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Abstract

This study explores the behavior of phantom dark energy within the framework of Weyl-type f (Q, T)
gravity, considering a spatially flat FLRW universe under observational constraints. The field equa-
tions are analytically solved for a dust-like fluid source. To determine the present values of the
model parameters, we utilize observational data from the Hubble parameter measurements via cosmic
chronometers (CC) and the apparent magnitude data from the Pantheon compilation of Type Ia super-
novae (SNe Ia).With these obtained parameter values, we analyze the model’s physical characteristics
by evaluating the effective and dark energy equation of state parameters ωe f f and ωde , the decelera-
tion parameter q(z), and energy conditions. Additionally, we conduct the Om diagnostic test for the
model. We estimate the transition redshift zt ≤ 0.5342, 0.6334 and the present age of the universe
t0 = 13.46, 13.49 Gyrs with H0 = 67.4 ± 3.6, 68.8 ± 1.9 Km/s/Mpc, Ωm0 = 0.41+0.13

−0.24, 0.299+0.042
−0.077, and

ωe f f = −0.6447,−0.696, ωde = −1.0347,−1.0284. We find a transit phase accelerating and physically
acceptable phantom dark energy model of the universe.

Keywords: FLRW universe; Weyl-type f (Q, T) gravity; dark energy; observational constraints; Om
diagnostic

1. Introduction
Recent observational studies in [1–7] confirmed that the universe entered into an accelerating

expansion phase six giga-years ago. This behavior of the universe suggests that it has some unknown
components having high negative pressure and in a huge amount, approximately 95%, which are
so-called dark energy (DE) and dark matter (DM). To understand the unknown parts of the universe,
researchers have suggested different theories of gravity over the past few decades. These theories
add to general relativity (GR), which is the most successful theory used to study the universe. Some
updated theories of gravity, like f (R) gravity (first introduced in [8]) and its extension called f (R, T)
gravity [9], are based on linking the trace T of the energy-momentum tensor to f (R). There are many
other similar theories in Riemannian geometry.

Alternatively, in non-Riemannian geometry, the teleparallel gravity ( f (T)) [10–13] and the sym-
metric teleparallel gravity ( f (Q)) [14,15] are developed in the same way as the Riemannian gravity
theory ( f (R)). Here, the torsion scalar T and the non-metricity scalar Q, respectively, replace R. A new
paper [16] describes the f (Q, T) gravity theory, which adds to the f (Q) gravity theory by connecting
it to the trace T of the energy momentum tensor in a way that is not minimal. They examined the
cosmological implications of three distinct models inside the f (Q, T) theory. Their results, together
with the solution, delineated both the speeding and decelerating evolutionary phases of the universe.
Several studies have shown that f (Q, T) gravity is a reasonable way to explain how fast the universe
is expanding right now and provide a logical answer to the dark energy puzzle [17–19].
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Weyl gravity extends General Relativity (GR) by incorporating non-metricity within the affine
connection, aiming to unify gravity and electromagnetism. Recent studies, such as [20], have explored
its implications for dark matter and dark energy. In particular, [21] investigates a non-minimal coupling
between the trace T and the non-metricity scalar Q within the framework of Weyl gravity. This concept
was further refined by [22], introducing Weyl-type f (Q, T) gravity, where non-metricity is entirely
determined by the magnitude of the vector field ωµ. In Weyl geometry, gravitational field equations
emerge by varying the action with respect to the metric tensor, with the vector field wµ playing a
crucial role in describing gravitational interactions. Despite being a relatively new approach, Weyl-type
f (Q, T) gravity has been extensively applied in various cosmological contexts. Works such as [23–25]
examine its impact on cosmic acceleration, the Newtonian limit, geodesic and Raychaudhuri equations,
tidal forces, and power-law solutions, shedding light on the broader implications of this modified
gravity theory.

Recently, [26] created a space model in a type of gravity called Weyl-type f (Q, T) by using a
specific way to express the Hubble parameter. Meanwhile, [27] looked into a model with friction
in this same gravity theory. A cosmological model has been created using a method that does not
rely on specific assumptions, along with observational evidence, as mentioned in references [28,29].
Additionally, an interaction related to a deceleration parameter that does not change over time is
explored in [30], focusing on a type of gravity called Weyl-type f (Q, T). We use model-independent
techniques to construct most of the previously discussed models in Weyl-type f (Q, T) gravity. In the
present paper, we develop a cosmological model based on the exact solutions to the cosmological
field equations. We build a ΛCDM model with a perfect fluid source in the Weyl-type f (Q, T) gravity
theory. We use Hubble data from cosmic chronometer (CC) observations and apparent magnitude
from the Pantheon sample of SNe Ia to put limits on our model.

The paper is organized into the following sections. Sect.-1 contains a brief introduction to the
development of cosmological models. Sect.-2 provides a brief overview of Weyl-type f (Q, T) gravity,
while Sect.-3 mentions the cosmological field equations. We obtain an analytical solution to the field
equations in Sect. 4; Sect. 5 contains some observational constraints on solutions. We discuss the
results in Sect.-6, and finally, we present our conclusions in Sect.-7.

2. Brief Concept of Weyl Type f (Q, T) Gravity
We consider the following action to derive the field equations in the Weyl-type f (Q, T)-gravity

[22]:

S =
∫

d4x
√
−g

[
κ2 f (Q, T)− 1

4
WijWij − 1

2
m2wiwi + λR̃ + Lm

]
(1)

where wi is an intrinsic vector field with a semi-metric connection Γ̃λ
ij, introduced by Weyl to generalize

the Riemannian geometry in order to describe the simultaneous change of direction and length. The
semi-metric connection Γ̃λ

ij is given by

Γ̄λ
ij ≡ Γλ

ij + gijwλ − δλ
i wj − δλ

j wi, (2)

where Γλ
ij is the Christoffel symbol constructed with respect to the metric gij. The Wij is the Weyl

length curvature tensor defined by
Wij = ∇jwi −∇iwj (3)

and R̃ = (R + 6∇µwµ − 6wµwµ), where R denotes the Ricci scalar curvature associated with the
Levi-Civita connection. Γλ

ij, κ2 = 1
16πG , The mass of the particle is denoted as m, while Lm represents

the ordinary matter Lagrangian. Moreover, f denotes a general function of the non-metricity scalar. Q
and T correspond to the trace of the energy-momentum tensor Tij linked to matter. The second and
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third terms in the action describe the standard kinetic term and the mass term related to the vector
field, respectively. The non-metricity scalar Q is given by

Q ≡ −gij
(

Lµ
νjL

ν
iµ − Lµ

νµLν
ij

)
, (4)

where, the deformation tensor Lλ
ij is defined as

Lλ
ij = −1

2
gλρ

(
Qiρj + Qjρi − Qρij

)
. (5)

In Riemannian geometry ∇µgij = 0 i.e., the Levi-Civita connection is metric compatible while in the
case of semi-metric connection Γ̄λ

ij in weyl geometry, we have

Qµij ≡ ∇̃µgij = ∂µgij − Γ̃ρ
µigρj − Γ̃ρ

µjgρi = 2wµgij, (6)

which are not vanishing at all.
Plugging Eqs. (5) and (6) in (4), we get the relation

Q = −6w2. (7)

By differentiating the variation of action (1) with respect to the vector field wi, we derive the generalized
Proca equation that describes the evolution of the field.

∇jWij −
(

m2 + 12κ2 fQ + 12λ
)

wi = 6∇iλ. (8)

Through a comparison of Eq. (8) with the standard Proca equation, we can derive the effective
dynamical mass of the vector field wi as

m2
e f f = m2 + 12κ2 fQ + 12λ. (9)

Once more, the variation of the action (1) concerning the metric field yields the subsequent modified
field equations:

1
2
(
Tij + Sij

)
− κ2 fT

(
Tij + Θij

)
= −κ2

2
gij f − 6k2 fQwiwj + λ

(
Rij − 6wiwj + 3gij∇ρwρ

)
+ 3gijwρ∇ρλ − 6w(i∇j)λ + gij□λ −∇i∇jλ, (10)

where, the energy-momentum tensor for matter is given by

Tij ≡ − 2√−g
δ(
√−gLm)

δgij , (11)

and

fT ≡ ∂ f (Q, T)
∂T

, fQ ≡ ∂ f (Q, T)
∂Q

, (12)

The terms represent the partial derivatives of the arbitrary function f (Q, T) with respect to T and Q,
respectively. Additionally, the expression Θij is defined as follows.

Θij = gµν δTµν

δgij
= gijLm − 2Tij − 2gµν δ2Lm

δgijδgµν
. (13)

Here, Sij is the re-scaled energy momentum tensor of the free Proca field,

Sij = −1
4

gijWρσWρσ + WiρWρ
j − 1

2
m2gijwρwρ + m2wiwj, (14)
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3. Cosmological Field Equations
For the investigation of an isotropic, homogeneous and spatially flat universe in the context of

Weyl type f (Q, T) theory, we consider Friedmann-Robertson-Walker metric given by

ds2 = −dt2 + a(t)2(dx2 + dy2 + dz2) (15)

where a(t) is the scale factor depending upon t only. In a spatially symmetric spacetime, taking the
vector field wi of the form

wi = [ψ(t), 0, 0, 0]. (16)

Hence, w2 = wiwi = −ψ2(t), which implies that

Q = −6w2 = 6ψ2(t) (17)

Now, we define the stress-energy-momentum tensor Tij corresponding to metric (15) as

Tij = (ρ + p)uiuj + p gij (18)

where ui = (−1, 0, 0, 0) is the four-velocity vector in a comoving coordinate system with ui∇i = d/dt
and H = ȧ/a as the Hubble parameter. Also, we consider the corresponding Lagrangian of the perfect
fluid source Lm = p.

The constraints of flat space and the generalized Proca equation in the context of cosmology can
be expressed as

ψ̇ = Ḣ + 2H2 + ψ2 − 3Hψ, (19)

λ̇ =

(
−1

6
m2 − 2κ2 fQ − 2λ

)
ψ = −1

6
m2

effψ, (20)

∂iλ = 0. (21)

Using (15) to (18) in Eq. (10), we can get the generalized Friedmann equations as

κ2 fT(ρ + p) +
1
2

ρ =
κ2

2
f −

(
6κ2 fQ +

1
4

m2
)

ψ2 − 3λ(ψ2 − H2)− 3λ̇(ψ − H), (22)

−1
2

p =
κ2

2
f +

m2ψ2

4
+ λ(3ψ2 + 3H2 + 2Ḣ) + (3ψ + 2H)λ̇ + λ̈. (23)

By eliminating all the derivatives of λ using Eqs. (20) and (21), we obtain the set of cosmological
field equations (22) and (23) in the form

1
2

(
1 + 2κ2 fT

)
ρ + κ2 fT p =

κ2

2
f +

m2ψ2

4
+ 3λ

(
H2 + ψ2

)
− 1

2
m2

e f f Hψ, (24)

1
2

(
1 + 2κ2 fT

)
(ρ + p) =

m2
e f f

6

(
ψ̇ + ψ2 − Hψ

)
+ 2κ2 ˙fQψ − 2λḢ. (25)

The equation of continuity for the model is obtained as

ρ̇ + 3H(ρ + p) =
1

1 + 2κ2 fT

[
2κ2(ρ + p) ḟT − fT(ρ̇ − ṗ)

]
. (26)
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Now, we can rewrite the generalized Friedmann equations (24) and (25) as

3H2 =
1

2λ
(ρ + ρde), (27)

2Ḣ + 3H2 = − 1
2λ

(ρ + ρde + p + pde), (28)

where

ρde = m2
effHψ + 2κ2 fT(ρ + p)− κ2 f − m2ψ2

2
− 6λψ2, (29)

and

pde =
m2

eff
3

(
ψ̇ + ψ2 − 4Hψ

)
+ κ2 f + 4κ2 ḟQψ +

m2ψ2

2
+ 6λψ2, (30)

respectively.

By considering the limiting case where f = 0, ψ = 0, and λ = κ2, the gravitational action given in
Eq. (1) simplifies to the conventional Hilbert-Einstein form. Under these conditions, the dark energy
density and pressure vanish (ρde = 0, pde = 0), leading Eqs. (27) and (28) to reduce to the standard
Friedmann equations in general relativity: 3H2 = 1

2 κ2ρ and 2Ḣ = − 1
2 κ2(ρ + p).

4. Cosmological Solutions
We investigate the linear form of the Lagrangian function f (Q, T) suggested in [22], given by

f (Q, T) = αQ +
β

6κ2 T (31)

Hence, we have

fQ = α, fT =
β

6κ2 (32)

We solve the field equations for a dusty universe (p = 0) with κ = 1 and using Eqs. (31) and (32) in
(26), we get

β + 2
2(β + 3)

ρ̇ + 3Hρ = 0 (33)

Integrating equation (33), we get the matter energy density ρ as

ρ(a) = ρ0

( a0

a

) 2(β+3)
β+2 (34)

Now, for simplicity, we take a solution of Eq. (20) as ψ = H, and using in Eq. (25), we have

Ḣ − 3(m2 + 12α)

2(m2
e f f + 12λ)

H2 =
β

2(m2
e f f + 12λ)

ρ (35)

Using Eq. (34) with the relation a0a−1 = 1 + z, [31] in Eq. (35), we have

H′ +
3(m2 + 12α)

2(m2
e f f + 12λ)

H
1 + z

= −
3βΩm0 H2

0
2(m2

e f f + 12λ)H
(1 + z)

β+4
β+2 (36)

where H0 = H(z = 0) and Ωm0 = ρ0
3H2

0
. Integrating (36), we get

H(z) = H0

√
Ωm0(1 + z)

3(m2+12α−β)

m2+12α+24λ + (1 − Ωm0)(1 + z)
3(m2+12α)

m2+12α+24λ (37)
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where 1 − Ωm0 = Ωde0, and hence, at present

Ωm0 + Ωde0 = 1 (38)

Now, we calculate the deceleration parameter q(z) = −1 + (1 + z) 1
H

dH
dz using Eq. (37), we get

q(z) = −1 +
3
2

(m2+12α−β)
m2+12α+24λ

Ωm0(1 + z)
−3β

m2+12α+24λ + (m2+12α)
m2+12α+24λ

(1 − Ωm0)

Ωm0(1 + z)
−3β

m2+12α+24λ + (1 − Ωm0)

(39)

ρde =
1
2

m2
e f f H2

0

[
Ωm0(1 + z)

3(m2+12α−β)

m2+12α+24λ + (1 − Ωm0)(1 + z)
3(m2+12α)

m2+12α+24λ

]
+

3
2

β H2
0 Ωm0(1 + z)

2(β+3)
β+2 (40)

pde = −1
2

m2
e f f H2

0

[
(2m2 + 24α + 24λ − β)

m2 + 12α + 24λ
Ωm0(1 + z)

3(m2+12α−β)

m2+12α+24λ

+
(2m2 + 24α + 24λ)

m2 + 12α + 24λ
Ωde0(1 + z)

3(m2+12α)

m2+12α+24λ

]
− 1

2
β H2

0 Ωm0(1 + z)
2(β+3)

β+2 (41)

ωde = −1 −
m2

e f f

[
(m2+12α−β)
m2+12α+24λ

Ωm0(1 + z)
3(m2+12α−β)

m2+12α+24λ + (m2+12α)
m2+12α+24λ

Ωde0(1 + z)
3(m2+12α)

m2+12α+24λ

]

m2
e f f

[
Ωm0(1 + z)

3(m2+12α−β)

m2+12α+24λ + (1 − Ωm0)(1 + z)
3(m2+12α)

m2+12α+24λ

]
+ 3β Ωm0(1 + z)

2(β+3)
β+2

(42)

The effective equation of state parameter ωe f f is defined as

ωe f f =
pe f f

ρe f f
=

p + pde
ρ + ρde

(43)

5. Cosmological Constraints
The expansion rate of the universe can be easily understood by the analysis of Hubble data points

from cosmic chronometer (CC) observations [32,33] and apparent magnitudes from the Pantheon sam-
ple of SNe Ia observations [34]. To analyze different cosmological measures and study the expansion
phase, we use the emcee software to conduct MCMC analysis on CC and Pantheon datasets. This
involves minimizing the χ2 function and maximizing the likelihood function, which is related to χ2 by
the formula L ∝ e−χ2

, while applying appropriate prior information.

5.1. Hubble Data

In this section, we use 31 data points of H(z) from redshift values between 0.07 and 1.965. These
measurements were taken using the differential age method and do not affect one another. Hence, we
use the following χ2 formula:

χ2
CC =

i=31

∑
i=1

[Hob(zi)− Hth(H0, Ωm0, β, zi)]
2

σ2
H(zi)

. (44)

where H0, Ωm0, β are the cosmological parameters which we have to estimated, and Hob, Hth are the
observational and theoretical values of H(z) at z = zi, respectively. The σH(zi)

denotes the standard
deviations associated with observed values Hob.
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Figure 1. The contour plots of H0, Ωm0, β at σ1, σ2 confidence levels for CC dataset.

5.2. Apparent Magnitude

SNe Ia data is used to illustrate the measurement of the expansion rate of the cosmic evolution of
the universe in the form of apparent magnitude m(z). We analyzed the theoretical notion of apparent
magnitude, as outlined in [34–37].

m(z) = M + 5 log10

(
DL

Mpc

)
+ 25. (45)

Here, M represents the absolute magnitude, while the luminosity distance DL is expressed in length
units and defined as follows.

DL = c(1 + z)
∫ z

0

dz′

H(z′)
. (46)

The Hubble-independent luminosity distance dL is expressed as dL ≡ H0
c DL, making it a dimen-

sionless parameter. Consequently, the apparent magnitude m(z) is given by:

m(z) = M + 5 log10 dL + 5 log10

(
c/H0

Mpc

)
+ 25. (47)

We identified a correlation between H0 and M in the previously discussed equation, which remains
unchanged within the ΛCDM framework [34,37]. To address this degeneracy, we redefine these
parameters as follows:

M ≡ M + 5 log10

(
c/H0

Mpc

)
+ 25. (48)

In this context, the parameter M is a dimensionless quantity defined by the relation M =

M − 5 log10(h) + 42.39, where the Hubble constant is expressed as H0 = h × 100 km/s/Mpc. It is
noteworthy that, in most studies [38,39], this degenerate combination is often marginalized. However,
recent investigations [40–44] suggest that such an approach might result in the omission of crucial
physical insights. Specifically, a cosmological model featuring an abrupt transition in the absolute
magnitude M at a low redshift zt has the potential to simultaneously address both the H0 and growth
tensions [45–50]. Consequently, we opt to retain this degenerate parameter in our estimation procedure.

Within the ΛCDM framework, M has been calibrated to a value of 23.809 ± 0.011, as reported in
[34]. The parameter M exhibits variation across different cosmological models (see [34,40–50]). For
analyzing the Pantheon dataset, we employ the following χ2 formulation, as outlined in [34].

χ2
P = Vi

PC−1
ij V j

P (49)
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The formula Vi
P shows the difference between the observed value mob(zi) and the expected value

m(Ωm0, β,M, zi) found in equation (47). The notation C−1
ij represents the inverse of the covariance

matrix derived from the Pantheon sample.
To estimate the model parameters jointly, we use 31 cosmic chronometer (CC) data points for the

Hubble parameter along with 1,048 data points from the Pantheon dataset. By applying the χ2
CC+P

formula, we perform a combined Markov Chain Monte Carlo (MCMC) analysis, integrating both
Pantheon and CC data. This approach allows us to derive unified constraints on the parameters across
all considered models.

χ2
CC+P = χ2

CC + χ2
P (50)

65 70 75
H0

23.78

23.80

23.82

23.84



−14

−12

−10

−8

β

0.2

0.3

0.4

0.5

0.6

Ω m
0

H0=68.8±1.9

0.2 0.3 0.4 0.5 0.6
Ωm0

Ωm0=0.299+0.042−0.077

−14 −12 −10 −8
β

β= −12.2+1.2−1.4

23.80 23.84


=23.810±0.012

Figure 2. The contour plots of H0, Ωm0, β and M at σ1, σ2 confidence levels for CC+Pantheon datasets.

The Hubble function (37) contains six parameters, and to estimate them independently, we remove
the degeneracy between them. For this, we choose m =

√
12, α = −1, and λ = 0.5, as suggested in [22],

and thus the Hubble function H(z) is reduced in terms of three independent parameters: H0, Ωm0, and
β. Table 1 shows the estimated values of these parameters using the CC and CC+Pantheon datasets
with MCMC analysis.

Table 1. The MCMC estimates.

Parameter Prior CC CC+Pantheon
H0 (50, 100) 67.4 ± 3.6 68.8 ± 1.9

Ωm0 (0, 1) 0.41+0.13
−0.24 0.299+0.042

−0.077
β (−20,−5) −11.4+2.0

−1.6 −12.2+1.2
−1.4

M (23, 24) - 23.810 ± 0.012
χ2

CC+P - 14.4946 1041.0659

6. Result Discussions
In this section, we discuss the output of our derived universe model in Weyl-type f (Q, T) gravity.

We found a precise solution to the updated field equations that involve a dust-like fluid. We also
created a relationship between the model’s parameters and the Hubble function H(z). Next, we
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estimate the values of the model parameters H0, Ωm0, and β by analyzing data from 31 CC datasets
and 1048 Pantheon datasets using a method called MCMC. We do this at two confidence levels, σ1
and σ2. We get the estimated values of the Hubble constant H0 = 67.4 ± 3.6 Km/s/Mpc, along with
CC data, and H0 = 68.8 ± 1.9 Km/s/Mpc along with joint data CC+Pantheon. We get the values of
baryonic matter density parameter Ωm0 = 0.41+0.13

−0.24, 0.299+0.042
−0.077, and dimensionless model parameter

β = −11.4+2.0
−1.6,−12.2+1.2

−1.4, along two observational datasets, respectively. The estimated values of the
Hubble constant H0 and matter density parameter Ωm0 are in good agreement with recent estimated
values in [51–58]. We have non-vanishing dimensionless parameters α, β, λ, and m in the relation
m2 = −12α with α < 0. If we take λ = 0.5, and α = −1, then vector field mass m =

√
12.
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Figure 3. Variation of effective EoS parameter and dark energy EoS parameter over z.

The change in the effective equation of state parameter, ωe f f , shows the matter phase. Its formula
is found in Eq. (43). The geometrical behavior of ωe f f over z is shown in Figure 3a. From Figure
3a, one can observe that ωe f f is an increasing function of z, and it tends to the ΛCDM value when
z → −1. We have calculated the current values of the effective equation of state parameters, which
are ωe f f = −0.6447 and ωe f f = −0.696, based on observational data. These values are in excellent
agreement with recent observations. Figure 3b depicts the evolution of the dark energy EoS parameter
ωde versus z. In figure 3b, you can see that the value of ωde crosses -1 (which is the value for the
ΛCDM model) and approaches this value again in the far future. We estimated the current value of
the dark energy EoS parameter as ωde = −1.0347 along CC data and ωde = −1.0284 along joint data
CC+Pantheon. These values of ωde indicate the phantom dark energy behavior of the derived model.
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Figure 4. Evolution of deceleration parameter q(z) versus z.

The expansion phase of the universe can be explained with the evolution of the deceleration
parameter q(z), and its expression is given in (39). Figure 4 shows how q(z) changes with z. It demon-
strates that q(z) increases as z increases, but there is a point where its trend changes direction. This
point is known as the transition (decelerating to accelerating) point, and the value of z for which
q(z) = 0 is called the transition redshift, denoted by zt. We can obtain a decelerating universe phase
for z > zt and an accelerating universe phase for z < zt while z = zt represents the transition line.
We have obtained the transition redshift value as zt = 0.5342, 0.6334, along CC and CC+Pantheon
datasets. The current value of the deceleration parameter is q0 = −0.4158 according to CC data, and
q0 = −0.5441 based on joint data from CC and Pantheon. Both values are negative, showing that
the universe is currently in an accelerating phase. From Figure 4, one can find q → −1 as z → −1
and q → 0.5, for z → ∞. For the current accelerating universe, the value of β should be greater
than β > −19.5. Thus, the estimated value of β = −11.4+2.0

−1.6,−12.2+1.2
−1.4 reveals the transit phase

accelerating characteristics of our derived universe model. The transition redshift value zt is recently
estimated by [59] as zt = 0.8596+0.2886

−0.2722 along the SNIa dataset, and along the Hubble dataset, they
found zt = 0.6320+0.1605

−0.1403 in f (R) theory. In f (T) gravity framework, it is found as zt = 0.643+0.034
−0.030

[60]. This transition value is estimated as zt = 0.646+0.020
−0.158 in [61], zt = 0.702+0.094

−0.044 in [62], and [63,64]
estimated as zt = 0.684+0.136

−0.092. Thus, the value of zt estimated by us is acceptable.

Energy Conditions
The Raychaudhuri equations provide insights into energy conditions, illustrating that gravity

not only attracts but also implies a requirement for a positive energy density. There are four principal
energy conditions: the null energy condition (NEC), the weak energy condition (WEC), the dominant
energy condition (DEC), and the strong energy condition (SEC). Further details on these conditions
can be found in relevant sources [66–68].

In a homogeneous spacetime filled with a perfect fluid, the constraints governing the energy
conditions are expressed as follows:
Null Energy Condition (NEC):ρe f f + pe f f ≥ 0
Weak Energy Condition (WEC): ρe f f ≥ 0, ρe f f + pe f f ≥ 0
Dominant Energy Condition (DEC): ρe f f ≥ |pe f f |, meaning ρe f f ± pe f f ≥ 0
Strong Energy Condition (SEC):ρe f f + pe f f ≥ 0, ρe f f + 3pe f f ≥ 0

These conditions play a crucial role in defining the viability of cosmological models and their
alignment with general relativity.
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Figure 5. Evolution of energy conditions over z for CC and CC+Pantheon datasets, respectively.

Figures 5a and 5b illustrate the progression of energy conditions as a function of z for the CC
and CC+Pantheon datasets, respectively. It is evident that all energy conditions hold, except for the
strong energy condition (SEC) when z < zt. The breakdown of SEC in this range is responsible for the
accelerated expansion of the universe.

6.1. Om Diagnostic

The Om diagnostic function helps us classify theories about cosmic dark energy based on their
behavior. We define the Om diagnostic function for a spatially homogeneous universe.

Om(z) =

(
H(z)
H0

)2
− 1

(1 + z)3 − 1
, (51)

In this context, H0 represents the present-day Hubble parameter, while H(z) corresponds to
the Hubble parameter as defined in Eq. (37). When the function Om(z) exhibits a positive slope, it
indicates phantom-like behavior, whereas a negative slope signifies quintessence-like motion. The
LambdaCDM model is characterized by a constant Om(z).

Equation (51) shows the Om(z) function for the model we developed, and Figure 6 illustrates its
geometric meaning. Figure 6 shows that Om(z) increases as z increases, indicating a positive slope.
This suggests that our universe model behaves similarly to a phantom dark energy model. Also,

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 2 July 2025 doi:10.20944/preprints202507.0031.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202507.0031.v1
http://creativecommons.org/licenses/by/4.0/


12 of 15

we can see that as z → −1 at late-time future, the value of Om(z) is constant, which represents the
tendency of our derived model to the ΛCDM model in the far future.
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Figure 6. Behaviour of the Om(z) over z.

7. Age of the Universe
We use the following formula to calculate the age of the universe as given below:

t0 − t =
∫ z

0

dz′

H(z′)(z′ + 1)
(52)

We denote H(z′)
H0

= h(z′) in Eq. (52), we can rewrite (52) as

(t0 − t)H0 =
∫ z

0

dz′

h(z′)(z′ + 1)
(53)

t0H0 = lim
t→0

(t0 − t)H0 = lim
z→∞

∫ z

0

dz′

h(z′)(z′ + 1)
(54)

From Eq. (54), one can see that as t → 0, z → ∞, then (t0 − t)H0 → t0H0, which gives the present age
of the universe. For the CC dataset, we estimate the age of the universe at t0 = 13.46+0.52

−0.71 Gyrs, and for
the CC+Pantheon dataset, we get the age of the universe at t0 = 13.49+0.73

−0.50 Gyrs.

8. Conclusions
This paper presents the development of dark energy models within the framework of Weyl-type

f (Q, T) gravity, utilizing a dust fluid as the background source and taking into account relevant
observational constraints. An analytical solution is derived for the field equations. The current values
of the model parameters H0, Ωm0, Ωde0, α, β, m, and λ are determined through an analysis of data
on the Hubble parameter sourced from cosmic chronometers, alongside brightness measurements
obtained from the Pantheon sample of type Ia supernovae. The model’s physical properties are
analyzed through the application of estimated values for its parameters, particularly focusing on the
effective equation of state, ωe f f , and the deceleration parameter, q(z). The primary characteristics of
the derived universe model are outlined as follows:

• We identified a transit phase characterized by deceleration in the past and acceleration in the
late time, exhibiting phantom behavior in the dark energy model, which aligns well with recent
observations.

• We found the Hubble constant value as H0 = 67.4 ± 3.6 Km/s/Mpc, along with CC data, and
H0 = 68.8 ± 1.9 Km/s/Mpc along with joint data CC+Pantheon.

• We found the matter energy density parameter value as Ωm0 = 0.41+0.13
−0.24, 0.299+0.042

−0.077, and effective
EoS parameter ωe f f = −0.6447,−0.696 with dark energy EoS parameter as ωde = −1.0347 along

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 2 July 2025 doi:10.20944/preprints202507.0031.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202507.0031.v1
http://creativecommons.org/licenses/by/4.0/


13 of 15

CC data and ωde = −1.0284 along joint data CC+Pantheon which are in good agreement with
recent observations.

• We looked into the model parameters α, β, m, and λ that are non-vanishing. These show how
different factors affect the Weyl-type f (Q, T) gravity theory.

• We found that the current value of the deceleration parameter is q0 = −0.4158 along the CC data
and q0 = −0.5441 along the joint data CC+Pantheon. Both of these values are negative q0 < 0,
which means that the universe model is speeding up right now.

• We found the transition redshift value as zt = 0.5342, 0.6334, along with the CC and CC+Pantheon
datasets, respectively, which are in good agreement with [59–61,63,64].

• The current age of the universe is determined to be t0 = 13.46+0.52
−0.71 billion years based on the CC

dataset. When incorporating both the CC and Pantheon datasets, the estimated age is refined to
t0 = 13.49+0.73

−0.50 billion years.
• We found that our derived model satisfied all energy conditions except SEC which produces

accelerating phase of the expanding universe.
• The Om diagnostic analysis reveals the phantom dark energy behavior of the model.

We see that the Weyl-type f (Q, T) gravity theory could explain both the universe’s recent acceleration
and its earlier slowing down without needing to add the cosmological constant Λ. Therefore, the
Weyl-type f (Q, T) gravity needs more investigation to explore the properties of universe evolution.
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