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Abstract

Quantum entanglement has played a pivotal role in both theoretical investigations and practical
applications within quantum information science. In this study, we explore the connection between
entanglement and geometric structures, specifically manifolds and their associated geometric
properties such as curvature. We focus on the manifolds formed by the product states of three qubits,
examining the induced metric derived from the Euclidean metric, the Levi-Civita connection, and,
where computationally tractable, the scalar curvature. Consequently, separable states can be
characterized as convex combinations of points residing on these manifolds, whereas non-separable
states exhibit entanglement.
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1. Introduction

The concept of quantum entanglement was first introduced by Erwin Schrédinger in 1935, who
referred to it as "Verschrankung" in German—a term that was later translated to "entanglement"—
during the early development of quantum mechanics. Einstein, Podolsky and Rosen identified it as
a fundamental aspect of quantum mechanics that remains central to modern physics [1,2]. They
highlighted the existence of global states in composite systems that cannot be expressed as a simple
product of the states of their individual parts. This phenomenon, entanglement, reveals an inherent
structure in the statistical relationships between the components of a quantum system. It plays a
pivotal role in quantum information theory and serves as a valuable resource for quantum
communication and information processing [3-5]. For a product state p,p of two subsystems p,
and pp we have p,p = py ® pp. For these states and only for these, the two subsystems, when
described separately, provide a complete description of the composite system. Any state that is not a
product state exhibits some form of correlation and is referred to as a correlated state. Quantum
mechanics reveals that correlations come in a hierarchy, with distinct physical properties emerging
at different levels. The simplest among these are classically correlated, or separable, states. These
states have density matrices that can always be expressed in the following form:

p=2iPiPai @ pp with 0<p; <1 and };p; =1 )

that is, a convex mixture of product states. Although a density matrix may be known to represent a
separable system, no general algorithm exists for decomposing it according to Eq. (1), and such a
decomposition is not unique. Peres and the Horodecki family [6,7] provided a mathematical
characterization of these states—at least in the specific cases where the composite Hilbert space has
dimensions 2x2 or 2x3. States that cannot be expanded in the form of eq. (1) are called “entangled”.

When exploring entanglement and related topics, it quickly becomes evident that geometry
plays a crucial role, often providing a highly intuitive and vivid understanding of these concepts. The
goal of this work is to identify the manifolds of product states for a system of three qubits. As a result,
separable states can be expressed as convex combinations of these product states and every state that
is not separable is entangled.
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We begin with the Fano form of a density matrix, a density matrix of three qubits [8]. In this case
we have totally product states ppc = ps Q pp ® pc, biproduct states p;;x = p;; ® px for (1,],K)
permutations of (4,B,C), convex combinations of these and genuinely entangled states. Convex
combinations of totally product states give totally separable states and of biproduct states give
biseparable states [9].

The paper is organized as follows. Section 2 provides a review of essential concepts from
geometry that are foundational for the subsequent analysis. In Section 3, we present our main results.
Specifically, Section 3.1 discusses the Bloch vector representation for a single qubit. Section 3.2
introduces the Fano form for systems of two and three qubits and formulates two systems of
equations characterizing biproduct and fully product states. Sections 3.3 and 3.4 are devoted to
solving these systems and identifying the associated manifolds. For biproduct states, we also
compute the curvature of the corresponding manifold. The paper concludes with a discussion in
Section 4, highlighting directions for future research.

2. Preliminary Issues (Geometry)

Let us consider the n-dimensional manifold R" and the m-dimensional manifold R™ with
m <n. Let F:R™ - R" be a € function such that F is an injection and an immersion, that is an
embedding. Then M = F(R™) is a submanifold of R™ [10].

The manifold R™ admits a natural metric called “Euclidian” h = §,5dx* ® dx? where a,f =
0,...,n — 1, the Eistein summation convention is supposed and

_(lifa=p
6“ﬁ_{0ifa¢/)’ 2)

is the Kronecker delta. This means that if we make an infinitesimal step into R that is x* — x% +
dx® then the length of this step is ds where ds? = §,5dx® ® dxP. If we are on a 2D flat surface we
know this as “Pythagorean” theorem. In R™ we have an induced metric g = F*h i.e.

g = gwdut @ du” 3)
with [10]
OF* gFF
I = 60:[? W ou’ 4)

and p,v =0,...,m — 1. Correspondingly, if we make an infinitesimal step into R™ such that u# —
ut + du# then the length will be ds with

ds? = g, dut @ du¥ (5)
For the manifold M we may compute the connection coefficients I'";, of the Levi-Civita
connection
1 dg dg dg
A Ak VK UK uv
M =739 (au“ T T ur ©)

and subsequently the Riemann curvature tensor

ors, ork,

R =G~ 5 + Y e AT i @)
the Ricci tensor
Ruv = Ry ®)
and the scalar curvature
Q= g" Ry )
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3. Results
3.1. Bloch Sphere Expansion Form of One Qubit
Let p, be the density matrix of one qubit. Then we can expand it
1
Pa =E(12+a10'1+a20'2+a30'3) (10)

where [, is the identity matrix, o!, i =1,2,3, are the Pauli matrices and if d = (a,,a,,as) is the
radius of the so-called Bloch sphere, |d| < 1. That means that we have a base given by the “vectors”
(e el e?,e’) = %(12, ol,6%,0%) since it is easy to check that tr(e‘-e’/) = %é}j.

3.2. Fano Form of Two and Three Qbits

If p,p is a density matrix of two qubits, we have the Fano form expansion [8]

3

PaB = Z aijei ® el (11)

i,j=0

with a;;eR and such that p,p is a density matrix. For three qubits

3
Papc = Z dije' @ el @ ek (12)

i,jk=0
Again d;jxeR and such that p,pc is a density matrix.

In case of a biproduct state pspc = pap & pc, given the expansions (11), (12) and one for p; =
Y c;e!, we have

a;jcx = dyj (13)
for i,j,k = 0,...,3 and similarly for the other cases psc @ pg or pzc & pa. In case of a product state
Papc = Pa @ pp @ pc we have

aibjck = dijk (14)

where

3

3 3
pA = Zaiei’ pB = bl-ei, pC = Z Ciei (15)

i=0 i=0 i=0

3.3. Solving the System for a Biproduct State

The system we want to solve is the system (13) for ayy = ¢y = dggo = 1. It is obvious that its
solution is

a;; = d;jo for i,j =10,1,2,3

(16)
¢ =dgor for k=0,1,23
But we have to impose the conditions
dooxdijo = d;ji for i,j,k=0,1,23 17)
Now, let K be the function
K: (door dijo) = (dookr dijor dijr, dijar dijz) (18)

defined by relations (17) for k = 1,2,3 and i,j = 0,1,2,3 except for the case i = j = 0. To be precise
the order of the coordinates of the domain of K is

(d001l dOOZl d003l dOlOl dOZOl d0301 leOl dllOl d120' d130' d200' d210' d220' d230' d300' d310' d320' d330)
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and for the image

(d001' dOOZ' d003' dOlO' d020' d030' leO' dllO! d120' d130' dZOOJ d210' d220' d230' d300' d310' d320' d330'
dOll! dOlZ! d013! d021! d022! d023! d031! d032! d033! d101! d102! d103' d111' d112' d113' d121' d122' d123'
d13lr d1321 d133r d201r d202! d203r d211! d212! d213r d221r d222! d223r d231r d232! d233r d301! d302! d303r

d311, d312, 313, d321, d322, d323, d331, d332, d333)

We notice that K is a C® function from R!® to R®¥. So, we have an 18-dimensional
(hyper)surface S embedded in the 63-dimensional manifold R®. The (hyper)surface S is a
manifold of biproduct states into the whole space of tripartite density matrices.

If h is the Euclidian metric in R®® we can compute the induced metric g = K*h. The result is

(eq. (4))
Guu = 2t j=odfjo for p=10,1,2
Guu = ¥3 odéy for u=3,..,17
(19)
Juv = dooyMy—, for p=3,..,17, v=10,1,2
Ivu = Guv

where m = (my, ..., My5) = (Ao, o1, --» A32, A33) = (dooo, Ao10s -» A320,d330) @ vector made from
matrix a. The other components of g are 0.

Then we procced computing the connection coefficients of the Levi-Civita connection (eq. (6))
the Riemann and Ricci tensors and finally the scalar curvature. Using “mathematica” we have for the
scalar curvature Q:

3 3 3
Q2=1+CI1+Z. 1d(2)i0+z. , Odizjo (20)
-

__ 2(q1 —3q;)(1 + g, + 14q3)
(1+q)(q1 — 92)93

Since q; — g, < 0 and ¢, < 3q,. we have

Q<0
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Plot of density matrices of biproduct states
(the other 60 components are supposed constants)
and some Biseparable States (blue line)

Biseparable State

1.0

Figure 1. The function z = xy is plotted to illustrate biproduct states, assuming x and y correspond to
elements of the associated density matrices.

3.4. Solving the System for a Product State

The system we want to solve is the system (14) for aq = by = ¢y = dgyoo = 1. It is obvious that its
solution is

a; = d;y for i =0,1,2,3
bj = dyjo for j =0,1,2,3 (21)
¢, =dgor for k=0,1,2,3
with the following conditions to be fulfilled
dioodojodook = diji for i,j,k =0,1,2,3 (22)
Correspondingly L will be the function
L: (dioo, dojor dook) = (dijic) (23)

defined by relations (22) for i,j,k = 1,2,3 (the domain) and i,j,k = 0,1,2,3 for the image except for
thecase i=j =k =0.
To be precise again the order of the coordinates of the domain of L is

(d100' d200' d300' dOlO' d020' d030' dOOl' d002' d003)
and for the image
(d001! d002! d003! dOlO! d020! d030! leO! d110' d120' d130' d200' d210' d220' d230' d300' d310' d320' d330'
d011' d012' d013' d021' dOZZ' d023' d031' d032' d033' d101' d102' d103' dlll’ d112' d113! d121! d122! d123'

d131' d132' d133' dZOl' dZOZ' d203' lel' leZ' d213' dZZl' dZZZ' d223' d231' d232' d233' d301' d302' d303'
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d311! d312! d313! d321! d322! d323! d331! d332! d333)

the same as the coordinates in case of K.

We notice that L is a function from R® to R®. So, we have a 9-dimensional (hyper)surface T
embedded in the 63-dimensional manifold R®3. The (hyper)surface T is the manifold of totally
product states into the whole space of tripartite density matrices.

Asbefore if h is the Euclidian metric in R®® we can compute the induced metric g = L*h. If

11 = dgoo + dfor + dfoz + dos
1y = dgoo + df10 + dfz0 + ds0 (24)
13 = doo + digo + d300 + dd00
The result is (eq. (4))
Guu =11y for u=10,1,2
Gup =111r3 for p=3,4,5
Guu = 1213 for u=16,7,8
Guv = 11doy—20dy41,00 for u=3,4,5v =0,1,2 (25)
Juv = T2doou-s5dyi1,00 for u=6,7,8,v =0,1,2
Juv = 13doou—sdoy—20 for u=6,7,8,v =3,4,5
Gvu = Guv

The other components of g are 0. We may compute the scalar curvature with “mathematica”,
but the expression is too big to be written here.

Plot of density matrices of product states
(the other 60 components are supposed constants)
and some Separable States (blue line)

Figure 2. The function z = xy is plotted to illustrate product states, assuming x and y correspond to elements
of the associated density matrices.

4. Discussion

Differential geometry is a broad and foundational field with wide-ranging applications in
physics and other scientific disciplines. The geometrization of product states, along with the

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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computation of associated geometric quantities such as curvature, is expected to offer multiple
theoretical and practical advantages. Based on the preceding analysis, the approach can be
systematically extended to other systems to identify their corresponding manifolds. Although the
required computations may be extensive and technically demanding, this line of inquiry holds
significant promise as the foundation for future research.
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