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Article 

Manifolds of Product States of Three Qubits 
Fotios D. Oikonomou 

Department of Physics, University of Patras, 26500 Patras, Greece; pheconom@upatras.gr; Tel.: +30-6977-906792 

Abstract 

Quantum entanglement has played a pivotal role in both theoretical investigations and practical 
applications within quantum information science. In this study, we explore the connection between 
entanglement and geometric structures, specifically manifolds and their associated geometric 
properties such as curvature. We focus on the manifolds formed by the product states of three qubits, 
examining the induced metric derived from the Euclidean metric, the Levi-Civita connection, and, 
where computationally tractable, the scalar curvature. Consequently, separable states can be 
characterized as convex combinations of points residing on these manifolds, whereas non-separable 
states exhibit entanglement. 

Keywords: separable states; product states; entangled states; manifolds; surfaces; geometry; metric; 
curvature; Levi-Civita connection 
 

1. Introduction 

The concept of quantum entanglement was first introduced by Erwin Schrödinger in 1935, who 
referred to it as "Verschränkung" in German—a term that was later translated to "entanglement"—
during the early development of quantum mechanics. Einstein, Podolsky and Rosen identified it as 
a fundamental aspect of quantum mechanics that remains central to modern physics [1,2]. They 
highlighted the existence of global states in composite systems that cannot be expressed as a simple 
product of the states of their individual parts. This phenomenon, entanglement, reveals an inherent 
structure in the statistical relationships between the components of a quantum system. It plays a 
pivotal role in quantum information theory and serves as a valuable resource for quantum 
communication and information processing [3–5]. For a product state 𝜌௮௯  of two subsystems 𝜌஺ 
and 𝜌஻  we have 𝜌஺஻ = 𝜌௮ ⊗ 𝜌஻ . For these states and only for these, the two subsystems, when 
described separately, provide a complete description of the composite system. Any state that is not a 
product state exhibits some form of correlation and is referred to as a correlated state. Quantum 
mechanics reveals that correlations come in a hierarchy, with distinct physical properties emerging 
at different levels. The simplest among these are classically correlated, or separable, states. These 
states have density matrices that can always be expressed in the following form: 𝜌 = ∑ 𝑝௜𝜌஺௜ ⊗ 𝜌஻௜௜  with 0 ≤ 𝑝௜ ≤ 1 and ∑ 𝑝௜௜ = 1 (1)

that is, a convex mixture of product states. Although a density matrix may be known to represent a 
separable system, no general algorithm exists for decomposing it according to Eq. (1), and such a 
decomposition is not unique. Peres and the Horodecki family [6,7] provided a mathematical 
characterization of these states—at least in the specific cases where the composite Hilbert space has 
dimensions 2×2 or 2×3. States that cannot be expanded in the form of eq. (1) are called “entangled”. 

When exploring entanglement and related topics, it quickly becomes evident that geometry 
plays a crucial role, often providing a highly intuitive and vivid understanding of these concepts. The 
goal of this work is to identify the manifolds of product states for a system of three qubits. As a result, 
separable states can be expressed as convex combinations of these product states and every state that 
is not separable is entangled. 
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We begin with the Fano form of a density matrix, a density matrix of three qubits [8]. In this case 
we have totally product states 𝜌஺஻஼ = 𝜌௮ ⊗ 𝜌஻ ⊗ 𝜌஼ , biproduct states 𝜌ூ௃௄ = 𝜌ூ௃ ⊗ 𝜌௄  for ሺ𝐼, 𝐽,𝐾ሻ 
permutations of ሺ𝐴,𝐵,𝐶ሻ, convex combinations of these and genuinely entangled states. Convex 
combinations of totally product states give totally separable states and of biproduct states give 
biseparable states [9].  

The paper is organized as follows. Section 2 provides a review of essential concepts from 
geometry that are foundational for the subsequent analysis. In Section 3, we present our main results. 
Specifically, Section 3.1 discusses the Bloch vector representation for a single qubit. Section 3.2 
introduces the Fano form for systems of two and three qubits and formulates two systems of 
equations characterizing biproduct and fully product states. Sections 3.3 and 3.4 are devoted to 
solving these systems and identifying the associated manifolds. For biproduct states, we also 
compute the curvature of the corresponding manifold. The paper concludes with a discussion in 
Section 4, highlighting directions for future research. 

2. Preliminary Issues (Geometry) 

Let us consider the n-dimensional manifold ℝ௡  and the m-dimensional manifold ℝ௠  with 𝑚 < 𝑛. Let 𝐹:ℝ௠ → ℝ௡ be a 𝐶ஶ function such that 𝐹 is an injection and an immersion, that is an 
embedding. Then 𝑀 = 𝐹(ℝ௠) is a submanifold of ℝ௡ [10]. 

The manifold ℝ௡ admits a natural metric called “Euclidian” ℎ = 𝛿ఈఉ𝑑𝑥ఈ ⊗ 𝑑𝑥ఉ where 𝛼,𝛽 =0, … ,𝑛 − 1, the Eistein summation convention is supposed and  𝛿ఈఉ = ൜1 𝑖𝑓 𝛼 = 𝛽0 𝑖𝑓 𝛼 ≠ 𝛽 (2)

is the Kronecker delta. This means that if we make an infinitesimal step into ℝ௡ that is 𝑥ఈ → 𝑥ఈ +𝑑𝑥ఈ then the length of this step is 𝑑𝑠 where 𝑑𝑠ଶ = 𝛿ఈఉ𝑑𝑥ఈ ⊗ 𝑑𝑥ఉ. If we are on a 2D flat surface we 
know this as “Pythagorean” theorem. In ℝ௠ we have an induced metric 𝑔 = 𝐹∗ℎ i.e.  𝑔 = 𝑔ఓఔ𝑑𝑢ఓ ⊗ 𝑑𝑢ఔ (3)

with [10] 𝑔ఓఔ = 𝛿ఈఉ 𝜕𝐹ఈ𝜕𝑢ఓ 𝜕𝐹ఉ𝜕𝑢ఔ  (4)

and 𝜇, 𝜈 = 0, … ,𝑚 − 1. Correspondingly, if we make an infinitesimal step into ℝ௠ such that 𝑢ఓ →𝑢ఓ + 𝑑𝑢ఓ then the length will be 𝑑𝑠 with 𝑑𝑠ଶ = 𝑔ఓఔ𝑑𝑢ఓ ⊗ 𝑑𝑢ఔ (5)

For the manifold 𝑀  we may compute the connection coefficients 𝛤    ఓఔఒ  of the Levi-Civita 
connection 𝛤    ఓఔఒ = 12𝑔ఒ఑ ቆ𝜕𝑔ఔ఑𝜕𝑢ఓ + 𝜕𝑔ఓ఑𝜕𝑢ఔ − 𝜕𝑔ఓఔ𝜕𝑢఑ ቇ (6)

and subsequently the Riemann curvature tensor 𝑅   ఒఓఔ఑ = 𝜕𝛤   ఔఒ఑𝜕𝑢ఓ − 𝜕𝛤   ఓఒ఑𝜕𝑢ఔ + 𝛤   ఔఒఎ 𝛤   ఓఎ఑ − 𝛤   ఓఒఎ 𝛤   ఔఎ఑  (7)

the Ricci tensor 𝑅ఓఔ = 𝑅   ఓఒఔఒ  (8)

and the scalar curvature 𝑄 = 𝑔ఓఔ𝑅ఓఔ (9)
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3. Results 

3.1. Bloch Sphere Expansion Form of One Qubit 

Let 𝜌஺ be the density matrix of one qubit. Then we can expand it 𝜌஺ = 12 (𝐼ଶ + 𝑎ଵ𝜎ଵ + 𝑎ଶ𝜎ଶ + 𝑎ଷ𝜎ଷ) (10)

where 𝐼ଶ  is the identity matrix, 𝜎௜ , 𝑖 = 1,2,3, are the Pauli matrices and if 𝑎⃗ = (𝑎ଵ,𝑎ଶ,𝑎ଷ) is the 
radius of the so-called Bloch sphere, |𝑎⃗| ≤ 1. That means that we have a base given by the “vectors” (𝑒଴, 𝑒ଵ, 𝑒ଶ, 𝑒ଷ) = ଵଶ (𝐼ଶ,𝜎ଵ,𝜎ଶ,𝜎ଷ) since it is easy to check that 𝑡𝑟(𝑒௜ ∙ 𝑒௝) = ଵଶ 𝛿௜௝. 
3.2. Fano Form of Two and Three Qbits 

If 𝜌஺஻ is a density matrix of two qubits, we have the Fano form expansion [8] 

𝜌஺஻ = ෍ 𝑎௜௝𝑒௜ ⊗ 𝑒௝ଷ
௜,௝ୀ଴  (11)

with 𝑎௜௝𝜖ℝ and such that 𝜌஺஻ is a density matrix. For three qubits 

𝜌஺஻஼ = ෍ 𝑑௜௝௞𝑒௜ ⊗ 𝑒௝ ⊗ 𝑒௞ଷ
௜,௝,௞ୀ଴  (12)

Again 𝑑௜௝௞𝜖ℝ and such that 𝜌஺஻஼  is a density matrix. 
In case of a biproduct state 𝜌஺஻஼ = 𝜌஺஻ ⊗ 𝜌஼, given the expansions (11), (12) and one for 𝜌஼ =∑𝑐௜𝑒௜, we have 𝑎௜௝𝑐௞ = 𝑑௜௝௞ (13)

for 𝑖, 𝑗, 𝑘 = 0, … ,3 and similarly for the other cases 𝜌஺஼ ⊗ 𝜌஻ or 𝜌஻஼ ⊗ 𝜌஺. In case of a product state 𝜌஺஻஼ = 𝜌஺ ⊗ 𝜌஻ ⊗ 𝜌஼ we have 𝑎௜𝑏௝𝑐௞ = 𝑑௜௝௞ (14)

where  

𝜌஺ = ෍𝑎௜𝑒௜ଷ
௜ୀ଴ ,   𝜌஻ = ෍𝑏௜𝑒௜ଷ

௜ୀ଴ ,    𝜌஼ = ෍𝑐௜𝑒௜ଷ
௜ୀ଴  (15)

3.3. Solving the System for a Biproduct State 

The system we want to solve is the system (13) for 𝑎଴଴ = 𝑐଴ = 𝑑଴଴଴ = 1. It is obvious that its 
solution is  𝑎௜௝ = 𝑑௜௝଴ for 𝑖, 𝑗 = 0,1,2,3 𝑐௞ = 𝑑଴଴௞ for 𝑘 = 0,1,2,3 (16)

But we have to impose the conditions 𝑑଴଴௞𝑑௜௝଴ = 𝑑௜௝௞ for 𝑖, 𝑗, 𝑘 = 0,1,2,3 (17)

Now, let 𝐾 be the function 𝐾: (𝑑଴଴௞,𝑑௜௝଴) ↦ (𝑑଴଴௞,𝑑௜௝଴,𝑑௜௝ଵ,𝑑௜௝ଶ,𝑑௜௝ଷ) (18)

defined by relations (17) for 𝑘 = 1,2,3 and 𝑖, 𝑗 = 0,1,2,3 except for the case 𝑖 = 𝑗 = 0. To be precise 
the order of the coordinates of the domain of 𝐾 is (𝑑଴଴ଵ,𝑑଴଴ଶ,𝑑଴଴ଷ,𝑑଴ଵ଴,𝑑଴ଶ଴,𝑑଴ଷ଴,𝑑ଵ଴଴,𝑑ଵଵ଴,𝑑ଵଶ଴,𝑑ଵଷ଴,𝑑ଶ଴଴,𝑑ଶଵ଴,𝑑ଶଶ଴,𝑑ଶଷ଴,𝑑ଷ଴଴,𝑑ଷଵ଴,𝑑ଷଶ଴,𝑑ଷଷ଴) 
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and for the image (𝑑଴଴ଵ,𝑑଴଴ଶ,𝑑଴଴ଷ,𝑑଴ଵ଴,𝑑଴ଶ଴,𝑑଴ଷ଴,𝑑ଵ଴଴,𝑑ଵଵ଴,𝑑ଵଶ଴,𝑑ଵଷ଴,𝑑ଶ଴଴,𝑑ଶଵ଴,𝑑ଶଶ଴,𝑑ଶଷ଴,𝑑ଷ଴଴,𝑑ଷଵ଴,𝑑ଷଶ଴,𝑑ଷଷ଴,  𝑑଴ଵଵ,𝑑଴ଵଶ,𝑑଴ଵଷ,𝑑଴ଶଵ,𝑑଴ଶଶ,𝑑଴ଶଷ,𝑑଴ଷଵ,𝑑଴ଷଶ,𝑑଴ଷଷ,𝑑ଵ଴ଵ,𝑑ଵ଴ଶ,𝑑ଵ଴ଷ,𝑑ଵଵଵ,𝑑ଵଵଶ,𝑑ଵଵଷ,𝑑ଵଶଵ,𝑑ଵଶଶ,𝑑ଵଶଷ, 𝑑ଵଷଵ,𝑑ଵଷଶ,𝑑ଵଷଷ,𝑑ଶ଴ଵ,𝑑ଶ଴ଶ,𝑑ଶ଴ଷ,𝑑ଶଵଵ,𝑑ଶଵଶ,𝑑ଶଵଷ,𝑑ଶଶଵ,𝑑ଶଶଶ,𝑑ଶଶଷ,𝑑ଶଷଵ,𝑑ଶଷଶ,𝑑ଶଷଷ,𝑑ଷ଴ଵ,𝑑ଷ଴ଶ,𝑑ଷ଴ଷ,    𝑑ଷଵଵ,𝑑ଷଵଶ,𝑑ଷଵଷ,𝑑ଷଶଵ,𝑑ଷଶଶ,𝑑ଷଶଷ,𝑑ଷଷଵ,𝑑ଷଷଶ,𝑑ଷଷଷ) 

We notice that 𝐾  is a 𝐶ஶ  function from ℝଵ଼  to ℝ଺ଷ . So, we have an 18-dimensional 
(hyper)surface 𝑆  embedded in the 63-dimensional manifold ℝ଺ଷ . The (hyper)surface 𝑆  is a 
manifold of biproduct states into the whole space of tripartite density matrices. 

If ℎ is the Euclidian metric in ℝ଺ଷ we can compute the induced metric 𝑔 = 𝐾∗ℎ. The result is 
(eq. (4))  𝑔ఓఓ = ∑ 𝑑௜௝଴ଶଷ௜,௝ୀ଴  for 𝜇 = 0,1,2 𝑔ఓఓ = ∑ 𝑑଴଴௜ଶଷ௜ୀ଴  for 𝜇 = 3, … ,17 𝑔ఓఔ = 𝑑଴଴ఔ𝑚ఓିଶ for 𝜇 = 3, … ,17, ν= 0,1,2 𝑔ఔఓ = 𝑔ఓఔ 

(19)

where 𝑚ሬሬ⃗ = (𝑚଴, … ,𝑚ଵହ) = (𝑎଴଴,𝑎଴ଵ, … ,𝑎ଷଶ,𝑎ଷଷ) = (𝑑଴଴଴,𝑑଴ଵ଴, … ,𝑑ଷଶ଴,𝑑ଷଷ଴)  a vector made from 
matrix 𝑎. The other components of 𝑔 are 0. 

Then we procced computing the connection coefficients of the Levi-Civita connection (eq. (6)) 
the Riemann and Ricci tensors and finally the scalar curvature. Using “mathematica” we have for the 
scalar curvature 𝑄: 𝑞ଵ = ෍ 𝑑଴଴௜ଶଷ௜ୀଵ  

𝑞ଶ = 1 + 𝑞ଵ + ෍ 𝑑଴௜଴ଶଷ௜ୀଵ + ෍ ෍ 𝑑௜௝଴ଶଷ௝ୀ଴ଷ௜ୀଵ  

𝑄 = −2(𝑞ଵ − 3𝑞ଶ)(1 + 𝑞ଵ + 14𝑞ଶ)(1 + 𝑞ଵ)(𝑞ଵ − 𝑞ଶ)𝑞ଶଶ  

(20)

Since 𝑞ଵ − 𝑞ଶ < 0 and 𝑞ଵ < 3𝑞ଶ. we have  𝑄 < 0 
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Figure 1. The function 𝑧 = 𝑥𝑦 is plotted to illustrate biproduct states, assuming 𝑥 and 𝑦 correspond to 
elements of the associated density matrices.

3.4. Solving the System for a Product State

The system we want to solve is the system (14) for 𝑎଴ = 𝑏଴ = 𝑐଴ = 𝑑଴଴଴ = 1. It is obvious that its 
solution is 𝑎௜ = 𝑑௜଴଴ for 𝑖 = 0,1,2,3𝑏௝ = 𝑑଴௝଴ for 𝑗 = 0,1,2,3𝑐௞ = 𝑑଴଴௞ for 𝑘 = 0,1,2,3 (21)

with the following conditions to be fulfilled𝑑௜଴଴𝑑଴௝଴𝑑଴଴௞ = 𝑑௜௝௞ for 𝑖, 𝑗, 𝑘 = 0,1,2,3 (22)

Correspondingly 𝐿 will be the function𝐿: (𝑑௜଴଴,𝑑଴௝଴,𝑑଴଴௞) ↦ (𝑑௜௝௞) (23)

defined by relations (22) for 𝑖, 𝑗, 𝑘 = 1,2,3 (the domain) and 𝑖, 𝑗, 𝑘 = 0,1,2,3 for the image except for 
the case 𝑖 = 𝑗 = 𝑘 = 0.

To be precise again the order of the coordinates of the domain of 𝐿 is(𝑑ଵ଴଴,𝑑ଶ଴଴,𝑑ଷ଴଴,𝑑଴ଵ଴,𝑑଴ଶ଴,𝑑଴ଷ଴,𝑑଴଴ଵ,𝑑଴଴ଶ,𝑑଴଴ଷ)
and for the image(𝑑଴଴ଵ,𝑑଴଴ଶ,𝑑଴଴ଷ,𝑑଴ଵ଴,𝑑଴ଶ଴,𝑑଴ଷ଴,𝑑ଵ଴଴,𝑑ଵଵ଴,𝑑ଵଶ଴,𝑑ଵଷ଴,𝑑ଶ଴଴,𝑑ଶଵ଴,𝑑ଶଶ଴,𝑑ଶଷ଴,𝑑ଷ଴଴,𝑑ଷଵ଴,𝑑ଷଶ଴,𝑑ଷଷ଴, 𝑑଴ଵଵ,𝑑଴ଵଶ,𝑑଴ଵଷ,𝑑଴ଶଵ,𝑑଴ଶଶ,𝑑଴ଶଷ,𝑑଴ଷଵ,𝑑଴ଷଶ,𝑑଴ଷଷ,𝑑ଵ଴ଵ,𝑑ଵ଴ଶ,𝑑ଵ଴ଷ,𝑑ଵଵଵ,𝑑ଵଵଶ,𝑑ଵଵଷ,𝑑ଵଶଵ,𝑑ଵଶଶ,𝑑ଵଶଷ,𝑑ଵଷଵ,𝑑ଵଷଶ,𝑑ଵଷଷ,𝑑ଶ଴ଵ,𝑑ଶ଴ଶ,𝑑ଶ଴ଷ,𝑑ଶଵଵ,𝑑ଶଵଶ,𝑑ଶଵଷ,𝑑ଶଶଵ,𝑑ଶଶଶ,𝑑ଶଶଷ,𝑑ଶଷଵ,𝑑ଶଷଶ,𝑑ଶଷଷ,𝑑ଷ଴ଵ,𝑑ଷ଴ଶ,𝑑ଷ଴ଷ, 
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  𝑑ଷଵଵ,𝑑ଷଵଶ,𝑑ଷଵଷ,𝑑ଷଶଵ,𝑑ଷଶଶ,𝑑ଷଶଷ,𝑑ଷଷଵ,𝑑ଷଷଶ,𝑑ଷଷଷ)
the same as the coordinates in case of 𝐾.

We notice that 𝐿 is a function from ℝଽ to ℝ଺ଷ. So, we have a 9-dimensional (hyper)surface 𝑇
embedded in the 63-dimensional manifold ℝ଺ଷ . The (hyper)surface 𝑇 is the manifold of totally 
product states into the whole space of tripartite density matrices.

As before if ℎ is the Euclidian metric in ℝ଺ଷ we can compute the induced metric 𝑔 = 𝐿∗ℎ. If 𝑟ଵ = 𝑑଴଴଴ଶ + 𝑑଴଴ଵଶ + 𝑑଴଴ଶଶ + 𝑑଴଴ଷଶ𝑟ଶ = 𝑑଴଴଴ଶ + 𝑑଴ଵ଴ଶ + 𝑑଴ଶ଴ଶ + 𝑑଴ଷ଴ଶ𝑟ଷ = 𝑑଴଴଴ଶ + 𝑑ଵ଴଴ଶ + 𝑑ଶ଴଴ଶ + 𝑑ଷ଴଴ଶ (24)

The result is (eq. (4)) 𝑔ఓఓ = 𝑟ଵ𝑟ଶ for 𝜇 = 0,1,2𝑔ఓఓ = 𝑟ଵ𝑟ଷ for 𝜇 = 3,4,5𝑔ఓఓ = 𝑟ଶ𝑟ଷ for 𝜇 = 6,7,8𝑔ఓఔ = 𝑟ଵ𝑑଴,ఓିଶ,଴𝑑ఔାଵ,଴,଴ for 𝜇 = 3,4,5, 𝜈 = 0,1,2𝑔ఓఔ = 𝑟ଶ𝑑଴,଴,ఓିହ𝑑ఔାଵ,଴,଴ for 𝜇 = 6,7,8, 𝜈 = 0,1,2𝑔ఓఔ = 𝑟ଷ𝑑଴,଴,ఓିହ𝑑଴,ఔିଶ,଴ for 𝜇 = 6,7,8, 𝜈 = 3,4,5𝑔ఔఓ = 𝑔ఓఔ
(25)

The other components of 𝑔 are 0. We may compute the scalar curvature with “mathematica”, 
but the expression is too big to be written here.

Figure 2. The function 𝑧 = 𝑥𝑦 is plotted to illustrate product states, assuming 𝑥 and 𝑦 correspond to elements 
of the associated density matrices.

4. Discussion

Differential geometry is a broad and foundational field with wide-ranging applications in 
physics and other scientific disciplines. The geometrization of product states, along with the 
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computation of associated geometric quantities such as curvature, is expected to offer multiple 
theoretical and practical advantages. Based on the preceding analysis, the approach can be 
systematically extended to other systems to identify their corresponding manifolds. Although the 
required computations may be extensive and technically demanding, this line of inquiry holds 
significant promise as the foundation for future research. 
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