(n1m+sl) &7

S [ pe—————"

Proof. Set x = 1in Theorem 7. [

(56)

Corollary 7. If m is a positive integer, n is a non-negative integer, r and s are complex numbers such that
R(r —s+1) > 0and s is not a non-positive integer, then
K\ (k+r\ 1
-, 58
W) e

£ o,

=
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E @) o B0 weims @

Proof. Set x = —1in Theorem 7. [

Proposition 16. If m and n are non-negative integers and s is a complex number such that 8%(% —s) > 0and
s is not a non-positive integer, then

Bl () E
() )

e 0"
() () B

Proof. Setr = —1/2 in Corollary 5. [

(61)

Proposition 17. If m and n are non-negative integers and s is a complex number such that 3‘3(% —s) > 0and
s is not a non-positive integer, then

k_im(_l)k (Z : Z) (k - rl; + s) (Z(kzi{ ;1: :— s)) ) (2(kk—_nT—|——FsS)> _1k2j(k—n:n+)s
() ()
e
=(=1" <n - Z1 + s) (255) (2(112f —n: :— s)) h (2(:—_:11:;)) h 7122—(nn_1m—|)—ss'

Proof. Setr =1/2in Corollary 5. [

(62)

(63)

Proposition 18. If m is a positive integer, n is a non-negative integer, s is a complex number such that
R( —s) > 0and s is not a non-positive integer, then

now GG (—1yma ((:;)(221_:)) YY) )
k;:n( 1) (zkk) (mlis)k(k —m+ S) (2(7:1—_55))5 (27:1)(751)71 (2(’111:11))(71;1) (n . 1) ’ (64)
n n—2yky 2(k—s)
Z (_1)k (k_2)2(]:n)](( k—s )
k=m k)(s)k (65)
B (—1)111(2(]17;1_—:))5 ( (:1)22n - (";1)22(11—1) )
—T GG —m+s) o=y Ym—1)(n—m+s—-1))

Proof. Setr = —1/2 in Corollary 6. O
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Proposition 19. If m is a positive integer, n is a non-negative integer, s is a complex number such that
R(3 —s) > 0and s is not a non-positive integer, then

n (D) (E) (2% <—1>m22m< (1) (" SU)
1 k k=2/\m/\m—s _ m/ \s o , 66
L A e s \@Em Eoe-)

3 (w6 (D7 C)s ( (1), )2
(o

(2k+1)k - 22m 2n+1 )(2("_m+s))n(n —m+s)

k=m 2s n—m-+s)

n—m-+s

(67)
m m—s+1

Y, )= 1) —m s —1)

(" 1)(2(m S+1))22(n 1) )

Proof. Setr = 1/2in Corollary 6. [

Proposition 20. If m is a positive integer, n is a non-negative integer, s is a complex number such that
§R(% —s) > 0and s is not a non-positive integer, then

no e G (cymaee 1 (R

L @V oke—m+s)  Em9s E - @FEr )
n <><m><2<,f I () d)s @ (F)2
L e T T T L B (ke mrs) )

Proof. Setr = —1/2in Corollary 7. O

Proposition 21. If m is a positive integer, n is a non-negative integer, s is a complex number such that

R(3 —s) > 0and s is not a non-positive integer, then

. 1)k (Z)( )( )22k B (_1)11122111 n (rlfl)dsc)
kgm( Y (z(sz;;is )(2 k ,T;s))k(k— m—+s) o (®)s k;n K (70)
e © (D E)s ¢ (5) ()2
k;”( ) (5K - k; (z(sz#ks))(z(kk__,:lnﬁs))k(k —m+s) @)

Proof. Setr =1/2in Corollary 7. O

Remark 10. Again, four additional interesting special cases will come from setting s = £1/2 in Corollaries 6
and 7.

6.2. Klamkin-type identities
The identity

- (n x \ 7 x+1 [x—n\""
k;o(k)<k+b> :x—n—i—l( b ) (72)

is attributed to Klamkin [1,14,15]. Here, we derive generalizations and variants of this identity.
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Theorem 8. Let m be a positive integer, n a non-negative integer, r and s complex numbers such that R(r —
n—s+1) > 0and s is not a negative integer. Let x be a complex number. Then

G

1=

k

—i r+1 x—k\ (k\ (m+r—k\" 73
B k(m4r—k+1)\n—k)\m m+s
and
2 SEGEDG)
= ko \n—k)\m)\k+s
n _ -1
Z (r+1)(=1)k X kN (m+r—k ‘ (78)
k(m+r—k—|—1) —k/) \m m—+s
Proof. Multiply through (27) by a*™™(1 — a)"~™% and integrate term-wise from 0 to 1 using (49)
and (50). O

Corollary 8. Let m be a non-negative integer, n a non-negative integer, r and s complex numbers such that
R(r—n—s+1) > 0and s is not a negative integer. Then

! 1)k n—m\ (m+r—k\""  (=1)"/ r \ !
)y = (75)
= m +rfk+1 k—m m+s r+1 \n+s
and
n . -1 o -1
Z(n m)( r > _ r+1 <m+r n> ‘ 76)
= \k—m ) \k+s m+r—n+1\ m+s
Proof. Set x = 0 in Theorem 8. Again, note that the singularity at m = 0 was removed by virtue
of (4). O

Remark 11. Identity (76) reduces to Klamkin's identity (72) at m = 0. The choices s = £1/2 in Corollary 8
will yield two additional sums.

Corollary 9. Let m be a positive integer, n a non-negative integer, v and s complex numbers such that
R(r —n —s+1) > 0and s is not a negative integer. Then

20 e
S (o [ Ry T )
% Cﬁii) (L)
(r+1) < <n_1><m+rrr1:rrsl+1>l(n1)(mirn+2) 78)

< ><m;:—;n) ) (m~|—r1—n~|—1)>'

Proof. Set x = 1in Theorem 8. O

(77)
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Corollary 10. Let m be a positive integer, n a non-negative integer, r and s complex numbers such that
R(r—n—s+1) > 0and s is not a negative integer. Then

(L) R0 ey @

EOO) e EOEY mren ®

Proof. Set x = —1in Theorem 8. [

Proposition 22. Let m be a non-negative integer, n a non-negative integer, s a complex number such that
R(3 —n —s) > 0and s is not a negative integer. Then

R CE 0 G ma

(7 S))_lzz(nm), (81)
n S
Lev(In () @

" 2(n—m)\ [2(n+s)\ '(n+s\ " 22m
o n—m n-+s m-s 2m—2n+1"
Proof. Setr = —1/2 in Corollary 8. O

Proposition 23. Let m be a non-negative integer, n a non-negative integer, s is a complex number such that
R(3 —n—s) > 0and s is not a negative integer. Then

E (IO s

(e (2(m + s)) (2(11 + s)) ~1220=m) (2(n 4 5) — 1) (83)
m+4s n+s 3 '
kéi(_l)kG:Z) (2(kkj55)>_122k(2(k+s) Y (84)
o () ) s

Proof. Setr =1/2in Corollary 8. O

Proposition 24. Let m be a positive integer, n a non-negative integer, s is a complex number such that
R(3 —n —s) > 0and s is not a negative integer. Then

OV G 0 B o A v 85
L e ez 2\ i e-n)
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kD2l () Rlr=my
P CEr <( )<2£7::>><:f;>n<2m—2n+1> s
1y It
(o2 ey (n — 1) (2m — 20+ 3)

Proof. Setr = —1/2in Corollary 9. 0O

Proposition 25. Let m be a positive integer, n a non-negative integer, s is a complex number such that
R(3 —n —s) > 0and s is not a negative integer. Then

3" (1) DGt

K= Cmt i De(2m — 2k +3) .
(=13l <("—1)(2n +25—3)22 U (M) (2n + 25 — 1)22">
7 G =) )
n (D) () 2k 425 — 1)2%
k_z (= (2(k+s)) 3
h o n—1y/m—-n+1 ny m—n (88)
_ (_1)5227113 ( m )( m-+s ) _ <m)<m+s)
Gty \ G (n=1)@m—2n+5) (5 hn@m —2n+3) )

Proof. Setr =1/2in Corollary 9. O

Proposition 26. Let m be a positive integer, n a non-negative integer, s is a complex number such that
R(3 —n —s) > 0and s is not a negative integer. Then

o 2 ¢ M (E) )

k:Zm( )(2%kﬁs))k 0 k:zm CEED (e k(2m — 2k + 1) ®)
n 2k 2(k—m)

Z(_ )k( )]E+32 _ m 2m Z G ( )( k—m ) (90)

k=m CES)k S CED (e kem — 2k +1)
Proof. Setr = —1/2 in Corollary 10. O

Proposition 27. Let m be a positive integer, n a non-negative integer, s is a complex number such that
R(3 —n —s) > 0and s is not a negative integer. Then

. k 2%k s+ln2mn 1 k
k) (k425 —1)27  (—1)+122m3 BIM]Em)
k;( 1) (2(kk_:;))k o (2(7:7-:_55)) = (ZZI(mZ.{_(:l)k(zm 2k—|—3) (91)
n nyck _ 2k s+1n2m n kym—k
-1 k(k)(m)(2k+25 1)2 _ ( 1) 273 (m)(ers) ) 92
LY )k i) S (ot k(2m — 2k +-3) -

Proof. Setr =1/2in Corollary 10. O

Remark 12. Again, four additional interesting special cases will come from setting s = +1/2 in Corollaries 9
and 10.
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6.3. Combinatorial identities involving powers of integers

Lemma 7. If r and k are non-negative integers, then

& (=)

- i (_1)1'(';) i (93)

y=0 i=0

Proof. Since

i=0
we have )
dr k (kN
o= Cop (e
dy’ = i
and hence (93).
O

Remark 13. The evaluated derivatives in (93) can also be expressed as

el

where {}} are the Stirling numbers of the second kind, defined by
r 1 & k
W=k )

{Z} =0ifr <k (94)

d}’

PO

and having the useful property

Theorem 9. If x is a complex number, m is a positive integer and n and r are non-negative integers, then
n (_1\k ket I
y 1) ( x )(k—i—m) Z( 1) k(x k m)(k—l—m){r} 95)
i kt+m\n—k k+m n—k m k

Y (o) ) = S () OO 96)

Proof. Write — exp a for a in (27), differentiate r times with respect to a and evaluate at 2 = 0 to obtain

:i 1)k=m (nik> (:1) (k—m) :,g (—1)k—’”k(k—m)! (Z:ID (:1) {k_rm}

which can be written as (95) after shifting indices. Identity (96) follows from (95) by symmetry. [

and

Corollary 11. If m is a positive integer and n and r are non-negative integers, then

no(_1\k r k|

y (—1) (n-l—m) (k-l—m) Z k! (k-l-m){r} ©7)
rd k+m\k+m m = m k

L - S G -

and
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Proof. Set x = n + m in (95) and (96) and use (4). O

Remark 14. Identity (98) generalizes the known identity (consult for instance [3,20])

“ L n+1\ (r
K'=1% k! ,
Le=xeGo
to which it reduces at m = 1 and which expresses the sum of powers of integers in terms of Stirling numbers of
the second kind.

Remark 15. Setting x = +1/2 + m in Theorem 9 will yield two other interesting sums.

7. Conclusions

The motivation for writing this paper was Problem B-1358 in the 2024 issue of the Fibonacci
Quarterly [12]. What we considered initially more or less a note, turned out to be a very powerful result.
Our generalized identities presented in Lemma 5 enabled us to provide a range of applications to four
different fields: polynomial identities, trigonometric identities, identities involving Horadam numbers,
and combinatorial identities. In each field we have found generalizations of existing results. Our
findings dealing with Frisch-type identities, Klamkin-type identities and power sums are important
examples of such generalizations. It is worth mentioning, however, that there are gaps remaining. As
indicated in Remarks 8, 9-12, and 15 more appealing results are still to be discovered. This is left as a
potential future work.
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