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Abstract

This paper introduces a novel probability distribution, the Half Logistic New Weibull-Pareto (HLNWP)
distribution, derived by applying a half logistic transformation to the New Weibull-Pareto family.
The proposed distribution generalizes several existing models and offers enhanced flexibility in
modeling diverse data behaviors. We derive and discuss key statistical properties including the
probability density function, cumulative distribution function, hazard and reverse hazard functions,
quantile function, moments, moment generating function, probability weighted moments, and order
statistics. The maximum likelihood estimation (MLE) method is employed for parameter estimation,
and analytical expressions for the score vector are provided. A comprehensive Monte Carlo simulation
study is conducted to assess the performance and consistency of the MLEs. Finally, real-world data
sets are analyzed to illustrate the applicability and superiority of the HL-NWP model in comparison
with other non-nested alternatives. The results demonstrate the robustness and adaptability of the
HL-NWP distribution for practical data modeling scenarios.

Keywords: HLNWP distribution; lifetime modeling; reliability analysis; hazard function; maximum
likelihood estimation; simulation study

1. Introduction
Statistical models play a crucial role in research and data analysis as they help researchers to

make inferences and predictions about the population from a sample [1]. One of the most important
applications of statistical models is in modeling hazard rates of different types of data. Different
statistical models have been developed to model hazard rates of data with varying complexities. The
half logistic distribution proposed by [2], the generalized half logistic distribution first introduced by [3]
where they introduced a class of distributions called the generalized exponential distributions which
included the generalized half logistic distribution as a special case, the Weibull-Pareto distribution
introduced by [4] as a member of beta-generated class of distributions, and the exponentiated half
logistic-generalized G (EHL-GG) family of distributions [5] are just some few examples of statistical
models used to model hazard rates.

The half logistic distribution originally proposed by [2] and its extensions such as the generalized
half logistic distribution, Kumaraswamy half logistic distribution introduced by [6], Weibull-Pareto
distribution [4], and EHL-GG family of distributions, have found wide applications in various fields
for modeling data with monotonic and non-monotonic hazard rates, heavy-tailed data, and data with
varying hazard rates. Despite their popularity, these distributions have limitations and may not always
provide a good fit to all types of data [7]. Further research is needed to develop more flexible models
that can better capture the complexity of real-world data. The half logistic distribution has been
applied in different fields including rainfall data modeling [8], flood data modeling [9], and water flow
modeling [10]. It has found extensive applications in modeling data that exhibit monotonic hazard
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rates. However, this distribution has limitations in modeling data with non-monotonic hazard rates,
leading to the proposal of extensions such as the generalized half logistic distribution which applies to
heavy tailed data and data that exhibit non-monotonic hazard rates.

Recently, [11] developed the New Weibull-Pareto (NWP) distribution and used it to model data
with varying hazard rates, including data with constant, monotonic decreasing, and monotonic
increasing hazard rate functions. The NWP distribution has been found to provide better fits to certain
types of data compared to other commonly used distributions, gaining popularity in fields such as
engineering, finance, and healthcare. The NWP distribution has found applications in wind speed
data modeling [12], failure time modeling of electronic devices [13], and COVID-19 patient survival
time modeling [14]. Moreover, the NWP distribution has also been employed in studies related to
hydrology, finance, environmental science, and engineering [15]. [16] used the NWP distribution
to model extreme precipitation events in the Yangtze River Basin, while [17] applied it to estimate
value-at-risk in financial risk management. In another study, [18] used the NWP distribution to model
the distribution of extreme daily rainfall in the Andean region. These studies highlight the wide range
of applications of the NWP distribution, indicating its potential as a versatile and powerful tool for
data analysis in various fields. The New Weibull-Pareto distribution offers a good fit for datasets with
heavy tails and complex shapes, but it may not be suitable for datasets with a finite upper bound. It
may also struggle to capture the complexity of some datasets, leading to poor model fit.

The cumulative distribution function (cdf) and probability density function (pdf) of the New
Weibull-Pareto are given respectively by

GNWP(x; α, β, δ) = 1 − e−δ( x
α )

β

(1)

and
gNWP(x; α, β, δ) =

βδ

α

( x
α

)β−1
e−δ( x

α )
β

, (2)

for α, β, δ > 0.
[5] developed the exponentiated half logistic-generalized-G (EHL-GG) family of distributions

which is a generalization of the half logistic distribution that offers a wider range of flexibility in
modeling hazard rates. The EHL-GG family of distributions has been applied in modeling failure data
of electric power transmission systems [15], concrete strength [19], and rainfall data [20]. Its ability to
model various shapes of hazard rates, including increasing, decreasing, bathtub, and unimodal hazard
rates, makes it a useful tool for analyzing data with complex hazard functions. Furthermore, the
EHL-GG family is very flexible and can be used to model both continuous and discrete data, making
it even more versatile for a wide range of applications. The cdf and pdf of the EHL-GG family of
distributions are given respectively by

FEHL−GG(x; γ, ω, ξ) =

(
1 − Ḡγ(x; ξ)

1 + Ḡγ(x; ξ)

)ω

, (3)

and

fEHL−GG(x; γ, ω, ξ) =
2γωg(x; ξ)Ḡγ−1(x; ξ)[1 − Ḡγ(x; ξ)]ω−1

(1 + Ḡγ(x; ξ))ω+1 , (4)

where G(x; ξ) is the baseline cdf with parameter vector ξ, Ḡ(x; ξ) = 1− G(x; ξ) and γ, ω > 0 are shape
parameters. If we set γ = ω = 1, we obtain a half logistic-G (HL-G) generator with cdf given by

FHL−G(x; ξ) =
G(x; ξ)

1 + Ḡ(x; ξ)
, (5)

where G(x; ξ) is the baseline cdf with parameter vector ξ, and Ḡ(x; ξ) = 1 − G(x; ξ).
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The motivation for developing the Half Logistic-New Weibull-Pareto (HLNWP) distribution is the
flexibility enjoyed after applying the HL-G transformation to models that exhibit monotonic hazard
rate functions. The new distribution will possess both monotonic and non-monotonic hazard rate
functions and applies to various levels of kurtosis and skewness, making it a useful model for data
fitting and analysis in various fields.

2. The Half Logistic New Weibull Pareto Distribution
We use the half logistic-G generator given in (5) to transform the distribution given in (1) to

come up with the Half Logistic New-Weibull Pareto (HLNWP) distribution with cdf and pdf given
respectively by

FHLNWP(x; α, β, δ) =
1 − e−δ

(
x
α

)β

1 + e−δ
(

x
α

)β
(6)

and

fHLNWP(x; α, β, δ) =
2δβxβ−1e−δ

(
x
α

)β

αβ

(
1 + e−δ

(
x
α

)β)2 , (7)

for α, β, δ > 0.

2.1. Sub-Models
We introduce some sub-models of the HLNWP distribution.

• When α = 1, we obtain the new Half Logistic Weibull (HLW) distribution with cdf and pdf given
respectively by

FHLW(x; β, δ) =
1 − e−δxβ

1 + e−δxβ

and

fHLW(x; β, δ) =
2δβxβ−1e−δxβ(

1 + e−δxβ

)2 , (8)

for β, δ, > 0.
• When α = β = 1, we obtain the Half Logistic Exponential (HLE) distribution introduced by [21]

with cdf and pdf given respectively by

FHLE(x; δ) =
1 − e−δx

1 + e−δx

and

fHLE(x; δ) =
2δe−δx(

1 + e−δx
)2 , (9)

for δ > 0.
• When α = 1 and β = 2, we obtain the Half Logistic Rayleigh (HLR) distribution introduced by

[22] with cdf and pdf given respectively as

FHLR(x; δ) =
1 − e−δx2

1 + e−δx2
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and

fHLR(x; δ) =
4δxe−δx2(

1 + e−δx2
)2 , (10)

for δ > 0.
• When δ = β = 1 , we obtain the Half Logistic Pareto (HLP) distribution, introduced by [23] with

cdf and pdf given respectively as

FHLP(x; α) =
1 − e−

(
x
α

)
1 + e−

(
x
α

)
and

fHLP(x; α) =
2e−
(

x
α

)
α

(
1 + e−

(
x
α

))2 , (11)

for α > 0.

3. Expansion of the Density Function
In this section we present an expansion of the density function. Rewriting the pdf of the HLNWP

distribution in (7) we obtain

fHLNWP(x; α, β, δ) =
2δβxβ−1e−δ

(
x
α

)β

αβ

[
1 + e−δ

(
x
α

)β]−2

. (12)

Using the series expansion

(1 − x)−2 =
∞

∑
n=1

nxn−1,

we have [
1 −

(
− e−δ

(
x
α

)β)]−2

=
∞

∑
n=1

(−1)n−1n
[

exp
(
− (n − 1)δ

(
x
α

)β)]
, (13)

Hence the pdf in (12) can be re-written as

fHLNWP(x; α, β, δ) =
∞

∑
n=1

(−1)n−1n
[

exp
(
− (n − 1)δ

(
x
α

)β)]

× 2δβxβ−1

αβ
exp

[
− δ

(
x
α

)β]
=

∞

∑
n=1

(−1)n−12n(n + 1)δβxβ−1

(n + 1)αβ
exp

[
− nδ

(
x
α

)β]
=

∞

∑
n=1

(−1)n−12n
n + 1

fn+1(x; α, β, δ), (14)

which is a linear combination of the New Weibull Pareto distribution with power parameter (n +

1), where fn+1(x; α, β, δ) is an exponentiated New-Weibull Pareto (NWP) distribution with power
parameter (n + 1).

The plots for the pdf of the HLNWP for different values of α,β, and δ are given in Figure 1.
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Figure 1. Plots of the probability density function for different values of α, β, and δ.

The density function reveals different shapes for various values of the parameters as shown in
Figure 1. The plots show that the HLNWP distribution can handle data that display various shapes
including reverse J, roughly symmetric, as well as data that is left or right-skewed.

4. Survival, Reverse Hazard and Hazard Functions
The survival function which gives the probability that a random variable X will take on a value

larger than some specified value x, is defined as

F̄(X|X > x) = F̄(x) = 1 − F(x),

where F(x) is the cdf. The survival function, reverse hazard function and the hazard function of the
HLNWP distribution, are given respectively by

SHLNWP(x; α, β, δ) = F̄HLNWP(x; α, β, δ)

=
2e−δ

(
x
α

)β

1 + e−δ
(

x
α

)β
, (15)

for x > 0, and α, β, δ > 0.
The reverse hazard rate function, τx, describes the probability of failure given survival time. In

reliability analysis, the reverse hazard function provides information about the reliability of a system
by modeling the probability that it will continue to function without failure beyond a certain time [24].
We thus have:

τHLNWP(x; α, β, δ) =
fHLNWP(x; α, β, δ)

FHLNWP(x; α, β, δ)

=
2δβxβ−1e−δ

(
x
α

)β

αβ

[
1 − e−2δ

(
x
α

)β] , (16)
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for x > 0, and α, β, δ > 0.
We define the hazard function of the HLNWP distribution in terms of the density and survival

functions as

hHLNWP(x; α, β, δ) =
fHLNWP(x; α, β, δ)

F̄HLNWP(x; α, β, δ)

=
δβxβ−1

αβ

[
1 + e−δ

(
x
α

)β] , (17)

where x > 0, and α, δ, β > 0.
The plots for the hazard rate function (hrf) of the HLNWP for different values of δ, β, α are given in
Figure 2.

Figure 2. Plots of the hazard rate function for different values of δ, β and α.

The graph of the hazard function in Figure 2 exhibit increasing and unimodal shapes for selected
values of the parameters. This flexibility makes the HLNWP hazard function useful and suitable for
non-monotonic empirical hazard behaviours which are likely to be encountered in real life problems,
and enables it to fit real lifetime datasets.

5. Quantile Function
In this section we derive the quantile function for the HLNWP distribution. The quantile function

QX(u), defined by FHLNWP(Q(u)) = u is the root of the equation, for 0 ≤ u ≤ 1. We solve the
following equation for x.

1 − e−δ
(

x
α

)β

1 + e−δ
(

x
α

)β
= u.
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Thus, the quantile function is given as

Q(u) =

[
−αβ

δ
ln
(

1 − u
1 + u

)] 1
β

. (18)

Table 1 shows quantiles for selected values of δ, β and α of the HLNWP distribution.

Table 1. Quantiles of the HLNWP Distribution for Some Selected Values of Parameters δ, β and α

(δ, β, α) (δ, β, α) (δ, β, α) (δ, β, α) (δ, β, α)

p-quantile (0.2,1.5,0.5) (2.6,0.6,1.1) (1,1.1,1.2) (1.5,0.4,2.1) (0.5,0.9,1)

0.1 0.5011 0.0154 0.2787 0.0137 0.3626

0.2 0.8009 0.0497 0.5282 0.0798 0.7923

0.3 1.0619 0.1006 0.7760 0.2298 1.2678

0.4 1.3091 0.1698 1.0322 0.5036 1.7969

0.5 1.5566 0.2617 1.3071 0.9641 2.3981

0.6 1.8177 0.3857 1.6149 1.7244 3.1052

0.7 2.1107 0.5603 1.9799 3.0199 3.9834

0.8 2.4710 0.8309 2.4546 5.4535 5.1801

0.9 3.0035 1.3534 3.2029 11.3370 7.1712

6. Moments and Moment Generating Function
In this section we derive some statistical properties including the raw moments, the moment

generating function, distribution of order statistics, as well as probability weighted moments for the
HLNWP distribution.

6.1. Moments and Related Measures

In this section moments and related measures such as coefficient of variation, skewness and
kurtosis of the HLNWP distribution are presented.
The rth moment, µr = E(Xr) is given by

E[Xr] =
∫ ∞

0
Xr fHLNWP(x; α, β, δ)dx.

From the expanded pdf of the HLNWP distribution in (14), we have

fHLNWP(x; α, β, δ) =
∞

∑
n=1

(−1)n−12nβδxβ−1

αβ
exp

[
− nδ

(
x
α

)β]
.

Thus

E[Xr] =
∫ ∞

0

∞

∑
n=1

(−1)n−12nβδxβ+r−1

αβ
exp

[
− nδ

(
x
α

)β]
dx

=
∞

∑
n=1

(−1)n−12
∫ ∞

0

nβδxβ−1

αβ
xrexp

[
− nδ

(
x
α

)β]
dx. (19)
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Let u = nδ

(
x
α

)β

, then du = nδβxβ−1

αβ dx. Also, x =

(
uαβ

nδ

) 1
β

. When x = 0, u = 0, and when x = ∞,

u = ∞, from (19) we have

E[Xr] =
∞

∑
n=1

(−1)n−12
∫ ∞

0

(
uαβ

nδ

) r
β

e−udu

=
∞

∑
n=1

(−1)n−12
(

αβ

nδ

) r
β
∫ ∞

0
u
(

r
β +1
)
−1e−udu

=
∞

∑
n=1

(−1)n−12αr

(nδ)
r
β

Γ
(

r
β
+ 1
)

. (20)

The first four moments of the HLNWP distribution are given by

µ′
1 = E(X) =

∞

∑
n=1

(−1)n−12α

(nδ)
1
β

Γ
(

1
β
+ 1
)

,

µ′
2 = E(X2) =

∞

∑
n=1

(−1)n−12α2

(nδ)
2
β

Γ
(

2
β
+ 1
)

,

µ′
3 = E(X3) =

∞

∑
n=1

(−1)n−12α3

(nδ)
3
β

Γ
(

3
β
+ 1
)

,

and

µ′
4 = E(X4) =

∞

∑
n=1

(−1)n−12α4

(nδ)
4
β

Γ
(

4
β
+ 1
)

.

The mean (µ), variance( σ2), coefficient of variation (CV), coefficient of skewness (CS), and coefficient
of kurtosis (CK) are given by

µ = E(X) =
∞

∑
n=1

(−1)n−12α

(nδ)
1
β

Γ
(

1
β
+ 1
)

, (21)

σ2 = µ′
2 − µ2, (22)

CV =
σ

µ
=

√
µ′

2 − µ2

µ
=

√
µ′

2
µ2 − 1, (23)

CS =
E
[
(X − µ)3]

[E(X − µ)2]
3/2 =

µ′
3 − 3µµ′

2 + 2µ3

(µ′
2 − µ2)3/2 , (24)

and

CK =
E
[
(X − µ)4]

[E(X − µ)2]
2 =

µ′
4 − 4µµ′

3 + 6µ2µ′
2 − 3µ4

(µ′
2 − µ2)2 . (25)

Table 2 lists the first five moments, standard deviation (SD), coefficient of variation (CV), coefficient of
skewness (CS) and coefficient of kurtosis (CK) of the HLNWP distribution for some selected values of
the parameters δ, β and α.
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Table 2. Moments of the HLNWP Distribution for Some Selected Values of Parameters δ, β and α.

(δ, β, α) (δ, β, α) (δ, β, α) (δ, β, α) (δ, β, α)

(0.2,1.5,0.5) (2.6,0.6,1.1) (1,1.1,1.2) (1.5,0.4,2.1) (0.5,0.9,1)

µ′
1 0.1637 0.2312 0.1980 0.1320 0.1147

µ′
2 0.1162 0.1220 0.1320 0.0744 0.0747

µ′
3 0.0899 0.0806 0.0987 0.0516 0.0553

µ′
4 0.0733 0.0596 0.0787 0.0394 0.0439

µ′
5 0.0618 0.0471 0.0654 0.0319 0.0364

SD 0.2989 0.2618 0.3046 0.2387 0.2480

CV 1.8257 1.1323 1.5386 1.8085 2.1620

CS 1.5582 1.1547 1.2678 1.9656 2.1376

CK 3.8732 3.3202 3.1341 5.8733 6.3114

3-D Plots of skewness and kurtosis for selected fixed values of α, β and δ are presented in the figures
below.

Table 2
Moments of the HLNWP Distribution for Some Selected Values of Parameters δ, β and α.

(δ, β, α) (δ, β, α) (δ, β, α) (δ, β, α) (δ, β, α)

(0.2,1.5,0.5) (2.6,0.6,1.1) (1,1.1,1.2) (1.5,0.4,2.1) (0.5,0.9,1)

µ′
1 0.1637 0.2312 0.1980 0.1320 0.1147

µ′
2 0.1162 0.1220 0.1320 0.0744 0.0747

µ′
3 0.0899 0.0806 0.0987 0.0516 0.0553

µ′
4 0.0733 0.0596 0.0787 0.0394 0.0439

µ′
5 0.0618 0.0471 0.0654 0.0319 0.0364

SD 0.2989 0.2618 0.3046 0.2387 0.2480

CV 1.8257 1.1323 1.5386 1.8085 2.1620

CS 1.5582 1.1547 1.2678 1.9656 2.1376

CK 3.8732 3.3202 3.1341 5.8733 6.3114

3-D Plots of skewness and kurtosis for selected fixed values of α, β and δ are presented in the
figures below.

(a) Skewness (b) Kurtosis

Figure 3. Skewness and kurtosis plots for fixed α values.

11

Figure 3. Skewness and kurtosis plots for fixed α values.
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(a) Skewness (b) Kurtosis

Figure 4. Skewness and kurtosis plots for fixed β values.

(a) Skewness (b) Kurtosis

Figure 5. Skewness and kurtosis plots for fixed δ values.

From these plots, we observe the following:

• When we fix the value of α, skewness and kurtosis of the HLNWP distribution increase as
the parameters β and δ increase.

• When we fix the value of β, skewness and kurtosis of the HLNWP distribution decrease as
the parameters α and δ increase.

• When we fix the value of δ, skewness and kurtosis of the HLNWP distribution decrease as
the parameters α and β increase.

12

Figure 4. Skewness and kurtosis plots for fixed β values.

(a) Skewness (b) Kurtosis

Figure 4. Skewness and kurtosis plots for fixed β values.

(a) Skewness (b) Kurtosis

Figure 5. Skewness and kurtosis plots for fixed δ values.

From these plots, we observe the following:
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From these plots, we observe the following:

• When we fix the value of α, skewness and kurtosis of the HLNWP distribution increase as the
parameters β and δ increase.

• When we fix the value of β, skewness and kurtosis of the HLNWP distribution decrease as the
parameters α and δ increase.

• When we fix the value of δ, skewness and kurtosis of the HLNWP distribution decrease as the
parameters α and β increase.

The moment generation function of the HLNWP is defined as

MX(t) = E[etX ] =
∫ ∞

0
etX fHLNWP(x; α, β, δ)dx. (26)
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By the Taylor series expansion, we note that

etX =
∞

∑
j=0

tjxj

j!
.

Thus,

E[etX ] =
∞

∑
j=0

tj

j!
E[X j].

Using this result and substituting j = r in (20), we have

MX(t) =
∞

∑
n=1

∞

∑
j=0

(−1)n−12αjtj

j!(nδ)
j
β

Γ
(

j
β
+ 1
)

. (27)

6.2. Probability Weighted Moments

Probability weighted moments (PWMs) were introduced by [25] as a tool for estimating the
parameters of a probability distribution. Unlike traditional moments, PWMs take into account the
distribution of the data and weight each observation by its probability of occurrence. By incorporating
the probability density function, PWMs can better capture the behavior of the underlying distribution
and provide more accurate parameter estimates. The PWM for the HLNWP distribution is defined as

nj,i = E
[

X jF(x)i
]

=
∫ ∞

−∞
xj f (x)[F(x)]idx

=
∫ ∞

0

2δβxβ+j−1e−δ( x
α )

β

αβ

(
1 + e−δ( x

α )
β
)2

[
1 − e−δ( x

α )
β
]i[

1 + e−δ( x
α )

β
]−i

dx

=
∫ ∞

0

2βδxβ+j−1

αβ

[
1 − e−δ( x

α )
β
]i[

1 + e−δ( x
α )

β
]−(i+2)

dx

=
∞

∑
k=0

∞

∑
m=0

(−1)m
(−(i + 2)

k

)(
i
m

)
2βδ

αβ

×
∫ ∞

0
xβ+j−1e−δ(k+m)

(
x
α

)β

dx.

(28)

We have

∫ ∞

0

βδ

αβ
xβ+j−1exp

[
− δ(k + m)

(
x
α

)β]
dx =

αjΓ( j
β + 1)

(k + m)

[
δ(k + m)

] j
β

. (29)

Thus,

nj,i =
∞

∑
k=0

∞

∑
m=0

(−1)m
(−(i + 2)

k

)(
i
m

) 2αjΓ( j
β + 1)

(k + m)

[
δ(k + m)

] j
β

. (30)
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7. Distribution of Order Statistics
Let X1, X2, . . . , Xn be a random sample from the HLNWP distribution and suppose that

X1:n < X2:n < . . . < Xn:n denote the corresponding order statistics. The pdf of the ith order statistic is
given by

fi:n(x) =
n!

(i − 1)!(n − i)!
f (x)[F(x)]i−1[1 − F(x)]n−i, (31)

where F(.) and f (.) are the cdf and pdf of HLNWP distribution given in (6) and (7) respectively. Using
the series expansion

(1 − z)a−1 =
∞

∑
i=0

(−1)i
(

a − 1
i

)
zi, (32)

we can re-write (31) as

fi:n(x) =
n! f (x)

(i − 1)!(n − i)!

∞

∑
j=0

(−1)j
(

n − i
j

)
[F(x)]i+j−1

=
n!

(i − 1)!(n − i)!

∞

∑
j=0

(−1)j
(

n − i
j

)
2βδ

αβ
xβ−1e−δ

(
x
α

)β

×
[

1 − e−δ
(

x
α

)β]i+j−1[
1 + e−δ

(
x
α

)β]−i−j−1

=
n!

(i − 1)!(n − i)!

∞

∑
j=0

∞

∑
w=0

(−1)j+w
(

n − i
j

)(
i + j − 1

w

)

× exp
[
− δ(w + 1)

(
x
α

)β][
1 + e−δ

(
x
α

)β]−i−j−1 2βδxβ−1

αβ

=
n!

(i − 1)!(n − i)!

∞

∑
j=0

∞

∑
w=0

∞

∑
m=0

(−1)j+w
(

n − i
j

)(
i + j − 1

w

)

×
(−i − j − 1

m

)
2βδ

αβ
xβ−1exp

(
− δ(m + w + 1)

(
x
α

)β)
(33)

The Shannon entropy of the HLNWP distribution is defined as

H[ fHLNWP] = E[− log( fHLNWP(X; α, β, δ))].

We have

−log

[
fHLNWP(x; α, β, δ)

]
= log

(
αβ

2δβ

)
+ δ

(
x
α

)β

− (β − 1)log(x)

+ 2log
(

1 + e−δ
(

x
α

)β)
. (34)

Note that for |x| < 1, using the series representation

log(1 + x) =
∞

∑
p=1

(−1)p+1xp

p
= −

∞

∑
p=1

(−1)pxp

p
. (35)
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Hence

log(x) = log
[
1 + (x − 1)

]
=

∞

∑
p=1

(−1)p(x − 1)p

p

= −
∞

∑
p=1

∞

∑
q=0

(
p
q

)
xq

p
(−1)q. (36)

Also,

log

[
1 + e−δ

(
x
α

)β
]
= −

∞

∑
s=1

(−1)se−δs
(

x
α

)β

s
. (37)

Thus

E

[
e−δs

(
x
α

)β
]

=
∫ ∞

0
exp

[
− δs

(
x
α

)β]
f (x)dx

=
∞

∑
n=1

(−1)n−12n
∫ ∞

0

βδ

αβ
exp

[
− δ(n + s)

(
x
α

)β]
xβ−1dx. (38)

Let

u =
δ(n + s)xβ

αβ
,

which implies

du =
βδ(n + s)xβ−1

αβ
dx.

When x = 0, u = 0, and when x = ∞, u = ∞. From (38), we obtain

E
[
e−δs

(
x
α

)β]
=

∞

∑
n=1

(−1)n−12n
n + s

∫ ∞

0

βδ(n + s)
αβ

xβ−1exp
[
− δ(n + s)

(
x
α

)β]
dx

= 2
∞

∑
n=1

(−1)n−1n
n + s

.

Using the rth moment given in (20) and substituting for the exponents, we obtain the expression for
the Shannon entropy as

H[ fHLNWP] = log
(

αβ

2δβ

)
+

δ

αβ
E
[
Xβ
]
+ (β − 1)

∞

∑
p=1

∞

∑
q=0

(
p
q

)
(−1)q

p
E
[
Xq]

− 2
∞

∑
s=1

(−1)s

s
E

[
exp

[
− δs

(
x
α

)β]]

= log
(

αβ

2δβ

)
+

δ

αβ

∞

∑
n=1

(−1)n−12αβ

nδ
+ (β − 1)

∞

∑
n=1

∞

∑
p=1

∞

∑
q=0

(−1)n+q−1

p

×
(

p
q

)2αqΓ( q
β + 1)

(nδ)
q
β

− 4
∞

∑
n=1

∞

∑
s=1

(−1)s+n−1n
s(n + s)

. (39)
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7.1. Rényi Entropy

Rényi entropy [26] is a generalization of Shannon entropy that includes a parameter that allows
for tuning the level of sensitivity to rare events. Rényi entropy of the HLNWP distribution is defined
as

IR(v) =
1

1 − v
log

[ ∫ ∞

0

(
fHLNWP(x; α, β, δ)

)vdx

]
, v ̸= 1, v > 0.

Rényi entropy tends to Shannon entropy as v → 1. Using the pdf of the HLNWP given in (7) and the
binomial identity given in (32) on the fourth term, we can express

∫ ∞

0

[
f (x)

]v
dx =

∫ ∞

0

[2δβ

αβ

]v
xβv−vexp

[
− δv

(
x
α

)β]

×
[

1 + exp
[
− δ

(
x
α

)β]]−2v

dx

=
∞

∑
t=0

(−2v
t

)[
2δβ

αβ

]v ∫ ∞

0
xβv−vexp

[
− δ(v + t)

(
x
α

)β]
dx. (40)

Let

u =
δ(v + t)xβ

αβ
,

then

du =
βδ(v + t)xβ−1

αβ
dx.

Also,

x =

[
uαβ

δ(v + t)

] 1
β

.

When x = 0, u = 0, and when x = ∞, u = ∞. From (40) we obtain

∫ ∞

0

[
f (x)

]v
dx =

∞

∑
t=0

(−2v
t

)[
2δβ

αβ

]v
αβ

βδ(v + t)

∫ ∞

0

βδ(v + t)xβ−1

αβ

× xβv−v−β+1exp
[
− δ(v + t)

(
x
α

)β]
dx

=
∞

∑
t=0

(−2v
t

)[
2δβ

αβ

]v
αβ

βδ(v + t)

×
∫ ∞

0

[(
uαβ

δ(v + t)

) 1
β
]βv−β−v+1

e−udu

=
∞

∑
t=0

(−2v
t

)2vδ
v− 1

β −1
βv−1Γ

( βv−v+1
β

)
αβv−β−1(v + t)1+ 1

β

.

Thus,

IR(v) =
1

1 − v
log

[
∞

∑
t=0

(−2v
t

)2vδ
v− 1

β −1
βv−1Γ

( βv−v+1
β

)
αβv−β−1(v + t)1+ 1

β

]
. (41)
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8. Maximum Likelihood Estimation
In this section we use the method of maximum likelihood estimation to provide a basis for

estimation of the parameters, α, β and δ. We denote the parameter vector for the HLNWP distribution
as Θ = [α, β, δ]T .

The log-likelihood function of the HLNWP is:

L(α, β, δ; X) =
n

∑
i=1

log fHLNWP(xi; α, β, δ)

=
n

∑
i=1

log

(
2δβxβ−1

i e−δ
( xi

α

)β

αβ

[
1 + e−δ

( xi
α

)β]−2
)

= n log(2) + n log(δ) + n log(β)

+ (β − 1)
n

∑
i=1

log(xi)− δ
n

∑
i=1

( xi
α

)β

− β log(α)− 2
n

∑
i=1

log
(

1 + e−δ
( xi

α

)β)
. (42)

The score function associated with the log-likelihood function is U(Θ) =
[

∂L
∂α , ∂L

∂β , ∂L
∂δ

]T , where the
first-order partial derivatives of the log-likelihood function are given by

∂L
∂α

= − β

α
+ δ

n

∑
i=1

βxβ
i

αβ+1 − 2
n

∑
i=1

δβxβ
i e−δ(

xi
α )β

αβ+1
(

1 + e−δ(
xi
α )β
) ,

∂L
∂β

=
n
β
+

n

∑
i=1

log(xi)− δ
n

∑
i=1

( xi
α

)β
log
( xi

α

)
− log(α) + 2

n

∑
i=1

δ
( x

α

)β log
( xi

α

)
e−δ
( xi

α

)β

(
1 + e−δ

( xi
α

)β) ,

and

∂L
∂δ

=
n
δ
−

n

∑
i=1

( xi
α

)β
+ 2

n

∑
i=1

( xi
α

)βe−δ
( xi

α

)β(
1 + e−δ(

xi
α )β
) . (43)

The MLEs for Θ can be obtained by solving the system U(Θ) = 0. Solutions to the above equations are
not in closed form, and so we opt for numerical methods such as optimization algorithms to obtain the
estimates.

8.1. Fisher Information Matrix

The Fisher information matrix contains information that is useful for performing interval esti-
mation and/or hypothesis testing. Under certain regularity conditions, the 3 × 3 symmetric matrix
that represents the Fisher information matrix (FIM) of the HLNWP distribution can be expressed as
follows:

I(Θ) =

Iαα Iαβ Iαδ

Iβα Iββ Iβδ

Iδα Iδβ Iδδ

,

where the elements

Iijk(Θ) = −EΘ

[
∂2 log( fHLNWP(X; Θ))

∂θi∂θj

]
.

The elements of the FIM can be obtained by considering the mixed second order partial derivatives of
(42) with respect to the parameters α, δ and β.
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The mixed second order partial derivatives of (42) with respect to the parameters α, β and δ are given
by

∂2L
∂α2 =

β

α2 − (β + 1)δ
n

∑
i=1

βxβ
i

αβ+2 − 2
n

∑
i=1

δβxβ
(
(−δ − β − 1)αβe−δ(

xi
α )β

+ δβxβe−δ(
xi
α )β − αβe−2δ(

xi
α )β)

α2(β+1)
(

1 + e−δ(
xi
α )β
)2 ,

∂2L
∂β2 = − n

β2 − δ
n

∑
i=1

(
xi
α

)β[
log
(

xi
α

)]2

+ 2
n

∑
i=1

δ ln2( xi
α )

(
e−δ(

xi
α )β(

( xi
α )

β − δ( xi
α )

β
)
+ e−2δ(

xi
α )β

( xi
α )

β

)
(

1 + e−δ(
xi
α )β
)2 ,

∂2L
∂δ2 = − n

δ2 + 2
n

∑
i=1

x2β
i e−δ

(
x
α

)β

α2β
(

1 + e−δ(
xi
α )β
)2 ,

∂2L
∂α∂β

= − 1
α
+ δ

n

∑
i=0

xβ
i

[
1 + β

(
log(xi)− log(α)

)]
αβ+1

− 2
n

∑
i=1

δxβ
i

[
βe−δ

( xi
α

)β(
log(xi)− log(α) + δ( xi

α ) log( xi
α )

)
+ β log(xi) + e−δ

( xi
α

)β

+ 1
]

(
1 + e−δ

( xi
α

)β)2 ,

∂2L
∂α∂δ

=
n

∑
i=1

βxβ
i

αβ+1 − 2
n

∑
i=1

βxβ
i
( xi

α

)βe−δ(
xi
α )β

αβ+1
(

1 + e−δ
( xi

α

)β)2 ,

and

∂2L
∂β∂δ

=
n

∑
i=1

( xi
α

)β
log
( xi

α

)
+ 2

n

∑
i=1

( xi
α

)β log
( xi

α

)[
e−δ
( xi

α

)β(
1 − δ

( xi
α

)2
)
+ e−2δ

( xi
α

)β]
(

1 + e−δ
( xi

α

)β)2 . (44)

These elements can also be obtained numerically using R. We use the Fisher information to generate
confidence intervals for the parameters of the HLNWP distribution.

9. Simulation Study
In this section an algorithm to generate random data from the HLNWP distribution is presented.

A Monte-Carlo simulation study is also performed to evaluate the performance of the maximum
likelihood estimators (MLE) for the parameters of the HLNWP distribution.

9.1. Generation Algorithm

We present an algorithm that we use to generate random data from the HLNWP distribution.
Algorithm:(Inverse Transform Sampling)

Let X be a random variable, where X ∼ HLNWP(α, β, δ), with cdf FX

1. Generate Ui ∼ Uniform (0, 1), i = 1, . . . , n.
2. Set

Xi = F−1
X (U).

9.2. Monte Carlo Simulation Study

In this section we study the performance of the HLNWP distribution by conducting various
simulations for different combinations of 6 sample sizes with four sets of parameter values. The inverse
transform sampling algorithm was used to generate random data from the HLNWP distribution. The
simulation study was repeated N = 100 times each with samples of sizes n = {25, 50, 100, 200, 400, 800}
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combined with parameter values I : {δ = 2.0, β = 2.5}, I I : {δ = 0.5, β = 0.5}, I I I : {δ = 1.5, β = 0.5},
and IV : {δ = 0.5, β = 1.5}. For the simulation, the value of α was fixed to 1 as this parameter can be
redundant and can be omitted without any loss to the meaning and performance of the simulation.
The four quantities given below were computed in this simulation study.

(a) Average bias of the MLE θ̂ of the parameter θ = δ, β :

1
N

N

∑
i=1

(θ̂ − θ).

(b) Root mean squared error (RMSE) of the MLE θ̂ of the parameter θ = δ, β :√√√√ 1
N

N

∑
i=1

(θ̂ − θ)2.

(c) Coverage probability (CP) of 95% confidence intervals of the parameter θ = δ, β, i.e., the percent-
age of intervals that contain the true value of parameter θ.

(d) Average width (AW) of 95% confidence intervals of the parameter θ = δ, β.

Tables 3 and 4 display the Average Bias, Root Mean Square Error (RMSE), Coverage Probability
(CP) and Average Width (AW) values of the parameters δ and β for different sample sizes. The findings
suggest that, as the sample size n increases, the RMSEs of the parameters decrease towards zero.
Furthermore, for all parameters, the biases decrease as the sample size n increases. The results also
indicate that the coverage probabilities of the confidence intervals are very close to the expected level
of 95%, and the average confidence interval widths decrease with larger sample sizes. Therefore, the
Maximum Likelihood Estimates (MLEs) and their asymptotic results can be employed to estimate and
construct confidence intervals even for relatively small sample sizes.

Table 3. Monte Carlo Simulation Results: Average Bias, RMSE, CP and AW

I(δ=2.0, β=2.5) II(δ=0.5, β=0.5)

Parameter n Average Bias RMSE CP AW Average Bias RMSE CP AW

δ 25 0.04520 0.44965 0.9000 1.37242 -0.02316 0.16337 0.9000 0.55275
50 0.04644 0.27205 0.9300 0.95906 0.00392 0.10158 0.9300 0.40736

100 0.04348 0.19837 0.9600 0.67701 0.00109 0.08169 0.9100 0.28715
200 0.01244 0.11401 0.9800 0.46829 0.00372 0.05405 0.9400 0.20401
400 0.00997 0.09441 0.9200 0.33075 0.00499 0.03912 0.9400 0.14466
800 0.00208 0.05984 0.9500 0.23260 -0.00012 0.02664 0.9200 0.10174

β 25 0.19469 0.55050 0.9200 1.75557 0.03894 0.11010 0.9200 0.35111
50 0.05059 0.30160 0.9700 1.16858 0.01012 0.06032 0.9700 0.23372

100 0.05991 0.23210 0.9400 0.82731 0.01198 0.04642 0.9400 0.16546
200 0.00522 0.14750 0.9400 0.57269 0.00104 0.02950 0.9400 0.11454
400 -0.00561 0.10749 0.9700 0.40284 -0.00112 0.02150 0.9700 0.08057
800 -0.00015 0.07587 0.9200 0.28574 0.00042 0.01517 0.9200 0.05715
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Table 4. Monte Carlo Simulation Results: Average Bias, RMSE, CP and AW

III(δ=1.5,β=0.5) IV(δ=0.5,β=1.5)

Parameter n Average Bias RMSE CP AW Average Bias RMSE CP AW

δ 25 0.05737 0.32195 0.9000 1.08578 -0.02315 0.16336 0.9000 0.55275
50 0.03005 0.19909 0.9400 0.75401 0.00391 0.10157 0.9300 0.40736
100 0.00353 0.15119 0.9100 0.52561 0.00109 0.08168 0.9100 0.28714
200 -0.00749 0.10306 0.9400 0.36909 0.00372 0.05404 0.9400 0.20401
400 0.00003 0.06515 0.9600 0.26159 0.00499 0.03911 0.9400 0.14466
800 0.00003 0.04562 0.9600 0.18544 -0.00012 0.02664 0.9200 0.10174

β 25 0.02705 0.08536 0.9800 0.34295 0.11681 0.33029 0.9200 1.05334
50 0.01475 0.07108 0.9300 0.23578 0.03035 0.18096 0.9700 0.70115
100 0.00859 0.04892 0.9500 0.16482 0.03594 0.13926 0.9400 0.49638
200 0.00201 0.02800 0.9500 0.11461 0.00313 0.08849 0.9400 0.34361
400 0.00428 0.01892 0.9800 0.08156 -0.00336 0.06449 0.9700 0.24171
800 0.00046 0.01302 0.9600 0.05714 0.00125 0.04552 0.9200 0.17144

10. Applications
In this section we present examples to illustrate the flexibility and superiority of the HLNWP

distribution in modeling real data. We compare the HLNWP distribution against some non-nested
models, including the New Weibull Pareto (NWP) distribution [11], the Marshall-Olkin Log-logistic
(MOLL) distribution introduced by [27], and the Marshall-Olkin Exponentiated Inverse Weibull
(MOEIW) distribution introduced by [28]. The HLNWP distribution is also compared against its sub-
models introduced in section 2. The density functions of the NWP, MOLL, and MOEIW distributions
are respectively given by

fNWP(x; α, β, δ) =
βδ

α

(
x
α

)β−1

e−δ
(

x
α

)β

, (45)

for 0 < x < ∞, α, β, δ > 0,

fMOLL(x; α, β, δ) =

(
x
δ

)β

α +
( x

δ

)β
, (46)

for 0 < x < ∞, α, β, δ > 0,
and

fMOEIW(x; α, β, δ) =
αδβ−δx−δ−1e−(xβ)−δ

[α − (α − 1)e−(xβ)−δ
]2

, (47)

for x > 0, α, β, δ > 0.
For each dataset, the estimates of the parameters of the distributions with their standard errors

(in parentheses) are obtained by the method of maximum likelihood estimation. Some goodness of fit
statistics including the Akaike Information Criterion (AIC) by [29], Consistent Akaike Information
Criterion (CAIC) by [30], Bayesian Information Criterion (BIC) by [31], Cramer von Mises (W∗)
[32], Anderson-Darling (A∗) [33], the measure of closeness given by the sum of squares (SS) and
Kolmogorov-Smirnov [34] (KS) test P-value are obtained. The model with the lowest AIC is generally
considered the best fit for a particular dataset. When selecting a model based on the SS value, the
model with the smallest SS is considered as the best fit model. When using the (KS) test P-value, the
model with the highest P-value is considered the best among all others.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 16 July 2025 doi:10.20944/preprints202507.1298.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202507.1298.v1
http://creativecommons.org/licenses/by/4.0/


19 of 32

11. Covid-19 New Jersey Data
The dataset below as was reported in a study by [35] indicating the daily new deaths due to

COVID-19 in New Jersey, USA, from March 12, 2020 to July 25, 2021. The dataset consists of the 201
observations as listed in Table 5.

Table 5. Covid-19 New Jersey Data

1 1 1 5 4 3 4 1 10 6 11 14 17 12 25 12 14 35

41 44 30 24 28 33 54 64 61 25 46 44 53 55 80 86 89 105

28 48 73 120 103 71 91 32 58 85 75 89 80 75 24 71 92 74

81 91 64 26 61 97 104 55 79 32 103 86 106 69 71 31 19 43

102 89 80 82 97 74 27 47 72 61 63 72 66 29 23 95 97 71

47 72 27 30 85 79 74 65 67 24 48 69 96 79 64 33 32 42

104 82 98 63 29 19 75 118 150 137 102 73 26 46 138 125 127 121

91 12 57 119 155 156 134 90 27 92 169 175 113 191 136 38 108 196

169 148 188 103 67 87 182 160 186 151 75 19 98 179 164 134 166 146

18 104 149 142 140 144 67 35 80 144 157 167 152 65 22 33 72 154

99 172 71 52 75 152 105 90 99 73 31 53 123 117 88 132 51 21

34 150 107

The initial parameter values for the HLNWP distribution used for this dataset are α = 1.5,
δ = 0.05 and β = 0.5. The results obtained for fitting the covid-19 New Jersey dataset are presented
below. Estimates of the parameters of the distribution and their standard errors (in parentheses) are
presented in Table 6. Some goodness of fit statistics including the -2logL, AIC, CAIC, BIC, W∗, A∗, SS
and Kolmogorov-Smirnov (KS) test P-value are presented in in Table 7. These goodness of fit statistics
will be used to compare the HLNWP to nested and other non-nested models.

Table 6. Estimates of Models for Covid-19 New Jersey Data

Estimates

Distribution α̂ δ̂ β̂

HLNWP 2.8384 0.0142 1.3532
(2.9356 × 10−5) (4.3403 × 10−3) (8.1267 × 10−2)

HLW 1 0.0035 1.3532
(-) (0.0013) (0.0813)

HLE 1 0.0182 1
(-) (0.0010) (-)

HLR 1 1.5563 × 10−4 2
(-) (9.4868 × 10−6) (-)

HLP 54.9957 1 1
(3.1493) (-) (-)

NWP 5.8136 0.0147 1.5620
(1.5992 × 10−5) (4.0438 × 10−3) (9.0404 × 10−2)

MOLL 21.8981 2.0480 9.6746
(0.9138) (0.1227) (1.0099)

MOEIW 8.8945 × 104 2.0477
(3.2858 × 10−5) (1.2764 × 10−3) (1.4130)
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Table 7. Goodness-of-fit Statistics of Models for Covid-19 New Jersey Data

Statistics
Distribution −2 log L AIC CAIC BIC W∗ A∗ SS KS-Pvalue

HLNWP 2101.3750 2107.3750 2107.4970 2117.2850 0.1414 0.9068 0.1270 0.3534

HLW 2101.3750 2105.3750 2105.4350 2111.9810 0.1415 0.9069 0.1269 0.3529

HLE 2123.7920 2125.7920 2125.8120 2129.0960 0.2442 1.5016 1.0221 3.915 × 10−4

HLR 2151.4250 2153.4250 2153.4450 2156.7280 0.0873 0.5916 1.4159 8.0200 × 10−5

HLP 2123.7920 2125.7920 2125.8120 2129.0960 0.2442 1.5016 1.0222 3.915 × 10−4

NWP 2107.1740 2113.1750 2113.2960 2123.0840 0.2186 1.3386 0.2062 0.1308

MOLL 2159.5680 2165.5680 2165.6900 2175.4780 0.8486 4.9632 0.4778 0.0343

MOEIW 2159.5690 2165.5690 2165.6910 2175.4790 0.8508 4.9762 0.4817 0.0318

We use the likelihood-ratio test to compare the goodness of fit between the HLNWP model against
the nested models. That includes the HLW, HLE, HLR and HLP distributions.

To compare the HLW to the HLNWP model, we test the hypothesis

H0 : HLW(1, δ, β) vs Ha : HLNWP(α, δ, β).

The test statistic
τ = 0, df = 1, P-value = χ2(0) = 1 > α = 0.05.

Thus we fail to reject the null hypothesis. At the 5% significance level, we can similarly conclude that
the HLW distribution provides a good fit to the covid-19 New Jersey dataset in as much as the HLNWP
distribution. Again, this supports the conclusion made earlier that α could be a redundant parameter
for the non-nested HLNWP model.

Similarly, to compare the HLE to the HLNWP model, we test the hypothesis

H0 : HLE(1, δ, 1) vs Ha : HLNWP(α, δ, β).

The test statistic

τ = (2123.7920− 2101.3750) = 22.417, df = 2, P-value = χ2(22.417) = 1.3558× 10−5 < α = 0.05.

Thus we reject the null hypothesis. At the 5% significance level we can assert that the HLNWP provides
a better fit for this dataset than the HLE nested model.

Comparing the HLR to the HLNWP model, we test the hypothesis

H0 : HLR(1, δ, 2) vs Ha : HLNWP(α, δ, β).

The test statistic

τ = (2151.4250 − 2101.3750) = 50.05, df = 2, P-value = χ2(50.05) = 1.3545 × 10−11 < α = 0.05.

Thus we reject the null hypothesis. At the 5% significance level we can assert that the HLNWP provides
a better fit for this dataset than the HLR nested model.

Comparing the HLP to the HLNWP model, we test the hypothesis

H0 : HLP(α, 1, 1) vs Ha : HLNWP(α, δ, β).
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The test statistic

τ = (2123.7920− 2101.3750) = 22.417, df = 2, P-value = χ2(22.417) = 1.3558× 10−5 < α = 0.05.

Thus we reject the null hypothesis. At the 5% significance level we can assert that the HLNWP provides
a better fit for this dataset than the HLP nested model.

We also conclude that the HLNWP distribution also provides a better fit for the covid-19 New
Jersey dataset than the non-nested NWP, MOLL, and MOEIW distributions as it has a lower value of
AIC, CAIC, BIC, SS and a higher value of the KS test P-Value, presented in Table 7.

The asymptotic covariance matrix of the MLEs of the HLNWP model parameters for the covid-19
New Jersey dataset, is given by

I−1
n (Θ) =

 8.6175 × 10−10 −1.2741 × 10−7 2.3414 × 10−6

−1.2741 × 10−7 1.8838 × 10−5 −3.4618 × 10−4

2.3414 × 10−6 −3.4618 × 10−4 6.6043 × 10−3

.

The 95% confidence intervals for the model parameters α, δ and β are given respectively by

α̂ ± Zη/2

√
I−1
11 (Θ̂) = 2.8384 ± 1.96

√
8.6175 × 10−10

= 2.8384 ± 5.7537 × 10−5,

β̂ ± Zη/2

√
I−1
22 (Θ̂) = 0.0142 ± 1.96

√
1.8838 × 10−5

= 0.0142 ± 8.5069 × 10−3,

δ̂ ± Zη/2

√
I−1
33 (Θ̂) = 1.3532 ± 1.96

√
6.6043 × 10−3

= 1.3532 ± 0.1593.

All the estimates are significant as the intervals do not include 0.
We have shown in Table 7 that the HLNWP fits the covid-19 New Jersey dataset better than the

other models compared to it. Plots of the fitted densities of the highlighted distributions imposed
on the histogram of the covid-19 New Jersey data is shown in Figure 6. Figure 7 shows a plot of the
empirical cdf (ecdf) against the theoretical cdf and we observe that the line representing the theoretical
values match up well with the empirical values. Figure 8 shows probability plots of the highlighted
distributions on this dataset, and we observe that the HLNWP model fits better with a relatively lower
SS value compared to the other distributions. The plots in Figures 9 and 10 reiterate the fact that the
HLNWP provides a good fit for this data, as the lines representing theoretical values, match up well
with fitted data. Figure 11 shows that the model applies to a monotonically increasing hazard rate for
this dataset.
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Figure 6. Fitted PDFs for Covid-19 New Jersey Data

Figure 7. Plot of Empirical cdf for Covid-19 New Jersey Data

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 16 July 2025 doi:10.20944/preprints202507.1298.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202507.1298.v1
http://creativecommons.org/licenses/by/4.0/


23 of 32

Figure 8. Probability Plots for Covid-19 New Jersey Data

Figure 9. KM Plot for Covid-19 New Jersey Data
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Figure 10. Scaled TTT-Transform Plot for Covid-19 New Jersey Data

Figure 11. Fitted hrf Plot for Covid-19 New Jersey Data

12. Kevlar70 Data
The Kevlar70 dataset below represents observations of tensile strength measurements for model-

ing the tensile strength of Kevlar fibers [36]. The dataset consists of the 49 observations as listed in
Table 8.
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Table 8. Kevlar70 Data

1051 1337 1389 1921 1942 2322 3629 4006 4012 4063 4921 5445 5620 5817

5905 5956 6068 6121 6473 7501 7886 8108 8546 8666 8831 9106 9711 9806

10205 10396 10861 11026 11214 11362 11604 11608 11745 11762 11895 12044 13520 13670

14110 14496 15395 16179 17092 17568 17568

The initial parameter values for the HLNWP distribution used for this dataset are α = 1.5,
δ = 0.05 and β = 0.5. The results obtained for fitting the Kevlar70 dataset are presented below.
Estimates of the parameters of the distribution and their standard errors (in parentheses) are presented
in Table 9. Some goodness of fit statistics including the -2logL, AIC, CAIC, BIC, W∗, A∗, SS and
Kolmogorov-Smirnov (KS) test P-value are presented in in Table 10. These goodness of fit statistics
will be used to compare the HLNWP to nested and other non-nested models.

Table 9. Estimates of Models for Kevlar70 Data

Estimates

Distribution α̂ δ̂ β̂

HLNWP 22.8770 3.4524 × 10−5 1.7523
(1.0829 × 10−11) (4.0953 × 10−6) (8.8944 × 10−10)

HLW 1 1.4663 × 10−7 1.7523
(-) (3.3856 × 10−8) (2.2635 × 10−8)

HLE 1 1.6503 × 10−4 1
(-) (1.8874 × 10−5) (-)

HLR 1 2.1907 × 10−5 2
(-) (6.8794 × 10−4) (-)

HLP 6059.5500 1 1
(693.0200) (-) (-)

NWP 0.5284 0.0052 0.5459
(2.0061) (0.0135) (0.0912)

MOLL 631.4893 2.6196 770.5876
(189.9811) (0.3166) (59.4308)

MOEIW 438.5400 2.6086 0.0013
(1.464 × 10−5) (3.0877 × 10−5) (3.8651 × 10−4)

Table 10. Goodness-of-fit statistics of Models for Kevlar70 Data

Statistics

Distribution−2 log L AIC CAIC BIC W∗ A∗ SS KS-
Pvalue

HLNWP 960.6601 966.6601 967.1934 972.3356 0.0564 0.3719 0.0569 0.9371

HLW 960.6601 964.6996 964.9605 968.4833 0.0562 0.3706 0.0695 0.8539

HLE 977.4480 979.4480 979.5331 981.3398 0.1062 0.6906 0.5654 0.0449

HLR 979.2739 981.2730 981.3581 983.1648 0.0477 0.3148 0.9104 0.0049

HLP 977.4480 979.4480 979.5331 981.3398 0.1062 0.6906 0.5654 0.0449

NWP 1035.0300 1041.0300 1041.5630 1046.7050 0.1917 1.2372 2.0615 9.545 ×
10−6

MOLL 974.0705 980.0705 980.6038 985.7459 0.2216 1.4137 0.1353 0.5642

MOEIW 974.0160 980.0160 980.5493 985.6914 0.2267 1.4430 0.1366 0.5573
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Similarly, we use the likelihood-ratio test to compare the goodness of fit between the HLNWP
model against the nested models. This includes the HLW, HLE, HLR and HLP distributions.

To compare the HLW to the HLNWP model, we test the hypothesis

H0 : HLW(1, δ, β) vs Ha : HLNWP(α, δ, β).

The test statistic
τ = 0, df = 1, P-value = χ2(0) = 1 > α = 0.05.

Thus we fail to reject the null hypothesis. At the 5% significance level, we can conclude that the HLW
distribution provides a good fit to the Kevlar70 dataset. However, based on the higher KS P-value, and
a lower SS value of the HLNWP distribution outlined in Table 10, we can conclude that the HLNWP
model provides a better fit for this dataset than the HLW distribution.

Similarly, to compare the HLE to the HLNWP model, we test the hypothesis

H0 : HLE(1, δ, 1) vs Ha : HLNWP(α, δ, β).

The test statistic

τ = (977.4480 − 960.6601) = 16.7879, df = 2, P-value = χ2(16.7879) = 0.0002 < α = 0.05.

Thus we reject the null hypothesis. At the 5% significance level we can assert that the HLNWP provides
a better fit for the Kevlar70 dataset than the HLE nested model.

Comparing the HLR to the HLNWP model, we test the hypothesis

H0 : HLR(1, δ, 2) vs Ha : HLNWP(α, δ, β).

The test statistic

τ = (979.2739− 960.6601) = 18.6138, df = 2, P-value = χ2(18.6138) = 9.0796× 10−5 < α = 0.05.

Thus we reject the null hypothesis. At the 5% significance level we can assert that the HLNWP provides
a better fit for this dataset than the HLR nested model.

Also, to compare the HLP to the HLNWP model, we test the hypothesis

H0 : HLP(α, 1, 1) vs Ha : HLNWP(α, δ, β).

The test statistic

τ = (977.4480 − 960.6601) = 16.7879, df = 2, P-value = χ2(16.7879) = 0.0002 < α = 0.05.

Thus we reject the null hypothesis. At the 5% significance level we can assert that the HLNWP provides
a better fit for the Kevlar70 dataset than the HLP nested model.

We also conclude that the HLNWP distribution also provides a better fit for the Kevlar70 dataset
than the non-nested NWP, MOLL, and MOEIW distributions as it has a lower value of AIC, CAIC,
BIC, SS and a higher value of the KS test P-Value, presented in Table 10.

The asymptotic covariance matrix of the MLEs of the HLNWP model parameters for the Kevlar70
dataset, is given by

I−1
n (Θ) =

 1.1728 × 10−22 −4.4349 × 10−17 −9.6321 × 10−21

−4.4349 × 10−17 1.6771 × 10−11 3.6424 × 10−15

−9.6321 × 10−21 3.6424 × 10−15 7.9109 × 10−19

.
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The 95% confidence intervals for the model parameters α, δ and β are given respectively by

α̂ ± Zη/2

√
I−1
11 (Θ̂) = 22.8770 ± 1.96

√
1.1728 × 10−22

= 22.8770 ± 2.1226 × 10−11,

β̂ ± Zη/2

√
I−1
22 (Θ̂) = 3.4524 ± 1.96

√
1.6771 × 10−11

= 3.4524 ± 8.0267 × 10−6,

δ̂ ± Zη/2

√
I−1
33 (Θ̂) = 1.7523 ± 1.96

√
7.9109 × 10−19

= 1.7523 ± 1.7433 × 10−9.

All the estimates are significant as the intervals do not include 0.
We have shown in Table 10 that the HLNWP fits the Kevlar70 dataset better than the other models

compared to it. Plots of the fitted densities of the highlighted distributions imposed on the histogram
of the Kevlar70 data is shown in Figure 12. Figure 13 shows a plot of the empirical cdf (ecdf) against
the theoretical cdf and we observe that the line representing the theoretical values match up well with
the empirical values. Figure 14 shows probability plots of the highlighted distributions on this dataset,
and we observe that the HLNWP model fits better with a relatively lower SS value compared to the
other distributions. The plots in Figures 15 and 16 reiterate the fact that the HLNWP provides a good
fit for this data, as the lines representing theoretical values, match up well with fitted data. Figure 17
shows that the model applies to a monotonically increasing hazard rate for this dataset.

Figure 12. Fitted PDFs for Kevlar70 Data
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Figure 13. Plot of Empirical cdf for Kevlar70 Data

Figure 14. Probability Plots for Kevlar70 Data
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Figure 15. KM Plot for Kevlar70 Data

Figure 16. Scaled TTT-Transform Plot for Kevlar70 Data
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Figure 17. Fitted hrf Plot for Kevlar70 Data

Although the Half-Logistic Weibull (HLW) submodel exhibits lower values for the Akaike Informa-
tion Criterion (AIC), Bayesian Information Criterion (BIC), and corrected AIC (AICc), indicating greater
parsimony, the full HLNWP model provides a superior empirical fit based on the Kolmogorov–Smirnov
(K–S) test. Specifically, the HLNWP model yields a higher K–S p-value, suggesting that it more accu-
rately captures the underlying data distribution. This highlights a trade-off between model simplicity
and goodness-of-fit, where the HLW model is more efficient in terms of parameter economy, while the
HLNWP model better represents the observed data behavior.

13. Conclusions
We have proposed a new distribution that is a transformation of the New Weibull-Pareto dis-

tribution. The half logistic transformation was used in this research to develop the new distribution
called Half Logistic-New Weibull-Pareto (HLNWP) distribution. We have shown that the HLNWP
has a set of new nested models when we fix some of the parameters. These include the Half Logistic
Weibull, Half Logistic Exponential, Half Logistic Rayleigh and the Half Logistic Pareto distributions.
Statistical properties of the new model have been developed. These properties include hazard and
reverse hazard functions, quantile function, raw moments, moment generating function, probability
weighted moments, and distribution of order statistics. In addition to these properties, measures of
uncertainty, and reliability for the HLNWP distribution have been obtained. The hazard function of the
HLNWP distribution has different shapes including monotonically increasing and unimodal shapes.

Elements of the score vector for the maximum likelihood estimates of the model parameters have
been derived. We have presented a simulation study to exhibit the performance of the HLNWP distri-
bution. Real data applications have also been presented to illustrate the usefulness and applicability of
the HLNWP distribution, and we have seen that this new model provides a better fit to the data than
its nested models, and also the highlighted non-nested NWP, MOLL and the MOEIW models.
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