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New Concept of Relativity of Time Applied to
Navier-Stokes Equations

Abdelkerim Chaabani

Department of mathematics, Faculty of Mathematical, Physical and Natural Sciences of Tunis, University of Tunis El Manar,
Tunis 2092, Tunisia; abdelkerim.chaabani@fst.utm.tn

Abstract: This paper is dedicated to study the three-dimensional periodic Navier-Stokes equations
in Gevrey-Sobolev spaces. We start by proving the local in time well-posedness for arbitrary large
in HZ/S(’]I'3 ) initial data. We also prove the global in time well-posedness provided that the initial
data satisfies a smallness condition. Finally, we propose the new theory Hierarchical Relativity of Time,
which posits that every object perceives time according to its position within the universal hierarchy.
Applying this theory to the field of fluid mechanics has yielded significant insights. It allows us
to dissect the complex Navier-Stokes problem into two distinct regimes: Viscous Fine Regime: In
this regime, the effects of viscosity are highly significant. Each elementary action occurs within an
infinitesimally short time interval, which is approximately proportional to the size of the individual
particles within the fluid. Continuum Coarse Regime: In contrast, the second regime is characterized
by a continuum on a much larger scale. Here, all particle activity below a certain level can be effectively
suppressed. In this regime, each elementary action requires a fixed time interval of constant length,
denoted as i > 0. This length of time is directly proportional to the size of the elementary continuum.

Keywords: navier-stokes; gevrey-sobolev space; existence and uniqueness; hierarchical relativity of
time

PACS: Primary 60J05; Secondary 60J20

1. Introduction

We consider the periodic three-dimensional Navier-Stokes system:

%—vAu—l—(u-V)u:—Vp, (t,x) € Ry x T®
(NS) divi =0, (tx)€Ry x T3

ulj—o = up(x), x € TS.

Here v > 0 represents the fluid viscosity, u(t, x) is a three-dimensional unknown vector-field repre-
senting the velocity of the fluid at time t and position x = (x1, x, x3), p(t, x) is an unknown scalar
which stands for the pressure of the fluid at time ¢ and position x, and the system is subject to periodic
boundary conditions with basic domain T® = [0,27L].

We recall that the pressure can be eliminated by projecting (NS) onto the space of free divergence
vector fields, using the Leray projector IP. Thus, it will be convenient dealing with the following
equivalent system

aa—? —vAu+P(u-Vu=0, (t,x)cRy xT? (1)
divu =0, (t,x) €Ry x T3 2)
uli—o = uo(x), x € T%. 3)
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For an initial data 1y € L?(T?), it was proven long time ago by Leray and Hopf [6,7] that there exists a
global weak solution to (NS). The local in time existence of unique strong solution also was shown
in [7]. Other questions such as regularity and stability can be found in [9] and references therein.
Gevrey class regularity of strong solutions to (NS) was established due to Foias and Temam in [5].
Further results concerning the solutions of the Navier-Stokes equations in Gevrey-Sobolev spaces can
be found in [2—-4]. In this paper, the author establishes a well-posedness result having initial data in
Gevrey-Sobolev space H; ;, where 0 < r < 1/2. Moreover, by defining a new concept of time relativity,
he proves that the local in time solution already constructed can be extended into a global in time
solution by reaching the maximal time of existence without blowing up. It should be emphasized
that the new concept of time relativity plays the key role in prolonging the interval of existence time
beyond T which makes of it a global existence criterion. However, the new relativity concept is much
more since it has the potential to revolutionize the way we think about time. It is also characterized by
its ability to explain phenomena that were previously incompletely explained in quantum physics.
The hierarchical relativity, the description of which is given in this paper has the potential to bring
together researchers from different disciplines and backgrounds, fostering a rich exchange of ideas
and perspectives that can lead to novel approaches and solutions to many open problems in physics
and mathematics.

One of the most important aspect of Einstein’s theory of general relativity is that time slows down
in the presence of a massive object, such as a black hole. This phenomenon, known as gravitational
time dilation, occurs because massive objects distort the fabric of space-time, causing time to run more
slowly in their vicinity. By delving into the source, we can gain deeper insights into our purpose. In
fact, gravitational time dilation phenomenon as described and known to us is not the root cause, but
rather a reflection of a deeper pattern. The observed time dilation effect near massive objects suggests
a hierarchical nature of time perception, where time is experienced differently depending not only on
the gravitational potential of the observer but also on the ability of smaller objects to move and change
direction comparatively with massive ones.

In the vast expanse of the universe, a fascinating time pattern emerges, influencing how objects of
varying sizes perceive and experience time. Smaller objects, such as quantum particles, interact with
time differently compared to their massive counterparts. This is due to their unique ability to move
faster and change directions more rapidly than larger entities.

Unlike the notion of a perfectly circular trajectory that applies only to sizeless objects like quantum
particles, larger objects, bound by their physicality and mass, cannot attain such an ideal trajectory.
As they move through space, they are influenced by gravitational forces, causing deviations from the
notion of perfect circular motion.

This concept can also be seen mirrored in the mechanisms of conscious and unconscious reactions

within the human body. Conscious reactions are triggered when the size regime aligns with our
typical experiences, where we interact with the macroscopic world. In these situations, our minds
and bodies are consciously aware of our actions and surroundings. On the other hand, unconscious
reactions come into play when the neural regime activates, involving different size scales, such as at
the quantum level or microscopic levels. In these instances, our bodily responses are guided by neural
processes beyond our conscious awareness, manifesting the intricate interplay between our physical
and cognitive aspects.
In the tapestry of biological systems, an intriguing temporal tapestry unfolds, influencing how organ-
isms of various sizes perceive and navigate the passage of time. At the microscopic level, such as within
cellular processes, temporal dynamics take on a distinctly nuanced character in comparison to the
temporal experiences of larger multicellular organisms. This discrepancy arises from the fundamental
disparities in the rates of biochemical reactions and signaling events.

In the microscopic realm of cells, intricate molecular ballets unfold at astonishing speeds. En-
zymatic reactions, molecular translocations, and cellular signaling cascades occur in fractions of a
second. This rapid pace is not merely a consequence of scale; it’s a reflection of the dynamic and highly
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regulated nature of cellular life. Small biological entities, akin to quantum particles in the physical
realm, exhibit a propensity to interact with time in a manner that defies the leisurely rhythms of larger
organisms.

This biological relativity of time, influenced by the scale and complexity of living systems, prompts
a profound inquiry into the adaptive significance of temporal dynamics in the evolution of life. From
the rapid beat of microscopic life to the slower cadence of larger organisms, the temporal signatures of
biological entities weave a rich narrative of adaptation and survival in the ever-changing theater of
existence.

In the realm of fluid mechanics, the concept of time perception at different scales finds profound
significance in understanding the behavior of fluid particles and their representation as a continuum.
Let’s explore how fluid particles and the representative continuum experience time differently and how
the particle’s perspective unveils intermediate instants beyond the continuum’s conscious awareness.

At the microscale level of fluid mechanics, individual fluid particles exhibit dynamic and intricate
motions. These particles are subject to Brownian motion, which refers to the random movement of
particles driven by collisions with surrounding molecules. At this scale, fluid particles experience
time on a highly localized level. They perceive and respond to the forces acting upon them, yielding
a detailed and moment-to-moment interaction with their surroundings. On the other hand, at the
macroscale, when we consider a continuum representation of fluid, we take into account the average
behavior of a vast number of fluid particles. The continuum model simplifies the system, treating the
fluid as a continuous medium rather than a collection of discrete particles. In this representation, time is
viewed more coarsely, and the continuum evolves smoothly over time, governed by the Navier-Stokes
equations or other fluid dynamic models.

Now, let’s delve into how a fluid particle’s perspective contrasts with that of the representative
continuum. Imagine a fluid particle as it traverses through the macroscopic fluid continuum. From the
particle’s standpoint, time is experienced with a granular focus on instantaneous interactions with
neighboring molecules, each encounter influencing its trajectory. As the particle moves through time, it
experiences a sequence of intermediate instants that the continuum does not explicitly perceive. These
intermediate instants capture the intricacies of individual molecular collisions, local accelerations, and
decelerations that contribute to the particle’s trajectory. However, the continuum model glosses over
these minute details, treating the fluid’s motion in a more averaged and continuous manner.

Essentially, the continuum experiences time as a macroscopic observer would, recognizing only
the fluid’s overall changes at larger scales and time intervals. It misses the rich and complex experiences
of fluid particles occurring at much smaller scales. While the continuum'’s perspective is valuable for
macroscopic analyses and engineering applications, it lacks the fine-grained insights into individual
particle behaviors and interactions.

In summary, the study of time perception in fluid mechanics illuminates the contrasting experi-
ences of fluid particles and the representative continuum. At the microscale, fluid particles engage
in intricate, localized interactions, perceiving time in a granular manner. In contrast, the continuum
representation treats time more coarsely, encapsulating the fluid’s behavior at macroscopic scales. The
particle’s perspective offers a deeper understanding of intermediate instants that the continuum does
not consciously experience, emphasizing the importance of considering both scales for comprehensive
insights into fluid dynamics.
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Mathematically speaking, two separate locations for the continuum (which is relatively larger in size)
should not be conflated with two separate positions of a particle within it (which is much smaller
in size). It’s crucial to underscore that, when dealing with a continuum, we shouldn’t perceive a
position as a mere point. Let X; and X, be two distincts positions of the continuum. Given that the
continuum possesses a discernible size, notably larger compared to a particle, it follows that X; and X,
will occupy a volume in space, implying a non-zero distance, symbolized as | between the centers of
these two locations. In contrast, when dealing with particles, their positions can indeed be pinpointed
as individual points, and the distance between two distinct particle positions is unequivocally zero.
So, we have AX = Xp — X3 > 1 > 0, while Ax = x, — x1 > 0. But, since the assemblage of particles,
forming the continuum, exists alongside the continuum itself, akin to two adjacent realms. The
proximity of these two domains necessitates a symbiotic relationship to maintain the integrity of the
entire structure. This phenomenon has been substantiated in a prior works e.g. [9], demonstrating that
the Lebesgue measure of a fluid volume, denoted as V remains conserved during the flow process.
Now, consider u, the velocity of the continuum and u,, the velocity of a particle positioned precisely at
the center of the continuum, as illustrated in Figure 1. This particular particle is an integral component
of the solid core of the representative elementary continuum, implying that u. is approximately equal
to up. Having that u, ~ % R Uy R % and AX > Ax yield At > At. Consequently, the time span
between two successive moments for the continuum At is bigger than the temporal gap between two
successive moments for a particle At indicating that the continuum and individual particles possess
distinct perceptions of time. This discrepancy in time intervals underscores that each entity operates on
a unique time scale. Moreover, this time-scale variation highlights a fascinating phenomenon: particles
experience intermediate moments of time that the continuum does not encounter. In essence, particles
traverse through a succession of finer temporal increments, capturing subtle interactions and dynamic
changes that remain beyond the purview of the continuum’s coarser temporal resolution. This intricate
interweaving of time scales deepens our comprehension of fluid dynamics, shedding light on the rich
tapestry of behaviors occurring within these systems.

AT: continuum temporal gap

! ! ! [
Instant To‘c ° ° ° * ° ® *® * *® »Instant Tn
: tE t? i3 ta t5 te ty ts tg !
At: particle temporal gap
Time perception: Continuum vs particle

Before we state the main results, we give some notations that we will use throughout the paper.
The inhomogeneous Gevrey-Sobolev space is defined, for all s > 1, 7 € R and the radius of Gevrey
class regularity a € (0,1), by

H,, = {f € I(T%); "N F e H(T?), divf =0},

where A is the operator v/ —A. The inhomogeneous Gevrey-Sobolev space is equipped with the norm

1/2
1/s, »
£ llerz, = (Z (1+ [k]) e |fk|2>
k

€73

Naturally, the homogeneous one is given by
H o = {f € IX(T); "N f e H'(T%), divf = 0}

and endowed with the norm

1/2
1/s 1/s, »
fll g, = A7 fll 2 = ( Y. (ke |fk|2> ,

kez3
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where fy is the k'-Fourier coefficient of f, the Lebesgue-Gevrey space L2 (T®) is the particular case of
homogeneous Gevrey-Sobolev space when r = 0. The Lebesgue-Gevrey space L2 (T?) is equipped
with the inner product

<f’g>L%S _ Z eulk‘l/sfkea‘k‘l/sgk;
' kez3

and the norm

1/2
1/s, »
”fHL%s = < Z o2alkl |fk|2> ‘

kez3

We need to define the Lei-Lin-Gevrey norm

1/s, »
Fllg, = X e |7,

kez3

We also recall the Parseval’s relation that will be used in subsequent sections whenever is needed

(fghe = [ f@3Bdx = T i

keZ3

Similar notations and definitions can be found in [10,11] and references therein. To ensure the
equivalence of homogeneous and non-homogeneous Gevrey-Sobolev norms, we consider initial values
with zero spatial means, i.e., we assume that

/’JT3 up(x)dx = 0.
Then by using Eq. (1), the spatial periodicity of the solution and the divergence free condition, one

obtains
/T3 u(x)dx = 0.

We state here the energy inequality for weak solutions (see e.g. [7,9]),

T
(@) +2v [ (0Bt < ol @)

The main difficulty encountered to prove our result is that the space we are considering (i.e. H}(T?))
is not closed under multiplication for » < 1/2, in fact, the Gevrey-Sobolev space is a Banach algebra
only when r > 3/2 as stated in ([8], Ch. 5, Theorem 5.3). To overcome it, we use the lemma below

Lemma 1. For every a > 0,s > 1, and for every k and p in 73, we have

- ezx\k\% < e“|k_19‘%e%|p|%, Ip| < |k—p|,
1
kT < GRkpl lpls ) > [k = pl.

Proof:
We use the following elementary inequality

(14b)* <1+«b", Vb, x € [0,1].
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Let us start by the case |p| < |k — p|, for which, we have

1 1
ISE M—P+MS1
< (k=pl+IpD)* 1
_ |k lpl s
s k=l @+Mw“
< m—pé<1+;'”y)
lk—p|s

1 1
k—p|s + L[pls.

Since e*' is an increasing function with respect to ¢, it follows that

1 1
IR (e e

1 1
etlk—pls o5 Ipls
The second case |p| > |k — p| is to be dealt with similarly,
Lemma 1 turned to be helpful while closing the estimates, and it serves as an effective tool to absorb

the exponential weight corresponding to Gevrey norms.
The main result in this paper read

Theorem 1. For an arbitrary initial data ug € H;,S(']IG) such that div uy = 0, there exists a unique local in
time solution to Eq. (1), such that u € C°([0, T); Hj s(T®)) N L*(0, T; Hy ' (T®)). Moreover, if the initial data
ug satisfies the smallness condition ||u ||?{, < %, then the existence is global in time.

The proof of theorem 1 is based upon a combination of the Galerkin approximation scheme and a
compactness method. A noteworthy challenge we encounter during the analysis is the management
of the nonlinear convective term. This term introduces a level of complexity that necessitates careful
handling to arrive at the desired result. In order to effectively address this challenge, we make use of
Lemma 1. In fact, lemma 1 plays a pivotal role in our approach as it serves as an effective means to
absorb the exponential weight that is inherent within the Gevrey space framework.

While Theorem 1 establishes the mathematical well-posedness of the Navier-Stokes equations for local
solutions and global under smallness conditions, a deeper understanding of fluid behavior, particularly
across scales, is crucial for addressing the challenging problem of extending these local solutions into
global ones. In this pursuit, we need the Principle of Hierarchical Relativity of Time (PHRT).

To extend the solution into a global solution, we prove that for each interval of time [t, t41] C (0,T),
there exists a threshold m that separates the particle regime and the continuum regime such that if

Y e g ) < Y e ja(k, 1),

k| <m |k|>m

then the H;rs—norm of the solution is non-increasing for all ¢ in [t, t;1]. Otherwise, if

E ea/s|k|1/s|ﬁ(k’t)|§ 2 eu/s\k\l/slﬁ(k’m’

[k|>m [k|<m

then the solution remains controlled L2. But, as when we use Fourier decomposition for u, low-
frequency modes (|k| < m) signify large-scale structures. When these large-scale features dominate the
solution (meaning high-frequency modes are either cut off or very weak), then the L2-norm and H},
semi-norm become essentially equivalent. The particularity of the second condition, where the low
frequencies part of the solution’s x! /ss-horm outweighs the high frequencies part is that it’s expected
to hold true over much longer time intervals than the first condition. This extended validity is precisely
why we employ discretization in time for this scenario. Otherwise, if the high frequencies part of
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the solution’s x° /ss-norm outweighs the low frequencies part, then #; is allowed to be as close as
possible to ty, 1. Because, this case is regarded as the case where the viscous or the particles regime
is the predominant one. Hence, by applying the hierarchical relativity of time explained above and
to preserve the space-time ratio % which is the velocity of the representative continuum and the
particles within it, the intervals of time on which the first condition holds can be as small as possible
while the ones on which the second condition holds cannot. In fact, these interval of time are nothing
but the temporal gaps defined earlier associated to a particle when condition 1 holds true or to the
representative continuum if condition 2 holds true. Then, the time interval (0, T) is subdivided into
alternating temporal gaps in which the H} ;-norm of the solution is controlled, depending on whether
it corresponds to a particle regime or a larger-scale one.

The remainder of the paper is divided into two sections. The first is assigned to prove local in time
existence of the solution. The proof is based on a Galerkin approximation scheme and a standard
compactness method to take the limit in the approximating system. The second is devoted to establish
a global in time existence criteria based on Fourier analysis.

2. Well Posedness Result

We will use the Galerkin approximation. For n € N, let P, be the projection onto the Fourier
modes of order up to n, that is

PAY i) = X e

kezd k| <n
Let u, = P,u be the solution to

oty + Py[(uy - V)uy| — vAu, =0 (5)

un(o) = Pyuy. (6)

For some T}, there exists a solution u, € C®([0,T,) x T®) to this finite-dimensional locally-Lipschitz
system of ODEs.

Here and throughout the paper, we will use c to denote a generic positive constant which may depend
on 4, s and the Sobolev index r > 0. For the sake of convenience, we use in the following F(f) to
denote the Fourier transform of f and F~1(f) its inverse.

2.1. Local in Time Existence
Let us begin by proving the existence of the local in time solution. By taking the L2 ;-inner product

of Eq. (5) against Auy,, we get

1d
Sl (B +vlln ()P < A (- Vitn), ATt 3 )| @)

s

To estimate the nonlinear term, we proceed as follows

(AT (s = V), At 2 | < AT (- V)t [ 2 [N ATy |2

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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We have
[ A (- Va2 = Y0 PR |F (- V)u) (0P
k| <n
= P | F ()« F (V) ()P
|k|<n
< Y AR (| F )]+ | F(Vu)))? (k)
[k|<n
2
1/s A o
< T <z|u<k—p>||p| |u<p>|>
[k|<n 4
1/s N ~
< Y e |k|2’< Y. latk=p)lIplla(p)|
k|<n Ip|<lk—p| )
+ ) Iﬁ(k—P)IIPIIﬁ(P)I)
p|>k=p|
By using lemma 1, we get
2
e A (- Va2 <16 Y | 1 e gk — p)l P p T ()]
[kl<n \ [p|=[k=p| )

_,1/s N a|,l1/s R
+ 16 Y [ Y e k= pl (k= p) s PP pl |a(p)|

k|<n \ |p|<|k—p|

Using the following notations:
wm(k) = e jah)]
(k) = ek [k ai)]
(k) = e [k|rjak)]
ag(k) = etk ak)],

it follows that
1/
oo SAr(T/ln . V)“n”%z < 16(||¢x1 *042||122 + [|as * a4||,22).

By applying Young’s convolution inequality, we obtain
1/
e At FhanlZ2 < 16 (a1 2l + s a3 )
We notice that
ezl =l i

and

sl = Nl

Let b = a — £, by using Cauchy-Schwarz inequality, we obtain

gkl/s A
laallp = Y esH 7 ack)]

|k|<n
= Y e PRk )|
[k[<n

1/2
_ 1/s
(Ze 2b|k| ) ||”n||H;,S/

k

IN

c<oo
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since0 < a < 1ands > 1. Thus,
laallp < cllunllg,
Similarly, we have
1/2
—2b|k[1/®
laallp < (;e a ) It -
c<oo
By using the continuous embedding H; 11 (T®) < H} (T?%), we obtain
fagllp < C||”n||H;;1-
Using the above estimates, we get
1/s
8 Ay Dhaallia < C g, il g
By applying Young’s product inequality, we obtain
C v
(A (- Vi, N )z | < Sl + 5 llnl| - (8)
a5 2 0,5 2 Hy s

Here and throughout the paper, we will use ¢ or C to denote a generic positive constant which may
depend on g, s, the Sobolev index r and v. By using (8), we obtain

d

Zln(®) B+ vty s < Cllun (B ©)

Now, we compare ||u,||%, with the solution of the problem

dn 2 2
- Cy7, 1(0) = H”O”Hg,s'

and deduce that for all ¢, such that 0 < Ct||uo||?, < 1, we have

e, < ol
u - —_—
iz, = TG,

2

In particular, if we choose T = 1/2C|[ug |3, , then for all t € [0, T] we have the uniform upper bound

sup [lun(t)|I3, < n(T) =2l|uol, -
t€[0,T] ! ’

Now, we integrate (9) over the interval (0, T) to get
2
T c /T (o]l
2 4 a,s
/0 len (8) [0t < ;/o ot (£) [y b+ — ==

_ CTy(T) +n(T)/2

<(T) :

These are uniform bounds on the approximate solution u, in L(0, T; H} ;) and L?(0, T; Hj t!). In order
to use the Aubin-Lions Lemma [1], we find uniform bounds on 9;u,, in L2(0, T; H;I). We will now
estimate the norm ||9s14 |y by estimating the viscous term Auy, and the nonlinear term (i, - V) uy.
We have

||A”n||H,;; < ||”n||H,;jsrlr
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and
- Dyl € 20 (- V)t
< Cags ”n”H;,SH”nHHI;JSrl
As
Ottty = VAU, — Py[(uy - V)uyl,
it turns out that
||at”n”H,;s’ < V””nHHtggl + Cas un”H;,sH”nHHﬁL
Therefore, we obtain
T 2 2 [T 2 2 2 T 2
| o (01 e < 22 [ i 0y + 22 50p 41y, a0yt
That is
T 2 ~ 2 2 ~
| 1w (8) 21t < 207(T) + S (CosP(T)(T). (10)

Then, Aubin-Lions lemma [1] allows to extract a subsequence of u, that converges strongly to u in
L2(0, T; Hj ).

2.2. Continuous Dependence and Uniqueness

To prove continuous dependence on the initial data, we suppose that there exist two different
solutions #; and u; to Eq. (1) that arose from two different initial data. To be more precise, let us
consider two solutions 17 = uj(t, x) and uy = u,(t, x) satisfying Eq. (1) and corresponding to two
possibly different initial data 4 = u{(x) and u) = u}(x). Let w = uy — uy, subtracting the two

equations verified by #; and u5, and taking the inner product against Aw, we obtain

<e”A1/58tw, e“Al/SAw> —v (e“Al/SAw, e”Al/SAw>Lz + <6“A1/5Ar(u1 -V)w, e”Al/SArw>Lz
+ (e“Al/SAr(w : V)uz,e“Al/SArw>Lz =0.

(11)
The Cauchy-Schwarz inequality yields
ahl/s ar . ahl/s ar ahl/s oy . ahl/s ar
("2 AT (ur - V)w, e Nw)a| < [l A (g - Vwl|pa [ Alwl| 2.

We use lemma 1 to obtain

1/s
N A (- V)aoll gz < Casllullg 1ol
By using Young inequality (ab < ea?/2 + %bz/ 2), we get

(&N A (g - V), N ATw) | < CY

v
A A

where Cj ; is a positive constant that depends on 4, s and v. The second nonlinear term can be estimated
the same manner as we did to estimate the former. Namely, Cauchy-Schwarz inequality yields

(M AT (w - V)uy, e”Al/SA’w>Lz| < e A (w - V)uz|| 2 He"Al/sAerLz.
We use lemma 1 to estimate the quadratic term, we have

1/s
e A" (w - V)ua|| 2 < Casllwll gy Nluall gy -
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Thus,
|<e“Al/sAr(w : V)uz,e“Al/sArw>Lz| < C,,

By plugging the above estimates into (11), one obtains

d
Zlw®lF, +viw®)] i SC a3y, + lluzllger ) < lwo(8) 13,
dt H a,s a,s a,s

In particular, we get by using the Gronwall lemma

(o), < Iy exp(C [ (),

where
L) = (D + w20l

Continuous dependence on initial data follows since u1 and 5 are in L¥ (H}, ;) N L2(H} ¢ 1). In particu-

: — 5,0
lar, we get uniqueness when u; = u5.

2.3. Global in Time Existence Result

At this point, we have proved that for initial data ug € HZIS(T3 ), there exists a unique local
solution u € C°([0,T), H}, ;) N L?(0, T; Hyt!) to (1). It remains to prove that u can be extended to a
global solution, when the initial data is as small as required. To do so, let us take the H}, .-inner product
of Eq. 5 against u to obtain

T w03, + vl B < 1A (e V), A0 3 .
N

Zdt

Cauchy-Schwarz inequality yields
N <l V)ullgy ll g
By employing lemma 1, we get

- V)l < Cosllul g, el g1

Since [Jul| g, < H”HH;;“ we obtain

() g, | () -

u(t)ll g )

d
still positive at least over a short interval of time [0, 7] C [0, T). In that case, it holds that — || u(t) ||2

If one starts from an initial data such that [[ugl|;;; < v/Ca, then the coefficient (1/ -

0. By using a continuity argument, the condition ||u(¢)|| HE, < CV holds true on [0, T) Wthh rules out

the blowup of ||u(t )||2 . when t approaches T or for any t € R.

3. Complementary Result (PHRT)
We recall that it holds that

L DT, +vlu®), < KA (- V)u, M) 0]
Zdt a,s Ha,s a,s( )

By using the Cauchy-Scwarz inequality, we have

(A - Va0), Aw) 3 | < 1 V)l [l
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By using lemma 1 to control the exponential factor, we get

2
ale_p(1/s, 1/s A
I V)uly, < 16} | ) es P a g — p)| e P |p| T [a(p)]
’ k \Iplzlk—p]
2
_|1/s A~ p|V/s | 4
N P ke — p Y ik — p)| €SP Ja(p))]
|P|<|k Pl

2
< <Z g\k\l/s ) 262a|k\1/5|k|2 r+1| (k)|2

320u(t)Ry 1413

For a certain number m (to be discussed later on), we have

aipl/s alpl/s | A alp|l/s, .
Yl a k= Y Wk + Y e a k).
k

k[<m K[> m

Two possible natural cases may occur. The first case is when the major amount of energy at time ¢ is
concentrated in high-frequency components. That is,

ajp(l/s, . alfll/s
Y W g < Y et g k). (12)

|k|<m |k|>m

The second is when the major amount of energy at the instant ¢ is clustered in low-frequency
components. This case can be represented by the following inequality:

ap|l/s, A apl/s
Y, s k) < Y e jat k). (13)

|k|>m |k|<m

Let us suppose that condition (12) holds true on an interval of time [ty, f1] C [0, T). In that case, we

have
1/5
(g, <2 35 M a(s k).
[k|>m
Consequently,
1 d glkll/s A
5 gl +vlu®Fa <2v82| 3o e a0l | llu@)ll, lu®llgy-

|k|>m

By using the fact that ||u| g, < [[ul[g1, we get

Q..lm_‘

alp|l/s | A
I, + (v-2v32 ¥ e a )] )| Ju()],. <o

[k|>m

N =

By applying the Cauchy-Schwarz inequality, we have

—2b|k|1/s v
AR < [ 8 ) [ T 2 k) = Al
i R V= L K k S
>m >m >m
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. P . e—2bk[/s . . .
whereb =a — ¢ and Ay, = Z\k\>m T Since nll_r}rgo Am = 0, then for m such that

v > 2v32Am|u(to) | g

the factor (1/ — 2¢/32A || u(8)]| Hgs> still positive at least over a short interval of time [ty, 71| C [to, t1].
Consequently, it turns out that

d
EHMU)”%{Z,S <0, forallt € [ty, 1]
But as ||u(t) H%—I’ is continuous on [ty, t1], we obtain

()3, < lu(to)l, forallt € [to, ]

Thus, the condition on m has been determined successfully. In fact, the threshold m that separates the
two regimes must satisfy
v > 2V32Am||u(to) | gy

which is possible since A2, is a convergent series (e.g. m = min{m* 3V 2 12A [Ju(to) |l g }).
m* a,

Now, let us suppose that condition 13 holds on some interval of time [to, #;] C [0, T). Then, the x° Jss
as well as L norms are equivalent in this case. In fact, since we are dealing with a finite dimensional
case, then all norms are equivalent. In particular || - || W = Il - || - So, by applying the hierarchical

relativity explained in the introduction, we get

~ A e &yl & lim 2
= At T te Xg/s,s ~ ity Xg/s,s NA%r_r:o AT

Having that Ax can be arbitrarily small ~ 0 while AX cannot means that there exists / > 0 such that
AX > | which requires restructuring the spacetime by also setting At > h > 0. Hence, the estimate
can be obtained by discretization in time. Here, the intervals [¢h, (¢ + 1)h] C [0, T) on which condition
(13), where h > 0 is a constant temporal void associated to the continuum level below which all
particles activity is essentially suppressed. We define u’

interval [¢h, (¢ 4 1)h].

a representative of the solution u on the

L 0—1
% —vAu’ + Bt ut) = 0;
It can be shown as in [12] that
2 2 2 2
[ Dy 5 = sy + 28 gy < [ oy
L2(T9) L2(T3) H1(T9) L2(T9)

Moreover, in the Fourier decomposition of u, low-frequency modes (|k| < m) correspond to large-scale
structures. When the solution is dominated by low frequencies meaning high-frequency modes are
either truncated or sufficiently weak norms L? and H}, ; become effectively equivalent. The H ; semi-
norm, which weights high frequencies more aggressively, behaves similarly to L? in this regime because
the energy is concentrated at large scales, minimizing the impact of high-frequency contributions.
Consequently, the H}, ;-norm of 1 would reach the maximal time of existence within a finite number
of iterations even if the continuum regime persists for almost all t in [0, T) and the solution does not
blow-up at any time near T. Otherwise, if the particle regime prevails during certain time intervals on
[0, T), it’s actually advantageous. This is because, during these intervals, the H, ;-norm of u decreases
in that case as proved earlier.
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()]

At this point the regime switches
1+ from continuum into viscous (parti

R e
[ e

t() 2

1 At this point the regime switches [lu(t)]]
from viscous into continuum

to 1 ty i3 ty 15 teT —\— time ¢
A purely particles regime
|
T [
[[u(fo) :
_\I\
|
|
T time ¢

The first curve illustrates the continuum regime where the low frequencies part in X2 /s-horm
outweighs the high frequencies part almost for each ¢ € [to, T) except for t1, t, and t3, where the
particles regime occurs but it does not last. The second curve illustrates a mixed regime: on [ty t1)
a particles regime holds, on |t;, ) a continuum regime holds, so on and so forth until reaching the
maximal time of existence T. The constant  is the temporal gap associated to the continuum, a reason
for which each increasing portion of the curve which represents the upper bound on |[u(t)||y, when
the continuum regime holds true should last on an interval of time the length of which is at least 1. The
third curve illustrates the case of a purely viscous or particles regime where the high frequencies part
in x" /s-norm outweighs the low frequencies part for all ¢ € [to, T), hence |[u(t)]] 1y, i non-increasing
as proved.
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